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A  FEW  WOBDS  TO  TEAOHEBS  AND  LEABNEBS. 

A  quaint  old  teacher  has  remarked  "  that  when  a  learner  is  at  first 
rightly  and  thoroughly  grounded,  the  rest  of  the  work  goes  on  with 
readinessi  with  ease,  with  speed,  and  with  assurance.  When  he  is 
ill-^;rounded,  all  falls  out  oon^arywise;  much  labour  and  much 
patience  of  the  master,  and  much  diligence  and  industry  of  the 
scholar  will  hardly  be  able  to  rescue  him  irom  the  mischievous  conse- 
quences of  previous  ill-g^undins^.  So  powerful  is  ill  habit  when  it 
hath  once  got  hold,  and  so  difficult  to  eradicate,  that  it  is  much  harder 
to  unteach  the  wrong  than  to  teach  the  right." 

Another  eminent  teacher  of  modem  times  has  stated  the  cause  of 
his  success  in  these  words:  ''It  has  ever  been  with. me  a  principle 
that  even  rudimental  teaching  must  be  thorough,  and  must  be  founded 
upon  the  essential  character  of  the  mind,  as  accretive ;  and  that  when 
once  it  is  rightly  proceeded  upon,  the  teaching  of  any  science  will  not 
remain  quiescent,  but  will  advance  to  completion  and  success." 

The  present  state  of  teaching  the  Elementary  Principles  of  tli9 
Sciences  of  Number  and  Space  is  not  satisfactory,  as  will  appear  in 
the  following  extracts  from  the  Heport  of  the  Cambridge  Board  of  the 
University  Examinations,  and  from  the  twenty-second  Eeport  of  the 
Syndicate  appointed  to  conduct  the  Examination  of  Students  not 
members  of  the  University. 

The  Board  of  Examinations  issued  their  Eeport  of  the  Previous 
Examination  of  the  Freshmen  in  March,  1880.  With  respect  to  the 
subjects  of  Elementary  Arithmetic,  Algebra,  and  Geometry  (which 
are  supposed  to  be  acquired  at  School)  &e  following  remarks  appear 
in  the  Keport : 

In  the  June  Examination  $e9en  per  cent  of  the  candidates  failed  altogether  and 
twenty-tix  per  cent,  only  juitt  passed  in  the  snhject  of  Arithmetic  Questions  oa 
Gompound  Interest^  Discomit}  and  Stocks,  as  well  as  those  on  Simplification  of  Decimals, 
irare  answered  by  yeiy  few. 

In  the  December  Examination, /our  per  cent  failed  altogether  and  ten  per  cent,  only 
just  passed.  Qaestions  in  Stocks  and  Discount  were  answered  incorrectly  by  a  large 
number  of  the  candidates,  their  work  shewing  ignorance  of  the  meaning  of  the  question?. 

In  the  December  Examination  in  Euclid,  one  quarter  of  the  candidates  did  not  write 
out  more  than  half  of  the  bookwork  correctly.  Many  of  the  candidates  had  apparently 
prepared  the  subjects  from  text-books  in  whidi  the  order  of  Euclid  is  not  preserved.  By 
this  means  great  confusion  is  introduced. 

In  June,  four-nitUhs  of  the  candidates  failed  in  Algebra ;  In  December,  one  quarter^ 
Questions  in  Batio,  Proportion,  and  Variation  were  not  well  done,  and  in  many  cases  the 
candidates  did  not  appear  to  have  read  these  portions  of  the  subject. 

Of  the  Additional  Subjects  the  Beport  states : — 

In  Algebra  undisguised  {neces  of  book^'ork  were  in  general  written  out  correctly,  and 
an  easy  Problem  of  a  common  type  was  solved  by  most  of  the  candidates.  The  Pro- 
gressions were  treated  without  much  thonght,  the  formolso  being  often  applied  at 
jandom* 


The  Be^ations  for  the  Frevioiui  Examination  rerised  in  1849 
required  the  candidates  to  be  arranged  in  two  classes: — 

ThBjini  ckutf  oouirting  of  tfaooe  candidates  who  have  passed  their  examination  with 
credit;  the  Mcand,  of  those  to  whom  the  Examinen  haTe  only  not  refosed  their  certificate 
of  approval. 

• 

The  facts  stated,  and  the  words  employed  in  the  Report  suggest  a 
Tery  unsatisfactory  state  of  the  acquirements  and  of  the  intellectual 
habits  of  a  large  class  of  Freshmen  in  their  first  year  of  residence 
at  Cambridge. 

In  the  jQBi  1879  the  names  of  6738  students  were  entered  for 
the  Cambridge  Local  Examinations,  and  forty-one  per  cent,  of  those 
who  attended,  failed  to  pass  the  examination.  There  were  3600  students 
examined  in  Pure  Mathematics,  induding  Elementary  Arithmetic, 
Algebra,  and  Oeometry. 

On  the  results  of  the  Examination  of  the  Junior  Students  the 
Beport  of  the  Examiners  remarks : — 

In  Arithmetic, 

There  were  fewer  cases  of  confused  and  bad  methods,  fewer  gioss  enora  in  principle . 
and  the  papers  were  worked  in  better  form  and  more  neatly.  But,  as  compared  with 
last  year,  improTement  is  not  manifest. 

In  Algebra, 

Although  the  failures  were  more  numerous  this  year  than  last,  a  fair  per  centsge  of 
the  whole  number  of  candidates  acquitted  themselves  creditably. 

In  Euclid,  , 

Bereral  lost  credit  by  quoting  axioms  other  than  Euclid's^  and  by  inattention  to 
Euclid's  order,  lor  instance,  proving  I.  27  by  1. 82.  More  riders  than  last  year  were  sent 
Op,  but  still  too  lew  of  the  candidates  attempted  them. 

Of  the  Examination  of  the  Senior  Students  the  Examiners  state : — 

In  Arithmetic, 

The  work  both  of  boys  and  girls  shewed  an  imptorement  on  that  of  last  year, 
pB  regards  both  style  and  aooursoy.  There  were  but  few  candidates,  however,  of  any  very 
great  merit.  Nearly  half  the  whole  number  of  boys  and  more  than  half  the  girls  wei^ 
tut  little  above  the  minimum  standard  required  for  passing.  The  girls  in  many  oases 
nsed  heavy  and  oombrous  modes  of  working. 

In  Algebra, 

The  Algebra  was  far  from  satjsfactory.  More  than  half  the  whole  number  of  candi- 
dates fsiled  to  pass,  and  rexy  many  could  have  had  no  reasonable  expectation  of  passing. 
The  bookwork  questions  were  written  out  at  very  great  length,  but  in  most  cases  the 
important  points  were  slnzred  over  or  altogether  omitted. 

In  Eudid, 

The  propositions  of  Euclid  were  on  the  whole  creditably  written  out,  but  only  the 
easier  riders  wen  solved.  The  per  centage  of  failures  in  Euclid  was  higher  in  the  case 
of  the  girls  than  in  that  of  the  boys. 

It  is  more  than  probable  that  one  of  the  causes  of  the  unsatis&ctory 
state  of  elementary  knowledge  of  these  subjects  is  the  simple  fact  that 
too  many  subjects  of  study  are  prematurely  forced  on  minds  of 
ordinary  capacity.  In  the  case  of  inert  and  dull  minds  no  sound  and 
exact  Imowledge  is  acquired;  and  in  the  case  of  active  and  precocious 
minds  a  loose  smattering  of  many  subjects  is  crammed  into  the 
memory  which  have  not  passed  through  the  understanding.  Whatever 
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may  be  forced  into  the  memory  in  this  way  is  only  held  in  solutioi^ 
imtil  it  has  served  its  purpose,  and  then  it  is  precipitated. 

The  injudicious  solicitude  of  some  teachers  to  develope  prematurely 
the  mental  faculties  of  youth  will  only  result  in  furnishing  illustrations 
of  the  consequences  which  flow  from  a  disobedience  to  the  laws  of 
nature.  The  teacher  ought  not  to  forget  that  the  organs  of  the  braiu 
equally  wilh  those  of  the  body  have  their  predetermined  periods  of 
growth  and  development.  Any  attempts  to  interfere  with  these  cannot 
be  made  with  impunity.  How  seldom  do  those  who  in  youth  have 
been  nurtured  in  the  forcing  hot-bed  exhibit  in  after  life  superior 
intellectual  powers.  They  more  commonly  fall  beneath  than  exceed 
the  average  in  talent.  But  even  if  the  mental  capacity  be  enlarged, 
it  is  at  the  expense  of  the  corporeal  energies.  These  are  not  displayed 
in  the  strongly  knit  and  active  limbs,  in  the  well-formed  and  robust 
frame.  The  brain  may  have  grown,  but  it  is  almost  invariably  accom- 
panied by  a  feeble  and  impeifectly  developed  body,  which,  in  general, 
prematurely  breaks  up.  If  nature  has  given  a  superiority  of  mind, 
the  less  interference  there  is  with  the  laws  which  regulate  its  develop- 
ment the  more  ample  and  gratifying  will  be  the  results.  If  she  has 
withheld  these  conditions  which  are  necessary  for  the  manifestation 
of  talent,  it  is  not  only  in  vain  to  endeavour  to  create  what  she  has 
denied,  but  injudicious  and  fraught  with  danger.  The  vegetablo 
kingdom  illustrates  the  justice  of  these  views. 

In  the  use  of  ordinary  language  it  is  implied  that  there  exists 
some  sort  of  analogy  between  the  bodily  and  mental  faculties.  As  the 
mysterious  processes  of  digestion  and  assimilation  are  necessary  for 
the  healthy  development  of  the  body,  so  also,  unless  the  food  of  the 
mind  be  inwardly  digested,  it  cannot  contribute  to  the  like  develop- 
ment of  the  intellectual  powers.  The  reception  of  knowledge  into  the 
mind  has  been  described  under  the  comparison  of  good  seed  sown 
in  good  soil  or  bad  soil ;  and  it  is  written  that  '  men  do  not  gather 
grapes  of  thorns  nor  figs  from  thistles.' 

As,  therefore,  the  phj'sical  development  of  the  organs  and  functions 
of  the  body  take  place  gradually  according  to  the  order  of  fixed  laws ; 
it  would  appear  that  the  development  of  the  mind  must,  in  a  similar 
way,  be  subject  to  the  same  order.  The  mental  acquirements  suitable 
for  youth  cannot  be  put  off  with  advantage  till  the  approach  of 
manhood.  The  consequences  of  neglect  in  early  mental  training  will 
in  due  time  become  as  manifest  as  the  lack  of  proper  food  and 
care  in  the  healthy  growth  of  the  body.  As  the  body  for  food,  so 
the  mind  for  knowledge  has  its  hungerings  and  thirstings.  The 
craving  appetite  in  both  cases  implies  a  process  of  assimilation.  As 
the  mental  food  assimilated  will  affect  the  character  of  the  mind  itself, 
only  wholesome  mental  food  should  be  supplied  in  the  right  order  and 
quantity  suitable  for  healthy  and  vigorous  intellectual  growth. 

The  study  of  the  exact  sciences  is  one  of  the  most  effective  means 
of  cultivating  and  developing  the  reason.  Geometry  is  the  Science 
of  Space,  and  Arithmetic  with  Algebra  in  its  character  of  Universal 
Arithmetic  is  the  Science  of  Number.  As  all  our  knowledge  of 
the  external  world  must  be  subject  to  the  conditions  of  Space  and 
Number,  the  elementary  portions  of  these  sciences  are  from  their 
nature  better  adapted  than  any  oth,er  to  form  the  habit  of  fixity  of 
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attention,  of  distinctnesa  In  tbe  conception  of  ideas,  and  of  precision 
in  expression.  The  langpiage,  like  the  subjects,  is  fixed  and  definite, 
and  does  not  admit  of  the  same  ambiguity  and  uncertainty  as  the 
langua^  employed  on  other  subjects.  The  reasonings  are  always 
condosive  and  exact,  expressed  in  terms  whose  meaning  cannot 
change  from  the  sense  in  which  they  have  been  defined.  In  one  of  his 
recent  charges,  the  present  Lord  Chief  Justice  made  a  passing 
remark  to  the  effect  that  Euclid's  Elements  were  a  mental  training 
second  to  none.  Teachers  who  need  a  hint  or  two  on  this  subject 
may  learn  something  from  the  experience  of  the  Hot.  Stephen  Hawtrey, 
late  Assistant  Master  at  Eton,  as  stated  in  his  "Short  Introduction 
to  the  Elements  of  Euclid." 

It  may  be  remarked  that  persons  of  the  highest  acquirements  in 
any  science  do  not  always  become  the  best  teachers.  Experience 
has  shewn  that  such  persons  may  be  utterly  incompetent  to  adapt 
their  knowledfi;e  to  the  capacity  of  minds  of  a  lower  character  than 
their  own.  If  a  teacher  has  not  skill  to  make  the  subject  of  his 
instruction  interesting,  and  tact  to  adapt  his  knowledge  to  minds  of 
different  capacities,  he  does  not  possess  one  of  the  essential  requisites 
of  a  teacher.  It  is  a  delusion  to  imagine  that  correct  habits  of 
thinking  can  be  created  or  exact  knowledge  acquired  by  the  mere 
passive  attendance  on  lectures,  however  excellent.  Class-teaching 
may  be  useful  or  useless,  or  even  worse  than  useless.  There  are 
many  youthful  minds  so  constituted  that  they  must  be  taught  indi- 
vidually, if  ever  they  are  to  be  able  to  draw  inductions  fit>[n  facts, 
or  comprehend  principles  and  apply  them  with  success.  In  dealing 
with  the  misapprehensions  and  mistakes  of  learners,  the  teacher 
should  observe  how  the  learner  was  led  into  error,  and  by  suitable 
questions  lead  him  to  perceive  his  mistake  and  to  make  the  correction 
for  himself.  By  this  method  the  mind  of  the  learner  is  brought  into 
active  exercise,  and  he  will  be  less  likely  to  repeat  the  mistake  than 
if  the  correction  were  received  passively  from  the  teacher.  If  the 
learner  exhibit  a  listless  inattention  or  a  positive  dislike  to  the  subject 
of  study,  the  efforts  of  the  most  judicious  teacher  are  in  vain. 

It  may  also  be  remarked  that  implicit  obedience  in  the  learner  and 
the  love  of  knowledge  are  also  necessary  conditions  of  improvement. 
A  sense  of  duty  rather  than  a  desire  of  surpassing  others  constitutes 
the  right  motive  of  the  learner.  If  a  morbid  appetite  for  praise  or  an 
eager  strife  for  pre-eminence  be  encouraged,  it  mav  g^w,  and  at 
length  become  the  ruling  passion,  and  create  envy  and  hatred  of  every 
successful  rival,  and  generate  a  feeling  of  discontent  which  may  become 
a  fatal  obstruction  to  all  mental  and  moral  improvement. 

These  few  words  to  teachers  and  learners  may  be  concluded  with 
the  expressive  words  of  the  late  Dr.  Whewell : — 

"  The  object  of  a  liberal  education  is  to  develope  the  whole  mental 
system  of  man: — ^to  make  his  speculative  inferences  coincide  with 
his  practical  convictions: — to  enable  him  to  render  a  reason  for  ike 
belief  that  is  in  him,  and  not  to  leave  him  in  the  condition  of  Solomon's 
Sluggard,  who  is  wiser  in  his  own  conceit  than  seven  men  that  can 
render  a  reason." 

E.  P. 


OF  ALGEBEA. 

The  science  wHch  bears  this  name  is  a  generalised  extension  of 
the  science  of  number.  From  this  consideration  Sir  Isaac  Newton 
was  led  to  give  to  it  the  title  of  "Universal  Arithmetic."  This 
designation  suggests  a  more  correct  idea  of  its  nature  than  the  in- 
adequate name  handed  down  by  tradition.  Besides,  it  appears 
calculated  to  lead  the  student  to  such  a  knowledge  of  the  general 
operations  of  the  science,  as  to  render  his  comprehension  of  ordinary 
mathematical  language  more  intellectual  and  less  mechanical.  As 
this  science  depends  primarily  on  the  same  fundamental  principles  as 
Arithmetic,  this  necessary  connection  is  required  to  be  kept  constantly 
in  view.  The  following  brief  notices  will  be  restricted  to  a  general 
sketch  of  the  origin  of  the  science,  as  far  as  it  has  been  ascertained, 
and  the  progressive  improvements  and  discoveries.  These  will  be  seen 
to  have  been  very  slow  and  gradual  in  different  countries  and  in 
different  ages ;  and  when  viewed  in  succession,  to  extend  over 
centuries. 

The  histoiy  of  the  first  steps  in  the  development  of  numerical  sys- 
tems, as  of  written  languages,  is  involved  in  uncertainty,  and  it  is  perhaps 
imposaible  to  ascertain  the  origin  of  any  of  the  systems  which  existed 
amoog  the  people  of  early  times.  The  methods  of  arithmetical  notation 
employed  by  the  Hebrews,  the  Phoenicians,  and  the  Egyptians,  and  the 
still  ruder  systems  employed  by  the  Bomans,  are  all  of  them  limited  and 
imperfect,  and  the  remaining  monuments  of  their  literature  and 
antiquities  afford  no  intimation  whatever  that  they  were  acquainted 
with  any  superior  system.  The  powers  of  numeration  at  first  must 
have  been  very  limited  before  the  art  of  writing  was  invented.  A 
comparison  of  the  written  names  of  numbers  found  in  the  records  of 
ancient  nations  may  lead  to  some  probable  conjectures  respecting  their 
possible  connection  in  more  early  times.  However  interesting  it 
might  be  to  trace  the  steps  by  which  mankind  originally  applied  and 
gradually  extended  their  first  essays  of  number  to  the  various  occasions 
of  human  life,  there  are  no  extant  writings,  known  at  present,  which 
afford  the  needful  assistance. 

The  art  of  denoting  and  naming  numbers,  in  some  form,  became 
neoeasary  among  men  as  soon  as  the  distinction  of  property  was 
acknowledged,  which  appears  to  have  been  coeval  with  the  origin  of 
society.  The  earliest  methods  of  numbering  would  naturally  be  limited 
to  the  naming  of  such  numbers  as  the  necessities  of  the  people  required. 

B 


The  earliest  eztenaioiiB  of  the  primitiye  mode  would  be  made  by  the 
people  whose  necessities  extended  beyond  the  wants  of  a  patriaix^hal 
and  pastoral  mode  of  life.  In  the  early  ages  of  which  any  records 
exist,  some  progress  had  been  made  in  the  arts  of  number  and 
measure,  as  is  clear  from  the  narrative  of  the  life  of  Abraham  in 
the  twenty-third  chapter  of  the  book  of  Genesis.  The  next  improve- 
ments would  be  found  in  those  nations  who  applied  themselves  to 
commerce  and  navigation.  It  is  therefore  among  the  earliest 
civilised  nations  which  directed  attention  to  commerce,  that  arithmeti- 
cal calculation  could  have  received  its  greatest  improvement.  It  is 
recorded  of  the  Egyptians  and  PhoBnicians,  that  these  two  nations  made 
the  first  improvements  in  the  practice  and  calculation  of  numbers. 
The  necessity  of  improved  methods  would  be  found  in  the  manage- 
ment of  the  public  revenues  of  states  and  kingdoms,  and  men  would 
be  naturally  led  to  find  out  methods  of  abridging  and  improving  the 
operations  in  which  they  were  every  day  engaged.  The  account  of  the 
revenue  iu  Egypt  when  Joseph  was  the  chief  minister,  implies  that 
their  system  of  arithmetic  was  not  of  a  very  complete  nature  for  the 
expression  of  large  numbers ;  as  it  is  recorded  in  the  forty-first  chapter 
of  the  book  of  Genesis,  that  Joseph  left  off  numbering  the  quantity  of 
com  laid  up  in  the  cities,  "  for  the  quantity  was  without  number ;" 
an  expression  which  can  only  refer  to  the  system  of  numbering  known 
in  Egypt  at  that  time. 

Previous  to  that  period,  their  ordinary  methods  might  have  been 
sufficient  for  the  necessities  of  the  government  in  the  reg^ation  of  the 
revenue.  At  a  later  period,  it  was  in  Egypt  that  Pythagoras  learned 
the  theories  concerning  the  nature  and  properties  of  numbers,  which 
he  taught  in  the  school  he  founded  at  Crotona,  in  Magna  GhrsBoia. 

The  Phoenicians,  in  the  remotest  ages,  applied  themselves  to  com- 
merce and  navigation,  which  required  them  to  be  conversant  with 
numerical  calculations.  Ancient  history^  ascribes  to  them  the  inven- 
tion of  casting  accounts,  and  keeping  registers  of  everything  that 
relates  to  the  affairs  of  merchants.  Plato'  writes  that  a  sophist 
affirms  of  the  Lacedemonians,  that  they  scarcely  knew  how  to  number. 
This  censure  of  the  ignorance  of  the  people  of  Lacedaamon,  seems  to 
imply  that  they  did  not  frequent  the  sdhool  in  the  grove  of  Aoademus 
at  Athens,  where  that  science,  with  others,  was  sedulously  taught  and 
cultivated. 

By  reducing  the  elementary  processes  of  numbers  to  their  first 
principles,  some  attempt  may  be  made  to  discover  those  operations 
which,  on  account  of  their  simplicity,  might  naturally  present  themselves 
to  the  mind.    The  operations  of  Arithmetic  depend  on  the  two  simple 


^  Strabo,  B.  xni.,  p.  1186,  B. 

*  HippiAB  Migor,  p.  1248,  A  foL  Franooforti,  1001 
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pTOcesses  of  addition  and  subtraction.  Multiplication  of  integers  is 
nothing  more  than  the  addition  of  equal  numbers.  Division  bears  the 
same  relation  to  subtraction  as  multiplication  does  to  addition.  It  is 
therefore  necessary  that  reference  should  be  made  to  addition  and 
subtraction  for  the  origin  of  the  methods  of  calculation.  Addition  and 
subtraction  presuppose  numeration,  the  source  which  furnishes  Arith- 
metic with  the  material  of  all  its  operations.  To  count  is  nothing 
else  than  to  form  ideas  of  different  sets  or  assemblages  of  counters, 
and  to  give  names  to  each  of  the  sets  or  groups.  This  forms  the 
first  act  of  the  mind  in  learning  the  science  of  numbers.  Every 
particular  object  brought  before  the  sight  suggests  the  idea  of  one 
thing  or  unity  to  the  mind,  and  every  assemblage  of  objects  or  units 
suggests  the  idea  of  numbers,  or  of  a  greater  or  a  less  assemblage  of 
units.  The  idea  of  a  simple  number  is  an  abstraction,  and  from  the 
fact  of  men  having  five  fingers  on  each  hand,  they  would  naturally 
be  led  to  form  ideas  of  as  many  sets  of  other  objects  as  are  equal  to 
the  number  of  fingers  on  one  or  on  both  hands.  The  fundamental 
notions  of  number  most  probably  arose  from  the  use  of  the  fingers 
on  one  or  both  hands  as  an  instrument  of  calculation.  Names  to 
express  these  elementary  numbers  would  be  devised,  perhaps  derived 
from  the  names  of  the  instrument  itself  used  in  counting.  Arith- 
metic most  probably  began  with  practical  numeration,  or  determining 
the  number  of  several  objects,  as  the  number  of  a  herd  of  cattle  or  a 
flock  of  sheep.  As  men  are  provided  with  a  kind  of  calculating 
instrument,  it  is  highly  probable  that  the  fingers  of  one  or  both  hands 
were  the  first  instruments  used  to  assist  them  in  the  counting  by  sets. 
Homer  represents  Proteus^  as  counting  his  sea  calves  by  fives — ^that  is, 
by  his  fingers — ^and  employs  the  word  n-e/iira^^ccK,  which  literally  means 
to  count  by  the  five  fingers ;  so  also  ^schylus  uses  the  same  word^  for 
counting  out  from  the  urn  the  black  and  white  pebbles  which  ex- 
pressed the  verdict  of  the  judges  after  the  trial  of  an  accused  person, 
as  guilty  or  not  guilty.  Plutarch  and  other  writers  have  stated,  that 
in  the  infancy  of  the  Greek  language,  they  had  no  other  word  for 
calculating,  and  it  then  signified  what  is  now  expressed  by  the  word 
iipiBfjLuy.  It  is  another  strong  presumption  in  favour  of  this  sup- 
position, that  all  civilised  nations  of  tiie  Aryan  and  Semitic  races 
count  by  tens,  tens  of  tens  or  hundreds,  and  so  on ;  proceeding  by 
multiples  of  ten  in  the  successive  groups  of  numbers. 

There  appears  no  reason  why  the  number  ten  should  have  been 
chosen  rather  than  twelve  or  any  other  number  for  the  scale  of 

»  Odyis.  iv.  412. 

*  This  moat  ancient  manner  of  giving  sentence  la  noted  by  Ovid  :— 
Hoa  erat  antiquia,  niveis  atriaqne  lapillia^ 
His  damnare  reos,  illis  absolveie  cnlpa.^O«.  Mel,  xv. 


nTimerationy  except  the  primitive  practioe  of  oountiDg  by  the  fin- 
gers of  both  hands.  It  appeara  highly  probable  that  at  first  men 
counted  by  their  fingers  whatever  objects  did  not  exceed  the 
number  ten.  They  could  also  divide  any  multitude  of  objects  into 
sets  of  ten  in  each  set,  and  reserve  what  remained  over  when  the 
whole  multitude  did  not  make  an  exact  number  of  tens.  But  as  the 
fingers  could  only  serve  to  count  the  number  of  things  up  to  ten, 
something  else  would  be  required  to  determine  the  number  of  groups 
of  ten  each;  where  the  number  was  too  great  for  the  memory  to 
retain  with  ease.  It  appears  that  small  stones  or  pebbles  were  used 
to  denote  them,  and  the  vestiges  of  the  practice  among  the  most 
ancient  of  civilised  nations  has  been  recorded  by  Herodotus.^  It  ia 
therefore  certain  that  in  very  early  times^  pebbles  were  employed  in 
arithmetical  calculations.  The  words  cdUulaU  and  ealoulation^  being 
derived  from  the  Latin  calculuB,  a  pebble,  refer,  in  their  original  sense, 
to  the  use  of  pebbles  in  such  operations.^  The  Greek  equivalent 
1^0/^ctv  is  obviously  derived  from  ypTi^Cf  a  pebble. 

It  is  easy  to  see  how  a  multitude  of  objects  may  be  divided  into 
sets  or  groups ;  first  of  tinits  less  than  ten,  next  of  tens  less  than 
ten  tens,  and  so  on,  by  the  aid  of  the  fingers  and  a  few  pebbles.^  Ajb 
soon  as  it  was  known  how  to  number  with  readiness  any  collection  of 
objects,  it  would  be  easy  to  find  the  number  of  several  of  these  col- 
leetions  together,  or  to  add  them.  It  would  be  necessary  first  to  find 
the  sum  of  the  groups  of  units,  next  of  the  groups  of  tens,  thirdly 
of  the  groups  of  hundreds;  and  so  on,  and  to  place  the  pebbles  in  their 
proper  places  to  denote  the  several  sums  of  the  several  collections  of 
units,  tens,  &c. 

In  proceeding  to  multiplication,  or  multiplying  one  number  by 
another,  it  is  probable  that  multiplication  and  addition  at  first  were 
one  and  the  same  operation.  As,  for  example,  to  multiply  12  by  4  is 
simply  to  add  12,  4  times;  and  in  like  manner  to  divide  48  by  12  is 
merely  to  subtract  12,  4  times  from  48. 

The  remains  of  the  early  Greek  writers  on  numbers  are  very 
scanty,  and  do  not  supply  any  adequate  knowledge  of  the  state  and 
extent  of  this  science  in  the  school  of  Pythagoras  in  Magna 
Grsecia,  nor  in  the  Academy  at  Athens.  It  appears  that  at  a  later 
period,  B.o.  304,  wheH  Ptolemy  Soter  founded  the  great  library 
at  Alexandria,  the  sciences  had  been  cultivated  in  that  city  with 
considerable  success.  Euclid  promoted  and  advanced  the  sciences  at 
Alexandria  between  the  years  B.a  323  and  284.     Some  of  his  scien- 


^  Herod,  ii.  36. 

>  ne/iirdCci*'  ope&s  ixfioXas  r\fi<^tvP,  Ihoi. — iBsch.  Eumen.  788. 

*  See-  Elementary  Arithmetic,  section  vL,  pp.  1 — 4,  where  has  beeu  explained 
and  exemplified  how  any  given  multitude  of  pebbles  or  other  objects  can  be  divided 
into  groups,  and  named  and  recorded. 


tific  writings  have  descended  to  modem  times.  His  chief  work, 
"The Elements,"^  combines  a  system  of  geometry  and  a  system  of 
arithmetic  in  the  Greek  notation,  and  its  application  to  geometry. 
The  latter  is  comprised  in  the  seventh,  eighth,  ninth,  and  tenth  books 
of  the  Elements. 

In  addition  to  the  Elements,  Pappus  has  recorded  that  Euclid  was 
the  author  of  a  work  on  the  Division  of  Surfaces  and  on  Data,  both 
of  which  are  extant;  also  other  works  on  Porisms,  Loci,  and  the 
Conic  Sections,  which  are  lost,  besides  treatises  on  Optics  and  on 
other  subjects. 

To  Euclid  has  been  attributed  the  merit  of  having  improved  and 
reduced  into  order  the  principles  of  arithmetic  and  geometry  which 
had  been  handed  down  by  Thales,  Pythagoras,  Eudoxus,  and  other 
philosophers,  and  with  his  own  additions  arranged  the  principles  of 
arithmetic  and  geometry  into  the  form  of  an  exact  science. 

Produs  affirms  that  Euclid  more  correctly  ordered  many  parts  in 
the  Elements  of  Eudoxus,  and  completed  many  things  in  those  of 
Thes&tetus,  and  besides  confirmed  such  propositions  as  before  were 
too  slightly  or  insufhciently  established,  with  the  most  firm  and 
convincing  demonstrations. 

The  mathematical  school  of  Alexandria  continued  to  flourish  for 
centuries,  and  Alexandria  was  regarded  as  the  chief  seat  of  learning 
and  philosophy.  Almost  all  the  eminent  mathematicians  and  philoso- 
phers, of  whose  writings  any  remains  exist,  had  been  students  at  the 
school  of  Alexandria. 

Of  those  who  directed  their  attention  to  numbers,  Archimedes  of 
Syracuse,  who  lived  between  b.c.  287  and  212,  improved  and  extended 
the  Cbeek  numerical  notation.  ApoUonius  adopted  the  scheme  of 
Archimedes,  but  instead  of  the  octads  of  Archimedes  he  adopted 
tetrads. 

The  age  of  Diophantus  has  been  variously  stated.  Bombelli  has 
recorded  that  he  lived  in  the  times  of  the  Antonines,  but  upon  what 
authority  it  is  not  evident.  The  more  commonly  received  opinion  is 
the  more  ptobable,  that  Diophantus  lived  at  a  later  period,  some  time 
in  the  fourth  century  of  the  Christian  era.  Few  facts  are  known  of 
his  history.     An  epitaph  on  Diophantus^  is  found  in  the  third  book  of 

^  In  the  year  1570,  Sir  H.  Billingsley  pablished  a  translation  of  Euclid's  Elements 
in  folio,  with  a  learned  preface  by  the  famous  Dr.  John  Dee,  as  he  states,  "Written 
at  my  poore  House  At  Mortlake,  Anno.  1570.  Febntary  9."    The  extant  works  of 
Euclid,  in  the  original  Greek,  were  edited  by  David  Gregory,  Sayilian  Professor,  and  ' 
published  in  folio  at  Oxford  in  1703. 

'  Otr6s  rot  AtS^canop  tx^i  tA^os.  2  fi^a  BavfAO, 
Ka)  rd^s  ix  rixriis  fiirpa  $ioto  \iyu, 
*%«rn)r  Kovpi(€Uf  $i6tov  $€hs  dhrao'c  fAot/niP' 
Aw5«K<£'n}r  8*  fviOtUf  /i^Im  Tt6pw  x^^^*^- 
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the  Greek  Anthology,  from  which  it  appears  that  he  died  at  the  age 
of  eighty-four  years ;  but  it  is  not  certain  if  the  Diophantus  therein 
named  is  the  author  of  the  Arithmetics.  Suidas,  under  the  name 
^^Hypatia,"  makes  mention  of  Diophantus.  His  work  is  a  singular 
production.  There  are  not  known  to  be  extant  any  writing^  of  an 
earlier  date  on  the  Greek  arithmetic  of  a  similar  nature.  It  consists 
of  a  large  collection  of  questions,  some  of  them  of  considerable  difB.- 
culty,  with  ingenious  solutions.  The  work  contains  the  solution 
both  of  determinate  and  indeterminate  problems.  The  substance 
and  details  of  the  work  itself  appear  to  afford  a  strong  presumption 
that,  though  this  collection  of  problems  was  made  and  augmented  by 
Diophantus  himself,  it  is  quite  impossible  to  discriminate  what  he 
gathered  from  preceding  writers,  whose  works  are  lost,  and  what 
additions  and  improvements  were  made  by  himself.  The  work 
originally  consisted  of  thirteen  books,  and  was  dedicated  to  his  friend 
Dionysius.  Only  the  first  six  books  are  known  to  be  extant,  and  an 
imperfect  treatise  on  triangular  and  multangular  numbers. 

These  writings  were  first  translated  into  Latin  by  Xylander,  a 
professor  at  Heidelberg,  and  published  in  1575. 

Both  the  original  Greek,  with  a  Latin  version  and  a  commentary, 
were  published  by  Bachet  at  Paris  in  1621.  Another  edition  was 
edited  by  his  son  and  Fermat,  and  published  at  Toulouse  in  1670.^ 

These  six  books  contain  collections  of  problems,  with  their  solu- 
tions, relating  chiefly  to  properties  of  numbers,  such  as  square  and 
cube  numbers,  proportional  numbers,  &c. 


*£«  8i  ydfjMy  irifivru  ircuS*  hriwtwrw  tru, 
AX  af  TfiXiytToy  SciA^y  rtKOS,  lifiurv  irarphs 

Mirpop  T^  Kpwphs  Moip*  &^t\tv  $Iotov. 
TlMos  8*  ad  irur6pt<nn  Tofniyopdtnf  iwtcunots 

Tp9h  w6<rov  <ro^ip  rdpfi*  iiripiifft  fitov. 

1  Diophanti  Alezcndrini  Remm  Arithmeticamm  libri  sex,  quorum  primi  duo 
adjecta  habent  Scholia  Maximi  (ut  conjectura  est)  PlanudiB.  Item  liber  de  numeris 
polygonis  seu  multaogulis.  Opus  incomparabile,  ver®  Arithmeticse  Logistics 
perfectioncm  continens,  paucis  adhuc  visum.  A.  GuiL  Xylandro  Augustano  in- 
ci^edibili  labore  Latino  redditum  et  commentariis  explanatum,  inque  lucem  editum 
ad  Illustriss.  Principem  Ludovicum  Yuirtembergensem.  Basilise  per  Eusebium 
Episcopium  et  Nicolai  Fr.  lueredes,  1571.  (fol.) 

Diophanti  Alexandrini  Arithmeticoram  libri  sex,  et  de  numeris  multangulis 
liber  uuiis.  Nunc  primum  Graece  et  Latine  editi,  atque  absolutissimis  Commenta- 
ills  illustratL  Auctore  Claudio  Gaspare  Bacheto  Meziriaco  Sebusiano.  Lutetise 
Tarisiorum,  sumptibus  Sebastiani  Cramoisy,  1621,  fol. 

A  second  edition  was  published,  with  the  following  title : — Diophanti  Alex- 
r.ndrini  Arithmeticorum  libri  sex,  et  de  numeris  multangulis  liber  unus.  Cum  Com- 
iiiRutariis  0.  G.  Bacheti,  V.C.,  et  Observationibus  D.P.  de  Fermat  Senatoris 
TolosanL  Accessit  doctrine  Analytics  inventum  novum,  coUectnm  ex  rariis 
('iusdcm  D.  P.  de  Fermat  Epistolis.  Obloquitur  numeris  Septem  discrimina  vocum. 
'i'oloaa:,  excndebat  Bemardus  Bosc,  e  regione  CoUegii  Societatis  Jesu.    M.  no.  lxz. 


The  Greek  arithmetical  notation  is  employed^  but  no  account  is 
given  of  the  first  principles  of  the  science,  or  of  the  methods  employed 
in  the  elementary  operations  of  addition  or  subtraction,  multiplica- 
tion or  division ;  nor  even  any  explanation  of  these  processes.  In 
the  first  book,  which  contains  forty-three  problems  with  their  solu- 
tions, are  prefixed  eleven  definitions  or  explanations  of  the  terms 
employed  in  the  solution  of  the  problems.  The  first  three  definitions 
explain  the  method  of  forming  the  successive  powers  of  numbers,  and 
give  the  initial  letters  of  the  names  by  which  they  are  denoted.  The 
second  power  of  a  number  is  named  ^vvafug ;  the  third  power  KvfioQ. 
The  powers  above  the  square  and  cube  are  named  from  the  sums, 
not  from  the  products  of  the  lower  powers.  Thus,  the  fourth  power  is 
named  hvyaftohifvajMs,  which  is  formed  by  the  product  of  two  equal 
square  numbers ;  the  fifth  power  is  named  £vra/iojcv/3oc9  the  product 
of  a  square  by  a  cube  number ;  the  sixth  power  by  mfjdoKvjSoc,  which 
last,  in  modem  language,  is  more  correctly  designated  by  the  square 
of  the  cube,  or  the  cube  of  the  square. 

In  the  fourth  book  is  shown  how  to  form  the  third  power  of  a 
binomial,  and  in  the  sixth  book  the  fourth  power. 

Diophantus  calls  a  positive  quantity  virapliQ  (substance)  and  a 
negative  quantity  eWeixl/ic  (defect  or  want),  and  employs  a  de- 
curtated  i/^  inverted  and  prefixed  to  denote  minus,  but  employs  no 
corresponding  mark  to  denote  plus. 

The  ninth  definition  states  that  minus  multiplied  by  minus  pro- 
duces plus,  and  that  minus  multiplied  by  plus  produces  minus,  but 
offers  no  reason  nor  explanation.^ 

The  unknown  number  is  named  Api0/ioc»  and  is  denoted  by  Cy  the 
final  letter ;  a  lineal  quantity  is  also  designated  by  the  same  word. 
The  monad  or  general  unit  is  denoted  by  the  letters  fi^. 

The  eleventh  definition  contains  some  general  remarks  for  forming 
the  equations.  No  general  rules  are  laid  down  for  the  solution  of 
them,  but  diffSerent  assumptions  are  made,  and  ingenious  artifices  are 
employed,  whereby  *the  equations  are  very  much  simplified.  In 
general,  a  direct  assumption  is  made  for  the  number  required.  Some- 
times if  the  sum  of  two  numbers  be  given  in  the  problem,  the  difference 
is  assumed ;  but  if  the  difference  be  given,  the  simi  is  assumed  for 
the  unknown  number.  Sometimes  when  two  quantities  are  required, 
their  ratio  is  assumed,  and  other  artifices  are  employed  whereby 
almost  all  the  solutions  are  effected  by  means  of  equations  of  the  first 
degree. 


*  The  words  of  the  definition  are  : — 

"PenariA  in  penuriam  ducta,  copiam ;  in  copiam  ducta,  penuriam  procreat." 
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The  second  book  contains  thiriy-six  problems  with  solutions ;  the 
third,  twenty-four  problems  on  squares ;  the  fourth  book,  forty-six  on 
cubes  and  squares ;  the  fifth,  twenty-three  on  square  and  cube  num- 
bers, and  some  involving  numbers  in  geometrical  progression.  To 
these  the  editor  has  added  upwards  of  forty  questions  from  the  Greek 
AnUiology.  The  sixth  book  contains  twenty-six  problems  relating  to 
properties  of  right-angled  triangles.  The  fragment  on  triangfular  and 
polygonal  numbers  contains  only  the  ten  problems  that  are  known 
to  be  extant. 

The  school  of  Alexandria  continued  to  flourish  after  the  age  of 
Diophantus.  Pappus,  an  eminent  mathematician,  lived  in  the  latter 
part  of  the  fourth  century.  Bis  mathematical  collections  consist  of 
eight  books ;  of  these,  the  first  book  and  the  early  part  of  the  second 
are  not  known  to  be  extant. 

The  last  twelve  propositions  of  the  second  book  were  printed  by 
Dr.  Wallis  in  1688,  at  the  end  of  his  work  entitled,  '^  Aristarchus 
Samius ;"  horn  which  it  would  appear  that  Arithmetic  was  the  subject 
of  die  second  book  of  the  collections.  The  work  of  Pappus  is  especially 
valuable  as  containing  an  account  of  the  state  of  the  mathematical 
sciences  at  that  period. 

Theon  was  contemporary  with  Pappus,  and  became  president  of 
the  school  at  Alexandria.  As  a  philosopher  and  a  mathematician,  he 
appears  from  the  remains  of  his  writings  to  have  been  a  student  of  the 
laws  of  nature,  as  well  as  of  the  sciences.  He  understood  the  higher 
use  of  the  mathematical  sciences  as  an  intellectual  discipline,  as  will 
appear  from  the  following  extract  from  his  writings : — 

* '  The  science  of  number  is  the  mover  and  the  guide  to  truth.  It  is  not 
to  be  studied  with  gross  and  vulgar  views,  but  in  such  a  manner  as 
may  enable  the  student  to  attain  to  the  contemplation  of  the  nature  of 
numbers ;  not  learning  it  merely  for  the  purpose  of  seDing  or  of  deal- 
ing with  merchants  or  retailers,  but  for  the  improvement  of  the  mind, 
considering  it  as  the  path  which  leads  to  the  knowledge  of  truth  and 
reality.  The  study  of  this  science  exalts  the  mizfd,  and  compels  it  to 
think  and  reason  on  numbers  themselves,  as  abstract.  There  are  not 
to  be  admitted  into  its  reasonings,  as  neceesary,  any  objects,  either 
visible  or  capable  of  being  numbered.  And  besides  this  study  renders 
a  student  competent  for  all  branches  of  the  mathematics,  and  enables 
the  slow  in  intellect  to  become  more  acute."  ^ 

Proclus,^  in  the  fifth  century,  was  a  student  at  Alexandria,  but  after* 

^  Theon.  Smyrn.  c.  i. 

*  Procliis  wrote  the  following  epitiiph  to  the  memory  of  his  instructor  Syiiamis  : — 

Tlp6K\os  iyif  y€v6fnjy  AvKtos  y^vos,  %v  'Zvpuufbt 

'EvOaS*  aiJkotpkhv  irii  Bpi^t  StZaffKaXiris' 
awhs  8*  Oft^ortpuv  55c  (rufxara  8(|aro  rvfiBos 


wards  removed  to  the  Platonic  school  at  Athens.  At  this  period,  the 
study  of  the  mathematical  sciences  at  Alexandria  was  not  pursued  in 
the  manner  of  Euclid  and  others  of  his  school,  but  had  degenerated 
into  the  dreams  and  fancies  of  the  later  Platonists.  They  imagined 
that  they  had  discovered  mysteries  in  numbers  and  in  their  properties. 
They  assumed  imag^ary  analogies  as  elementary  truths,  and  constructed 
from  them  the  most  strange  and  absurd  theories.  It  is  very  sing^ar 
that  these  absurdities  of  the  Platonists  have  not  been  without  an 
advocate  in  modem  times ;  as  the  author  of  ^'Theoretic  Arithmetic  '' 
demands :  "  Whether  it  is  possible  that  these  philosophers  could  have 
spoken  thus  sublimely  of  number,  unless  they  had  considered  it  as 
possessing  an  essence  separate  from  sensibles,  and  a  transcendency 
iabricative,  and  at  the  same  time  paradigmatic." 

After  the  end  of  the  fourth  century,  there  appear  no  names  of 
great  eminence  who  advanced  the  knowledge  of  the  sciences.  The 
dreams  and  subtleties  of  the  later  Platonists  appear  to  have  ab- 
sorbed the  attention  both  of  the  philosophers  and  their  disciples; 
and  Alexandria  continued  to  be  the  chief  seat  of  learning  until  that 
city  was  besieged,  in  a.d.  640,  and  captured  by  the  Saracens,  and  the 
great  library  destroyed.  This  magnificent  library,  from  its  foundation, 
rapidly  increased,  and  became  the  most  extensive  depository  of  writings 
on  science  and  learning  in  the  world,  at  that  period.  Even  in  the  time 
of  Ptolemy  Philadelphus,  the  son  of  the  founder,  it  is  reported  to  have 
contained  no  less  than  10,000  volumes,  and  it  continued  to  increase, 
until,  at  the  time  of  its  destruction,  it  contained  between  700,000  and 
800,000  volumes,  among  which  were  the  original  writings  of  iBschylus, 
Sophocles,  and  Euripides. 

It  has  been  maintained  that  the  astronomical  and  other  mathe- 
matical sciences  of  the  Hindus  were  borrowed  from  the  Greeks  ;^  and 

^  Professor  Dugald  Stewart,  in  his  "Philosophy  of  the  Human  Mind,"  has 
adduced  considerations  to  show  that  the  Sanscrit  Lmguage  is  derived  from  the 
Greek.  He  considers  that  the  Sanscrit  language  was  formed  on  the  model  of  the 
Greek,  by  the  Brahmins,  after  the  invasion  of  India  by  Alexander  the  Great,  and 
that  it  grew  rapidly  and  attained  its  perfection  as  a  new  language  a  century  before 
tlie  Christian  era. 

The  names  of  the  countries,  rivers,  towns,  &c.,  recorded  in  the  writings  of 
Quintius  Curtius,  Arrian,  and  others  who  have  written  on  Alexander's  expedition  to 
the  East,  clearly  evince  to  the  reader  that  the  Sanscrit  language  had  an  existence 
before  the  age  of  Alexander.  And  further,  there  are  no  evidences  to  show  that  the 
Greek  language  was  in  use  in  India,  or  that  any  writings  in  that  language  were 
extant  anterior  to  those  in  Sanscrit. 

Sanscrit  words  arc  found  in  all  the  various  dialects  spoken  in  India,  and  these 
dialects,  so  different  from  each  other,  and  extending  over  very  lai^e  tracts  of 
countzy,  may  have  been  derived  from  a  common  primeval  tongue,  before  the 
Sanscrit  lang«ago  became  a  language  developed. 

There  are  Tcry  striking  affinities  between  the  Sanscrit  and  the  Greek  and  latin 
languages,  both  in  the  words  themselves  and  in  their  inflexions.     All  languages  are 
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further,  that  the  Gbreek  language,  after  the  conquests  of  Alexander  in 
the  'East,  gave  birth  to  the  Sanscrit  language.  The  settlement  of  a 
part  of  Alexander's  army  in  Bactriana,  and  their  government,  which 
lasted  for  130  years,  might  have  influenced  in  some  degree  the  popula- 
tions of  that  and  the  neighbouring  countries.  It  is  not  very  likely 
that  there  was  much  intercourse  between  the  rulers  of  Bactriana  and 
the  people  of  Chreece.  Of  the  numerous  facts  adduced  in  favour  of  the 
priority  of  Greek  science,  one  may  be  here  mentioned.  It  is  true  that 
the  twelve  signs  of  the  zodiac  are  identical  both  in  the  astronomy  of 
the  Greeks  and  the  Hindus.^    But  it  is  uncertain  whether  the  Hindus 


subject  to  growth  and  improvement,  and  it  cannot  be  conceived  that  all  the  words 
and  constructions  of  the  Greek,  or  any  other  language,  were  coeval  with  the  earliest 
use  of  that  language.  This  may  be  understood  by  a  comparison  of  the  English 
language  in  its  present  form,  with  the  language  in  the  time  of  Chaucer,  and  with 
the  earlier  form  of  the  Anglo-Saxon. 

The  obvious  affinity  between  Sanscrit,  Greek,  and  Latin  words,  and  the  variety 
of  inflected  forms  existing  in  Sanscrit,  and  almost  the  same  found  in  Greek  and 
Latin  inflexions,  afford  at  least  a  strong  ground  for  the  presumption  that  the  tribes 
which  founded  the  Greek  and  Latin  colonies  had  brought  with  them  a  language, 
either  the  Sanscrit  or  some  cognate  dialect  of  that  language.  In  fact,  the  common 
origin  both  of  Sanscrit,  Greek,  and  Latin,  as  well  as  their  offshoots,  must  be 
referred  to  some  primitive  tongue.  The  resemblances  in  words,  with  their  deriva- 
tions and  inflexions,  notwithstanding  the  changes  which  these  languages  have 
undergone  in  the  course  of  ages,  supply  an  indication  of  their  relation  to  the  same 
family.     Examples  may  be  seen  in  Dr.  Donaldson's  New  Cratylus,  Srd  Ed.,  185tf. 

From  p.  477  of  the  third  volume  of  £.  T.  Colebrooke's  Essays,  edited  by  Pro- 
fessor Cowell,  the  following  note  of  the  Professor  is  extracted : — '*  Dr.  Kern 
gives  a  list  of  thirty-six  Greek  words  which  occur  in  Varahamihira's  Vrihat  Sanhita 
[Great  Course  of  Astrology].  The  signs  of  the  zodiac  (except  Cancer),  Eriya, 
Tavuri,  Jituma,  Leya,  Pathena,  Dyuka  or  Juka,  Kaurpya,  Taukshika,  Akokera, 
Hridroga,  Ittham : — Heli  (^Aioi),  Himna  {'Zpfiiis)^  Ara  ^Apiyr),  Jyau  (Zc^t),  Kona 
{Kp6yos),  Asphi:git  ('A^poSfn;),  hora,  kendra,  dresbkana  or  drekkana,  lipta,  anapha 
{iu^apii),  sunapha  (<rvra^),  dumdhara  (Hopv^pta),  kemadruma  (x/>i|^aTitffi^f),  vesi 
{^dais),  apoklima  (Air^icXifia),  panaphara  (iwayu^opd),  hibuka  {i^6yiov),  jamitra 
{ZidfArrpos),  meshurana  (fiwovpdmii/ia),  dyunam  or  dyutam  (9vTuc6y  ?),  tihpha  (^<f4), 
and  harija  {6piC»p)" 

^  The  Hindu  division  of  the  ecliptic  is  the  same  as  that  of  the  Greeks.  Their 
astronomical  year  was  sidereal  (being  the  space  of  time  in  which  the  sun  departing 
from  a  star  returns  to  the  same),  and  commenced  at  the  instant  when  the  sun  enters 
the  first  degree  of  the  sign  Ariei,  or  the  Hindu  constellation  Afeaha.  The  inclina- 
tion of  the  ecliptic  to  the  equator  is  stated  in  the  Surya  Siddhanta  to  be  twenty- 
four  degrees. 

It  was  the  opinion  of  Sir  WiUiam  Jones  that  the  Indian  zodiac  was  not  borrowed 
from  the  Greek ;  and  if  the  solar  divisions  of  it  in  India  were  the  same  as  in 
Greece,  it  may  reasonably  be  concluded,  that  both  Greeks  and  Hindus  had  received 
it  from  an  older  nation  which  first  gave  names  to  the  constellations,  and  from  which 
lH)th  Greeks  and  Hindus,  as  the  similarity  of  their  language  fully  evinces, 
bad  a  common  origin.  Sir  William  Jones  received  the  following  account  from 
two  learned  Brahmins.  "  The  Hindus  divide  the  circle  of  the  heavens  into  880 
portiooB,  and  allot  80  to  each  of  the  twelve  constellations  of  the  zodiac  in  this  order : 
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received  this  knowledge  from  the  Greeks,  or  the  Greeks  from  the 
Hindus,  or,  what  is  perhaps  the  more  probable,  whether  each  originally 
received  it  from  some  independent  source.  There  is,  however,  one 
fact  which  distinguishes  Hindu  mathematical  science  from  that  of  the 
Greeks,  and  which  has  given  both  perfection  and  simplicity  to  the 
Hindu  system  of  calculation.  It  is  that  which  consists  in  **  the  device 
of  place  "  in  their  arithmetical  notation ;  a  contrivance  which  gives  to 
each  figure  employed,  a  power  depending  on  the  place  it  occupies,  in 
addition  to  the  value  it  is  assumed  to  have  by  itself. 

The  Hindus  themselves  can  give  no  historical  account  of  the  origin 
or  discovery  of  the  sciences  of  arithmetic  and  algebra,  nor  even  of  the 
inventor  of  the  denary  scale  of  numeral  notation,  one  of  the  most 
simple,  and  at  the  same  time  the  most  perfect  of  inventions. 

In  the  year  1817  Mr.  Golebrooke  published  a  translation  of  four 


Mesha,  the  Ram  ;  Sinha,  the  Lion  ;  Bhanns,  the  Bow  ;  Vriana,  the  Bull ;  Canya, 
the  Viigin  ;  Macara,  the  Sea  Monster ;  Mithnna,  the  Pair ;  Tula,  the  Bahmce ; 
Cnmbha,  the  Ewer ;  Carcata,  the  Crab ;  Vrishchicay  the  Scorpion ;  Mixta,  the 
Fish."  The  figures  of  the  twelve  asterisms  thus  denominated  with  respect  to  the 
nin  are  specified  in  Sanscrit  verses,  of  which  the  following  is  a  verbal  tnmslation : — 

"The  Ram,  Bull,  Crab,  Lion,  and  Scorpion  have  the  figures  of  those  five  animals 
respectively :  the  Pair  are  a  damsel  playing  on  a  vina,  and  a  youth  wielding  a 
mace  ;  the  Virgin  stands  on  a  boat  in  the  water,  holding  in  one  hand  a  lamp,  in 
the  other  an  ear  of  rice-corn  ;  the  Balance  is  held  by  a  weigher  with  a  weight  in 
one  hand ;  the  Bow,  by  an  archer,  whose  hinder  parts  are  like  those  of  a  horse ; 
the  Sea  Monster  has  the  face  of  an  antelope ;  the  Ewer  is  a  water-pot  borne  on 
the  shoulder  of  a  man,  who  empties  it ;  the  Fish  are  two,  with  their  heads  turned 
to  each  other's  tails  ;  and  all  those  are  supposed  to  be  in  such  places  as  suit  their 
several  natures." 

The  Greek  names  of  the  constellations  of  the  zodiac  as  recorded  in  the  Phe- 
nomena of  Aratus,  are: — 1.  Kpihs,  the  Ram:  2.  Tavpot,  the  Bull:  8.  AiSv/mm,  the 
Twins:  4.  KapKb^os,  the  Crab:  5.  AcW,  the  Lion:  6.  Xl€tp$4ns,  the  Yiigin :  7. 
XiiXaX,  the  Claws :  8.  2ko^(os,  the  Scorpion :  9.  To|«vrj^T,  the  Archer :  10. 
Aly6KtpttSf  the  Horned  Goat :  11.  *Vipox^t,  the  Man  that  holds  the  watering  urn  : 
12.  'Ix^^cf,  the  fishes.  Eudoxus,  from  whose  work  Aratus  composed  his  poem 
entitled  "The  Phenomena,"  made  Xi|\a2,  the  claws,  to  occupy  the  seventh,  and  the 
remaining  portion  of  the  Scorpion,  the  eighth  division  of  the  zodiac.  Aratus  gives 
to  this  sign  the  name  of  firyoHpfov  (line  82),  the  great  beast.  After  the  time  of 
Aratus,  Libra,  the  Balance,  was  made  to  occupy  the  eighth  division  of  the  zodiac ; 
and  Virgil  (Georg.  i.  32 — 36)  suggests  that  the  Scorpion  had  drawn  in  his  claws  to 
make  room  for  the  constellation  Libra,  in  honour  of  Augustus.  In  Gen.  xzxrii.  9, 
can  there  be  any  allusion  to  the  eleven  constellations  of  the  zodiac  ? 

In  the  Hindu  system  of  astronomy  the  planets  are :  Suiya,  the  Sun ;  Bndha, 
Mercury ;  Sucra,  Venus  ;  Mangala,  Mars  ;  Vrihaspati,  Jupiter ;  Sani,  Saturn  ; 
Chandra,  the  Moon.  These  are  supposed  to  move  in  their  respective  orbits  at  the 
same  rate  ;  the  dimensions  of  the  moon's  orbit  being  known,  those  of  other  planets 
are  determined,  according  to  their  periodical  revolutions,  by  proportion.  The 
Hindus  have  observed  that  the  moon  revolves  once  on  her  axis  in  a  lunar  month, 
and  has  the  same  side  always  opposed  to  the  earth.  They  have  also  noticed  the 
<lifferenoe  of  her  apparent  magnitude  on  the  horizon  and  on  the  meridian. 
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ancient  treatises  on  Arithmetic  and  Algebra,^  written  in  the  Sanscrit 
language,  with  a  learned  diseertation  on  those  subjects.  Two  of  these 
treatises,  one  on  Arithmetic  and  the  other  on  Algebra,  constitute  the 
twelfth  and  eighteenth  chapters  of  one  of  the  systems  of  Hindu  As- 
tronomy, entitled  "  Brahma-Siddhanta."  The  fact  of  these  treatises 
being  foimd  in  the  midst  of  a  system  of  astronomy,  where  the  princi- 
ples of  one  science  are  employed  to  aid  in  the  development  of  another, 
affords  at  least  a  presumption  that  they  were  not  of  recent  invention, 
but  had  existed  in  a  former  age,  and  had  passed  through  stages  of 
improvement.  This  presumption  is  supported  by  the  fact  that  these 
treatises  are  composed  in  Sanscrit  verse. 

It  may  also  be  remarked  that  almost  all  the  examples  in  the  treatise 
on  Algebra  relate  to  astronomy.  The  author  has  given  his  own  date 
in  the  Brahmasphuta  Siddhanta in  the  following  form :  ''In  the  reign 
of  Sri  Yyaythramukha,  of  the  Sri  Chapa  dynasty,  550  years  (▲.d.  628) 
after  the  Saka  king  (Salivahana)  having  passed,  Brahmegupta,  the 
son  of  Jishnu,  at  the  age  of  thirty,  composed  the  Brahmegupta  Sidd- 
hanta, for  the  gratification  of  mathematicians  and  astronomers.'' ' 

Mr.  Colebrooke  considers  that  these  treatises  are  not  the  oldest 
composed  by  Hindu  writers,  and  remarks  that  Ganesa,  a  learned 
commentator,  has  quoted  a  passage  from  a  work  of  Aryabhatta  (an 
older  writer  than  Brahmegupta),  and  that  another  commentator  has 
named  him  as  one  of  the  earliest  writers  on  these  sciences.  Dr.  Bhau 
Daji,  in  his  essay,  has  shown  that  Aryabhatta  was  bom  a.d.  476,  as 
given  by  himself  in  the  Aryashtasata.  He  calls  himself  a  native  of 
Kusumapura,  or  Pataliputra.  His  work  is  written  with  great  atten- 
tion to  conciseness.  Yaraha-Mihira  flourished  about  a.d.  505,  and 
died  A.D.  587.  He  has  cited  Aryabhatta  by  name  in  a  passage  given 
by  Bhatta  Utpala,  and  quoted  in  the  commentary  on  the  Yarahi 
Sanhita.  It  is  highly  probable  that  the  Itomaka  Siddhanta  was 
composed  about  aj3.  505,  and  Yaxaha-Mihira  founded  his  Pancha 
Siddhantika  Elarana  on  the  Itomaka  Siddhanta,  and  four  other  works. 
It  is  therefore  clear  that  Yaraha  could  not  have  lived  before  a.d.  505. 
It  appears  that  Aiyabhatta  affirmed  the  diurnal  rotation  of  the 
earth  on  its  axis,  and  calculated  its  circumference,  which,  when 
reduced,  was  equivalent  to  25,080  English  miles ;  that  he  possessed 
the  true  theory  of  lunar  and  solar  eclipses,'  affirming  the  moon  and 


^  Algebra,  with  Arithmetic  and  Mensuration,  from  the  Sanscrit  of  Brahmegupta 
and  Bhascara,  translated  by  Henry  Thomas  Colebrooke,  Esq.,  F.R.S.,  &c.  London, 
1817.     (Reviewed  in  the  "  Edinburgh  Review  "  for  November,  1817.) 

*  See  Joomal  of  the  Asiatic  Society,  1865.  Brief  notes  on  the  age  and  aathen- 
ticity  of  the  works  of  Aryabhatta,  Yaraha-Mihiia,  Brahmegupta,  Bhatta  XTtpala, 
and  Bhascar-Acharya.     By  Dr.  Bhau  Daju 

'  See  Journal  of  the  Asiatic  Society,  1863,  vol.  ix.     On  the  Surya  Siddhanta, 
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primary  planets  to  be  illumuiated  by  the  sun;  that  he  noticed  the 
motion  of  the  solstitial  and  equinoctial  points ;  and  that  he  recognised 
a  motion  of  the  nodes  and  apsides  of  aU  the  primary  planets  as  well 
as  of  'the  moon.  His  work  on  Astronomy  embraced  treatises  on 
Arithmetic,  Algebra,  and  Geometry. 

Mr.  Colebrooke  was  led  to  consider  that  if  Brahmegupta  was  not 
the  oldest  writer  on  these  sciences,  he  improved  and  extended  the 
knowledge  of  them  as  they  existed  in  his  time.  In  the  age  of  Meya, 
the  author  of  the  Surya  Siddhanta,  the  moon's  horizontal  parallax 
was  made  to  be  53'  20'',  which  gave  the  mean  distance  from  the  earth 
220,184  in  English  geographical  miles,  whereas  European  astronomers 
compute  the  mean  distance  of  the  moon  about  240,000.  The  Hindus 
took  no  notice  of  the  errors  arising  from  refraction,  and  their  taking 
the  moon's  motion  as  along  the  sine  instead  of  its  arc,  may  be  noted. 
But  they  were  not  wholly  ignorant  of  optics ;  they  knew  the  angles  of 
incidence  and  refraction  to  be  equal,  and  computed  the  place  of  a  star 
or  planet  as  it  would  be  seen  reflected  from  water  or  a  mirror. 

There  is  also  a  perpetual  conmientary  on  the  work  of  Brahmegupta, 
composed  by  Ohaturveda  Prithudaca  Swami.  He  successively  quotes 
at  length  every  verse  of  the  text,  interprets  it  word  by  word,  and 
subjoins  elucidations  and  remarks.  It  is  impossible  to  doubt  that  the 
knowledge  of  these  sciences  had  a  wide  extension  long  before  they 
assumed  the  form  in  which  they  are  found  eidiibited. 

Of  the  treatises  of  Brahmegupta  forming  the  twelfth  and  eighteenth 
chapters  of  his  Astronomy,  the  former  begins  with  the  declaration  : 
**  He  who  distinctly  and  severally  knows  addition  and  the  rest  of  the 
twenty  logistics,  and  the  eight  determinations,  including  measurement 
by  shadow,  is  a  mathematician." 

It  consists  of  ten  sections,  which  are  respectively  entitled.  Algo- 
rithm, Mixture,  Progression,  Plane  Figure,  Excavations,  Stacks, 
I^w,  Mounds  of  Grain,  Measure  by  Shadow,  Supplement.  The 
eighteenth  chapter  consists  of  eight  sections,  which  are  named  Pul- 
verizer.  Algorithm,  Simple  Equation,  Quadratic  Equation,  Equation 


and  the  Hindu  Method  of  Calculating  Eclipses,  by  William  Spottiswoode,  M.A., 
F.R.S.,  &c 

In  the  second  volome  of  the  Asiatic  Researches,  printed  at  Calcutta,  is  an 
essay  on  the  Astronomical  Computations  of  the  Hindus.  This  essay  was  drawn  up 
by  Samuel  Davis,  £sq.,  whose  curiosity  had  been  raised  to  know  by  what  means  the 
prediction  of  eclipses  and  other  celestial  phenomena,  published  in  the  Hindu  Fatra 
or  Almanac,  had  been  effected.  He  procured  a  copy  of  the  Surya  Siddhanta,  an 
ancient  treatise  on  Astronomy,  and  a  commentary  on  the  text,  with  other  Sanscrit 
works  on  the  subject.  The  object  of  Mr.  Davis's  essay  is  to  exhibit  a  computation 
of  an  eclipse  of  the  moon  which  was  predicted  in  the  Hindu  Fatra  to  happen  in  the 
month  of  November,  1789,  not  merely  on  the  principles,  but  strictly  by  the  rules  of 
the  Surya  Siddhanta.  His  essay,  with  the  computations,  extends  over  aizty-three 
pages. 
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of  several  unknowOi  Equation  involving  a  Factum,  Square  affected  by 
a  Coefficient,  Problems.  The  author  concludes  the  last  section  in  these 
words:  ''These  questions  are  stated  merely  for  gratification.  The 
proficient  may  devise  a  thousand  others ;  or  may  resolve  by  the  rules 
taught,  problems  proposed  by  others.  As  the  sun  obscures  the  stars, 
so  does  the  proficient  eclipse  the  glory  of  other  astronomers  in  an 
assembly  of  people,  by  the  recital  of  algebraic  problems,  and  still  more 
by  their  solution." 

The  treatises  of  Brahmeg^pta,  on  Arithmetic  and  Algebra,  are  two 
of  the  most  ancient  known  to  be  extant ;  but  they  are  not  so  complete 
nor  extensive  in  the  subjects  they  embrace  as  the  other  two  which  form 
the  first  portion  of  Mr.  Oolebrooke's  publication.  These  are  entitled 
the  lalavati  and  the  Yija  Ganitai  the  former  a  treatise  on  Arithmetic, 
and  the  other  a  treatise  on  Algebra.  They  constitute  the  introduction 
to  a  course  of  Astronomy^  entitled  Siddhanta  Siromani.     The  author, 

^  "  Bhaacara  aigaes,  that  it  is  more  reaaonable  to  suppose  the  earth  to  be  self- 
balanced  in  iniinite  space,  than  that  it  should  l«  supported  by  a  series  of  animals, 
with  nothing  assignable  for  the  last  of  them  to  rest  upon  ;  and  Nerasiuha,  in  his 
commentary,  shows  that  by  Rahu  and  Cetu,  the  head  and  tail  of  the  monster,  in 
the  sense  they  generally  heu,  could  only  be  meant  the  position  of  the  moon's  nodes, 
and  the  quantity  of  her  latitude,  on  which  eclipses  do  certainly  depend ;  but  he 
does  not  tiierefore  deny  the  reality  of  Rahu  and  Cetu  ;  on  tlie  contrary,  he  says  that 
their  actual  existence  and  presence  in  eclipses  ought  to  be  believed,  and  may  be 
maintained  as  an  article  of  faith  without  any  prejudice  to  astronomy." 

Mr.  Davis  adds  the  following  translation  of  a  sentence  from  the  Sanscrit  on  the 
controversy : — 

**  Fruitless  are  all  other  Sostras  ;  in  them  is  contention  only  : 
Fruitful  is  the  Jyotish  Sastra,  where  the  sim  and  moon  are  two  witnesses.*' 

"  There  are  certain  learned  pundits  who  have  truer  notions  of  the  earth  and  the 
economy  of  the  universe  than  are  ascribed  to  the  Hindus  in  general ;  and  that  they 
must  reject  the  ridiculous  belief  of  the  common  Brahmins,  that  eclipses  are  occa- 
sioned by  the  intervention  of  the  monster  Eahu^  with  many  other  particulars 
equaPy  unscientific  and  absurd.  But  as  this  belief  is  founded  on  explicit  and  posi- 
tive declarations  contained  in  the  Yedas  and  Puranas,  the  divine  authority  of  which 
writings  no  devout  Hindu  can  dispute,  the  astronomers  have,  some  of  them, 
cautiously  explained  such  passages  in  those  writings  as  disagree  with  the  principles 
of  their  own  science ;  and,  when  reconciliation  was  impossible,  have  apologised,  as 
well  as  they  could,  for  propositions  necessarily  established  in  the  practice  of  it,  by 
observing  that  certain  things,  as  stated  in  other  Sadras,  *  might  have  been  so  for- 
merly, and  may  be  so  still ;  but  for  astronomical  purposes,  astronomical  rules  must 
be  followed.'  Others  have,  with  a  bolder  spirit,  attacked  and  refuted  unphilo- 
sophical  opinions." 

Sir  William  Jones  has  given  the  following  account  of  the  two  systems,  which 
he  received  from  a  venerable  Hindu  mathematician  : — 

"  The  Pauranics  will  tell  you  tlist  our  earth  is  a  plane  figure  studded  with  eight 
mountains,  and  surrounded  by  seven  seas  of  milk,  nectar,  and  other  fluids ;  that 
the  part  which  we  inhabit  is  one  of  seven  islands,  to  whi>;h  eleven  smaller  isles  are 
subordinate ;  that  a  god,  riding  on  a  huge  elephant,  guards  each  of  the  eight  regions ; 
and  that  a  mountain  of  gold  lises  and  gleams  in  the  centre ;  but  wo  believe  the 
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Bhasoara  Acharya,  thus  gives  the  date  of  his  work :  "  In  the  year  1036 
(a.d.  1114)  of  the  Saka  king  I  was  bom ;  and  at  the  age  of  thirty-six 
I  composed  the  Siddhanta  Siromani." 

In  the  age  of  Brahmeg^pta  there  appear  to  have  existed  five 
Tery  ancient  treatises  on  Astronomy,  which  also  embraced  Astrology, 
nnder  the  names  of  Paulisa-Siddhanta,  Bomaca-Siddhanta,  Yasishtha- 
Siddhanta,  Surya-Siddhanta,*  and  Brahma-Siddhanta.     It  was  from 

earth  to  be  shaped  like  a  cadamba  fruit,  or  spheroidal,  and  admit  only  four  oceans 
of  salt  water,  all  of  which  we  name  from  the  four  cardinal  points,  and  in  which  are 
many  great  peninsulas,  with  innumerable  islands.  They  will  tell  you  that  a  dragon's 
head  swallows  the  moon,  and  thus  causes  an  eclipse  ;  but  we  know  that  the  supposed 
head  and  tail  of  the  dragon  mean  only  the  nodes,  or  points  formed  by  intersections 
of  the  ecliptic  and  the  moon's  orbit  In  short,  they  have  imagined  a  system,  which 
exists  only  in  their  fancy  ;  but  we  consider  nothing  as  true,  without  such  evidence 
as  cannot  be  questioned." 

The  following  passage,  which  appeared  in  the  Times  of  March  28,  1877,  i^ 
quoted  to  show  that  faith  in  Rahu  and  Cetu,  with  other  superstitions,  such  as 
judicial  astrology,  still  hold  a  potent  spell  in  the  eastern  parts  of  the  world : — 

**  On  the  recent  eclipse  of  the  moon,  the  Turks  at  Constantinople  were  reported 
to  have  fired  guns,  according  to  traditional  custom,  in  order  to  frighten  the  dragon 
devouring  that  luminary  into  releasing  its  prey.  A  letter  from  Constantinople  in 
the  Journal  de  Oenive  records  another  illustration  of  Oriental  beliefs.  It  states  that 
the  opening  of  the  new  parliament  was  postponed  from  the  13  th  to  the  19th,  not,  as 
represented,  to  give  the  deputies  time  to  arrive,  but  because  the  astrologer  of  the 
seraglio  reported  against  the  original  date,  and  recommended  not  only  the  day,  but 
the  precise  hour  of  the  ceremony." 

^  In  the  first  Section  of  the  Surya  Siddhanta,  it  is  stated  that  "Time  of  the 
denomination  of  Murta  (sidereal  time)  is  estimated  by  respirations ;  six  respirations 
make  a  vteoZa  (second);  nxty  vioaku  a  danda;  sixty  dandaa  a  nacshaira  (sidereal) 
day  ;  and  thirty  nacshatra  days  a  nacshatra  month.  The  Savan  (solar)  month  is 
that  contained  between  thirty  successive  risings  of  Surya  (the  Sun),  and  varies  in  its 
length  according  to  the  Lagna  Bhixja  (right  ascension).  Thirty  tWiis  (lunar)  days 
compose  the  ehafuira  (lunar)  month.  The  Saura  month  is  that  in  which  the  sun 
describes  one  sign  of  the  zodiac,  and  his  passage  through  the  twelve  signs  is  one 
year,  and  one  of  those  years  is  a  Deva  day,  or  day  of  the  gods." 

Sir  William  Jones,  in  an  essay  on  the  Chronology  of  the  Hindus,  written  in  1788^ 
■nd  printed  in  the  second  volume  of  the  Asiatic  Researches,  has  shown  how  far  the 
great  antiquity  of  the  Hindus,  so  firmly  believed  by  themselves,  is  worthy  of  credit. 
He  gives  a  concise  account  of  Indian  chronology,  extracted  from  Sanscrit  books,  or 
conversations  with  pundits,  and  subjoins  a  few  remarks  on  their  system,  without 
attempting  to  decide  the  question  which  he  ventured  to  start — *' Whether  it  is  not 
in  fact  the  same  with  our  own,  but  embellished  by  the  fancy  of  their  poets  and  the 
riddles  of  their  astronomers." 

After  relating  incredible  stories  and  wonderful  periods  of  time,  he  writes : — "  Let 
Tis  compare  the  two  Indian  accounts  of  the  Creation  and  the  Deluge  with  those 
delivered  by  Moses.  It  is  not  made  a  question  in  this  tract,  whether  the  first 
chapters  of  Genesis  are  to  be  understood  in  a  literal  or  merely  allegorical  sense.  The 
only  points  are,  whether  the  creation  described  by  the  first  Menu,  which  the  Brah- 
mins call  that  of  the  Loi&8,  bo  not  the  same  with  that  recorded  in  our  Scriptures  T 
and  whether  the  story  of  the  seventh  Menu  be  not  one  and  the  same  with  that  of 
'SoBh.  T    I  propose  the  questions,  but  affirm  nothing ;  leaving  others  to  settle  their 
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these  treatises  that  Brahmegupta  compiled  his  treatise  on  Astronomy. 
Also  from  these  fiye  treatises  Yaraha-Mihira,  a  writer  of  an  earliei 

opinions,  whether  Adam  be  derived  from  adim,  which  in  Sanscrit  means  the  first,  o\ 
Menu  from  Nuh,  the  true  name  of  the  patriarch ;  .  .  .  .  whether  the  two  Menu^ 
can  mean  any  other  persons  than  the  great  progenitor  and  the  restorer  of  om 
species." 

In  the  third  volume  of  the  Asiatic  Besearches,  Lieutenant  Wilford  printed  an 
essay-  on  £gypt  and  the  Nile,  from  the  ancient  books  of  the  Hindus,  with  some  brii  i 
remarks  by  Sir  William  Jones.  In  those  remarks  is  given  the  following  literal 
translation  of  a  passage  of  the  Padma-Pnran  : — **  To  Satyavarman,  that  sovereign  of 
the  whole  earth,  were  bom  three  sons :  the  eldest,  Sherma ;  then  Charma ;  and 
thirdly,  Jy&peti  by  name.  They  were  all  men  of  good  morals,  excellent  in  virtue 
and  virtuous  deeds,  skilled  in  the  use  of  weapons  to  strike  with  or  be  thrown  ;  brave 
men,  ei^r  for  victory  in  battle.  But  Satyavarman,  being  continually  delighted  with 
devout  meditation,  and  seeing  his  sons  fit  for  dominion,  laid  upon  them  the  burden 
of  government,  whilst  he  remained  honouring  and  satisfying  the  gods,  and  priests, 
and  kine.  One  day,  by  the  art  of  destiny,  the  king  having  drunk  mead,  became- 
senseless,  and  lay  asleep  naked ;  then  was  he  seen  by  Charma,  and  by  him  were  his 
two  brothers  called.  To  whom  he  said :  *  AVliat  now  has  befallen  t  In  what  state  ia 
this  our  sire  ? '  By  those  two  was  he  hidden  with  clothes,  and  called  to  his  senses  again 
and  again.  Having  recovered  his  intellect;  and  perfectly  knowing  what  had  passed, 
he  cursed  Charma,  saying,  '  Thou  shalt  be  the  servant  of  servants  ;  and,  feince  thou 
wast  a  laugher  in  their  presence,  from  laughter  shalt  thou  acquire  a  name.'  Then 
he  gave  to  Sherma  the  wide  domain  on  the  south  of  the  snowy  mountain,  and  ta 
Jykpeti  he  gave  all  on  the  north  of  the  snowy  mountain  ;  but  he,  by  the  power  of 
religions  contemplation,  attained  supreme  bliss."  On  this  he  remarks  :  "Now  you 
will  probably  think  that  even  the  conciseness  and  simplicity  of  this  narrative  are 
excelled  by  the  Mosaic  relation  of  the  same  adventure  ;  but,  whatever  may  be  our 
opinion  of  the  old  Indian  style,  this  extract  most  clearly  proves  that  the  Satyavrata,. 
or  Satyavarman  of  the  Purans,  was  the  same  personage  as  the  Noah  of  Scripture,  and 
we  consequently  fix  the  utmost  limit  of  Hindu  chronology  ;  nor  can  it  be  with  reason 
inferred  that  the  divine  legislator  borrowed  any  part  of  his  work  from  the  Egyptians. 
He  was  deeply  versed,  no  doubt,  in  all  their  learning,  such  as  it  was  ;  but  he  wrote 
what  he  knew  to  be  truth  itself,  independently  of  their  tales,  in  which  truth  was 
blended  with  fables  ;  and  their  age  was  not  so  remote  from  the  days  of  the  patriarch, 
but  that  every  occurrence  in  his  life  might  naturally  have  been  preserved  by  tradi- 
tion from  father  to  son." 

If  the  longevity  of  human  life  during  the  period  before  the  deluge  be  admitted, 
and  the  traditional  genealogies  in  the  book  of  Genesis  be  correct,  it  may  be  shown 
that  the  early  traditions  therein  recorded  from  the  time  of  Adam  to  Moses  passed 
through  seven  intermediate  persons.  See  Gray's  Key  to  the  Old  Testament,  pp. 
80,  81. 

In  a  supplementary  note.  Sir  William  Jones  adds  : — "  But  whatever  may  be  the 
comparative  antiquity  of  the  Hindu  Scriptures,  we  may  safely  conclude  that  the 
Mosaic  and  Indian  chronologies  are  perfectly  consistent ;  that  Menu,  son  of  Brahma, 
was  the  Adima,  or  first  created  mortal,  and  consequently  our  Adam  ;  that  Menu« 
child  of  the  sun,  was  preserved  with  seven  others  in  a  bahUra,  or  capacious  ark, 
fnim  an  universal  deluge,  and  must  therefore  be  our  Noah  ;  that  Hiranyacasipu, 
the  giant  with  a  golden  axe,  and  Vali  or  Bali,  were  impious  or  arrogant  monarchs, 
and  most  probably  our  Nimrod  and  Belus ;  that  the  three  Ramas,  two  of  whom 
were  invincible  warriors,  and  the  third,  not  only  valiant  in  war,  but  the  patron  of 
agriculture  and  wine,  which  derive  an  epithet  from  his  name,  were  different  repre* 
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a^e,  IB  Tinderatood  to  have  compiled  his  astronomical  treatise  samed 
Fancha-  Siddhanta. 


sentations  of  the  Grecian  Bacchus,  and  either  the  Rama  of  Scripture,  or  his  colony 
personified,  or  the  sun  first  adored  by  his  idolatrous  family ;  that  a  considerable 
emigration  from  Chaldea  into  Greece,  Italy,  and  India  happened  about  twelve 
centuries  before  the  birth  of  our  Saviour  ;  that  Sacya  or  Sisak,  about  two  hundred 
years  after  Vyosa,  either  in  person  or  by  a  colony  from  Egypt,  imported  into  this 
country  [Bengal]  the  mild  heresy  of  the  ancient  Bauddhas  ;  and  that  the  dawn  of 
true  Indian  history  appears  only  three  or  four  centuries  before  the  Christian  era,  the 
preceding  ages  being  clouded  by  allegory  or  fable.** 

Lieutenant  (since  Captain)  Wilford  employed  a  learned  Brahmin  to  make  extracts 
from  Sanscrit  books  to  aid  him  in  a  second  essay  he  was  writing  on  the  Sacred  Isles 
of  the  West.  In  the  course  of  collating  the  Sanscrit  authorities  quoted  or  referred 
to.  Captain  Wilford  disoorered  some  discolorations  in  the  manuscripts,  which  led 
him  to  suspect  deception,  which  examination  fully  verified.  This  discovery  naturally 
excited  his  apprehension  that  a  similar  imposition  had  been  practised  upon  him, 
both  with  respect  to  the  extracts  for  his  former  essay  on  Egypt  and  the  Nile,  and 
that  the  Purana,  in  which  he  had  actually  and  carefully  read  the  passage  which  he 
<M>mmunicated  to  Sir  William  Jones,  as  an  extract  from  it,does  not  contain  that  passage ; 
and  that  it  was  intei'polated  by  the  dextrous  introduction  of  a  forged  sheet,  dis- 
€<doiired,  and  prepared  for  the  purpose  of  deception,  and  which,  having  served  this 
purpose,  was  afterwards  withdrawn.  The  forgeries  of  the  pundit  (Captain  Wilford 
observes)  were  of  three  kinds  :  1.  A  word  or  two  was  only  altered.  2.  Such  legends 
as  had  undergone  a  more  material  alteration.  3.  All  those  which  he  had  written 
from  memory.  With  regard  to  those  of  the  first  class,  when  he  found  that  I  was 
resolved  to  make  a  collation  of  the  mannscript,  he  began  to  adulterate  and  disfigure 
his  own  manuscript,  mine,  and  the  manuscripts  of  the  college,  by  erasing  the  original 
name  of  the  country,  and  putting  that  of  Egypt  or  of  Swetam  in  its  place. 

"  To  prevent  my  detecting  those  of  the  second  class,  which  were  not  numerous, 
"but  of  the  greatest  importance  in  their  nature  (and  as  books  in  India  are  not  bound 
as  in  Europe,  and  every  leaf  is  loose),  he  took  out  one  or  two  leaves,  and  substituted 
others  with  an  adulterous  legend.  In  books  of  some  antiquity,  it  is  not  uncommon 
to  see  a  few  new  leaves  inserted  in  the  room  of  others  that  were  wanting. 

'*To  conceal  the  more  numerous  impositions  of  the  third  class,  he  had  the 
patience  to  write  two  voluminous  sections,  supposed  to  belong,  one  to  the  Scanda- 
Pnrana,  and  the  other  to  the  Bramanda,  in  which  he  connected  all  the  legends 
together,  in  the  usual  style  of  the  Puranas.  These  two  sections,  as  he  wrote  them, 
<sonsiBt  of  no  less  than  12,000  slocas  or  lines,  the  title  of  which  he  borrowed. 

**  The  first  imposition  is  a  legend  of  the  greatest  importance,  and  is  said  to  be 
extracted  from  the  Padma-Pnrana.  It  contains  the  history  of  Noah  and  his  three 
sons,  and  is  written  in  a  masterly  style.  But  unfortunately  there  is  not  a  word 
of  it  to  be  found  in  that  Puraaa." 

The  following  is  the  passage  referred  to  from  Captain  Wilford's  Essay,  pp.  812, 
313  : — "  It  is  related  in  the  Padma-Puran,  that  Satyavrata,  whose  miraculous  pre- 
servation from  a  general  deluge  is  told  at  length  in  the  Matsya,  had  three  sons,  the 
eldest  of  whom  was  named  Jy&peti,  or  lord  of  the  earth.  The  others  were  Charma 
and  Sharma,  which  last  words  are,  in  the  vulgar  dialects,  usually  pronounced  Cham 
and  Sham  ;  as  we  frequently  hear  Kishu  for  Crishna.  The  royal  patriarch  (for  such 
is  his  character  in  the  Purans)  was  particularly  fond  of  Jy&peti,  to  whom  he  gave 
aU  the  regions  to  the  north  of  Himalayai  or  tine  Snowy  Mountains,  which  extend 
from  sea  to  sea,  and  of  which  Caucasus  is  a  part.  To  Sharma  he  allotted  the 
countries  to  the  south  of  these  mountains.     Bat  he  cursed  Charma ;  because,  when 
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Aryabhatta,  an  astronomer  of  a  still  earlier  age,  is  quoted  by  suc- 
ceeding writers  in  support  of  the  precession  of  the  equinoxes. 
Though  Brahmegupta  in  his  treatise  is  silent  on  the  subject,  Bhascara 
and  others  have  affirmed  a  periodical  revolution  of  the  places  of  the 
colures.  The  reason  of  the  omission  or  denial  of  this  periodical 
motion  is  attributed  by  Bhascara  to  the  very  small  quantity  of  the 
deviation,  and  he  states,  in  reference  to  Brahmegupta,  that  '*in 
mathematical  science,  holy  tradition  is  authority  so  far  only  as  it 
agrees  with  demonstration,"  and  adds :  *\  Such  motion  as  results  from 
the  assigned  revolutions  must  be  admitted,  when  the  places  being  cal- 
culated agree  with  those  which  are  observed,  whether  taught  by  a 
holy  sage  or  by  a  temporal  teacher.  If,  then,  the  same  places  are 
deducible  from  other  revolutions,  which  of  the  assigned  motions  is 
the  true  one?  The  answer  is,  whichever  agrees  with  the  present 
observation  must  be  admitted." 

The  author,  Bhascara- Acharya,^  informs  his  readers  that  his  work 
is  a  compilation,  and  that  his  own  corrections  and  improvements  are 
not  very  numerous  nor  important.  In  the  Yija  Ganita  (Section  131) 
he  has  quoted  a  passage  from  Sridhara's  Algebra,  and  another  (Sec- 
tion 142)  from  Padmanabha's. 

the  old  monarch  was  accidentally  inebriated  with  a  strong  liquor  made  of  fermented 
rice,  C/harma  laughed ;  and  it  was  in  consequence  of  his  father's  imprecation  that 
he  became  a  slaye  to  the  slaves  of  his  brothers.  The  children  of  Sherma  travelled  n 
long  time,  until  they  arrived  at  the  bank  of  the  Nile,  or  Call ;  and  a  Brahmin 
informs  me  (but  the  original  passage  from  the  Puran  is  not  yet  in  my  possession) 
that  their  journey  began  after  the  building  of  the  Padma-Mandira,  which  appears 
to  be  the  Tower  of  Babel,  on  the  bank  of  the  River  Cumudvati,  which  can  be  no 
other  than  the  Euphrates.*' 

^  The  following  extract  is  token  from  the  translation  of  an  inscription  discovered 
by  Dr.  Bhau  Dtgi  near  Chalisgam,'  at  the  foot  of  the  hills  which  contain  the 
Fcetulkhora  caves.  The  inscription  contains  the  names  of  several  of  Bhascara - 
Acharya's  descendants,  who  taught  his  works  in  a  college  endowed  in  the  neighbour- 
hood of  Chalisgam.  The  original  Sanscrit,  and  the  translation,  are  printed  in  the 
Journal  of  the  Asiatic  Society  for  1865  : — 

"  Full  of  good  fame  and  merit  was  Bhascara*  The  le«imed  Bhascara's  son  was 
Lakshmidhara,  the  first  among  the  learned;  acquainted  with  the  meaning  of 
the  Vedas,  the  first  among  metaphysicians,  and  skilful  in  the  knowledge  of 
sacrificial  ceremonies.  Joitrepala  having  recognised  him  as  well  versed  in  the 
meanings  of  all  the  Sastras,  took  him  from  this  town  and  made  him  the  chief  of 
pundits.  His  son  was  Changadeva,  the  best  of  the  astronomera  and  ostrologera  at 
the  court  of  Singhana  Chakravartin.  Changadeva  constructs  the  College  Matha  for 
the  spread  of  the  treatises  composed  by  Bhascara-Acharya.  His  works,  the  chief  of 
which  is  the  Siddhanta  Siromani,  and  the  works  of  his  ancestors  and  descendants, 
ought  to  be  duly  studied  in  my  college.  Sonhadeva  granted  ground,  with  gold,  &c., 
to  the  college.  Othere  also  have  made  some  grants.  Future  kings  ought  to 
protect  this,  for  the  increase  of  merit.  In  the  year  1128  Saka,  in  the  year  Probhavn, 
in  the  Sravana  month,  full  moon,  on  the  occasion  of  a  lunar  eclipse,  Sonhadeva,  in 
the  presence  of  the  people,  having  thrown  water  into  the  hands,  granted  to  the 
college  of  his  preceptora  as  follows,  &c." 
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The  following  is  the  conclusion  of  the  Yija  Ganita,  and  forms 
the  ninth  chapter  of  Mr.  Oolebrooke's  translation  : — 

"  On  earth  was  one  named  Maheswara,  who  followed  the  eminent 
path  of  a  holy  teacher  among  the  learned.  His  son,  Bhascara,  having 
from  him  derived  the  bud  of  knowledge,  has  composed  this  brief 
treatise  of  elemental  computation. 

''As  the  treatises  of  Algebra  by  Brahmegupta,  Sridhara,  and 
Padmanabha  are  too  diffusive,  he  has  compressed  the  substance  of 
them  in  a  well-reasoned  compendium  for  the  gratification  of  learners. 

''For  the  volume  contains  a  thousand  lines,  including  precept  and 
example.  Sometimes  exemplified  to  explain  the  sense  and  bearing  of 
a  rule ;  sometimes  to  illustrate  its  scope  and  adaptation ;  one  while  to 
show  variety  of  inferences ;  another  while  to  manifest  the  principle. 
For  there  is  no  end  of  instances,  and  therefore  a  few  only  are  ex- 
hibited. Since  the  wide  ocean  of  science  is  difficultly  traversed  by 
men  of  little  understanding;  and  on  the  other  hand,  the  intelligent  have 
no  occasion  for  copious  instruction.  A  particle  of  tuition  conveys  a 
science  to  a  comprehensive  mind ;  and  having  reached  it,  expands  of 
its  own  impulse.  As  oil  poured  on  water,  as  a  secret  entrusted  to  the 
vile,  as  alms  bestowed  upon  the  worthy,  however  little,  so  does  science 
infused  into  a  wise  mind  spread  by  intrinsic  force. 

"It  is  apparent  to  men  of  dear  understanding,  that  the  rule  of 
three  terms  constitutes  Arithmetic ;  and  sagacity,  Algebra.  Accord- 
ingly I  have  said  in  the  chapter  on  Spherics  : 

"The  rule  of  three  is  Arithmetic;  spotless  understanding  is 
Algebra.  What  is  there  unknown  to  the  intelligent?  Therefore, 
for  the  dull  alone  it  is  set  forth. 

"  To  augment  wisdom  and  strengthen  confidence,  read,  do  read, 
mathematician,  this  abridgment,  elegant  in  style,  easily  understood 
by  youth,  comprising  the  whole  essence  of  computation,  and  contain- 
ing the  demonstration  of  its  principles,  replete  with  excellence  and 
void  of  defect." 

There  are  extant  several  commentaries  on  the  work  of  Bhascara, 
of  which  the  oldest  appears  to  have  been  composed  by  Gangadhara 
about  the  year  a.d.  1420. 

The  commentary  of  Ganesa  (the  most  eminent  scholiast  of  Bhas- 
cara) on  the  Lilavati  bears  a  date  which  corresponds  to  a.d.  1545. 
It  embraces  a  copious  exposition  of  the  Sanscrit  text  of  the  Lilavati, 
with  demonstrations  of  the  rules.  Mr.  Golebrooke  informs  his  readers 
*that  he  has  used  this  commentary  throughout  his  translation  as  the 
best  interpreter  of  the  original.  Gttnesa  has  quoted  a  passage  of 
Aryabhatta,  denoting  the  science  of  Algebra  under  the  name  of 
YuA,  and  has  made  mention  of  a  method  for  the  solution  of  indeter- 
minate problems. 

Crishna  wrote  a  oonmientary  on  the  Yija  Ganita,  which  bears  the 
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date  of  A.D.  1 602.  This  commentary  contains  a  dear  and  copious  exposi- 
tion of  the  sense  of  the  text,  with  ample  demonstrations  of  the  rules, 
in  the  same  manner  as  the  commentary  of  Ghanesa  on  the  Lilavati. 

Suryadasa  was  the  author  of  a  Complete  Commentary  on  the 
8iddhanta  Siromani.  His  notes  on  the  Lilavati  bear  a  date  corre- 
sponding to  A.D.  1538,  and  those  on  the  Yija  Ganita  to  a.d.  1541.  He 
considered  Aryabhatta  to  be  at  the  head  of  the  older  writers  on 
Algebra.  His  rule  for  the  solution  of  quadratic  equations  by  means 
of  completing  the  square  is  given  in  the  Section  131  of  Mr.  Cole- 
brockets  translation.  Eanganatha,  another  scholiast,  appears  to  have 
flourished  about  the  year  a.d.  1621. 

These  are  the  principal  of  the  numerous  commentaries  in  Sanscrit 
on  the  Lilavati  and  the  Yija  Gkinita,  which  acquired  in  past  times 
a  high  reputation,  both  in  EEindustan  and  in  countries  beyond  its 
borders,  and  superseded  the  use  of  all  the  preceding  treatises  on  the 
subjects  of  Arithmetic  and  Algebra. 

The  Yija  Ganita  is  more  complete  than  the  treatise  of  Brahme- 
gupta,  and  consists  of  nine  chapters.  It  contains  an  explanation  of 
the  nature  and  distinction  between  affirmative  and  negative  quantities 
known  and  unknown,  and  of  the  ordinary  operations  of  the  science, 
also  the  arithmetic  of  surd  numbers.  It  gives  methods  for  the  solu- 
tion of  simple  and  quadratic  equations,  and  of  indeterminate  equa- 
tions of  the  first  and  second  degree.  It  also  explains  the  application 
of  algebra  to  geometrical  fig^ures. 

It  may    be  added,    that  the    preceding  treatise,   the    lilavati,' 

^»^»^^M^"^-^— ^         ■     ■  ^— ^^^^^^^■^■^^Mi^l^^^.^^M^^^— ^^^^  ■        ^^^^^—  I         M     ^^^^^fci^^M^^i^^M^^— ^^^■^^■^M^^^^^M^W— ^^M^lW^M^M^^fcl^^M^^i^— ^^^^^^^M^^^^— ^— ^M^ 

^  See  the  authoi-'s  "Elementary  Arithmetic,"  with  some  notices  of  its  historj^ 
Section  1,  pp.  9 — 12,  where  some  accoant  is  given  of  the  Lilavati,  which  was  first 
published  in  English  with  the  following  title :  '*  Lilawati,  or  a  Treatise  on  Arith- 
metic and  Geometry  by  Bhascara-Acharya,  translated  from  the  original  Sanscrit 
by  John  Taylor,  M.D.,  of  the  Honourable  East  India  Company's  Bombay  Medical 
Establishment.     Bombay,  1816." 

In  the  preface  Dr.  Taylor  states  that  the  object  of  his  translation  is  to  fmnish 
an  authentic  document,  which,  by  exhibiting  not  only  the  actual  degree  of  mathe- 
matical knowledge  possessed  by  the  Hindus  in  the  twelfth  century,  but  also,  by 
showing  their  modes  and  principles  of  operation,  may  lead  to  a  fiadr  condusion 
regarding  their  pretensions  to  originality  in  this  dex)artment  of  science. 

Dr.  Taylor  has  printed  an  Appen^^  to  his  translation  of  the  Lilavati,  giving 
an  account  of  the  mode  of  teaching  arithmetic  in  the  Hindu  schools  of  the  Mahratta 
•country  and  Guzcrat.     The  following  extract  is  taken  from  this  Appendix  : — 

"But  what  chiefly  distinguishes  the  Hindu  schools  is  the  plan  of  instmction  by 
the  scholars  themselves.  When  a  boy  joins  the  8ch<H>l,  he  is  immediately  put  under 
the  tuition  and  care  of  one  who  is  more  advanced  in  knowledge,  and  whose  duty  it 
is  to  give  lessons  to  his  young  pupil,  to  assist  him  in  learning,  and  to  report  his 
behaviour  and  progress  to  the  master.  The  scholars  are  not  classed  as  with  us,  but 
generally  paired  off,  each  pair  consisting  of  an  instructor  and  pupH.  These  pairs 
&re  so  arranged  that  a  boy  less  advanced  may  sit  next  to  one  who  has  made  greater 
{irogress,  and  from  whom  he  receives  assistance  and  instruction.    When,  however. 
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gives  ike  application  of  aritlimetio  to  geometry,  and  rules  for  the 
extraction  of  the  square  root  and  the  cube  root. 

The  fifth  chapter  of  the  lilavati  treats  of  progressions,  arithme* 
tical  and  geometrical.  Enles  are  gtven  for  finding  the  sum,  the 
first  term,  the  common  difference,  and  the  number  of  tei*ms  of  an 
arithmetic  series. 

The  following  rule  given  for  finding  the  number  of  terms,  re- 
quires the  solution  of  a  quadratic  equation  : — 

**  From  the  sum  of  the  progression  multiplied  by  twice  the  common 
increase,  and  added  to  the  square  of  the  difference  between  the  first 
term  and  half  that  increase,  the  square  root  being  extracted,  Una  root 
less  the  first  term  and  added  to  the  (above-mentioned)  portion  of  the- 
increase,  being  divided  by  the  increase,  is  pronounced  to  be  the 
period." 

One  of  the  commentators  is  quoted  for  a  method  of  finding  the 
sum  of  an  arithmetic  progression,  grounded  on  placing  the  numbers 
of  the  series  in  the  reversed  order  under  the  direct  one ;  where  it  be- 
comes obvious,  that  each  pair  of  terms,  multiplied  by  the  number  of 
terms,  is  twice  ihe  sum  of  the  progression. 

The  following  rules  are  also  given  for  finding  the  sum  of  the 
squares,  and  the  sum  of  the  cubes  of  any  series  of  the  natural  numbers. 

Twice  the  number  of  terms  added  to  one  and  divided  by  three, 
being  multiplied  by  the  sum  of  the  natural  numbers,  is  the  sum  of 
the  squares. 

The  sum  of  the  cubes  of  the  niunbers  one,  two,  &o.,  is  pronounced 
by  the  ancients  equal  to  the  square  of  the  sum  of  the  series,  one, 
two,  ftc. 

The  section  on  geometrical  progressions  is  restricted  to  progressions 
increasing  by  a  multiplier,  and  omits  altogether  any  notice  of  decreasing 
geometrical  progressions. 

The  rules  for  variations,  permutations,  and  combinations  are  given 


several  of  the  elder  boys  have  made  considerable  and  nearly  equal  progress,  they  are 
seated  together  in  one  line,  and  receive  their  instmctions  directly  from  the  master. 

"  The  plan  of  getting  the  older  boys,  and  those  who  are  more  advanced,  to  assist 
those  who  are  less  advanced  and  younger,  greatly  lessens  the  burden  imposed  upon 
the  master,  whose  duty,  according  to  this  system,  is  not  to  furnish  instruction  to 
each  individual  scholar,  but  to  superintend  the  whole,  and  see  that  every  one  does 
his  duty.  If  the  younger  boy  does  not  learn  his  lessons  with  sufficient  promptitude 
and  exactness,  his  instructor  reports  him  to  the  master,  who  inquires  into  the  case, 
orders  the  pupil  to  repeat  before  him  what  he  has  learned,  and  punishes  him  if 
he  has  been  idle  or  negligent.  As  the  master  usually  gives  lessons  to  the  elder 
scholars  only,  he  has  sufficient  leisure  to  exercise  a  vigilant  superintendence  over  the 
whole  school,  and  by  casting  his  eyes  about  continually,  or  walking  up  and  down» 
and  inquiring  into  the  progress  made  by  each  pupil  under  his  instructor,  he  main- 
tains strict  discipline,  and  keeps  every  one  on  the  alert  throngh  expectation  of  being, 
called  upon  to  repeat  his  lesson." 
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ia  the  sixth  section  of  the  fifth  chapter,  and  in  the  thirteenth  chapter 
of  the  Lilavati. 

The  following  rule  for  oombinations  is  taken  from  the  Persian 
version,  as  rendered  in  English  by  Mr.  Strachey : — 

''  First,  write  them  all  with  one,  in  order,  and  below  write  one, 
the  last  opposite  to  the  first  in  order.  Then  divide  the  first  term  of 
the  first  line  by  the  number  which  is  opposite  to  it  in  the  second  line. 
The  quotient  will  be  the  number  of  combinations  of  that  thing. 
Multiply  this  quotient  by  the  second  term  of  the  first  line,  and  divide 
the  product  by  the  number  which  is  opposite  to  it  in  the  second  line, 
the  quotient  will  be  the  number  of  combinations  of  that  thing ;  and 
multiply  this  quotient  by  the  third  term,  and  divide  by  that  which  is 
below  it,  and  add  together  whatever  is  obtained  below  each  term,  the 
sum  will  be  the  amount  of  all  the  combinations  of  these  things.^ 

The  first  section  of  the  first  chapter  of  the  Yija  Ganita  opens  with 
the  following  invocation,  as  translated  by  Mr.  Oolebrooke : — 

''I  revere  the  imapparent  primary  matter,  which  the  Sanchyas 
declare  to  be  productive  of  the  intelligent  principle,  being  directed  to 
that  production  by  the  sentient  being ;  for  it  is  the  sole  element  of  all 
which  is  apparent.  I  adore  the  ruling  power,  which  sages  conversant 
with  the  nature  of  soul  pronounce  to  be  the  cause  of  knowledge,  being 
so  explained  by  a  holy  person ;  for  it  is  the  one  element  of  all  which 
is  apparent.  I  venerate  that  imapparent  computation,  which  calcu- 
lators affirm  to  be  the  means  of  comprehension,  being  expounded  by  a 
fit  person ;  for  it  is  the  single  element  of  all  which  is  apparent.  Since 
the  arithmetic  of  apparent  [or  known]  quantity,  which  has  been 
already  propounded  in  a  former  treatise  [Lilavati],  is  founded  on  that 
of  unapparent  [or  unknown]  quantity ;  and  since  questions  to  be  solved 

m  —  I  .11-  --  iiiiii-  _  I  _  _   ■         —         - 

^  The  following  is  one  of  the  examples  given  (oh.  v.,  sect  6)  to  illustrate  the  role. 
How  many  are  the  combinations  in  one  composition,  with  ingredients  of  six 
different  tastes,  sweet,  pungent,  astringent,  sour,  salt,  and  bitter,  taking  them  one 
by  one,  by  twos,  by  threes,  &c.? 

w  M.   *!.      i.1        12  8  4  6  6 
Wntethemtlius,g5^3  2l 

6 

Y«6  combinations  when  taken  singly. 

a    ««1S,  when  taken  two  and  two  together. 

15x4 

— r — —20,  when  taken  three  and  threeu 
o 

— J—  —15,  when  taken  four  and  four. 

— 3 — —6,  when  taken  five  and  five, 

6x1 

— T~— 1,  when  taken  all  six  togetheiE; 
o 

And  the  whole  number  is  68b 
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can  hardly  be  understood  by  any,  and  not  at  all  by  such  as  have 
dull  apprehensions,  without  the  application  of  unapparent  quantity ; 
therefore  I  now  propound  the  operations  of  analysis." 

In  these  oldest  treatises  known  to  be  extant  of  the  Arithmetic  and 
Algebra  of  the  Hindus,  their  writers  describe  the  analytic  art  as  ''a 
method  of  calculation  attended  with  an  exhibition  of  its  principles, 
and  aided  by  literal  signs  and  other  devices." 

The  initial  syllables  of  words  and  of  the  names  of  colours,  as  well 
as  single  letters,  were  assumed  to  denote  imknown  numbers.  A  nega- 
tive quantity  was  distinguished  by  a  dot  or  point  placed  over  the 
syllable  or  number,  and  a  positive  quantity  was  known  by  the  absence 
of  the  dot. 

There  is  no  account  given  of  the  origin  of  this  convention.  The 
Sanscrit  words  translated  affirmative  quantity  and  negative  quantity, 
have  the  literal  meaning^  of  property  or  wealth,  and  debt  or  loss,  and 
imply  a  contrariety  with  respect  to  the  possessor.  Likewise  two  dis- 
tances, one  towards  the  right  hand  and  ^e  other  towards  the  left  hand, 
have  also  a  contrariety  of  direction  with  respect  to  a  person  in  a  fixed 
position.  If  it  be  admitted  that  symbols,  without  any  additional  mark, 
denote  affirmative  quantities,  then  any  mark,  as  a  dot,  may  be 
employed  to  denote  negative  quantities :  and  this  convention  is 
sufficient,  as  an  adjective  in  ordinary  language,  to  disting^sh  that 
the  symbol  so  marked  is  to  be  considered  of  a  contrary  character  to 
that  which  is  not  so  marked. 

Crishna,  a  commentator  on  the  Yija  Ganita,  gives  the  following 
illustrations  of  affirmative  and  negative  quantities.  Here  negation  is 
of  three  sorts,  according  to  place,  time,  and  things.  It  is,  in  short, 
contrariety.  Wherefore  the  Lilavati,  Sect.  166,  expresses  "the  seg-  . 
ment  as  negative,  that  is  to  say,  is  in  the  contrary  direction."  Thus 
of  two  countries,  east  and  west ;  if  one  be  taken  as  positive,  the  other 
is  relatively  negative.  As  an  example,  the  situation  of  Patna  and 
Allahabad  relatively  to  Benares.  Patna,  on  the  Ganges,  bears  east 
of  Benares,  distant  15  yojanas,  and  Allahabad  bears  west  of  the  same 
place  8  yojanas.  The  interval  or  difference  between  Patna  and  Alla- 
habad is  23  yojanas,  and  is  not  obtained  but  by  the  addition  of  the 
numbers.  Therefore,  if  the  difference  between  two  contrary  quantities 
be  required,  their  sum  must  be  taken.  Next,  so  when  motion  to  the 
east  is  assimied  to  be  positive ;  if  a  planet's  motion  be  westward,  then 
the  number  of  degrees  equivalent  to  the  planet's  motion  is  negative. 
In  like  manner,  if  a  revolution  westward  be  affirmative,  so  much  as  a 
planet  moves  eastward,  is,  in  respect  of  a  western  revolution,  negative. 
The  same  may  be  understood  in  regard  to  south  and  north,  &c.  That 
prior  and  subsequent  times  [reckoned  from  a  fixed  epoch]  are  relatively 
to  each  other  as  positive  and  negative,  is  familiarly  understood  in  the 
reckoning  of  days.    Thirdly.     So  in  respect  of  chattels ;  that  to  which 
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a  man  bears  the  relation  of  owner,  is  considered  positiye  with  regard 
to  him;  and  the  contrary  [or  negative  quantity]  is  that  to  which 
another  person  has  the  relation  of  owner.  Hence,  so  much  as  belongs 
to  Yajnyadatta  in  the  wealth  possessed  by  Devadattai  is  negative  in 
respect  of  Devadatta. 

A  known  quantity  which  is  always  a  number,  when  employed 
as  a  coefficient,  is  written  after  the  character  which  denotes  the  un- 
known quantity ;  but  when  it  is  not  so  used,  but  simply  as  a  number, 
it  is  denoted  by  ru,  the  first  syllable  of  rupa,  form  or  species. 

The  first  syllable  of  ya  of  yamt-tavatf  the  Sanscrit  term  for  ''  tantum 
<^uantum,"  ''  as  much  as,"  **  as  many  as,"  is  used  to  denote  an  un- 
known quantity,  when  only  one  is  employed.  Thus  ya  2  is  denoted  by 
^x  in  modem  notation. 

If  there  be  more  than  one  unknown  quantity  required,  the  initial 
syllables  ca,  ni,  pi,  lo,  &c.,  of  the  names  of  the  colours,  black,  blue, 
yellow,  red,  &c.,  are  used  to  denote  the  second,  third,  &c.,  unknown 
quantities,  as  ya  6  ea  i  ni  2  ru  2  signifies  -6d;—  4y  —  22  +  2in 
modem  notation. 

The  syllables  ra,  ffha,  being  the  initial  syllables  of  the  Scmsorit  of 
square  and  cube,  are  employed  to  denote  the  second  and  third  powers, 
and  these  are  combined  to  denote  the  higher  powers,  which  are 
reckoned  by  the  products,  and  not  by  the  sums  of  the  lower  powers,  as 
in  the  modem  algebra.  A  surd  root  is  in  the  same  manner  denoted 
by  an  initial  syllable. 

Sometimes  the  initial  letters  of  the  words  are  employed  instead  of 
the  initial  syllables. 

The  EUndus  had  also  a  figurative  method  of  expressing  numbers 
by  the  names  of  the  objects,  of  which  a  certain  number  was  generally 
known ;  as,  for  instance,  the  name  of  the  sacred  fire  stands  for  3,  the 
arrow  of  Kamedeva  for  5,  the  treasure  of  Kuvera  for  9,  the  sun  in 
reference  to  the  month  of  the  year  for  12,  the  lunar  mansion  for  27, 
&c. ;  and  larger  numbers  were  made  up  by  combining  these  names,  as 
may  be  seen  in  the  Lilavati. 

They  had  no  symbols  to  denote  the  oi>erations  of  addition  and 
subtraction.  They  simply  declared  that  in  the  addition  of  two  nega- 
tive or  two  affirmative  quantities,  the  sum  must  be  taken ;  but  the  sum 
of  an  affirmative  and  negative  quantity,  the  difference  is  their  addition. 
And  in  subtraction,  the  quantity  to  be  subtracted  being  affirmative,  be- 
comes negative;  or  being  negative,  becomes  affiimative;  and  the 
addition  of  the  qucmtities  then  taken,  constitutes  their  difference. 

As  the  Hindu  algebraists  employed  no  symbols  to  denote  the 
operations  of  addition  and  subtraction,  so  likewise  they  had  no  marks 
to  indicate  multiplication  and  division.  They  exhibit  the  following 
directions  for  determining  the  nature  of  products  and  quotients  as 
affirmative  or  negative. 
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The  product  of  a  negative  quantity  and  an  affirmative  is  negative; 
of  two  negative  quantities  is  positive ;  of  two  affirmative  quantities 
is  affirmative.^    The  product  of  cipher  and  a  negative  quantity,  or 
of  cipher  and  an  affirmative  quantity,  is  zero. 

And  a  positive  quantity  divided  by  a  positive,  or  a  negative 
quantity  by  a  negative,  is  affirmative.  A  positive  quantity  divided 
by  a  negative  is  negative ;  and  a  negative  quantity  divided  by  an  affir- 
mative is  negative.^ 

The  division  of  one  number  by  another  was  indicated  by  writing 
the  dividend  above  the  divisor  without  any  line  or  mark  of  separa- 
tion. The  same  notation  was  adopted  to  denote  fractions  by  placing 
the  denominator  under  the  numerator.  The  rule  for  division,  the 
reverse  of  multiplication,  is  thus  stated: — ''Those  colours  or  un- 
known quantities  and  absolute  numbers,  by  which  the  divisor  being 
multiplied,  the  products  in  their  several  places  subtracted  from  the 
dividend  exactly  bedance  it,  are  here  the  quotients  in  division." 

The  product  of  any  quantity  by  cipher  is  cipher,  and  the  product 
of  cipher  by  any  quantity  is  cipher.  And  the  quotient  of  cipher 
divided  by  any  quantity  is  cipher ;  but  any  quantity  divided  by  cipher 
becomes  a  fraction,  the  denominator  of  which  is  cipher.  On  this 
subject  one  of  the  commentators  remarks: — "K  the  dividend  be 
diminished,  the  divisor  remaining  the  same,  the  quotient  is  reduced, 
and  if  the  dividend  be  reduced  to  cipher,  the  quotient  becomes  cipher. 
Again,  as  much  as  the  divisor  is  diminished,  the  dividend  remaining 

*  The  following  note  is  subjoined  by  Mr.  Colebrooke  : — 

Multiplication,  as  explaine<l  by  the  commentators,  is  a  sort  of  addition  resting  on 
repetition  of  the  multiplicand  as  many  times  as  is  the  nambcr  of  the  multiplier. 
jN'ow  ft  midtiplier  is  of  two  sorts,  positive  or  negative.  If  thetnultiplier  be  positive, 
the  repetition  of  the  multiplicand,  which  is  affirmative  or  negative,  will  give 
correspondently  an  affirmative  or  negative  product.  The  multiplication,  then,  of 
positive  quantities  is  positive  ;  and  that  of  a  negative  multiplicand  by  a  positive 
multiplier  is  negative.  The  question  for  disquisition  concerns  a  negative  multiplier. 
It  has  been  before  observed  that  negation  is  contrariety.  A  negative  multiplier, 
therefore,  is  a  contrary  one  ;  that  is,  it  makes  a  contmry  repetition  of  the  multipli- 
oaad.  Such  being  the  case,  if  the  multiplicand  be  positive,  and  the  multiplier  be 
negative,  the  product  will  be  negative ;  if  the  multiplicand  be  negative  and  the 
nftoltiplier  be  negatiro,  the  product  will  be  affirmative.  In  the  latter  case,  the  mul- 
tiplication of  two  negative  quantities  gives  an  affirmative  product. 

Multiplication  was  exhibited  as  in  this  following  example : — 

Statement    ya5  ml 

yaZ  ru2        product  yav  15  ya 7  ru2. 
In  modem  notation,  the  statement  of  the  operation  is  equivalent  to  (5a;— l)X(3a!+2), 
and  the  product  to  15a*+7a;— 2. 

*  Division  bsing  tiie  reverse  operation  of  multiplication,  if  the  product 
favl6ya7  rui  be  taken  as  the  dividend,  and  the  multiplier  yaZru2  be  taken 
as  the  ^visor ;  division  being  made,  the  quotient  is  ya5rui,  the  original  mulli* 
plieand. 
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the  same,  bo  much  the  quotient  is  increased,  and  if  the  divisor  be  re- 
duced to  the  utmost,  the  quotient  is  to  the  utmost  increased.  But  if 
it  can  be  specified  that  the  amount  of  the  quotient  is  so  much,  it  has 
not  been  raised  to  the  utmost ;  for  a  quantity  greater  than  that  can  be 
assigned.  The  quotient  therefore  is  indefinitely  great,  and  is  rightly 
termed  infinite." 

like  quantities  are  denoted  by  the  same  colour,  unlike  by  different 
colours.  The  multiplication  of  two  like  quantities  produces  the  square, 
three  the  cube,  four  the  biquadrate,  &c.  But  when  unlike  quantities 
are  multiplied,  the  result  was  called  hhavita  (to  be)  their  factum,  the 
initial  syllable  hha  being  annexed  to  the  statement.  Thus  the  product 
of  two  unknown  quantities  is  denoted  by  three  syllables  (or  three 
initial  letters),  bb  ya  ca  hha  is  equivalent  to  xxy  or  xy  m  modem 
algebraic  notation.  But  if  one  or  more  of  the  quantities  be  of  a  higher 
power  than  the  first,  other  initial  syllables  are  employed,  as  va  gha 
&c.,  for  the  square,  cube,  &c.  Thus,  ya  va  ca  gha  hha  will  signify 
the  square  of  the  first  unknown  quantity,  multiplied  by  the  cube  of 
the  second,  ^  x  y*,  or  ^r'y*. 

In  some  Sanscrit  texts,  and  in  some  commentaries,  where  two  or 
more  factors  are  to  be  multiplied,  a  point  or  dot  is  found  interposed 
between  the  factors,  without  any  directions  given  for  this  notation. 

The  terms  of  compound  quantities  are  arranged  according  to  the 
descendiog  powers  of  the  unknown  quantity,  the  numerical  coefiBlcients 
ore  placed  after  the  symbols  which  denote  the  powers  of  the  unknown 
quantities,  and  the  negative  mark  is  placed  over  the  coefficient,  and 
not  over  the  power  of  the  unknown  quantity ;  also  a  known  number 
is  always  placed  last,  thus :  ya  w  1  ya  gh  ^ ya  v  b  ya  12  ru  ^\  va 
modem  notation  a?* + 6:c* + S**  —  1 2a? + 4. 

As  the  Hindus  had  no  sign  to  denote  either  equdUty  or  relative 
magnitude,  greater  than  and  Uee  than^  the  two  sides  of  an  equation 
were  placed  one  under  the  other.^  It  was  the  general  practice  to 
arrange  the  terms  in  order  according  to  the  powers  of  the  imknown 
quantity,  and  where  a  term  on  either  side  was  wanting,  to  write  the 
literal  character  with  zero  for  its  coefficient. 

^  The  foUowizig  is  an  example  of  a  simple  equation : — 

One  person  has  300  of  known  species  and  six  horses.  Another  has  ten  horses  of 
like  price ;  bat  he  owes  a  debt  of  100  of  known  species.  They  are  both  equally  rich. 
What  is  the  price  of  a  horse  f 

The  statement  of  the  equation  is  thns  made  :— 

^6    ruSOO 
yalO  ru  100 
In  modem  notation  10a!~100-i(te+800. 

The  following  is  an  example  of  mn  indeterminate  problem  of  the  first  degree : — 

The  quantity  of  rubies  without  flaw,  sapphires,  and  pearls,  belonging  to  one 
person,  is  5, 8,  and  7  respectively ;  the  like  gems  appertaining  to  another  is  7,  9,  and 
6.    One  has  90,  the  other  62,  known  species.    They  are  equally  rich.    TeU  me 
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If  a  sumber  consist  of  two  parts,  the  square  of  the  number  is  twice 
the  product  of  the  parts  added  to  the  sum  of  the  squares  of  the  parts. 
In  the  same  manner  is  stated  the  cube  of  a  number  consisting  of  two 
parts.  The  cube  of  the  second  part  is  to  be  first  set  down ;  next,  the 
square  of  the  second  part  multiplied  by  three  times  the  first ;  thirdly, 
the  square  of  the  first  part  multiplied  by  three  times  the  second ;  and 
lastly,  the  cube  of  the  first  part  All  these  added  togeth^  make  the 
cube  of  the  number. 

The  same  process  might  have  been  begun  with  the  first  instead, 
of  the  second  part  of  the  number. 

The  cube  of  a  number  consisting  of  two  parts,  is  also  expressed  in 
the  following  manner : — ''  Three  times  the  proposed  nimiber  multiplied 
by  its  two  parts,  added  to  the  sum  of  the  cubes  of  these  parts  gives 
the  cube  of  the  number." 

Methods  of  finding  the  square  root  and  the  cube  root  are  given  by 
reversing  the  direct  process.  Also  rules  are  given  for  the  addition 
and  subtraction,  multiplication  and  division,  of  quadratic  surd  numbers, 
as  also  for  their  involution  and  evolution. 

It  is  further  noted  that  the  square  of  an  affirmative  or  of  a  nega- 
tive quantity  is  affirmative ;  but  that  the  square  root  of  an  affirmative 
quantity  is  sometimes  affirmative,  and  sometimes  negative,  according 
to  difEerence  of  circumstances  which  the  process  may  require.  As,  for 
instance,  the  square  of  3  affirmative  or  of  3  negative  is  9  affirmative. 
Hence,  the  square  root  of  9  affirmative  may  be  3  affirmative  or  3 
negative.  There  is  no  square  root  of  a  negative  quantity,  for  it  is  not 
a  square.  One  of  the  commentators  remarks : — *^  If  it  be  maintained 
that  a  negative  quantity  may  be  a  square,  it  must  be  shown  of  what 
it  can  be  the  square.  Now,  it  cannot  be  the  square  of  an  affirmative 
quantity,  for  a  square  is  the  product  of  two  like  quantities ;  and  if  an 
affirmative  quantity  be  multiplied  by  an  affirmative  one,  the  product 
is  affirmative.  Nor  can  it  be  the  square  of  a  negative  quantity ;  for 
a  negative  quantity  multiplied  by  a  negative  quantity  is  also  positive. 
Therefore,  it  is  dear  that  there  is  no  quantity  such,  that  its  square  can 
be  negative. 

One  of  the  commentators  has  remarked  that  some  have  pretended 
to  have  found  the  root  of  a  surd,  and  that  this  might  be  effected  by 
the  Outaca  Ganita ;  but  whether  or  not  this  could  have  been  possible, 
I  shall  relate  what  Bhascara  and  others  have  omitted  to  explain. 

quickly,  then,  intelligent  friend,  who  art  oonTersant  with  algebra,  the  prices  of 
each  sort  of  gem. 

The  statement  of  the  problem 

ffaS    eaS    n%7    ru90 

ya7    ea9    ni6    rM62 
which  expressed   in  modem   notation  is  7a;+9y+6s+68«ftB+gy-f7s«fiN>,  and 
whn  rsdnced  becomes  2a;+y-«"2a. 
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A  root  id  of  two  kindfi ;  one  a  line,  the  other  a  number.  And  the 
root  of  a  square  formed  by  a  line  expreaeing  5  may  be  found,  though 
the  root  of  5  cannot  be  numerioallj  expressed  ;  but  the  numbers  I,  4, 
9,  &c.,  may  be  expressed  both  ways.  The  square  roots  of  the  numbers 
2,  3,  5f  &o,,  are  surds,  and  can  have  their  roots  expressed  only  by 
lines.  Thus  the  root  of  a  surd  quantily  can  be  shown  gMmetricaUy 
with  exactness,  but  only  approximately  by  numherB. 

Quadratic  equations,^  or  equations  of  the  second  degree,  both  pure 
and  adf ected,  are  discussed  in  the  treatise  of  Brahmegupta,  and  in  the 
Yija  Ganita  of  Bhascara.  In  the  solution  of  quadratic  equations, 
when  the  square  of  the  unknown  quantity  is  affected  with  an  integral 
ooefficient  different  from  unity,  Bhascara  gires  this  rule  of  Sridhara : 
'*  Multiply  both  sides  of  the  equation  by  a  number  equal  to  iaux  times 
the  coefficient  of  the  square,  and  add  to  each  side  a  number  equal  to 
the  original  coefficient  of  the  first  power  of  the  unknown  quantity.'' 
He  also  gives  an  example  in  which  fractions  are  avoided  by  the  appli- 
cation of  the  rule.^ 

Brahmegupta  has  given  this  rule,  and  another  which  is  thus 
expressed : — 

'*  To  the  number  multiplied  by  the  coefficient  of  the  square  of  the 
unknown  quantity,  add  the  square  of  half  the  coefficient  of  the  first 
power  of  the  unknown  quantity ;  the  square  root  of  the  sum  less  half 
the  coefficient  of  the  unknown  quantity  being  divided  by  the  co- 
efficient of  the  square  is  the  value  of  the  unknown  quantity." 

The  chapter  on  quadratic  equations  includes  other  questions  involv- 
ing the  cube  and  the  biquadrate,^  besides  the  square  and  the  first  power 


^  The  following  is  their  mode  of  writing  a  quadratic  equation :— 

yav\     yaS    rul6 
yavO    yaO    re*  36 

"which  in  modem  notation  would  be  x'— 8ic4-16™36. 

'  The  example  is  the  following : — 

The  square  root  of  half  the  number  of  a  swarm  of  bees  is  gone  to  a  shrub 
of  jasmine  ;  and  so  are  eight-ninths  of  the  whole  swarm;  a  female  is  buzzing  to  one 
remaiiiiug  male,  that  is  humming  within  a  lotus,  in  which  he  is  confined,  having 
been  allured  to  it  by  its  fragrance  at  night.     Say,  lovely  woman,  the  number  of  bees. 

Employing  the  modem  notation — 

Let  82;^  denote  the  number  of  bees  ;  then  the  question  reduced  to  an  equation  is 

2ajH — 3 1-2  «  8a:* :  which  gives  the  values  of  a:,  3  and — j. 

The  positive  value  gives  the  answ^  to  the  question,  and&B^»Sx9»72,  the 
number  of  the  swarm  of  bees. 

^  Of  the  two  following  examples  in  this  chapter,  <m»  leads  to  a  cnhie^  and  the 
other  to  a  biquadratic  equation. 

"What  is  the  number,  learned  man,  whieh  being  multiplied  by  12  and  added  to 
the  cube  of  the  number,  is  equal  to  six  times  the  square  added  to  IS  !'* 

"If  thou  be  conversant  with  the  operations  of  algebra,  tell  the  nnmbecs  of 
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of  the  unknown  quantity.  With  respect  to  such  equations,  the  author 
obaerves,  if  the  solutions  be  not  accomplished  by  the  methods  given, 
the  value  of  the  unknown  quantity  must  be  elicited  by  the  sagacity  of 
he  intelligent  analyst.  Intelligent  C€dculators  commence  the  work  of 
solution,  sometimes  from  the  beginning  of  the  conditions  of  the  pro- 
blem, sometimes  from  the  middle,  sometimes  from  the  end,  so  as  the 
solution  may  be  best  efifected. 

It  has  been  supposed  that  the  Binomial  Theorem  in  its  general  form, 
vrhen  the  index  is  an  integer,  was  not  unknown  to  the  Hindus.     The 
Ijilavati  and  the  Vija  Ganita  afford  no  direct  evidence  of  such  know- 
edge  beyond  the  second  and  third  powers  of  a  binomial,  which  also 
•ppears  in  the  older  treatises  of  Brahmegupta.  The  law  for  the  forma- 
iou  of  the  number  of  combinations  of  a  number  of  different  things 
<^en,  1,  2,  3,  &o.,  at  a  time  was  well  known ;  but  these  treatises  do 
not  exhibit  any  connection  of,  or  identity  of,  this  law  with  the  co- 
efEcients  of  the  terms  of  an  expanded  binomial. 

At  the  end  of  the  second  volume  of  the  **  Asiatic  Researches,"  an 
Appendix  has  been  added  by  Mr.  Beuben  Burrow,  entitled,  "A 
Proof  that  the  Hindoos  had  t^e  Binomial  Theorem."     He  produces 
a  question^  and  its  solution  in  proof  of  his  statement,  and  adds : — 
''The  demonstration  is  evident  to  mathematicians;  for  as  the  second 
term's  coefiScient  in  a  general  equation  shows  the  sum  of  the  roots,  there- 
fore in  the  nth  power  of  1  +  1,  where  every  root  is  unity,  the  coefiGlcient 
shows  the  different  ones  that  can  be  taken  in  n  things ;  also,  because 
the  third  term's  coefficient  is  the  sum  of  the  products  of  all  the  different 
twoB  of  the  roots,  therefore  when  each  root  is  unity,  the  product  of 
-ach  two  roots  will  be  unity,  and  therefore  the  number  of  units,  or  the 
'-oefficient  itself,  shows  the  number  of  different  twos  that  can  be  taken 
ill  n  things.   Again,  because  the  fourth  term  is  the  sum  of  the  products 
»f  the  different  threes  that  can  be  taken  among  the  roots,  therefore, 
('hen  each  root  is  unity,  the  product  of  each  three  will  be  unity,  and 
herefore  every  unit  in  the  fourth  will  show  a  product  of  three  different 
oots,  and  consequently  the  coefficient  itself  shows  all  the  different 
'hrees  that  can  be  taken  in  n  things ;  and  so  for  the  rest." 

v'hich  the  biquadrate,  less  double  the  sum  of  the  square  and  of  200  times  the  simple 
lumber,  Ib  a  myriad  less  one." 

Expressed  in  the  modem  algebraic  notation,  the  two  equations  are 
2a;-fa^-6aj«-f86,  and  «* -(2a:*+200x)  =  10000-1. 

'  A  rajah's  palace  had  eight  doors :  now  these  doors  may  either  be  opened  one  at 
t  time,  or  by  two  at  a  time,  or  by  three  at  a  time,  and  so  through  the  whole,  till  at 
•^t  all  are  opened  together ;  it  is  required  to  teU  the  number  of  times  that  this  can 
•:  done.  The  question  and  the  solution  itself  appears  to  exhibit  an  example  of 
•iming  the  combinations  of  a  certain  number  of  things  when  taken  1,  2,  3,  &c.,  at 
time,  and  the  total  number  of  such  combinations ;  but  no  reference  is  made  to  a 
t-ies  of  terms  arising  from  the  expansion  of  the  integral  power  of  a  binomial 
w(>ression. 
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It  may  reasonably  be  doubted  if  this  mode  of  demonstration  which 
he  gives,  arising  from  the  formation  of  an  equation,  was  known  to  the 
Hindu  mathematicians.  Their  books  show  that  they  understood  th& 
forms  of  the  second  and  third  powers  of  a  binomial,  but  exhibit  no 
instances  of  a  higher  power,  or  of  a  generalised  form. 

Mr.  Straohey  makes  the  following  comparison  of  the  Beej  Gunnit 
[Yija  Oanita]  and  the  Arithmetics  of  Diophantus : — 

'^  The  Beej  Gunnit  will  be  found  to  differ  much  from  Diophantus's 
work.  It  contains  a  great  deal  of  knowledge  which  the  Ghreeks  had 
not,  such  as  the  use  of  the  indefinite  number  of  unknown  quantities 
and  the  use  of  arbitrary  marks  to  express  them ;  a  good  arithmetic  of 
surds ;  a  perfect  theory  of  indeterminate  problems  of  the  first  degree ; 
a  very  extensive  and  general  knowledge  of  those  of  the  second  degree ; 
a  knowledge  of  quadratic  equations,  &c.  The  arrangement  and 
manner  of  the  two  works  will  be  found  as  essentially  different  as 
their  substance.  The  one  constitutes  a  body  of  science,  the  other 
does  not.  The  Beej  Ounnit  is  well  digested  and  well  connected,  and 
is  full  of  general  rules,  which  suppose  great  learning ;  the  rules  are 
illustrated  by  examples,  and  the  solutions  are  performed  with  skill. 
Diophantus,  though  not  entirely  without  method,  gives  very  few 
general  propositions,  and  is  chiefly  remarkable  for  the  ability  with 
which  he  makes  assumptions  in  view  to  the  solution  of  his  questions. 
The  former  teaches  algebra  as  a  science  by  treating  it  systematically ; 
the  latter  sharpens  the  wit  by  solving  a  variety  of  abstruse  and  com- 
plicated problems  in  an  ingenious  manner.  The  author  of  the  Beej 
Gunnit  goes  deeper  into  his  subject,  and  treats  it  more  abstractedly, 
and  more  methodically,  though  not  more  acutely  than  Diophantus. 
The  former  has  every  characteristic  of  an  assiduous  and  learned  com- 
piler ;  the  latter  of  a  man  of  genius  in  the  infancy  of  science."^ 

^  Asiatic  Researches,  rol.  xii.,  1816,  "On  the  Early  History  of  Algebra,"  by 
Edward  Strachey,  Esq.  In  this  essay  Air.  Strachey  refers  to  a  tract  "  On  the  Mathe- 
inutical  Science  of  the  Hindoos,"  which  ho  printed  at  Calcutta,  in  the  year  181 2» 
pp.  17,  ito. 
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OF   ALGEBEA. 
( Continued.) 

ly  the  former  part  of  the  sketch,  an  attempt  has  been  made  U% 
exhibit  a  brief  account  of  the  origin  and  early  progress  of  the  science 
of  Algebra,  as  far  as  it  was  known  and  cultivated  by  the  Greeks  and 
the  Hindus.  The  pre-eminence  of  having  invented  the  most  perfect 
science  of  Numerical  and  Universal  Arithmetic  is  justly  assigned  to  the 
latter ;  while  the  former  stand  unrivalled  in  their  earliest  achieve- 
ments in  the  science  of  Pore  Geometry. 

In  this  second  part  of  the  sketch,  the  account  is  continued  of  the 
cultivation  c^  this  science  by  the  Arabians  and  Persians;  and  very 
briefly,  with  some  notices  of  the  great  improvements  of  the  science 
among  the  nations  oi  Western  Europe. 

In  less  than  two  centuries  after  the  rapid  and  desolating  wars  of 
the  Mohammedan  power,  their  successors  began  to  turn  their  attention, 
to  the  remains  of  the  writings  on  literature  and  science  which  had  ' 
esci^ed  the  general  destruction.  It  appears  that  the  scientific  writings 
both  of  the  East  and  the  West  had  become  objects  of  attention  in  the 
reign  of  the  Caliph  Almansur,  who  in  a.h.  141,  a.]>.  762,  had  tran&> 
ferred  the  seat  of  government  of  the  Mohammedan  empire  to  Bagdad. 
Both  the  Caliph  Almansur  and  his  immediate  successors,  Haroun 
Alraschid  and  Almamun,  were  munificent  patrons  of  learning  and 
learned  men,  and  zealously  encouraged  the  cultivation  of  the  arts  and 
sciences.  The  scientific  writings  of  the  Hindua-  and  the  Greeks  wore 
diligently  sought,  and  translated  into  Arabic,  and  at  present  there  are 
extant  .^jrabic  translations  of  works  on  science,  the  originals  of  which, 
in  Chreek  and  Sanscrit,  are  not  known  to  be  in  existence. 

The  oldest  treatise  on  Algebra  in  the  Arabic  language  was  com-> 
posed.by  Abu  Abdallah  Mohammed  Ben  Musa,^  at  the  command  of 
Almamun,  who  succeeded  to  the  OaKphat  a.d.  813.    Haji  Khalfa,  in 

^  In  the  year  1831,  the  original  Arabic  of  this  treatise  was  edited,  and  translated- 
into  English  by  Mr.  F.  Rosen,  and  published  by  the  Oriental  Translation  Fond. 
The  roannsciipt  which  Mr.  Rosen  used  is  preseryed  iiL  the  Bodleian  Library  at 
Oxford,  bearing  the  date  of  its  transcription  in  the  year  478  of  the  Hejira,  which 
corresponds  to  1842  a.d.  Three  other  treatises  on  Arithmetic  and  Algebra  are 
boond  up  with  it  in  the  same  volume,  which  \a  marked  "CMXYIII.  Hunt,  214,  foL" 
This  copy  of  Ben  Musa's  Algebra  is  the  only  one  Mr.  Rosen  knew  to  be  extant.  On 
the  margin  of  the  manuscript  are  written  some  notes  in  a  very  small  character. 
Some  of  them  are  marked  as  being  taken  fiom  a  commentary  by  Al  Mozaihafi,  pro* 
bably  ih»  same  person  whose  Introduction  to  Arithmetic  is  one  of  the  three  treatises 
above  mentioned. 


his  Bibliographical  work,  has  recorded  in  two  places  that  Mohammed 
Ben  Musa  was  the  £rst  Mussulman  who  had  ever  written  on  the  solu- 
tion of  problems  by  "the  rules  of  completion  and  reduction."  Both 
the  title  of  the  manuscript  and  the  author's  preface  Agree  in  stating  it 
to  be  the  work  of  Mohammed  Ben  Musa,  and  the  mention  of  th» 
Caliph  Almamun  in  the  preface,  establishes  the  identity  of  the  author. 
It  appears  also  from  a  marginal  note  (written  in  a  different  hand)  on 
the  first  and  second  pages  of  the  manuscript,  that  this  was  the  first  work 
on  Algebra  composed  by  a  Mohammedan.  Arabian  writers  agree  that 
Mohammed  Ben  Musa  was  the  first  who  made  known  to  the  Arabians 
the  Hindu  method  of  computation  by  numbers,  and  it  is  highly 
probable  that  his  knowledge  of  the  science  of  Algebra  was  derived 
from  the  same  source.  The  concurrent  testimony  of  Arabian  writers 
seems  to  be  still  further  confirmed  by  the  fact,  that  the  Arabians  wrote* 
their  figures  from  left  to  right,  after  the  manner  of  the  Hindus,  but 
contrary  to  the  order  of  writing  their  language,  which  is  from  right  Ut 
Uft, 

It  may  further  be  added,  there  appears  no  evidence  of  facts  that 
the  Arabians  had  any  knowledge  of  the  Arithmetics  of  Diophantus 
anterior  to  the  middle  of  the  fourth  century  of  the  Hejira.  It  is- 
related  by  Ebn  Aladami  in  the  preface  to  bis  Astronomical  Tables, 
that  Mohammed  Ben  Musa  abridged,  at  the  request  of  Almamun  (but 
before  his  accession  to  the  Caliphat),  the  Sindhind,  or  Astronomical 
Tables,  translated  by  Mohammed  Ben  Ibrahim  al  Fazari,  from  the 
work  of  an  Indian  astronomer  who  visited  the  Court  of  Almansur  at 
Bagdad,  in  the  year  of  the  Hejira  156,  a.d.  777. 

The  Algebra  of  Mohammed  Ben  Musa  is  elementary,  ezhibitiDg 
the  fundamental  operations,   including  mensuration  of    triangles,  * 

^  The  followiog  note  explains  their  notion  of  the  relation  of  the  diameter  and 
circumference  of  a  circle  :— "  In  any  circle,  the  product  of  its  diameter  multiplied  by  3^ 
will  he  equal  to  the  periphery.  This  is  the  rule  generally  followed  in  practical  life, 
though  it  is  not  quite  eicact  The  geometricians  have  two  other  methods.  One  of 
them  is,  that  you  multiply  the  diameter  by  itself;  then  by  10,  and  hereafter  take 
the  root  of  the  product ;  the  root  will  be  the  periphery.  The  other  method  is  used 
by  the  astronomers  among  them :  it  is  this,  that  you  multiply  the  diameter  by 
62832,  and  then  divide  the  product  by  20000;  the  quotient  is  the  periphery. 
Both  methods  come  nearly  to  the  same  effect."  The  following  note  appears  on  the 
margin  of  this  passage  in  the  Arabic  text : — "This  is  an  approximation,  not  the. 
exact  truth  itself ;  nobody  can  ascertain  the  exact  truth  of  this,  and  find  the  real 
circumference  ;  for  the  line  is  not  straight  so  that  its  exact  length  might  be  found. 
This  is  called  an  approximation,  in  the  same  manner  as  it  Ib  said  of  the  square  roota 
of  irrational  numbers  that  are  an  approximation,  and  not  the  exact  truth.  The  best 
method  here  given  is,  that  you  multiply  the  diameter  by  d| ;  for  it  is  the  easiest  and 
quickest.*' 

The  first  and  third  rules  of  Ben  Musa  are  found  in  the  Lilavati,  chap,  vi  ^ 
sec.  201,  and  the  second  in  chap.  xiL,  sec.  40  of  the  Arithmetic  of  Brahmegupto. 
The  quotient  of  the  numbers  62882  divided  by  20000  in  the  Algebta  of  Ben  Musa» 
18  the  same  u  tint  of  3927  divided  by  1250  in  the  Lilavati. 


cirdeSy  Sec,  but  is  not  extended  beyond  the  solution  of  simple  and 
quadratic  equations.  With  respect  to  this  treatise,  Mr.  Bosen,  in  his 
preface,  has  made  the  following  remarks : — 

"  But  under  whatever  obligation  our  author  may  be  to  the  Hindus, 
as  to  the  subject  matter  of  his  performance,  he  seems  to  have  been 
independent  of  them  in  the  manner  of  digesting  and  treating  it ;  at 
least,  the  method  which  he  follows  in  expounding  his  rules,  as  well  as 
in  showing  their  application,  differs  considerably  from  that  of  the 
Hindu  mathematical  writers.  Bhascara  and  Brahmegupta  give 
dogmatical  precepts,  unsupported  by  argument,  which,  even  by  the 
metrical  form  in  which  they  are  expressed,  seem  to  address  themselves 
rather  to  the  memory  than  to  the  reasoning  faculty  of  the  learner. 
Mohammed  gives  his  rules  in  simple  prose,  and  establishes  their 
accuracy  by  geometrical  illustrations.  The  Hindus  give  comparatively 
few  examples,  and  are  fond  of  investing  the  statement  of  their  pro- 
blems in  rhetorical  pomp.  The  Arab,  on  the  contrary,  is  remarkably 
rich  in  examples,  but  he  introduces  them  with  the  same  perspicuous 
simplicity  of  style  which  distinguishes  his  rules.  In  solving  their 
problems,  the  EUndus  are  satisfied  with  pointing  at  the  result,  and  at 
the  principal  intermediate  steps  which  lead  to  it.  The  Arab  shows  tiie 
working  of  each  example  at  fiill  length,  keeping  his  view  constantly 
fixed  upon  the  two  sides  of  the  equation,  as  upon  the  two  scales  of  a 
balance,  and  showing  how  any  alteration  in  one  side  is  counterpoised 
by  a  corresponding  change  in  the  other." 

The  author's  preface  to  his  work  contains  the  following  passage : — 

''The  learned,  in  times  which  have  passed  away,  and  among 
nations  which  have  ceased  to  exist,  were  constantly  employed 
in  writing  books  on  the  several  departments  of  science,  and  on  the 
various  branches  of  knowledge,  bearing  in  mind  those  who  were  to 
come  after  them,  and  hoping  for  a  reward  proportionate  to  their 
ability,  and  trusting  that  their  endeavours  would  meet  with  acknow- 
ledgment, attention,  and  remembrance ;  content  as  they  were,  even 
with  a  small  degp:ee  of  praise;  small,  if  compared  with  the  pains 
which  they  had  undergone,  and  the  difficulties  which  they  had  en- 
countered in  revealing  ^e  secrets  and  obscurities  of  science. 

''  Some  applied  themselves  to  obtain  information  which  was  not 
known  before  them,  and  left  it  to  posterity ;  others  commented  upon 
the  difficulties  in  the  works  left  by  their  predecessors,  and  defined  the 
best  method  (of  study),  or  rendered  the  access  (to  science)  easier, 
or  placed  it  more  within  reach ;  others  again  discovered  mistakes  in 
preceding  works,  and  arranged  that  which  was  confused,  or  adjusted 
what  was  irregular,  and  corrected  the  faults  of  their  fellow-labourers, 
without  arrogance  towards  them,  or  taking  pride  in  what  they  did 
themselves.'' 

Mohammed  Ben  Musa,  at  the  beginning  of  his  treatise,  gives  no 


name  or  definition  of  the  scienoe,  nor  does  lie  give  a  formal  explana- 
tion of  the  terms  aljebr  and  al  mokahalakj  by  which  he  designates  certain 
operations  peculiar  to  the  solution  of  equations.  However,  he  re- 
peatedly employs  these  two  terms  combined  for  the  name  of  this 
entire  branch  of  mathematical  science.  As  the  former  of  these  terms 
has  been  introduced  into  the  sereral  languages  of  Europe,  and  is  now 
used  as  the  name  of  the  science  of  universal  aiidmieticy  some  explana- 
tion appears  necessary.  The  following  particulars  are  chiefly  taken, 
from  the  notes  on  Mr.  Eosen's  translation. 

The  Arabic  yerhjahoTj  of  which  the  substantive  al  jebr  (algebra) 
is  a  derivative,  properly  and  correctly  means^  to  rutore  toindking  hr^km, 
especially  to  set  right  a  fractured  bone,  or  a  dislocated  joint.  As  the 
Arabian  Moors  for  ages  maintained  their  conquests  in:  Spain  until  the 
capture  of  Granada,  in  1492,  it  might  be  expected  that  many  words  of 
Arabic  origin  would  be  found  in  the  language  of  the  Spanish  people. 
Hence,  in  the  Spanish  and  Portugu€$se  languages,  is  the  word  Alge- 
hristaf  unquestionably  derived  from  the  Arabio  words  al  jebr,  and  em- 
ployed as  synonymous  with  the  word  surgeon.  In  its  primary  sense^ 
however,  it  was  probably  restricted  in  its  use  ta  the  peiaon,  who  in 
England  was  formerly  called  a  bone-setter.' 

In  mathematical  language,  the  retb'jalar  means  tD  make  perfect 
or  complete  any  quantity  that  is^  incomplete,  or  subject 'to  diminution. 
As  applied  to  equations,  it  denotes  to  add  to  one  side  of  an  equation 
as  much  as  is  removed  from  the  other,  so  as  to  make  the  latter  com- 
plete: As,  for  instance,  if  ten  less  one  thing  be  equal  to  fdnr  things. 
Then  jebr  is  the  remdval  of  one  €hing  from  one  side  of  ihe  equation, 
and  then  adding  one  thing  to  four  things  on  the  other  side ;  so  that 
one  side  is  made  complete  (or  wholly  positive)  by  Hke  removal  of  one 
thing;  and  the  equality  is  restored  by  adding  one  thing  to  the  four' 
things  on  the  other  side. 

The  word  Mokabalah  is  a  noun  of  action,  £rom  a  verb  which  means 
to*  be  in  front  of  a  thing,  or  to  compare  two  Idlings  with  one  another. 
In  mathematical  language  it  is  employed  to  express  ai  comparison 
between  positive  and  negative  quantities.^  As  applied  to  equations,  it 
denotes  the  removal  of  equal  quantities  itom  both  sides  of  an  equalaon ; 
also  the  withdrawal  of  equal  quantities  atf ected  with  contrarjr  signs 
from  the  same  side  of  an  equation ;  as,  for  example,  if  thing  added  to 
square  be  equal  to  square  added  to  four,  then  thing  is  equal  to  four ; 

'  Kr.  Kosen  illustrates  the  meaning  of  the  word  by  a  passage  in  Arabic  from 
Motanabbi,  of  which  he  gives  the  following  translation  in  English  :-»"  O  Thou  on 
whom  I  rely  in  whatever  I  hope,  with  whom  I  seek  refuge  from  all  that  I  dread  ; 
whose  bounteous  hand  seems  to  me  like  the  sea,  as  thy  gifts  are  like  its  pearU :  pity 
the  youthfolness  of  one  whose  prime  has  been  wasted  by  the  hand  of  Adversity,  and 
whose  bloom  has  been  stifled  in  the  prison.  Men  will  not  heal  a  bone  which  thoa 
Jiast  broken,  nor  will- they  break  one  which  thou  hast  healed." 


also,  if  ten  added  to  thing  loss  ten,  be  equal  to  4,  then  thing  is  equaT 
to  4. 

This  science  has  therefore  been  called  by  the  name  of  these  two 
rules  al  jebr  and  al  mokabalah ;  namely,  the  rule  of  jebr  or  restora- 
tion, and  of  mokabalah  or  reduction.^ 

Both  Mohammed  Ben  Mnsa  and  other  Arabian  writers  on  Algebra 
did  not  adopt  the  Hindu  notations.  They  have  no  symbols,  arbitrary 
or  abbreviated,  to  denote  known  or  unknown  quantities,  either  posi- 
tive or  negative.  Neither  have  they  any  symbols  to  denote  the 
elementary  operations  of  the  science,  but  express  everything  by  wordS' 
and  phrases  at  length.^ 

The  Arabian  algebraists  designated  the  unknown  quantity  by  the 
word  «Aat,  thing.  A  positive  quantity  they  characterised  by  ^e  word 
Md,  additional;  and  a  negative  quantity  by  nakia,  deficient^  without 
any  discriminating  mark  for  either  of  them.  The  first  power  of  an 
unknown  quantity  was  also  named  root,  in  reference  to  other  powers. 
The  square  was  termed  fnal,  po98es8ion  or  wealth;  and  the  cube,  edb;^ 
and  these  two  terms,  mal  and  edb,  were  combined  by  the  sums  of  the* 
indices  of  the  powers,  as  compound  names  of  higher  powers  of  the  un- 
known quantity*    Their  method  of  solving  equations  was  different 

1  Higi  Khslia,  in  hia  biographical  work,  giv«i  the  following  explanation.    Jebr  is 
the  adding  to  one  aide  what  is  negative  on  the  other  side  of  an  equation,  owing  to  a 
sabtraction,  so  as  to  equalise  them.    Mokabalah  is  the  removal  of  what  is  positive - 
from  either  sum,  so  as  to  make  them  eqnaL 

He  gires  farther  illustration  of  this  by  an  example :  **  For  instance,  if  we 
aay,  'Ten  less  one  thing  equal  to  four  things.'  Then  Jebr  is  the  removal  of 
tiie  subtraction,  which  is  performed  by  adding  to  the  minuend  an  amount  equal 
to  the  subtrahend ;  hereby  the  ten  is  made  complete,  that  which  was  defective 
in  them  being  restored.  An  amount  equal  to  the  subtrahend  is  then  added  to 
the  other  side  of  the  equation ;  as  in  the  above  instance,  after  the  ten  have  been 
made  complete,  one  thing  must  be  added  to  the  four  things,  which  thus  become 
five  things.  Mokabalah  consists  in  withdrawing  tfie  same  amount  from  quantities 
of  the  same  kind  on  both  sides  of  the  equation  ;  or,  as  others  say,  it  is  the  balancing 
of  certain  things  against  others,  so  as  to  equalise  them.  Thus,  in  the  above  ex- 
ample, the  ten  are  balanced  against  the  &ye  with  a  view  to  equalise  them.  Thl» 
science  has  therefore  been  called  by  the  name  of  these  two  rules — ^namely,  the  rule 
of  jebr,  or  restoration,  and  of  moJMalah,  or  reduction,  on  account  of  the  frequent 
use  that  is  made  of  them." 

'  The  foUowing  is  an  example  of  their  method  of  solving  simple  equations : — 

"  Two  numbers,  the  difference  of  which  is  two  dirhems  ;  you  divide  the  small 
<me  by  the  great  one,  and  the  quotient  is  equal  to  half  a  dirhem. 

Then  the  computation  is  this  :  Multiply  thing  and  two  dirhems  by  the  quotient, 
that  is  a  half.  The  product  ia  half  a  thing  and  one  dirhem,  equal  to  thin^^  Remove 
now  half  a  dirhem  on  account  of  the  half  dirhem  on  the  other  side,  the  remainder  is 
one  diriiem  equal  to  half  a  thing.  Double  it ;  then  you  have  thing,  equal  to  two 
dirhema.    This  is  one  of  the  two  numbers,  and  the  other  is  four. " 

In  modem  notation,  -^'^h  2»-a!+2,  «-2  and  08+2-4. 


from  Hiat  of  the  Hindus.  The  equation  was  prepared  by  two  pre- 
liminary operations,  by  means  of  which  all  the  terms  on  both  sides  of 
the  equation  were  made  positive,  before  their  rules  were  applied  to 
effect  the  solution. 

The  numbers  which  are  required  in  calculating  by  "  completion  and 
reduction  "  are  described  to  be  of  three  kinds ;  namely,  roots,  squares, 
and  simple  nimibers  relatiye  neither  to  root  nor  square.  A  root  is  any 
quantity  which  is  to  be  multiplied  by  itself.  A  square  is  the  whole 
amount  of  the  root  multiplied  by  itself.  A  simple  number  is  any 
number  which  may  be  pronoimced  without  reference  to  root  or  square. 

A  number  belonging  to  one  of  these  three  classes  may  be  equal  to 
a  number  of  another  dass ;  for  instance,  squares  are  equal  to  roots,  or 
squares  are  equal  to  numbers,  or  roots  are  equal  to  numbers.  By 
combining  these  three  kinds — ^namely,  roots,  squares,  and  numbers — 
there  arise  three  forms  of  quadratic  equations :  (1)  squares  and  roots 
equal  to  numbers;  (2)  squares  and  numbers  equal  to  roots;  (3)  roots 
and  numbers  equal  to  squares.  These,  in  the  modem  algebraic  nota- 
tion, are  expressed  by  a^-^-px-qy  a^-^qz^px^  and  x'^=px'^q.  The 
form  a^-^px^—q  was  excluded  &om  their  classification  of  quadratic 
equations.  The  Arabians  held  a  less  general  notion  of  equations  than 
the  Hindus,  as  they  only  knew  equals  to  be  the  equality  of  two  or 
more  absolute  positive  quantities.  They  had  no  conception  of  the 
equation  «*+|ix+^  =  o,  the  sum  of  three  positive  quantities  being 
equal  to  zero,  otherwise  than  an  absurdity,  or  an  impossibility. 

In  the  solution  of  quadratic  equations ;  in  the  first  place,  they  re- 
duced the  coefficient  of  the  square  to  imity,  where  it  was  necessary. 
The  next  step  was  to  relieve  the  equation  of  negative  quantities  by  the 
operation  of  al  jebr.  This  name  was  given  to  the  operation  because  it 
was  only  after  negative  terms  had  been  removed  that  the  equation 
itself  became  capable  of  solution  by  the  application  of  their  rules. 
After  al  jebr  followed  al  mokabalah,  which  consisted  in  comparing  the 
equal  numbers  on  the  same  side,  and  on  both  sides  of  the  equation ; 
and  as  far  as  it  could  be  done,  to  cancel  them.  After  this  operation,  an 
equation  of  the  second  degree  was  reduced  to  one  of  the  three  specified 
forms,  and  adapted  for  solution.^ 

The  Hindus,  on  account  of  their  more  complete  algebraic  notation, 
and  their  wider  view,  did  not  find  it  necessary  to  carry  back  an  equa- 
tion to  the  special  form  of  two  positive  equals.    On  that  accoimt  they 

'  Ab  an  example  of  the  first  form  of  quadratic  equations,  "  roots  and  squares  are 
equal  to  numbers ;  one  square  and  ten  roots  of  the  same,  amount  to  thirty-nine 
dirhems ;"  that  is  to  say, "  what  must  be  the  square,  which  when  increased  by  ten  of 
its  own  roots,  amounts  to  thirty-nine  ? "  The  solution  is  this :  you  halve  the  number 
of  the  roots,  which  in  the  present  instance  yields  five.  You  multiply  by  itself ;  the 
product  is  twenty-five.  Add  this  to  thirty-nine,  the  sum  is  sixty-four.  Now  take 
the  root  of  this,  which  is  eight,  and  subtract  from  it  half  the  number  of  the  roots. 


had  no  particular  names  for  the  two  preliminary  operations  which  the 
Arabians  had  described  by  the  names  al  jebr  and  al  mokabalah. 

These  two  operations  (one  of  which  has  given  the  name  to  the 
science)  are  precisely  what  are  enjoined,  without  distinctive  appella- 
tions of  them,  in  the  introduction  of  the  Arithmetics  of  Diophantus. 
He  directs  that  if  the  quantities  be  positive  on  both  sides,  like  are  to 
be  taken  from  like  until  one  species  be  equal  to  one  species ;  but  if, 
on  either  side  or  on  both,  any  species  be  negative,  the  negative 
species  as  positive  must  be  added  to  both  sides,  so  that  aU  the 
quantities  become  positive  on  both  sides  of  the  equation ;  after  which, 
like  are  again  to  be  taken  from  like,  until  one  species  remain  on  each 
8ide(Def.  11). 

Among  the  writers  subsequent  to  Mohammed  Ben  Musa,  may  be 
mentioned  Abufaraj,  the  author  of  a  treatise  on  computation.  He 
lived  in  the  twelfth  century  of  the  Christian  era,  and  noticed  a  book 
of  numerical  computation  which  Mohammed  Ben  Musa  amplified,  and 
which  he  declared  ''  is  a  most  expeditious  and  concise  method,  and 
testifies  the  ingenuity  and  acuteness  of  the  Hindus." 

The  celebrated  Abu  Yusef  Alkindi,  contemporary  with  the  astro- 
loger Abu  Masher,  in  the  third  century  of  the  Hejira,  was  versed  in 
the  sciences  of  Greece,  India,  and  Persia,  and  was  also  the  author  of 
several  treatises  on  numbers.  His  pupil,  Ahmed  Ben  Mohammed 
of  Sarkiri  in  Persia,  who  flourished  about  the  middle  of  the 
third  century  of  the  Hejira,  was  the  author  of  a  complete  treatise  of 
computation,  embracing  Arithmetic  and  Algebra.  About  the  same 
time  a  treatise  on   Algebra  was    composed   by  Abu   Hanifah   of 

which  is  fire  ;  the  remainder  la  three.  This  is  the  root  of  the  8(iaare  you  sought 
for ;  the  square  itself  is  nine. 

In  modem  notation,  the  equation  is  x'+10j!;=39. 

The  following  is  another  example  from  M.  Rosen's  translation  :— 

"  I  have  divided  ten  into  two  parts ;  I  have  then  multiplied  each  of  them  by  itself, 
and  when  I  had  added  the  products  together,  the  sum  was  fifty-eight  dirhems. 

Computation.  Suppose  one  of  the  two  parts  to  be  thing,  and  the  other,  ten 
minus  thing.  Multiply  ten  minus  thing  by  itself ;  it  is  a  hundred  and  a  square 
minus  twenty  things.  Then  multiply  thing  by  thing ;  it  is  a  square.  Add  both 
together.  The  sum  is  a  hundred,  plus  two  squares  minus  twenty  things,  which  are 
equal  to  fifty-eight  dirhems.  Take  now  the  twenty  negative  things  from  the 
hundred  and  the  two  squares,  and  add  them  to  fifty-eight ;  then  a  hundred,  plus 
two  squares,  are  equal  to  fifty-eight  dirhems  and  twenty  things.  Reduce  this  to  one 
square  by  taking  the  moiety  of  aU  you  have.  It  is  then  :  fifty  dirhems  and  a 
square,  which  are  equal  to  twenty-nine  dirhems  and  ten  things.  Then  reduce  this, 
by  t^V^fig  twenty-nine  from  fifty ;  there  remains  twenty-one  and  a  square,  equal  to 
ten  things.  Halve  the  number  of  roots,  it  is  five ;  multiply  this  by  itself,  it  is 
twenty-live ;  take  from  this  the  twenty-one  which  are  connected  with  the  square,  the 
remainder  is  four.  Extract  the  root,  it  is  two.  Subtract  this  from  the  moiety  of 
the  roots,  namely,  from  five,  there  remains  three.  This  is  one  of  the  portions ;  the 
other  IS  seven." 
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Dainawar,  wlio  lived  till  about  the  290th  year  of  the  Hejira.  At  a  later 
period  flourished  Abulwaf a  of  Buzjani,  a  distinguished  mathematician, 
whose  death  happened  in  the  d88th  year  of  the  Hejira.  He  wrote 
several  treatises  on  computation,  and  a  commentary  on  the  Algebra  of 
Mohammed  Ben  Musa,  also  on  another  of  less  repute  and  of  later 
date  by  Abu  Yahya.  He  was  the  first  Arabian  who  translated  the 
Arithmetics  of  Diophantus  from  Gfreek  into  Arabic.  This  work  was 
executed  nearly  two  centuries  after  the  Arabians  had  become  acquainted 
with  the  sciences  of  the  arithmetic  and  astronomy  of  the  Hindus. 

It  was  in  the  reign  of  Haroim  Alraschid  that  the  astronomy  of  the 
Greeks  became  known  to  the  Arabians  by  a  translation  of  Ptolemy's 
Almagest. 

In  the  year  1851,  Dr.  Woepcke  published  the  original  Arabic  of  a 
treatise  on  Algebra,  composed  by  Omar  Alkhayyami,  with  a  French 
translation.^  The  years  of  the  birth  and  death  of  the  author  are  un- 
known. It  is  known,  however,  that  he  was  brought  up  with  two 
youths  who  afterwards  became  distinguished.  One  of  them  was  the 
Yizier  of  Malak  Shah,  the  last  of  the  SeljuMan  Sultans,  who  died 
about  A.D.  1072.  His  work  is  divided  into  five  parts.  The  introduc- 
tion contains  a  preface,  and  the  definitions  of  the  science,  &c.  Next, 
the  solution  of  equations  of  the  first  and  second  degree.  Thirdly,  the 
construction  of  cubic  equations.  Fourthly,  the  discussion  of  equations 
involving  fractions,  and  having  powers  of  the  unknown  quantity  in  the 
denominators.  And  lastly,  some  additions.  In  treating  the  subject  of 
equations,  he  always  connects  the  solution  with  some  geometrical  con- 
struction, orthe  converse.  For  cubic  equations,  however,  he  was  obliged  to 
confine  himself  to  the  latter  course.  He  gives  the  same  threefold  division 
o£  quadratic  equations  as  Mohammed  Ben  Musa,  and  exhibits  a  classifi- 
cation of  cubic  equations.'  The  constructions  of  these  equations  are 
effected  in  different  ways,  some  of  them  requiring  the  propertiep  of  the 
conic  sections,  as  the  example  (p.  62).     **  The  equation,  a  cube  and 


1  The  original  Arabic  of  this  work,  with  a  translation  in  the  Fraich  langiuige, 
-was  printed  at  Paris  in  1851,  entitled,  "L'Algibre  d'Omar  Alkhayyami,  pnbUee[ 
.tradnite  et  accompa|;nee  d'extraits  de  manuscrits  inedits,  par  F.  Woepcke,  Doctenr 
ragi^g^  a  rUniversite  de  Bonn,'  Membre  de  la  Soci^t^  Asiatique  de  Paris." 

»  The  following  are  examples  of  the  classes  of  cubic  equations,  each  of  which 
.  consists  at  least  of  two  terms  on  one  side  and  one  term  on  the  other,  expressed  in 
jnodem  notation. 


(8)  a:»+caf»=63;+a: 


(1)  a^+ca^^hx:     (2)  a^-^-lx^a 

(4)  ac'-f-caJ^+feB-iOi    CK'+5a;-fa=a:*:    aj'+cac'-fa^&c:    iK^-^hx-\-a^ai^. 

These  different  classes  arise  from  the  method  adopted  by  the  Arabians  of  con- 
sidering an  equation  when  reduced  to  consist  only  of  positiTe  quantities.  In  the 
text,  these  classes  are  expressed  in  words,  as,  for  instance,  the  first  example  abore^ 
.a^'+cas'a.&i^  is  described,  '*  A  cube  and  squares  equal  to  roots.*' 
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roots  are  equal  to  squares  and  numbers"  {oi^-^ex-ha^-^-ay  in  modem 
notation),  is  constructed  by  means  of  a  circle  and  the  asymptotes 
of  an  equilateral  hyperbola. 

The  Bisala  Hisab  is  a  short  treatise  on  Arithmetic  and  Qeometry 
written  in  the  Persian  language  by  Kazi  Zadeh  al  Eumi,  sumamed 
Ali  Kushohi.  He  was  one  of  the  celebrated  astronomers  employed 
by  XJlugh  Begh  to  construct  the  astronomical  tables  which  bear  the 
name  of  that  prince,  who  had  caused  an  observatory  to  be  erected  in 
Samarcand  for  that  purpose.  Ulugh  Begh  was  slain  by  his  rebellious 
son,  A.H.  853,  or  a.d.  1474. 

Baha  Eddin  was  bom  at  Balbec  a.h.  953,  and  died  a.h.  1031,  or 
A.B.  1652.  He  was  the  author  of  a  work  on  Algebra,  entitled  "  Kho- 
lasat  al  Hisab,"  ^  which  was  considered  by  learned  Mohammedans^ 
as  the  most  scientific  treatise  on  the  subject.  This  work  was  translated 
into  the  Persian  language  about  sixty  years  after  the  death  of  the 
author.  Mr.  Straohey  has  given,  in  the  twelfth  volume  of  the  Asiatic 
Besearches,  an  analysis  of  the  contents  of  this  work,  from  which  the 
abstract  in  the  note^  will  supply  a  more  complete  conception  of  th» 
knowledge  of  Algebra  among  the  Arabians. 


^  The  Arabic  text  of  the  Kholaaat  al  Hisab,  with  a  Persian  Commentary  by 
Bosban  Ali,  was  printed  at  Calcutta  in  the  year  1812. 

*  The  work  is  stated  by  the  author,  Baha  Sddin,  in  his  preface,  to  consist  of  an 
mtroduction,  ten  books,  and  a  conclusion. 

The  introduction  contains  the  definitions  of  arithmetic,  number,  &c.,  and  the- 
antiior  ascribes  to  the  Indian  sages  the  inyention  of  the  nine  figures  to  express  the- 
numbers  from  one  to  nine. 

Book  I.  comprises  the  arithmetic  of  integers,  with  the  rules  of  addition,  dupla- 
tion,  subtractioD,  halving,  multiplication,  division,  and  the  extraction  of  the  square 
root ;  and  the  method  of  proving  the  operations  by  casting  out  the  nines  is  describedb 
under  each  of  these  rules. 

Book  II.  conbins  the  arithmetic  of  fhictions. 

Book  III.  contains  the  rule  for  finding  an  unknown  number  by  four  propor- 
tionals. 

Book  lY.  gives  a  rule  for  finding  an  unknown  number  by  assuming  a  known* 
number,  once  or  twice,  and  comparing  the  errors. 

Book  y.  gives  a  method  of  finding  an  unknown  number  by  reversing  all  the 
steps  of  the  process  described  in  the  question. 

Book  YI.  treats  of  mensuration  in  three*  chapters.    Chapter  1  treats  of  the^ 
mensuration  of  lines  and  areas  of  rectilineai  figures.     Chapter  2  treats  of  cur- 
vilinear surfaces.    Chapter  8  is  on  the  mensuration  of  solids. 

Book  YII.,  on  practical  geometiy.    Chapter  1.    On  levelling  for  the  purpose  of 
making  canals.     In  this  are  described  the  plummet  level  and  the  water  level, 
on  the  same  principle  as  the  spirit  level.    Chapter  2.  On  the  mensuration  of- 
heights.    Chapter  3.  On  the  measuring  of  the  breadth  of  rivers  and  the  depth  of 

wells. 

Book  YIII.,  on  finding  unknown  quantities' by  algebra.  Chapter  1.  Introduction. 
Chapter  2.  On  the  six  rules  of  algebra.  The  author  romarks :  '*  To  find  unknown 
quantities  by  algebra  depends  on  acuteness  and  sagacity,  an  attentive  consideration  o^' 
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The  Ulayati  of  Bhascara  was  translated  by  the  celebrated  Fyzee 
into  the  Persian  language  in  the  year  a.d.  1587.    In  the  preface  the 


the  terms  of  the  qnestioo,  and  a  saccessful  application  of  the  inyention  to  such 
things  as  may  serve  to  bring  out  what  is  required.  Call  the  unknown  quantity  shai^ 
thing,  and  proceed  with  it  according  to  the  terms  of  the  question,  as  has  been  said, 
till  tiie  operation  ends  with  an  equation.  Let  that  side  where  there  are  negative 
quantities  be  made  perfect,  and  let  the  negative  quantity  be  added  to  the  other  side  ; 
tliis  is  called  Jebr,  restoration ;  let  those  things  which  are  of  the  same  kind,  and 
equal  on  both  sides,  be  thrown  away ;  this  is  IfokabcUaJi,  opposition. 

Book  IX.  contains  the  following  twelve  rules  respecting  the  properties  of 
numbers : — 

1.  To  find  the  sum  of  the  products  of  a  number  multiplied  into  itself  and  into 
all  numbers  below  it ;  add  one  to  the  number,  and  multiply  the  sum  by  the  square 
of  the  number  ;  half  the  product  is  the  number  required. 

2.  To  odd  the  odd  numbers  in  their  regular  oider  ;  add  one  to  the  last  number, 
and  take  the  square  of  half  the  sum. 

8.  To  add  even  numbers  from  two  upwards ;  multiply  half  the  last  even  number 
by  a  number  greater  by  one  than  that  half. 

4.  To  add  the  squares  of  the  numbers  in  order ;  add  one  to  twice  the  last  num- 
ber, and  multiply  a  third  of  the  sum  by  the  sum  of  the  numbers. 

5.  To  find  the  sum  of  the  cubes  in  succession ;  take  the  square  of  the  sum  of 
the  numbers. 

6.  To  find  the  product  of  the  roots  of  two  numbers ;  multiply  one  by  the  other, 
and  the  root  of  the  product  is  the  answer. 

7.  To  divide  the  root  of  one  number  by  that  of  another ;  divide  one  by  the  other, 
the  root  of  the  quotient  is  the  answer. 

8.  To  find  a  perfect  number — that  is,  a  number  which  is  equal  to  the  sum  of  its 
aliquot  parts  (Euclid,  Book  VII.,  def.  22).  The  rale  is  that  delivered  by  Euclid, 
Book  IX.,  prop.  86. 

9.  To  find  a  square  in  a  given  ratio  to  its  root ;  divide  ihe  first  number  of  the 
ratio  by  the  second  ;  the  square  of  tlie  quotient  is  the  square  required. 

10.  If  any  number  is  multiplied  and  divided  by  another,  the  product  multiplied 
by  the  quotient  is  the  square  of  the  first  nimiber. 

11.  The  diiference  of  two  squares  is  equal  to  the  product  of  the  sum  and  difler- 
eoce  of  the  roots. 

12.  If  two  numbers  are  divided  by  each  other,  and  the  quotients  multiplied 
together,  the  result  is  always  one. 

Book  X.  contains  nine  examples. 

"  Conclusion.  There  are  many  questions  in  this  science  which  learned  men  have 
to  this  time  in  vain  attempted  to  solve  ;  and  they  have  stated  some  of  these 
questions  in  their  writings,  to  prove  that  this  science  contains  difficulties,  to  silence 
those  who  pretend  they  find  nothing  in  it  above  their  ability,  to  warn  arithme- 
ticians against  imdertaking  to  answer  every  question  that  may  be  proposed,  and 
to  excite  men  of  genios  to  attempt  their  solution.  Of  thfse  I  have  selected 
seven : — 

1.  To  divide  ten  into  two  parts,  such  that  when  each  part  is  added  to  its  square 
root,  and  the  sums  are  multiplied  together,  the  product  is  equal  to  a  supposed 
number. 

2.  What  square  number  is  that  which  being  increased  or  diminished  by  ten, 
the  sum  and  remainder  are  both  square  numbers! 

8.  A  person  said  he  owed  Zaid  ten  all  but  the  square  root  of  what  he  owed 
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translator  remarks : — "  By  order  of  the  Emperor  Akbar,  Fyzee^  trans- 
lates into  Persian  from  the  Indian  language  the  book  LQavati,  so 
famous  for  the  rare  and  wonderful  arts  of  calculation  and  men- 
isuration.  He  [Fyzee]  begs  leave  to  mention  that  the  compiler  of 
this  book  was  Bhascara  Acharya,  whose  birthplace,  and  the  abode  of 
his  ancestors,  was  the  city  of  Biddur  in  the  country  of  the  Deccau." 

The  Vija  Ganita  was  translated  into  Persian  by  Ata  Alia  Itashee- 
^dee,  probably  at  Agra  or  Delhi.  The  Persian  translator  has  prefixed 
die  following  introduction  to  his  work : — 

"By  the  grace  of  Qod,  in  the  year  1044  Hejira  [a.d.  1665],  being 
the  eighth  year  of  the  king's  reign,  I,  Ata  Alia  Basheedee,  son  of 
Ahmed  Nadir,  have  translated  into  the  Persian  language,  from  Indian, 
the  book  of  Indian  Algebra,  called  Beej  Ounnit  [Vija  Ganita],  which 
was  written  by  Bhasker  Acharij  [Bhascara  Acharya],  the  author  of 
the  Leelawuttee  [Lilavati].  In  the  science  of  calculation  it  is  a  dis- 
ooyerer  of  wonderful  truths  and  nice  subtleties,  and  it  contains  useful 
and  important  problems  which  are  not  mentioned  in  the  Leelawuttee, 
nor  in  any  Arabic  or  Persian  book.  I  have  dedicated  the  work  to 
Shah  Jehan,'  and  I  have  arranged  it  according  to  the  original  in  an 
introduction  and  five  books." 

This  Persian  version  of  the  Vija  Ganita  was  translated  into  English 
by  Edward  Strachey,  of  the  East  India  Company's  Bengal  Civil 
Service.^  Mr.  Strachey  remarks  that  the  Persian  does  not  afford  a 
oorrect  idea  of  the  original  Sanscrit,  as  a  translation  should  do ;  and 
describes  it  as  an  imdistinguished  mixture  of  text  and  commentary. 
He  gives  a  literal  translation  of  extracts  from  the  Persian,  with  re- 

Amer,  and  that  he  owed  Amer  five  all  but  the  square  root  of  what  he  owed 
2aid. 

4.  To  divide  a  cube  number  into  two  cube  numbers. 

5.  To  divide  ten  into  two  parts,  such  that  if  each  is  divided  by  the  other, 
and  the  two  quotients  are  added  together,  the  sum  is  equal  to  one  of  the  parts. 

6.  There  are  three  square  numbers  in  continued  geometrical  proportion,  such 
that  the  sum  of  the  three  is  a  square  number. 

Y.  There  is  a  square,  such  that  when  it  is  increased  and  diminished  by  its  root 
and  two,  the  sum  and  the  difference  are  squares. 

**  Know,  reader,  that  in  this  treatise  I  have  collected  in  a  small  space  the  most 
beautiful  and  best  rules  of  this  science,  more  than  were  ever  collected  before  in  one 
.book.  Do  not  underrate  the  value  of  this  bride ;  hide  her  from  the  view  of  those 
wlio  are  unworthy  of  her,  and  let  her  go  to  the  house  of  him  only  who  aspires  to 
vwed  her." 

^  Faizee*8  Persian  translation  of  the  Lilavati  was  printed  in  8vo  at  Calcutta 
in  1827. 

s  In  the  Fitzwilliam  Museum  at  Cambridge  is  preserved  a  splendid  model  in 
4vory  of  the  palace  tomb  which  Shah  Jehan  had  erected  to  the  memory  of  hia  wife. 

s  *<Bija  Ganita,  or  the  Algebra  of  the  Hindus,"  by  £<lward  Strachey,  of  the 
JSaat  India  Company's  Bengal  Civil  Service.  London,  1818.  (Reviewed  in  t]i0 
«« Edinburgh  Review"  for  July,  1818.) 
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inarKs  of  Us  own.  Ho  has  translatiBd  almost  all  the  rules,  some  of  the 
examples  entirely,  and  others  partly,  including  whatever  he  thought 
deserving  attention,  as  giving  a  distinct  idek  of  the  work. '  The 
reference  to  Euclid^  in  the  Persian  can  only  be  regarded  as  an  inter- 
polation by  a  later  hand,  as  no  tefelrences  to  Euclid  have  been  did- 
covered  in  Sanscrit  copies  of  the  Tija  Ganita. 

Mr.  Strachey  has  employed  it  his  work  the  symbols  and  methods 
of  modem  algebra,  and  adds  the  following  judicious  remark  of  the 
Persian  translator  in  reference  to  the  teacher  and  learner.  ''In  cal- 
culation, correctness  is  the  chief  point.  A  wise  and  considerate  person 
will  easily  remove  the  veil  from  the  object ;  but  where  the  h6lp  of 
acuteness  is  wanting,  a  very  clear  explication  is  necessary."  ^ 

It  also  appears' thfiit  the  peculiar  notation  of  the  Hindus  is  entirely 
wanting  in  the  Persian,  where  the  algebraic  processes' are  always 
expressed  in  words  at  length.  Most  of  the  technical  terms  used  in 
the  i^ersian  translatioh  are  Afabic.  The  product  of  two  quantities' in 
general  is  called  their  rectangle. 

It  appears  that  ihe  Persians  are  Indebted  for  whatever  mathe- 
matical knowledge  they  acquired  to  the  Arabians/ who  had  before 
derived  all  their  knowledge  from  the  Hindus  and  the  Greeks. 

The  Persians  have  borrowed  the  word  jelr  and  tnokahalak,  together 
with  the  greater  part  of  their  mathematical  terminology,  from  the 
Arabs.    The  following  extract  from  a  short  treatise  on  Algebra  in 

*  The  reference  to  Euclid  is  contsdned  in  the  solution  of  the  question,  .'''>yhat 
ifght-i^gled  txlAng^e  is  that;  tiie  sum  of  whose  three  sides  is  40,  and'  tlie  rectangle 
ef-die  two^stdes-abontihe light- angle^-USe-f"  In  the  sdlution  occurs  the  expression, 
'^VoFthe  cttu  ollfcetwo  si^fls  is  Always  greater  than  the  hypptennse,  by  th^  asses' 
proposition^*'  In  a  note,  the  Knglish  translator  adds,  "Meaning  by  the  asses'  pro- 
position, the  20th  of  the  first  book  of  Euclid,  which,  we  are  told,  was  ridiculed  by 
th«  Spionreane  as  ofearieyea  to  asses."  iThis  tradition  of  the  JBast,  however,  differs 
frem  that  of  the  We^ ;  since  it  has  been  handed  down,  that  the  5th,  and  not  the 
20th  propositfon  bf  the  first  Book  of  £uclid,  bears  that  designation.  A  Cambridge 
witty  wag  of  former  days  has  supplied  some  small  comfort  for  the  halting  and  feeble- 
mmded  who  are  too  weak  to  proceed,  in.  the  fcdiowing  pithy  couplet : — 

"  If  this  be  rightly  called  the  bridge  of  asses, 
HeVi  not  the  ass  wh6  stops,  but  he  who  passes." 

'  Mr.  Strachey  has  printed  the  following  extract,  a  translati(»fc  tfom  a  Peisian 
tnistise  on  arithmetic,  in  p.  184  of  Tol.-  xii.  of  the  Asiatic  Researches.-  ''  The  Indian 
sages,  wishing  to  express  numbers  conyeniently,  inrented  the  nine^figures.  The  first 
figure  on  the  light  hand  they  made  stand  for  units,  the  second  for  tens,  the  third  for 
hundreds,  the  fourth  fdr  thousands.  Thus^  after  the  third  ranl^  the  next  following 
is  units  of  thousands,  the  second  tens  of  thousands,  the  third  hundreds  of  thousands, 
and  so  on.  Erery  figure,  therefore,  in  the  first  rank,  is  the  number  of  units  it  ex» 
presses,  erery  figure  in  the  second,  the  number  of  tens  which  the  figure  expresses,  In 
the  third,  the  number  of  hundreds^  and  so  oni  ^  Whien  in  any  rank  a  figure  is  wanting,. 
Write  a  cipher  like  a  small  circle  «,  to  ]i>re^rve  the  raidE.  Thus  ten  is  written  10^ 
a  hundred  100,  five  thousand  and  twenty -fire  '5026.*' 
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Persian  verse,  by  Mohammed  Nadjm-Eddin  Ehan,  appended  to  the 
Calcutta  edition  of  the  Elholasat  al  Hisab,  will  serve  as  an  illustration 
of  this  remark : — 

<' Complete  the  side  in  which  the  ezpresifon  ilia  (less,  minus) 
occurs,  and  add  as  much  to  the  other  side,  0  learned  man :  this  is  in 
correct  lang^ui^  called  jebr.  In  making  the  equation  mark  this :  it 
may  happen  that  some  terms  are  cognate  and  equal  on  each  side, 
without  distinction ;  these  you  must  on  both  sides  remove,  and  this 
you  call  mokabalahJ* 

In  the  thirteenth  volume  of  the  ''Asiatic  Besearches"  is  printed 
an  Essay  by  J.  Tytler,  Esq.,  on  the  **  Binomial  Theorem  as  known  to 
the  Arabians.''  The  essay  contains  an  English  translationi  with  the 
Arabic  origkial,  of  a  passage  from  the  Ayoim-ul-Hisab,  or  Bules  of 
Arithmetic,  composed  by  Mohammed  Baquier,  in  the  reign  of  Shah 
Abbas  I.,  about  the  year  a.d.  1600.  In  the  example  given,  the  number 
12  is  employed,  and  thQ  mode  of  solution  appears  to  be  the  same  as 
that  given  in  the  lilavatii  in  whidi  the  number  is  6,  for  finding  the 
number  of  combinations  of  6  things  taken  1,  2*  3,  ftc.,  at  a  time.  It 
may  reasonably  be  doubted  whether  the  Hinf^is  ^r  the  Arabians  had 
attained  to  the  idea  that  the  successive  coeh2^ients  of  an  expanded 
binomial  are  respectively  equal  to  the  numbers  of  combinations  of  a 
number  (equal  to  the  exponent)  of  things  taken  1,2,  8,  ftc.,  at  a  time, 
when  the  exponent  itself  is  a  positive  integer. 

Dtixing  the  middle  ages  the  oountries  of  Western  Europe  appear 
to  have  produced  few  students  of  eminence  in  the  mathematical 
sciences.  The  scientific  knowledge,  such  as  it  was  in  these  times,  was 
not  derived  directly  either  from  Greek  or  Hindu  sources.  There  were, 
however,  individuals  who,  inspired  with  a  thirst  for  knowledge,  l>oth 
in  England  and  on  the  conthient,  travelled  into  foreign  coimtries  in 
search  of  knowledge.  Notices  of  such  persons  are  extant,  as  Adelar4A 
a  monk  of  Bath,  who  first  brought  the  knowledge  of  Euclid's  Elementa 
into  England  by  a  translation  from  the  Arabic ;  and  John  of  Basing*^ 
stoke,  who  introduced  the  knowledge  of  the  Gbeek  numerical^  oharacters; 
And  others,  such  as  Boger  Bacon,  a  diligent  student  of  the  works  of 
nature,  whose  attempts  to  promote  the  advancement  of  the  sciences 
brought  him  under  the  suspicion  of  the  clergy  in  those  times  of  p^rac- 
tising  magic  and  of  having  dealings  with  ^e  devil.  The  seventh 
century  of  the  Christian  era  was  almost  barren  of  writers  on  soienoe. 
The  irruption  and  wars  of  the  Saracens,  and  the  increasing  corruptions 
of  the  Church,  mutually  assisted  in  the  destruction  of  all  learning  and 
science.  The  eighth  century  was  nearly  of  the  same  character,  with  a 
few  exceptions  of  great  eminence.  Isidorus  Hispalensis  flourished 
in  the  early  part  of  the  seventh  century,  and  governed  the  Church  of 
Seville  as  Archbishop  for  forty  years.  He  was  the  most  eminent 
scholar  of  his  age.    His  writings  were  numerous ;  one  of  the  most 
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important  was  an  Encyclopaxlia,  whicli,  with  other  subjects,  treatecT 
of  the  liberal  arts  of  geometry,  arithmetic,  music,  and  astronomy. 
Bedc,  styled  the  Venerable,  was  the  most  learned  man  of  his  time,  as 
his  extant  writings  dearly  prove.     He  lived  in  the  eighth  centuiy, 
and  among  his  numerous  writings  is  one  entitled,  *'  De  Temporun^ 
Batione."    It  begins  with  an  explanation  of  the  mode  of  numerical^ 
computation  by  means  of  the  hands,  the  fingers,  &c»,  and  gives  an 
accoimt  of  the  Greek  and  Boman  notations  for  recording  numbers. 
This  treatise,  as  its  name  imports,  contains  an  account  of  ecclesiastical 
chronologyi  and  in  some  manuscripts  it  includes  the  tract,  ''De  Berum 
Natura."^    The  treatise  **  De  Nomerorum  Divisione,"  attributed  to 
Bede,  clearly  belongs  to  a  later  period.    It  will  be  found  in  pp. 
159-163,  book  i.,  of  the  folio  edition  of  his  works  printed  in  1529. 
The  treatise  is  one  of  the  works  of  Gerbert,  on  the  Abacus,  and  was 
dedicated  by  him  to  his  friend  Gonstantinus. 

Alcuin,  a  disciple  of  the  Venerable  Bede,  was  the  author  of  nur 
merous  works,  chiefly  theological.  Among  his  miscellaneous  writings 
will  be  foimd  an  elementary  introduction  to  the  different  sciences,  and 
a  tract  entitled,  '' Fropositiones  Arithmeticee  [LUr.]  ad  acuendoft^ 
juvenes,"  which  has  been,  without  evidence,  included  in  the  works  of 
Bede. 

In  the  middle  ages,  the  Councils  of  the  Boman  Church,  in  their 
decrees,  directed  bishops  in  their  pastorals  to  recommend  to  their 
dergy  the  study  of  sacred  chronology,  and  that  in  evezy  monastery 
there  should  be  one  person  at  least  who  understood  the  order  of  the^ 
festivals  of  the  Church  as  determined  by  the  Calendar  of  the  current 
years.     In  this  way  computation  always  maintained  a  small  place  in 

1  <*  Bedc*8  work,  entitled,  '  De  Benun  Natara/  has  two  groat  merits ;  it  assembles- 
into  one  focus  the  wisest  opinions  of  the  ancients  on  the  subjects  he  discusses,  and  it 
continually  refers  the  phenomena  of  nature  to  natural  causes.    The  imperfect  state 
of  knowledge  prevented  him  from  discerning  the  true  natural  cause  of  many  things^ 
but  tho  principle  of  referring  the  events  and  appearances  of  nature  to  its  own  laws 
and  agencies,  displays  a  mind  of  sound  philosophical  tendency,  which  was  calculated 
to  lead  his  countrymen  to  a  just  mode  of  thinking  on  these  subjects.    Although  to- 
tcach  that  thunder  and  lightning  were  the  collisions  of  the  clouds,  and  that  earth- 
quakes were  the  effect  of  winds  rushing  through  the  spongy  caverns  of  the  eartb» 
were  erroneous  deductions,  yet  they  were  light  itself  compared  with  the  su^ierstitions 
which  other  nations  have  attached  to  these  phenomena.     Such  theories  directed  the 
mind  into  the  right  path  of  reasoning,  though  the  correct  series  of  the  connected 
eventfl  and  the  operating  laws  had  not  then  become  known.    The  works  of  Bede 
supply  evidence  that  the  establishment  of  the  Teutonic  nations  in  the  Roman  empire 
did  not  barbarise  knowledge.     He  collected  and  taught  more  natural  truths,  with 
fewer  errors,  than  any  Boman  book  on  the  same  subjects  had  accomplished.    Thu.<i. 
his  work  displays  an  advance,  not  a  retrogradation,  of  human  knowledge ;  and  from- 
its  judicioua.8election  and  concentration  of  the  best  natural  philosophy  of  the  Roman 
empire,  it  does  hig)i  credit  to  the  Anglo-Saxon  good  sense."— -iSftanm  Turmer^r 
Mistory  of  the  Anglo-Saxons,  vol.  iii.,  p.  403. 
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the  education  of  tbe  clerical  order.  In  a  manuscript  of  the  date  a.i>. 
944,  we  are  told  that  reckoning  was  seldom  done  on  paper,  but  more 
irequentlj  on  the  fingers,  according  to  the  ancient  custom.  There  is 
no  mention  even  of  the  abacus  nor  of  the  counters. 

In  the  ejes  of  Alcuin,  and  manj  others  of  the  priestly  order,  theology 
^▼e  to  the  science  of  number  its  real  importance,  in  that  it  was  sup- 
posed to  throw  light  on  the  symbolical  numbers  foimd  in  Holy  Writ. 
He  considers  the  number  6  the  number  of  God,  who  created  all  things, 
because  it  is  a  perfect  number,  or  the  sum  of  its  aliquot  parts ;  but 
the  number  8  is  an  imperfect  number,  the  sum  of  the  aliquot  parts  of 
it,  1,  2,  4,  being  equal  to  7,  a  number  less  than  8.  From  this  number 
S  sprung  the  second  origin  of  mankind  after  the  deluge ;  as  we  read 
that  in  Noah's  ark  8  persons  were  saved,  from  whom  descended  the 
whole  human  race,  which  shows  that  the  second  origin  of  the  race  was 
ss  imperfect  as  the  first  that  were  made  after  the  number  6.^  A 
similar  use  was  made  of  astronomy.    By  such  speculations  the  learned 

^  Nichomachas  of  Gerasa,  who  lired  about  the  time  of  Anf^stus  Cssar,  the  first 
Homan  Emperor,  was  the  author  of  a  treatise  entitled  **  Isagogo  Arithmetica."  lam- 
'blicus  wrote  a  commentary  on  this  work,  and  surpassed,  in  his  visionary  specula- 
tions on  numbers,  the  most  extravagant  of  his  predecessors.  Porphyry  also  wrote 
on  the  mysteries  of  numbers. 

The  propensity  for  finding  mysteries  in  numbers,  and  in  their  relations  and 
analogies,  did  not  end  with  tlie  latest  of  the  commentators  on  the  Platonic  philo- 
sophy, but  has  descended  even  to  modern  times.  Several  works  have  appeared  since 
the  introduction  of  the  Indian  science  of  numbers,  for  the  express  purpose  of  ex- 
plaining their  mysterious  properties. 

Meursius  published  in  1631  his  work,  which  he  called  "  Denarius  Pythagoricus." 
It  contains  a  collection  of  the  names  and  properties  of  the  first  ten  numbers,  from 
the  writings  of  the  Pythagorean  philosophers. 

In  the  year  1502,  a  work  was  published  at  Leipsic  for  the  use  of  the  students  of 
that  University,  under  the  title  of  '*  Heptalogium  Yirgilii  Saltzburgensis,"  on  the 
properties  of  Uie  number  seven.  The  book  is  divided  into  seven  parts,  and  each 
part  into  seven  chapters,  and  forms  a  collection  of  quaint  conceits  and  absurdities 
TMpecting  the  mystical  and  other  properties  of  the  number  seven. 

But  the  most  extraordinary  of  these  productions  is  the  work  of  Peter  Bungos^ 
pnbliahed  in  1618,  under  the  title  of  *'  Kumerorum  Mysteria."  The  work  is  written 
in  Latin,  and  contains  about  700  quarto  pages.  It  professes  to  illustrate  all  numbers 
mnd  their  properties,  mathematical,  metaphysical,  and  theological,  embracing  all  the 
opinions  of  the  Pythagoreans  and  Platonists,  with  the  addition  of  speculations  on 
the  numbers  which  incidentally  occur  in  the  writings  of  the  Old  and  New  Testa- 
ments 

In  England,  the  same  propensity  to  treat  on  the  mysteries  of  numbers  and  the 
.advantages  of  the  study,  has  been  exhibited  in  a  work  of  which  the  following  is  a 
copy  of  the  title-page  :  "The  Secrets  of  Numbers  according  to  Theological,  Arith- 
metical, Geometrical,  and  Harmonical  Computation.  Drawn,  for  the  better  part, 
eat  of  those  Ancients,  as  well  as  Neoteriques.  Pleasing  to  read,  profitable  to  under- 
itande,  opening  themselves  to  the  capacities  of  both  learned  and  unlearned ;  being 
no  other  than  a  key  to  lead  men  to  any  doctrinal  knowledge  whatsoever.  By  William 
Tngpen,  Gent    London,  1624."  g  n 
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doctor  sought  to  make  it  intelligible,  "  How  pleasant  and  useful  was 
the  knowledge  of  arithmetical  discipline ! " 

Gerbert  was  the  most  remarkable  man  of  his  age,  and  at  an  early 
period  was  devoted  to  the  cloister,  where  he  was  brought  up  as 
a  monk.  He  left  his  home  to  undertake  a  student's  journey  into 
Spain.  On  his  return  he  became  a  pupil  in  the  convent  school 
of  Eheims.  Endowed  with  great  abilities  and  with  extensive  know- 
ledge, both  in  the  mathematical  sciences  as  well  as  in  classical 
learning,  and  being  of  an  ardent  character,  thirsting  for  know- 
ledge, he  soon  found  himself  distinguished  as  a  scholar  and  a 
teacher.  In  the  year  a.d.  980  he  was  appointed  Abbot  of  the  Monas- 
tery of  Bobbio  in  Lombardy ;  he  was  promoted  Bishop  of  Bheims, 
next  of  Eavenna,  and  at  length  closed  his  learned  and  useful  life  ia 
A.D.  1003,  at  Eome,  where  for  four  years  he  filled  the  Papal  chair^ 
imder  the  name  of  Sylvester  IT.  Gerbert,  disting^shed  by  the  title  of 
''Eeparator  Studiorum,"  reached  the  highest  eminence  that  was  pos- 
sible in  his  time.  He  had  entirely  made  his  own  the  learning  of 
his  time  in  its  widest  extent,  and  he  knew  how  to  employ  it  in  a 
manner  scarcely  known  in  that  age.  Gerbert's  knowledge  of  astronomy, 
Jbds  construction  of  the  globe,  and  his  sun-dials,  appeared  so  wonderful 
to  the  unlearned  and  superstitious  clergy  of  his  time,  that  it  was  reported 
of  him  after  his  death  that  he  had  made  a  compact  with  the  devil.^ 

Leonardo  Bonacci,  of  Pisa,  first  made  known  to  his  countrymen 
the  Hindu  Arithmetic  and  Algebra  from  the  Arabians.  A  manuscript 
of  his  treatise  bearing  the  title  of  '*  liber  Abbaci  compositus  a  Leonardo 
filio  Bonacci  Pisano  in  anno  1202,"  and  a  transcript  of  another  treatise 
entitled  ''  Leonard!  Pisani  de  filiis,  Bonacci  .  .  .  Practica  Geometria, 
composita  anno  1220/' were  discovered  in  the  Magliabecchian  Library 
at  Florence  by  Targioni  Tozzetti,  about  the  middle  of  the  eighteenth 
century.  In  the  preface  to  the  Liber  Abbaci,  Leonardo  relates  that 
he  had  travelled  in  Egypt  and  other  countries.  In  his  youth  at  Bugia 
in  Barbary,  where  his  father  was  scribe  at  the  custom-house  for  the 
merchants  of  Pisa  who  resorted  thither,  he  there  learned  the  Indian 
Arithmetic.  He  describes  their  method  to  be  more  commodious  than 
the  methods  used  in  other  countries  which  he  had  visited.  He  there- 
fore prosecuted  the  study,  and,  with  some  additions  of  his  own  and 
some  things  taken  from  Euclid's  Elements,  he  composed  the  treatise 
which  he  named  Liber  Abbaci.     In  the  index  to  the  fifteenth  chapter 

*  The  student  ia  referred  for  more  ample  infonnation  on  the  early  history  of 
arithmetic  and  algebra  to  the  learned  works  which  bear  the  following  titles : — 

Die  Algebra  der  Griechen.  Nach  den  Quellen  bearbeitet  von  Dr.  C.  H.  F. 
I^^esselmann,   Privat-docenten  an  der  Universitat  zn  Konig8bei|(.     Berlin,  1842. 

Zur  Geschichte  der  Mathematik,  in  Alterthum  und  Mittelalter,  von  Dr.  Hennann 
Hanke],  Weil.  Ord.  Professor  der  Math,  an  der  UnlTersitat  za  Tubingen.  Leipzig, 
1874. 
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of  tis  work  he  writes : — "  Indpit  Pars  Tertia  de  solutione  quanmdain 
queestionuixi  secundtim  modttm  Algebreo  et  Almucabalae,  scilicet  oppo- 
sitionis  et  restauratioziis."  This  work  appears  to  coiitain  the  earliest 
notice  of  the  introduction  of  the  Hindu  Arithmetic  and  Algebra  into 
Italy.  Leonardo,  the  earliest  scholar  of  the  Arabian  algebraists^ 
is  reported  by  Targioni  Tozzetti  to  haye  employed  the  smaU  letters  of 
the  alphabet  to  denote  quantities.  But  it  would  appear  that  he  only 
did  so  because  he  represented  quantities  by  straight  lines,  and  de- 
signated these  lines  by  letters  in  the  elucidation  of  his  Algebraic 
Solution  of  Problems.  Leonardo  and  his  disciples  translated  the 
Arabic  word  shai  by  the  Latin  res  and  the  Italian  eo»a.  The 
Arabic  word  mal  was  rendered  by  the  Latin  census  and  the  Italian 
eenso,  as  terms  of  the  same  import ;  for  it  was  in  the  acceptation  of 
amount  of  property  or  estate  (census,  quicquid  fortunarum  quis  habet) 
that  census  was  used  by  Leonardo.  And  it  appears  that  the  name  of 
the  science  was  derived  from  the  first  and  second  powers  of  the  un- 
known quantity,  '' Ars  Eei  et  Census,"  and  sometimes  ''Begula  Eei 
et  Oensus,"  the  rule  of  the  thing  and  the  product,  or  the  rule  of  the 
root  and  the  square,  in  allusion  to  equations  of  the  second  degree. 

Yillani,  the  historian  of  Florence,  writes  of  Paoli  di  Dagomari,  who 
died  about  1350,  as  a  great  geometer  and  most  skilful  arithmetician, 
and  who  surpassed  both  the  ancients  and  the  modems  in  the  know- 
ledge of  equations,  which  at  that  time  constituted  the  most  advanced 
branch  of  the  science.  Also,  Kaffaelo  Caracci,  of  the  same  century, 
composed  a  work  entitled  '^  Eagionamento  di  Algebra,"  in  which  he 
writes  of  Quglielmo  di  Lunis,  who  had  translated  a  treatise  on  Algebra 
from  Arabic  into  Italic^i.  This  was  the  work  of  Mohammed  Ben 
Musa,  and  was  executed  not  long  after  the  introduction  of  that  science 
into  Italy  by  Leonardo  of  Pisa.  All  these  combine  to  show  that  the 
Italians  were  in  possession  of  the  knowledge  of  the  Arabic  numerals 
and  the  science  of  Algebra  long  before  the  rest  of  the  nations  of  Europe. 

Paciolus,  and  all  the  Italian  writers  on  arithmetic  and  algebra, 
declare  that  Leonardo  of  Pisa  was  the  first  -who  introduced  the  know- 
ledge of  algorithm  and  algebra  to  his  countrymen.  Paciolus  appears 
to  have  taught  these  sciences  at  Venice  about  1460,  and  he  specially 
makes  mention  of  his*  tjiree  predecessors,  who  had  in  succession  filled 
the  office  expressly  dedicated  to  the  exposition  of  these  sciences. 
Their  names  were  Ps^olo  della  Pergola,  Demetrio  Bragadini,  and 
Antonio  Comaro,  the  last  of  whom  had  been  his  fellow-disciple. 

The  first  Italian  writer  on  the  science  of  Algebra  whose  treatise  was 
printed  in  Italy  was  Lucas  Paciolus,  or  Lucas  de  Burgo.  This  work 
was  published  in  1494,  with  the  title,  ''  L'Axte  Maggiore  ditta  dal  Yolgo 
la  Begola  de  la  Cobsl  over  Alghebra  e  Almucabala."  He  adopted  l£e 
name  of  "  VAarU  Maggiore  "  to  distinguish  it  from  the  sdence  of  num- 
ber, which  was  then  called  *^  L^Arte  MitweJ^    He  generally  employs 
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both  tbe  terms  Algebra  and  Almwdhala,  and  from  tlie  former  word 
devised  the  adjective  Algehraiieo,  He  informs  his  readers  that  the 
science  is  named  Algebra  tea  Almnedbala  in  the  Arabic  language,  and 
those  words  are  thus  explained  in  the  Boman  language :  "  Algebra, 
id  esty  reetauratio ;  Almueahalay  id  est,  oppoeitio  vel  eomparatio  et  soli- 
datio.^^  These  two  words  being  only  the  names  of  two  preliminary 
operations  in  the  preparation  of  equations  for  solution. 

The  words  Algebra  and  Algorism  were  introduced  at  the  same 
time  into  Europe,  and  the  latter  term  was  always  applied  to  treatises 
on  Arithmetic  with  the  Indian  figures.  Algorism,  or  Algorithm,  was 
corrupted  into  Augrym,  and  the  counters  which  were  used  in  calcula- 
tion were  called  ''  augrym  stones/'  as  may  be  read  in  Chaucer's 
Miller's  Tale. 

After  the  appearance  in  print  of  the  works  of  Lucas  de  Burgo  on 
arithmetic  and  algebra,  the  knowledge  of  these  sciences  in  the 
following  century,  not  only  in  Italy,  but  also  in  other  countries  of 
Europe,  engaged  the  attention  of  learned  men,  who  promoted  the 
advancement  of  them  and  introduced  numerous  improvements. 

It  appears  from  the  treatises  of  the  first  Italian  writers  on  Algebra 
that  they  did  not  understand  how  to  turn  the  extension  of  the  science 
of  arithmetic  to  the  purposes  for  which  it  has  subsequently  been  found 
most  useful.  The  application  of  the  different  methods  of  reckoning  in 
common  life  appeared  to  them,  as  a  contrast  with  algebra,  an  entirely 
theoretic  knowledge.  They  appear  to  have  held  ideas  as  inadequate 
as  their  teachers  of  the  real  meaning  of  the  word  ''  equation."  Neither 
they  nor  the  Arabians  knew  equality  to  be  any  other  than  two  or  more 
absolutely  positive  quantities,  and  the  Italians  follow  the  special  rules 
of  their  Arabian  teachers. 

As  it  has  been  very  aptly  described — ''  they  worked  with  an  instru- 
ment the  use  of  which  they  did  not  fully  comprehend,  and  employed  a 
language  which  expressed  more  than  they  were  prepared  to  under- 
stand ;  a  language,  under  the  notion  first  of  negative,  and  then  of 
imaginary  quantities,  seemed  to  involve  such  mysteries  as  the  accuracy 
of  mathematical  science  must  necessarily  refuse  to  admit." 

The  early  Italian  writers  on  Algebra  introduced  some  abbreviations 
of  the  terms  they  learned  from  their  Arabian  instructors.  They  em- 
ployed the  initial  letters  p  and  m  of  the  words  phu  and  minu9  to  denote 
a  positive  and  a  negative  quantity,  and  used  C  and  f  for  the  first 
and  second  unknown  quantities.  They  also  adopted  the  characters 
O,  Cf  C*,  to  denote  the  first,  second,  and  third  powers  respectively, 
and  denominated  the  biquadrate  and  the  higher  powers  as  relato 
primo,  secondo,  tertio,  &c.  They  assumed  jR,  the  initial  letter  of 
radix,  to  denote  the  square  root. 

It  appears  that  the  Italian  mathematicians  adopted  the  same 
dassifieation  of  cubic  equations  as  the  Arabic  writers ;  and  that  in  the 
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year  1505  Scipio  Ferreo,  Professor  of  Mathematics  at  Bononia,  dis- 
covered a  solution  of  one  of  these  classes,  which  bj  the  Arabic  writers 
was  termed  **  cube  and  things  equal  to  numbers/'  and  in  modern 
notation  would  be  expressed  by  a^+ax  =  h.  The  like  solution  was 
also  eflTected  by  Lewis  Ferrari.  Scipio  Ferreo  made  known  his  dis- 
covery to  Florido,  one  of  his  pupils,  who  challenged  Tartaglia  to  solve 
the  question.  Tartaglia  efiFected  the  solution,  and  in  turn  proposed  to 
FeiTOO  two  other  cases  of  cubic  equations,  the  solutions  of  which  he 
himself  had  previously  discovered. 

Jerome  Cardan  was  a  physician  at  Bononia,  and  read  public  lec- 
tures on  the  mathematical  sciences.  In  the  year  1539  he  published  a 
work  on  Algebra  in  the  Latin  language,  entitled  **  Ars  Magna,"  and 
in  1545,  to  this  work  he  published  an  addition  which  contained  the 
recent  discoveries  on  the  solution  of  cubic  equations,  all  of  which 
he  claimed  as  his  own,  except  two  cases  discovered  by  Lewis 
Ferrari. 

Cardan's  g^eat  work  begins  with  some  remarks  on  the  name  and 
terms  employed  in  the  science.  In  general  he  expresses  the  terms 
of  the  science  by  words  at  length,  designating  a  known  quantity  or 
number  by  the  word  numeruSf  the  first  power  of  the  unknown  quantity 
by  res,  the  second  power  by  quadratum,  the  third  by  cubum,  &c., 
employing  no  symbol  for  the  unknown  quantify.  He  uses  the  letters 
p  and  m  {orpins  and  minus,  and  H,  the  initial  letter  of  radix,  to  indi- 
cate the  square  root.  He  sometimes  uses  for  res  the  words  positio  and 
quaniitas  ignota. 

In  treating  of  squares  and  square  roots,  he  shows  that  all  square 
numbers  have  two  square  roots,  one  positive  {vera),  and  the  other 
negative  {Jicta),  He  adds  that  odd  powers  have  only  one  root,  vera 
or  positive,  but  none  Jicta  or  negative,  because  a  negative  number 
raised  to  an  odd  power  can  never  produce  a  positive  number.  In 
quadratic  equations  he  admits  both  positive  and  negative  {vera  et 
fieta)  roots,  whether  integral,  fractional,  or  surd,  but  does  not  allow 
such  quantities  as  involve  the  square  root  of  a  negative  quantity  to 
be  roots,  which  are  now  called  imaginary  or  impossible  roots. 

Also  he  considers  such  quadratic  equations  as  involve  the  fourth 
and  second  powers  of  the  unknown  quantity,  may  have  four,  two, 
or  no  routs  at  all :  as  :r*+ 12  =  Go;^  has  no  roots,  all  being  impossible ; 
^*-h3;z^  =  28  has  two  roots,  +2  and  —2,  the  other  two  being  im- 
possible; and  a?*+ 12  =  7iF*  has  four  roots,  -h2,  -2,  +>/3,  —  >/3. 

Among  the  numerous  improvements  of  the  science  contained  in  his 
works,  the  most  celebrated  is  the  method  of  solving  one  class  of  cubic, 
equations  which  incorrectly  bears  his  name.  He  has  amply  exempli- 
fied the  methods  of  dealing  with  all  the  forms  of  cubic  equations* 
He  remarks  that  the  equation  a^+Qx-20  has  only  one  root,  -|-2,  the. 
other  two  being  imaginary;  but  he  considers  ^'-hl6  =  12jr  has  two 
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roots,  +2  and  —4;  of  the  third  root,  +2,  being  the  same  as  the  first, 
he  takes  no  account.  The  equation  .r*  =  2jr+21  has  only  one  negative 
root,  the  other  two  being  impossible,  or  iuTolving  the  square  root  of 
a  negative  quantity.  In  this  manner  he  shows  how  a  cubic  equation 
may  have  one,  two,  or  three  roots,  according  to  the  form  of  the  equa- 
tion and  the  relation  of  the  coefficients. 

He  exhibits,  by  numerous  examples,  how  a  cubic  equation  can  have 
only  one  root,  positive  or  negative.  This  constitutes  the  special  case 
which  bears  the  name  of  Cardan's  rule  for  the  solution  of  a  cubic 
equation.  In  modem  language  Cardan's  rule  is  applicable  in  all 
cases  where  one  root  is  positive  or  negative,  and  the  other  two  roots 
imaginary  or  impossible.  And  it  has  been  since  discovered  that 
Cardan's  rule  is  also  applicable  when  two  roots  of  a  cubic  equation 
are  equal.  He  was  not  ignorant  of  the  difficulty  of  that  case  which 
has  been  called  the  irreducible  case  of  cubic  equations,  but  failed 
to  discover  the  solution. 

In  the  twenty-ninth  chapter  he  has  given  the  method  of  Lewis 
Ferrari  for  the  solution  of  biquadratic  equations,  and  has  illustrated 
the  method  by  numerous  examples.  And  in  general,  it  maybe  added, 
he  has  dealt  with  the  transformation  of  equations  and  the  nature  of 
their  roots,  whether  integral,  surd,  or  imaginary. 

Nicolas  Tartaglia  was  bom  at  Bref^eia,  a.d.  156o,  and  at  the  capture 
of  that  city  by  the  French  in  1512  he  was  wounded  and  left  for  dead. 
By  his  mother's  care  he  recovered  from  his  wounds,  but  from  the 
effect  of  a  wound  on  his  lips  he  stammered  so  much  that  he  was  nick- 
named Tartaglia,  from  the  Italian  word  which  signifies  that  fault. 
In  1534  he  settled  in  Venice  and  became  Professor  of  the  Mathematical 
Sciences,  an  office  which  he  retained  for  twenty-five  years. 

The  first  part  of  his  great  work,  entitled  *^  Trattato  di  Numeri  e 
Misure,"  was  published  at  Yenioe  in  1556,  and  the  second  part  in 
1560.  The  whole  work  consists  of  three  large  volumes.  The  first 
volume  contains  a  system  of  practical  and  mercantile  arithmetic ;  the 
other  two  volumes  treat  of  geometry,  mensuration,  speculative  arith- 
metic, and  algebra.  This  work  was  abridged  and  translated  into 
French  by  Guillaume  Gosselin  de  Caen  in  1578. 

Tartaglia  is  chiefly  celebrated  for  the  discovery  he  made  of  the 
solution  of  that  class  of  cubic  equations  which  is  commonly,  but  im- 
properly, attributed  to  Cardan.  He  communicated  his  discovery  to 
Cardan  under  the  promise  of  secrecy  with  an  path,  which  Cardfin  did 
not  keep,  but  published^  it  in  1545.     In  1546  Tartaglia  printed  at 

^  Tartaglia  wrote  to  Cardan  in  the  following  terms,  on  learning  the  latter  was 
about  to  publish  his  rules :  "  M.  Hieronime,  I  have  received  your  letter,  in  which 
yon  write  tliat  you  understand  the  rule  for  the  case  x^  »ax+h,  when  }6*  is  greater 
tlian  ^ja*  ;  but  when  f^"  exceeds  ^6',  you  cannot  resolve  the  equation,  and  there* 
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Venice  "Qaeaiti  e  Invenzioni  Diverse,"  and  dedicated  his  work  to 
Xing  Henry  VIII.  of  England.  TMs  work  contains  his  correspond- 
ence with  Cardan,  and  gives  the  history  of  the  discovery  of  his  rules 
for  the  solution  of  cubic  equations. 

John  Muller,  generally  called  Eegiomontanus,  Joannes  de  Begio 
Monte  (Konig^berg),  in  his  work  '^  De  Triangulis  Omnimodis  libri 
quinque/'  Norimberg,  1533,  writes,  in  reference  to  Cardinal  Nicolaus, 
of  Casa,  ''  Faucis  enim  admodum  artem  Algebrae,  sive  rei  et  census 
£atis  cognitam  scio." 

A  treatise  on  Algebra  was  composed  in  Latin  by  a  native  of  Spain, 
with  the  title  of  '*  Arithmeticee  Practicee  seu  Algorismi  Tractatus,  a 
Petro  Sanchez  Teruelo,  noviter  compilatus  explicatusque.  Impressus 
Parisiis  per  Thomam  Bees  in  Domo  Bubra  post  Carmelitas,  Anno 
Domini  1513." 

Another  treatise  was  published  in  1536  in  the  Spanish  language^ 
hearing  the  title  of  ''Tractado  subtilissimo  de  Arismetica  y  de 
Geometria;  compuesto  y  ordenado  por  el  Beverendo  Padre  fray 
Juan  de  Ortega,  de  la  Orden  de  los  predicadores." 

An  original  treatise  on  arithmetic  and  algebra  entitled,  **  Arithmetica 
Integra,"  was  first  put  forth  at  Nuremburg,  in  1544,  by  Michael  Stifel 
or  Stifelius,  with  an  Introduction^  by  Philip  Melancthon.    The  work  is 

fore  you  request  me  to  send  you  the  solution  of  tho  equation  x'  b>92;-|-10.  To  wliich 
I  reply  tliat  you  have  not  used  a  good  method  in  that  case,  and  that  your  whole 
process  is  entirely  false.  As  to  resolving  you  thef  equation  you  have  sent,  I  must 
say  that  1  am  very  sorry  that  1  have  already  given  you  so  much  as  I  have  done  ; 
for  I  have  been  informed  by  a  credible  person  that  you  are  about  to  publish  another 
algebraical  work,  and  that  you  have  been  boasting  through  Milan  of  having  dis- 
covered some  new  rules  in  algebra.  But  take  notice,  that  if  you  break  your  faith 
with  me,  I  shall  certainly  keep  my  word  with  you  j  nay,  I  even  assure  you  to  do 
more  than  I  promised." 

*  Philippus  Melancthon  Lectori,  S. : — 

"  Non  mihi  si  linguae  centum  sint,  oraque  centum,  enumerare  possem,  qnam  multis 
in  rebus  usus  sit  numeromm.  £t  ita  sunt  in  conspectu  atque  cbvias  utilitates  non 
«olum  numerorum,  sed  etiam  artis,  quce  longas  et  intricatas  rationes  mirabili 
dezteritate  subducit  et  explicat,  ut  ueminem  quamlibet  hebetem  esse  existimem, 
qui  non  et  numeros  miretur  et  de  arte  ipsa  pra'clare  sentiat.  Quare  si  prolizum 
encomium  de  his  utilitatibus  instituerim,  perinde  facerem,  ut  si  accenderem, 
<}uemadmodum  Grseci  dicunt,  if  rp  fittm/xfipit^  Koxviif.  Sed  hominis  studiosi  est 
intelligere,  quas  utilitates  proprie  afferat  Arithmetica  his,  qui  solidam  et  perfectam 
<iootrinam  in  cseteris  philosophin  partibus  explicant.  Quod  enim  vulgo  diount, 
principium  esse  dimidium  totius,  id  vel  maxime  in  philosophise  partibus  conspicitur. 
Unus.  est  aditus  ad  prestantissimam  philosophic  partem  de  motibus  coelestibus, 
cognitio  arithmetices.  Et  hsec  tantam  vim  habet,  ut  mediocriter  exercitatus  in 
Arithmetical  facile  caetera  perspiciat  et  assequatur.  Ita  plus  quam  dimidium  totius 
«ju8  philosophiie  tenet  is,  qui  mediocriter  cognovit  Arithmeticen.  Hanc  tantam 
titilitatem  preediti  generosis  naturis  diUgenter  considerent,  ut  et  exuscitent  animos 
9/Si  amorem  higus  artis,  et  pneparent  so  ad  percipiendas  csateras  artes.  Quid  quod 
moltum  etiam  in  physicis,  multum  in  historiis  uUmur  hac  sabtiliori  doctrina  da 
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divided  into  three  books.  The  first  book  treats  of  Arithmetic,  the 
second  expounds  the  tenth  book  of  Euclid's  Elements,  and  the  third 
consists  of  a  treatise  on  Algebra,  which  he  describes  by  the  words, 
"  De  numeris  cossicis."  ^  He  greatly  improved  and  extended  the  nota- 
tions then  in  use,  and  was  the  first  to  introduce  the  use  of  the  symbols 
+  and  — ,  plus  and  minuSf  to  indicate  the  operations  of  addition  and 
subtraction.^  These  symbols  do  not  appear  to  have  been  so  employed 
by  any  writer  before  him.  In  the  multiplication  and  division  of  two 
quantities  be  shows  that  like  signs  give  +  for  the  product  and  the 

numeris.  Denique  tarpe  est  homini  versanti  in  Uteris,  negligere  hanc  artem,  que 
est  fons  et  inchoatio  ratiocinatiouis  unircrsse,  quae  piimiun  disceniit  unum  et  multa, 
eaque  distribuit,  qua  luce  proprie  homines  distant  a  pecudibus.  Ideo  boni  et  docti 
viri  summa  vi  anniti  debent,  ut  in  scholas  revocent  hanc  doctrinam,  ut  postquam 
ezplosa  est  ilia  dilata  et  loquax  Sophistice,  quas  opprcssemt  Dialecticam  et  Physicen, 
nunc  veteris  et  purioris  philosophise  studia  itcrum  acceudantar.  Hsec  diligentia 
multis  modis  profutura  est  Reipublicsa,  nam  simplici  et  pura  doctrina  adsuefact^ 
mentes  rectius  judicant,  quserunt  ccrta  in  doctrinis,  non  tenent  morilcns  incerta. 
Magnum  et  hoc  bonum  est,  quod  haeii  ipsa  cousuecndo  adfert  amorem  veritatis,  qui 
bonos  viros  efiicit,  et  diligenter  adsiiefacit  animos  ad  moderationcm  etiam  in  reliqua 
vita.  Quid  est  autem  rebus  hunianis  magis  saliitare,  quam  eos  qui  propter  doctrinam 
reipublicae  prsBficiuntur,  et  veritatis  amautcs  esse,  et  moderatos !  Ita  bene  et 
prteclare  merebuntur  schols  de  genere  humano,  si  veram,  utilem,  puram  doctrinani 
proponent  juventuti,  eamquc  simul  ad  veritatis  amorem  et  ad  diligentiam  ac  mode- 
nitionem  in  vita  instituant.  Proinde  laudandus  est  conatus  multorum,  qui  hoc 
tempore  aut  Vetera  scripta  edunt  atque  illustrant  de  his  disciplinis  quas  fontes- 
philosophise  continent,  aut  cudunt  nova.  Hoc  consilio  hoc  Arithmeticum  scriptum 
Michaelis  Stifelii  studiosae  juventuti  commendandum  esse  duxi,  quod  cum  ad 
exercitationem  proderit,  tum  vero  ad  causas  pnBceptionum  quaerendaa  plurimum 
lucis  afferet.     Bene  vale,  Yuitebergie  Calendis  Januarii,  1543." 

^  It  is  a  singular  circumstance  that  the  Italian  name,  "Arte  della  C08a,"wa8 
again  (not  by  Italian  writers)  turned  into  the  Latin  form  of  "  Ars  Cossica  "  and  "  Ars 
cosffi  or  cossse,'*  as  Gemma  Frisius  writes  "per  llegulnm  cosse  sive  Algebrse  ;"  and 
even  in  more  recent  times  may  be  read  on  the  title-page  of  a  work  published  at 
Frankfort  in  1813,  the  words,  *' Ars  cosae  promota,"  and  on  the  title-page  of  another 
publislied  at  Stutgard  in  1815,  "de  functionibus  cosse  rcsolventibus  tractatio." 

*  In  the  eleventh  volume  of  the  Cambridge  Philosophical  Transactions  there  is  an 
article  by  the  late  Professor  De  Morgan  on  the  early  history  of  the  signs  -f  and  — » 
He  describes  a  work  on  Arithmetic  by  John  Widman,  of  Kger,  printed  at  Leipeic  in 
1489,  which  contains  the  earliest  instances  known  of  the  employment  of  these  signs. 
The  Professor  remarks :  "I  observe  that  the  invention  of  signs  of  operation  did  not 
suggest  itself  to  the  arithmeticians  of  the  time.  It  will  be  said  that  -f  and  ^  are- 
herd  to  dispute  my  assertion.  Put  these  out  of  sight  for  a  moment ;  the  question 
I  shall  raise  being,  whether  +  and  —  did  not  come  to  the  arithmetician  from  th^ 
vxireJiQuae,  There  is  another  case  which  shows  us  that  the  arithmetician's  own^ 
directive  symbols  never  became  signs  of  operatiofit  though  in  almost  universal  use' 
for  a  century." 

And  he  further  remarks :  "  We  know  that  the  inventors  of  our  symbols  attached^ 
very  little  importance  to  them ;  and  would  have  stared  with  wonder  if  they  had 
been  told  that  these  trumpery  tricks  of  abbreviation  would  one  day  have  a  philosopher 
of  their  own,  and  would  make  inquirers  curious  about  their  origin." 
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quotient,  and  unlike  signs  — .     He  employs  the  character  ^/  bit  r, 
the  initial  letter  of  radix^  to  denote  the  square  root. 

He  uses  no  symbol  to  denote  the  equality  of  two  expressions,  but 
employs  the  word  equaius  to  connect  them.  He  assumes  certain 
characters  to  denote  unknown  quantities,  which  he  explains  by  the 
words,  ''  Est  enim  numerus  coseicus  nihil  aliud  quam  numerus  signo 
cossico  denominatus."  The  symbol  for  the  first  cossic  number  he  calls 
radix.  He  also  employs  the  letters  A,  B^  &c.,  in  the  same  manner  for 
different  unknown  quantities.  Several  of  his  problems  are  illustrated 
by  the  properties  of  geometrical  diagrams.  He  explains  a  method  of 
extracting  the  square  root  of  a  binomial  when  one  of  its  terms  is  a 
quadratic  surd,  and  makes  reference  to  the  fourth  proposition  of  the 
second  book  of  Euclid's  Elements. 

In  treating  of  quadratic  equations,  he  points  out  when  the  index 
of  the  unknown  quantity  in  one  term  is  double  of  that  in  the  other^ 
the  equation  can  be  reduced  by  means  of  the  rule  for  quadratic  equa- 
tions. His  work  does  not  contain  any  reference  to  cubic  equations, 
probably  on  account  of  that  subject  having  been  treated  by  Cardan, 
and  other  writers  of  the  time. 

He  denotes  the  powers  of  quantities  by  the  initial  letters  of  their 
names,  and  shows  that  they  form  a  geometrical  progression  beginning 
with  unity;  and  that  the  series  of  the  natural  numbers  (which  he 
names  exponents),  beginning  with  zero,  will  indicate  in  order  the 
successive  powers  of  quantities.  He  also  remarks,  that  when  the 
geometrical  progression  is  continued  in  a  decreasing  series  less  than 
unity,  the  exponents  of  the  powers  will,  after  0,  become  negative 
numbers,  and  be  still  the  true  exponents  of  the  powers  which  are 
less  than  unity. 

He  exemplifies  in  the  following  two  series  the  relation  between  the 
order  of  the  natural  numbers  and  the  corresponding  terms  of  any 
series  of  numbers  in  geometrical  progression,  and  the  consequences 
arising  from  that  relation : 

-3-2-10123       4       5       6 
\        \        ^     1     2     4     8     16     32     64. 
And  remarks,  whatever  series  of  numbers  a  geometrical  progression  producer 
by  multiplication  and  division,  a  similar  arithmetical  progression  makes 
by  addition  and  subtraction. 

It  may  be  noted  that  the  arithmetical  progression  is  formed  by  the 
addition  of  unity  to,  and  subtraction  from,  the  natural  numbers.  The 
following  are  his  first  three  examples : — 

Ab  -^  multiplied  into  64  produces  8,  so  —  3  added  to  6  produces  3. 
But  —  3  is  the  exponent  of  ^,  as  6  is  the  exponent  of  64.  Then  3  is 
the  exponent  of  the  number  8. 

Next,  64  divided  by  \  gives  the  quotient  512,  so  —3  subtracted 
from  6  leaves  9.     Thus  9  is  the  exponent  of  the  number  512. 
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Thirdly,  -1^  divided  by  64  gives  y^^  for  the  quotient,  and  6  sub- 
tracted fix)m  —  3  leaves  ^  9 ;  then  —  9  is  the  exponent  of  the  fraction. 

These  relations  between  corresponding  powers  and  their  exponents 
constitute  the  fundamental  principle  of  the  sjstem  which  in  the  next 
century  perfected  the  powers  of  numerical  calculation  by  its  combina- 
tion with  the  descending  scale  of  the  denary  notation. 

It  may  here  be  remarked  that  the  conventions  introduced  by 
Stlfelius^  surpass  those  of  his  predecessors  and  contemporaries,  and  led 
the  way  to  further  extensions  in  the  symbolical  language  of  the  mathe- 
matical sciences.  Improvements  in  notation,  however  simple,  are  of 
the  highest  importance  in  the  history  of  mathematical  science.  Only 
those  who  know  its  history  can  appreciate  how  much  has  been  achieved 
by  the  improvement  of  symbolical  language.  The  notation  of  numbers 
gained  its  great  power  by  the  simple  expedient  of  a  character  which 
could  occupy  any  place  in  the  scale,  but  have  no  significant  value  by 
itself.  The  simple  device  of  employing  the  last  letters  of  the  alphabet 
to  denote  the  objects  of  search  before  they  were  determined,  and  the 
£rst  letters  of  the  alphabet  to  designate  such  as  were  known,  effectively 
distinguished  the' data  from  the  quoesita  in  every  problem  in  which 
these  notations  are  employed.  And  further,  numbers,  both  abstract 
and  concrete,  known  or  unknown,  can  be  denoted  by  symbols  of 
general  number,  so  as  to  express  any  definite  operation  performed 
with  indefinite  numbers. 

Mr.  Babbage'  has  judiciously  remarked  on  this  subject: — ''The 
invention  of  what  we  may  call  primary  or  fundamental  notation  has 
been  but  little  indebted  to  analogy,  evidently  owing  to  the  small 
extent  of  ideas  in  which  comparison  can  be  made  useful.  But  at  the 
eame  time  analogy  should  be  attended  to,  were  it  for  no  other  reason 
than  that,  by  making  the  invention  of  notation  an  art,  the  exertion  of 
individual  caprice  ceases  to  be  allowable.  Nothing  is  more  easy  than 
the  invention  of  notation,  and  nothing  of  worse  example  and  conse- 
quence than  the  concision  of  mathematical  expressions  by  unknown 


^  The  following  are  the  words  in  wMch  Michael  Stifelias  concludes  his  excellent 
work  on  the  second  page  of  fol.  805  : — 

*'  Existimo  eigo  me  per  ista  omnia  satis  demonstrasse,  qnam  solida  sit  ratio  mea» 
qna  pro  octo  regolis  Algebrs  nnam  posuerim  simplicem  atqae  facilem. 

'*  Tu  antem  Domine  Jesu  Ghriste,  Fili  Dei  vivi,  Beus  noster,  mortaorom  Resos- 
citator,  et  Judex  fUtori  saecoli,  largire  nobis  sapplicibos  tuis,  nt  hse  spine  noi» 
suffocent  in  nobis  scientiam  Tui,  sed  Te  toto  affectu  dihgamos,  quod  dolores  nostros 
tuleris,  et  langnores  nostros  portaveria,  propter  iniqoitates  nostx^  yulneratus  sis,  et 
attritus  sis  propter  scelera  nostra.  Nunc  disciplina  pacis  nostne  super  te,  quod 
livore  tno  sanati  sumus.  Sit  igitnr  vilis  omuls  scientia,  hnic  divine  8cienti»  tuie 
comparata,  et  favor  hominum  nausea  sit,  ad  divinam  benefioeutiam  tapm  compaia^us* 
Amen.*' 

3  Encyclop.  Metropol.,  ii.,  p.  338. 
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symbolfi.  If  new  notation  be  advisable,  either  permanently  or  tem- 
porarily, it  should  carry  with,  it  some  mark  of  distinction  from  that 
which  is  already  in  use,  unless  it  be  a  demonstrable  extension  of  the 
latter." 

John  Scheubel,  or  Scheubelius,  Professor  of  Mathematics  at  the 
Uniyersity  of  Tubingen,  printed  a  treatise  at  Paris,  in  1552,  entitled, 
"  AlgebrsB  Compendiosa  facilisque  descriptio,  qua  depromuntur  magna 
Arithmetices  miracula."  He  has  chiefly  followed  Stifel  in  the  method 
of  his  work.  In  his  chapter  on  surds  he  observes  that  the  different 
kinds  of  binomial  surds  may  be  referred  to  the  irrational  lines  treated 
of  in  the  tenth  book  of  Euclid's  Elements.  He  gives  the  same  rule 
as  Stifel  for  extracting  the  square  root  of  a  binomial  surd  when  the 
process  is  possible,  and  illustrates  his  rule  by  numerous  examples. 

Hobert  Becorde,  M.D.,  composed  the  fli'st  treatise  on  Algebra 
which  was  published  in  the  English  language. 

The  first  part  of  his  treatise  was  entitled,  **  The  Grounde  of  Arts, 
teaching  the  perfect  worke  and  practice  of  Arithmeticke,  both  in  whole 
numbers  and  fractions."  This  work  was  first  printed  in  1552,  and 
it  passed  through  many  editions. 

The  second  part  of  his  treatise  was  entitled,  "  The  Whetstone  of 
Witte,'  containing  the  extraction  of  rootes,  the  Cossike  practice  with 
the  rules  of  equation ;  and  the  workes  of  surde  nombers." 

This  work  is  drawn  up  in  the  form  of  a  dialogue  between  the 
teacher  and  the  learner,  and  was  first  published  at  London  in  1557. 

It  treats  of  the  properties  of  numbers  and  the  extraction  of  the 
square  and  cube  roots  of  numbers,  and  of  the  roots  of  compound 
a%ebraical  expressions.  It  treats  of  algebra,  or  cossic  numbers,  as  he 
calls  them,  aud  employs  the  notations  of  Stifelius,  and  gives  a  full 
account  of  the  arithmetic  of  surd  numbers.  The  terms  binomial  and 
residual  were  first  employed  by  him.  His  work  also  contains  rules 
for  the  solution  of  simple  and  quadratic  equations,  with  numerous 
examples.  In  this  work  Hobert  Becorde  first  introduced  the  sign  of 
equality.  '*  In  the  rule  of  equation,"  he  quaintly  remarks,  **  and  to 
avoide  the  tediouse  repetition  of  these  wordes — *is  equal  to' — I  will 
set,  as  I  doe  often  in  worke  use,  a  paire  of  paralleles,  or  gemowe  lines 
of  one  length,  thus  = ,  bicause  noe  two  thinges  can  be  more  equalle." 
Napier  adopted  this  sign,  and  defined  it  in  these  words :  '^  Betwixt  the 
parts  of  an  equation  that  are  equal  to  each  other,  a  double  line  is 
interposed,  which  is  the  sign  of  equation."  But  Mr.  Babbage,  in  one 
of  his  papers  on  notation,  observes:  ''It  is  a  curious  circumstance, 


^  The  late  Professor  Do  Moigan  has  remarked  :  "  It  is  rarely  remembered  that 
the  old  name  of  Algebra,  <  The  Cossic  Art '  (from  com,  thing),  gave  the  first  English 
wofk  OB  Algebra  its  panning  title,  'The  ^Ybet8tone  of  Witte,'  *Cos  Ingenii,'  by 
sabstitnting  the  Latin  word  co§  for  the  Italian  ward  casaJ" 
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that  the  symbol  which  now  represents  equality  was  first  used  to 
denote  subtraction,  in  which  sense  it  was  applied  by  Albert  Girard, 
and  that  a  word  signifying  equality  was  always  used  instead  until  tlie 
time  of  Harriot."  This  sentence  overlooks  the  claim  of  Kobert  Recorde. 

In  the  year  1558  was  published  at  Paris  a  work  by  Jacques  Pelletier, 
entitled)  '*  De  Occulta  parte  numerorum  quam  Algebram  Yocant,  libri 
duo."  This  book  contains  several  useful  improvements,  among  which 
may  be  noted,  that  he  showed  that  any  rational  root  of  an  equation  is 
one  of  the  factors  of  the  last  term,  when  the  equation  is  arranged 
according  to  the  descending  powers  of  the  unknown  quantity.  He 
explained  the  method  of  reducing  binomial  and  trinomial  surds  to 
their  most  simple  forms,  and  exhibited  some  curious  properties  of 
square  and  cube  numbers.  He  has  remarked,  ''that  the  sum  of  any 
number  of  the  cubes  taken  from  the  beginning,  always  makes  a  square 
number,  the  root  of  which  is  the  sum  of  the  roots  of  the  cubes." 

Oronteus  Fineus  was  the  predecessor  of  Peter  Hamus  as  Professor 
of  Mathematics  at  Paris.  He  composed  a  work,  ''De  Arithmetica 
Practica,"  in  four  books ;  a  second  edition  of  which  was  published  in 
1555.  The  geometry  was  translated  by  William  Bedwell  into  Eng- 
lish, and  published  in  a  quarto  volume  at  London,  1G36. 

Peter  Bamus  was  born  in  the  year  1515,  and  became  one  of  the  most 
distinguished  scholars  of  his  age.  He  was  brought  up  a  Eoman 
Catholic,  but  the  idolatry  and  superstition  of  the  Eomish  Church 
induced  him  to  unite  himself  with  the  Befoi'med  Church  in  France, 
and  he  became  afterwards  a  constant  object  of  persecution,  especially 
by  the  doctors  of  the  Sorbonno.  He  was  obliged  to  take  refuge  in 
Germany  during  the  persecution  of  the  Protestants  in  France,  and  on 
his  return  to  Paris,  being  a  Protestant,  he  ended  his  life  as  one  of  the 
victims  at  the  massacre  of  St.  Bartholomew  in  1572.  Ramus  is 
reported  to  have  concealed  himself  in  a  granary;  but  when  dis- 
covered, he  was  dragged  out  by  some  doctoi-s,  who  took  his  money 
from  him  with  the  pretence  of  saving  his  life.  Having  secured  this, 
they  gave  him  over  to  the  assassins,  who,  after  cutting  his  throat  and 
mangling  his  body,  flung  it  out  of  a  window,  and  his  bowels  gushed 
out  in  the  fall.  Some  scholars,  encouraged  by  their  masters,  dragged 
his  mutilated  corpse  in  a  most  ignominious  manner  through  the 
streets,  and  threw  it  into  the  Seine. 

Peter  Kamus  was  a  man  of  extensive  learning  and  an  able  orator. 
He  wrote  on  grammar,  rhetoric,  and  logic ;  but  his  chief  works  are 
his  writingps  on  mathematics.  The  first  edition  of  his  Arithmetic 
appeared  as  a  quarto  volume,  with  the  title,  "  P.  Eami  Eloquentise  et 
Philosophise  Professoris  Begii,  ArithmeticiB  Libri  tres.  Parisiis 
Anno  Salutis,  1555.     Cum  privilegio  Begis."  ^ 

^  In  p.  107  of  the  first  edition  of  his  Arithmetic  is  given  the  following  example 
of  the  cube  root  :—**  Si  propositus  nomems  cnbns  non  est,  nullum  est  venun  latus  i 
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In  the  year  1569  appeared  "  P.  Eami  Scholanim  Matliematicarum, 
libri  nnus  et  triginta,"  and  in  the  same  year  his  "  Arithmeticae  libri 
duo :  GeometriiB  septem  et  vigintiy"  and  another  edition  was  pub- 
lished in  the  year  1580.  In  his  method  of  extracting  the  square  root 
and  the  cube  root  of  numbers  which  are  not  perfect  square  and  cubic 
numbers,  he  directed  to  annex  periods  of  ciphers  to  the  given  number 
whose  root  was  required,  two  in  each  period  for  the  square  root,  and 
three  in  each  for  the  cube  root.  The  extraction  can  then  be  continued 
and  an  approximation  to  the  true  value  of  the  root  determined  to  any 
degree  of  accuracy  required. 

Pedro  Nunez,  or  Nonius,  was  an  eminent  physician,  and  Professor 
of  Mathematics  in  the  University  of  Coimbra,  in  Portugal.  His 
chief  work  was  a  treatise  on  Algebra,  which  he  composed  in  Portu- 
guese, but  afterwards  translated  into  the  Castilian  language.  It  was 
published  at  Lisbon  in  1564,  with  the  title,  '*  Libro  de  Algebra  y 
Arithmetica  y  Geometrica." 

A  treatise  in  Italian  on  Arithmetic  was  published  under  the  title  of 
^'Le  Pratische  delle  due  Prime  Mathematiche  di  Pietro  Cataneo 
Sienese.    In  Venetia,  1567." 

Baphael  Bombelli,  of  Bologna,  published  in  the  Italian  language 
a  treatise  on  Algebra  in  1579,  the  dedication  of  which,  however,  bears 
the  date  of  1572.  His  work  contains  some  notices  of  the  history  of 
the  science,  and  he  follows  the  methods  of  preceding  writers.     In  his 


ciibi  tamen  in  eo  mazimi  verum  latus  erai  potest :  ut  in  17616,  cubna  coiitinetur 
17576,  et  latus  ejos  est  26,  et  supersunt  40. 

"  Si  voles  tamen  totius  numeri  17616  exquirere  latus  vero  propinquum,  poteris  per 
datas  partes,  ut  in  quadratis  :  prima  multiplicatlo  sit  nominia  et  cubica :  seconda 
sit  product!  per  propositum:  nam  latus  secundi  product!,  numerator,  etiam  erit 
datamm  partinm,  ut  numerus  17616,  pneter  cubum  17576,  habet  40,  qus  latere  26 
Ktexto  relinquuntur.  Si  qnseras  igitur  de  toto  numero  17616,  quot  centesimas 
habeat  ejus  latus  prseter  26  Integra,  multiplica  100  in  se  cubice,  fient  1000000 :  qwo 
multiplicata  17616,  fient  17616000000,  quorum  latus  cubicum  est  2601  pro  numera- 
tore  datarnm  centesimarum,  sic  ^W*  ®^  supersunt  19712199,  quss  ne  centeslmam 
quidem  integri  faciunt,  ideoque  despiciantur." 

This  passage  of  Ramus  is  found  in  the  work  of  L.  Schonems,  "De  Numeris 
Qeometricia,"  which  was  translated  into  English  by  T.  Bedwell  in  1614.  In  p.  70 
it  may  be  read  in  these  words: — "As,  for  example,  the  same  number  17616,  re- 
duced  onto   one    hundred   cubicall   parts,    that   is   unto   1,000,000,    do   make 

17,616,000,000,  for  the  numerator.    The  parts  then  are  thus  ^^^=^^.    Now  the 

aide  of  the  numerator  is  2,601,  for  the  numerator  of  the  one  hundred  parts  given 
(for  the  former  denominator  being  made  by  the  multiplication  of  100,  by  itself 
cubically ;  the  roote  or  side  of  it  must  needs  be  100,  for  the  denominator  of  the  parts 
•ought).  Therefore  the  parts  desired  are  ^^  that  is,  by  reduction,  26^^,  and 
besides  that,  there  do  remaine  19,712,199,  which  cannot  adde  so  much  as  ^  part 
unto  the  tide  found;  because  that  the  difference  of  this  cubicke  from  the  next 
greater  above  it,  is  greater  than  this  remaine:  and  therefore  that  remaine  is 
n^lected  as  not  of  any  moment" 
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treatment  of  quadratic  equations  lie  admits  only  positive  roots,  and  on 
equations  of  the  form  iuc^+esshx,  he  remarks  that  the  nature  of  the 
question  will  determine  which  of  the  two  roots  is  the  root  required. 

In  cubic  equations  he  follows  the  methods  of  Cardan.  One  of  the 
most  important  improvements  consists  in  his  method  of  finding  the 
cube  roots  of  binomial  surds  which  involve  imaginary  quantities.  He 
shows  that  the  cube  root  of  2  +  \/(— 121)  is  2  +  >/(  —  1).  He  also  shows 
that  an  angle  can  be  trisected  by  means  of  the  solution  of  a  cubic 
equation.  In  the  discussion  of  equations  of  the  fourth  degree  he 
follows  the  methods  of  Lewis  Ferrari. 

Gosselin's  work  on  this  science,  published  in  1577,  bears  the  title 
of  **  De  Arte  Magna  seu  de  Occulta  parte  numerorum  quse  et  Algebra 
et  Almucabala  vulgo  dicitur."  This  work  will  be  found  among  the 
latest  in  which  the  word  Almucabala  is  employed  in  the  name  of  the 
science. 

Francis  Vieta  was  bom  in  the  year  1540  at  Fontenai,  and  died  in 
1603.  He  became  an  eminent  mathematician,  and  his  writings 
exhibit  numerous  improvements,  especially  in  Algebra,  which  ho 
designated  by  the  title  of  "Arithmetica  Speciosa,"  as  distinguished 
from  ordinary  arithmetic,  which  he  named  *' Arithmetica  Numerosa.'^ 
He  published  his  treatise  on  Trigonometry  at  Paris  in  1579,  in  which 
he  showed  that  if  the  diameter  of  a  circle  be  10000 ,  the  peri- 
meters of  the  inscribed  and  circumscribed  polygons  of  393216  sides  are 

31415926535  ....  and  31415926537 respectively,  and  that 

therefore  the  measure  of  the  circumference  of  the  circles  lies  between 
these  two  numbers. 

The  mathematical  works  of  Vieta  were  collected  by  Francis 
Schooten,  and  published  in  a  folio  volume  at  Leyden  in  1646.  His 
works  on  different  branches  of  the  mathematical  sciences  are  divided 
into  fifteen  parts,  of  which  the  first  ^re  are  devoted  to  subjects  of 
Algebra.  He  introduced  various  improvements  into  the  science,  both 
in  its  language  and  notation.  He  first  used  the  words  affirmative  and 
iMgaUve^  pure  and  adfeeUd,  and  the  term  coefficient  Letters  had  been 
used  by  other  writers  before  the  time  of  Vieta  to  denote  unknown, 
quantities,  but  he  employed  capital  letters,  the  vowek  to  denote 
unknown,  and  the  consonants  known  quantities.  He  connected  by  the 
symbols  -f  or  —  the  quantities  which  were  to  be  added  or  subtracted,, 
always  placing  the  greater  before  the  loss ;  and  when  it  was  not  known 
which  was  the  greater,  he  placed  the  symbol  =  between  them  to 
denote  their  difference.  He  had  no  symbol  to  denote  multiplication, 
but  expressed  the  operation  in  words ;  and  the  successive  powers  of  a 
binomial  he  expressed  partly  by  symbols,  and  partly  by  words  at 
length.^    He  denoted  division  by  placing  the  dividend  above  the 

^  The  following  exhibits  his  method  of  forming  the  0econd,  third,  fourth,  and 
fifth  powers  of  a  binomial : — 
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divisor,  like  the  numerator  and  denominator  of  a  fraction. '  He  used 
no  sign  for  equality.  The  third  part  of  his  work  consists  of  five 
books  of  questions,  chiefly  taken  from  the  Arithmetics  of  Diophantus. 
In  them  he  gives  rules  for  the  solution  of  quadratic  and  cubic  equa- 
tions. And  here  for  the  first  time  is  employed  a  line  drawn  over 
two  or  more  letters  connected  by  the  symbols  +  or  — ,  to  indicate 
that  the  aggregate  of  the  terms  is  to  be  considered  as  one  quantity 
with  respect  to  any  operations  to  which  it  may  be  subject  with  other 
quantities. 

Yieta  also  made  various  other  improvements  in  equations.  He 
showed  how  to  construct  cubic  and  biquadratic  equations  from  quad- 
ratics. He  pointed  out  the  relation  between  the  roots  and  the  coefB.- 
cients  of  the  terms  of  a  complete  equation,  when  the  terms  were 
alternately  positive  and  negative,  or  all  the  roots  positive ;  and  showed 
how  to.  increase  or  diminish  the  roots  of  given  equations  without 
knowing  the  talues  of  the  roots  themselves.  He  also  exhibited  the 
roots  of  equations  by  means  of  angular  sections.  In  his  various 
improvements  he  does  not  appear  to  have  appreciated  the  ideas  of 
Cardan  respecting  negative  roots,  nor  the  important  principle  of 
exponents  by  which  integers  were  employed  to  denote  the  powers, 
and  fractions  the  roots  of  quantities. 

Si  fuerint  duo  latera,  quadratum  lateris  primi,  plus  piano  a  duplo  latere  primo 
in  latus  aecnndi,  plus  quadrato  lateris  secundi,  cequntur  quadrato  adgregati  laterum. 

Sit  latus  unum  A,  alterum  B ;  Dico  A  quadratum  -^A  in  i?  2,  -\-B  quadrato, 
;equari  A-\-B  quadrato.     Ex  opere  multiplicationis  A  -^B  by  A+B, 

Si  fuerint  duo  latera  :  cubus  lateris  primi,  plus  solido  a  quadrato  lateris  primi 
in  latus  secundum  triplum,  plus  solido  a  latere  primo  in  lateris  secundi  quadratum 
triplum,  plus  cubo  lateris  secundi,  tequatur  cubo  adgregati  laterum. 

Sit  latus  unum  A,  alterum  B;  Dico  A  cubum,  -}-A  quadrato  in  B  3,  -^A  in  B 
quadratum  3,  -{-B  cubo,  aequari  A-\-B  cubo.  Ex  opere  multiplicationis  A  quadrati 
-{•A  in  52,  +-B  quadrato,  per  A-^-B. 

Si  fuerint  duo  latera  :  quadrato-quadratum  lateris  primi,  plus  cubo  lateris  primi 
in  latus  secundum  quadruplum,  plus  quadrato  lateris  primi  in  lateris  secundi 
quadratum  sextuplum,  plus  latere  primo  in  lateris  secundi  cubum  quadruplum,  plus 
quadrato-quadrato  lateris  secundi,  sequatur  quadrato  quadrato  adgregati  laterum. 

Sit  latus  unum  A,  alterum  B:  Dico  A  quad.-qundratum,  '{-A  cubo  in  B  4, 
•\-A  quadrato  in  B  quadratum  6,  -{-A  in  B  cubum  4,  -(-5  quad. -quadrato,  a^quari 
A'\-B  quad. -quadrato.  Ex  opere  muUiplicationis  A  cubi,  -\-A  quadrato  in  BS, 
-^A  in  B  quadratum  3,  -\-B  cubo,  \^t  A-\-B. 

Si  fuerint  duo  latero :  Quadrato-cubus  lateris  primi,  plus  quadrato-quadrato 
lateris  primi  in  latus  secundum  quintuplum,  plus  cubo  lateris  primi  in  lateris 
secundi  quadratum  decuplum,  plus  quadrato  lateris  primi  in  lateris  secundi  cubum 
decnplum,  plus  latere  primo  in  lateris  secundi  quadrato-quadratum  quintuplum,  plus 
lateris  secundi  quadrato-cubo,  sequatnr  quadrato-cubo  adgregati  laterum. 

Sit  latus  unum  A,  alterum  B:  Dico  A  qnadrato-cubum,  +^  quad. -quadrato  in 
^5,  -{-A  cubo  in  B  quadratum  10,  -f  ^  quadrate  in  B  cubum  10,  -^-A  in  B  quad.* 
quadratum  5,  •\-B  quadnto-cubo,  aquari  A-^-B  quadrato  cubo.  £x  opere  multipli- 
cationis A  quadrato-quadrati,  '\-A  cubo  in  54,  -\-A  quad,  in  B  quadratum  6, 
-^-A  in  B  cubum  4,  -\-B  quadrato-quadrato,  per  A-\-B, 
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Christopher  Clavius  was  the  first  German  who  composed  a  treatise 
T)n  numbers.  His  Epitome  Arithmeticse  Practicse  was  written  in 
Latin,  and  published  at  Borne  in  1583. 

Simon  Stevin,  of  Bruges,  first  published  his  work  on  Arithmetic 
and  Algebra  in  Flemish.  It  was  afterwards  translated  into  French 
and  published  in  1584.  Tlie  whole  works  of  Stevin  were  some  time 
after  collected  and  edited  by  Albert  Girard,  and  were  published  in 
French  at  Lejden  in  1634,  the  year  after  his  death.  They  constitute 
a  large  folio  volume,  and  include  a  translation  in  French  of  the 
Arithmetics  of  Diophantus,  with  the  solutions  exhibited  in  the  new 
notation  Stevin  had  devised.  Several  improvements  of  importance 
are  exhibited  in  this  work.  He  employed  the  signs  +  and  —  as  his 
predecessors,  but  used  a  colon  to  denote  equality,  and  placed  the  sign 
X  between  two  fractions  when  the  first  was  to  be  divided  by  the 
second,  as  |  x ^ :  \'l,  denoted  that  §  divided  by  f  is  equal  to  jf  (p.  23, 
fol.  ed.). 

He  extended  the  meaning  of  coefficients  to  include  fractions,  surd 
nimibers,  and  imaginary  quantities.  In  approximating  to  the  square 
root  and  the  cube  root  of  numbers  which  are  not  complete  powers,  he 
either  continued  the  extraction  by  annexing  periods  of  ciphers  for 
obtaining  any  required  number  of  decimals ;  or  he  employed  a  method 
of  approximation  in  which  he  used  the  nearest  exact  root  of  the  given 
number  whose  root  was  required.  He  gave  new  names  to  the  suc- 
cessive powers  of  quantities,  not  using  the  terms  borrowed  from 
geometry,  square  and  cube,  and  expressions  compounded  of  these  words, 
but  simply  using  the  natural  numbers  in  order,  1,  2,  3,  &c.,  and 
calling  them  the  first,  second,  third,  &c.,  powers. 

He  devised  a  new  notation  both  for  the  unknown  quantity  and  its 
successive  powers,  by  writing  the  numbers  1,  2,  3,  &c.,  in  small 
circles  to  denote  the  first,  second,  third,  &c.,  powers  of  the  unknown 
quantity  in  equations:  and  unity  he  denoted  by  zero  in  the  small 
circle.  He  also  extended  the  use  of  exponents,  and  employed  the 
fractions  ^»  i»  ^»  ^.|  placed  in  small  circles,  to  denote  the  square  root, 
the  cube  root,  the  biquadrate  root,  &c.,  of  the  unknown  quantity. 

This  extension  of  exponents  to  denote  successive  roots,  is  perfectiy 
consistent  with  the  assumption  of  the  integers  1,  2,  3,  4,  &C.9  to  denote 
successive  powers,  as  it  is  obvious  that  whatever  operation  might  be 
assumed  to  be  denoted  by  2  or  f ,  the  inverse  operation  could  be,  by  a 
consistent  analogy,  properly  denoted  by  ^. 

He  also  showed  how  to  form  the  successive  terms  of  the  powers  of 
an  expanded  binomial  by  arranging  in  order  under  each  other  the 
coefficients  (omitting  the  fiirst  and  last,  which  are  always  unity)  of  the 
second,  third,  fourth,  &c.,  powers. 

In  the  year  1629,  Albert  Girard,  an  eminent  Flemish  mathe- 
matician, printed  at  Amsterdam  a  treatise  with  the  title  of  "In- 
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rention  Nouvelle  en  I'Algebre,  tant  pour  la  Bolution  des  equations, 
que  pour  recognoistre  le  nombre  des  solutions  qu'elles  reqoiyent, 
ayec  plusieurs  cboses  qui  sont  necessaires  a  la  perfection  de  ceste- 
divine  science."  In  tbis  treatise  be  followed,  in  general,  tbe  no- 
tations and  metbods  of  bis  predecessorsi  and  employed  several  new 
symbols,  most  of  wbicb  bave  not  been  admitted  into  tbe  science. 
He  first  employed  a  parenthesis  to  include  two  or  more  quantities 
connected  by  tbe  sig^s  +  and  — ,  wben  considered  as  one  quantity ; 
as,  for  instance,  (a— 3)  — ((t+(^)  denotes  tbat  the  sum  of  c  and 
<?  is  to  be  subtracted  from  tbe  difference  of  a  and  h.  A  straight* 
line  placed  over  the  qiiantities  had  before  been  employed  by  Yieta 
in  tbe  same  sense,  as  a—b^-c+d.  He  described  negative  quantities^ 
as  less  than  zero  or  nothing — an  inaccurate  expression — as  every 
finite  quantity  retains  its  value  assumed  or  determined  under  given 
circumstances;  and  if  it  be  negative,  it  implies  tbat  it  is  of  a- 
contrary  nature  in  some  way  to  what  it  would  bave  been  if  posi- 
tive. He  made  several  useful  improvements  and  discoveries,  tho* 
principal  of  which  related  to  equations.  He  appears  to  have  been 
the  first  who  clearly  understood  the  relations  between  the  roots  and 
coefficients  of  the  terms  of  an  equation,  and  that  every  equation  had ' 
as  many  roots,  real  or  imaginary,  as  tbe  number  of  units  in  the  index  of 
the  highest  power  of  the  unknown  quantity.  He  also  showed  how  to 
find  the  sums  of  the  first,  second,  third,  &c.,  powers  of  the  roots  of  an 
equation  in  terms  of  tbe  coefficients.  To  him  also  belongs  the  merit 
of  having  first  solved  tbe  irreducible  case  of  cubic  equations  by  means- 
of  a  table  of  sines.  He  also  explained  the  geometrical  meaning  of 
the  negative  roots  of  an  equation,  by  showing  tbat  they  represented 
lines  of  tbe  same  magnitude,  but  drawn  in  a  oontraiy  direction  to 
tiiose  which  represented  the  positive  roots. 

The  valuable  papers  on  Algebraic  Equations,  left  by  Thomas 
Harriot,  were  not  published  imtil  the  year  1631,  ten  years  after  hi» 
death.  They  were  edited  by  his  friend  Walter  Warner,  and  printed 
in  a  folio  volume,  with  the  title,  ''Are  Analyticee  Ptaxis,  ad  Equa- 
tiones  Algebraicas  nova,  expedita,  et  generali  methodo,  resolvendas : 
Tractatus  e  posthumis  Thomee  Harrioti  Philosophi  ac  Mathematici 
celeberrimi  Schediasmatis  summa  fide  et  diligentia  descriptus.'^ 
Harriot  adopted  the  sign  =  from  Eobert  Becorde  to  denote  equality, 
and  first  devised  and  used  tbe  sign  >  to  denote  ''  is  greater  than," 
and  <  **  is  less  than,"  as  is  explained  in  the  tenth  page  of  his  work. 
He  also  first  introduced  the  use  of  tbe  small  letters  of  tbe  alphabet, 
employing  the  vowels  to  denote  unknown,  and  the  consonants  kwnon- 
quantities.  He  represented  a  product  of  two  or  more  quantities  by 
writing  the  letters  together  as  a  word,  prefixing  the  coefficient  before 
them  separated  by  a  point. 

Harriot  was  Uie  first  who  thought  of  arranging  all  the  terms  of  ai^ 
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equation  on  one  side,  maMng  the  aggregate  equal  to  zero,  and  showed 
how  equations  of  all  degrees  with  given  roots  may  be  formed  by  the 
multiplication  of  simple  equations,  or  equations  of  Ihe  first  degree.  If 
the  values  of  the  unknown  quantity  a  be  b,  c,  d,  f,  &c.,  so  that  a  =  h, 
a^c^a^d^a  *=/,  &c. ;  whence  it  follows  that  a—  h-o^  a— <:  =  o,  a^d— o, 
^— /=  Of  &c. ;  and  the  product  of  two  of  these  simple  equations  gives  a 
quadratic  equation,  three  a  cubic,  four  a  biquadratic,  &c.,  with  all 
^e  terms  on  one  side  made  equal  to  zero.  From  this  it  is  obvious,  on 
inspection,  what  relations  subsist  between  the  roots  and  the  coefficients 
of  any  equation. 

Since  in  every  equation  so  arranged,  the  coefficient  of  the  second 
term  is  always  equal  to  the  sum  of  the  roots  with  contrary  signs ;  this 
property  can  be  employed  for  increasing  or  diminishing  the  roots  by 
any  given  quantity,  which  may  be  so  assumed  that  the  second  term 
ehall  disappear  from  the  equation. 

He  also  shows  that  a  cubic  equation  may  be  formed  with  a  simple  . 
.and  a  quadratic  equation ;  and  that  a  biquadratic  may  be  formed  in 
the  same  manner  with  two  quadratic  equations. 

He  next  shows  how  to  trangform  and  reduce  equations  to  others 
which  can  be  more  readily  solved,  and  illustrates  his  methods  by 
nimiezous  examples. 

A  brief  notice^  has  been  given  of  William  Oughtred,  a  mathemati- 
<;ian  of  considerable  talent,  whose  writings  greatly  promoted  the 
advancement  of  the  sdeuces  of  calculation.  In  the  year  1628  he  was 
appointed  tutor  to  the  son  of  the  Eari  of  Arundel,  and  he  drew  up  for 
the  use  of  his  papU  a  teeatise  which  he  called  '' Arithmeticsa  in 
numeris  et  spedebus  Institatio,"  which  he  designed  as  a  key  to  the 
mathematicB.  In  the  year  1631  he  published  his  treatise  with  the 
title  of  **  Clavis  Mathematicse."  In  the  year  1647  appeared  in  Eng- 
lish, **  The  Key  of  the  Mathematics  new  forged  and  filed :  together 
with  a  treatise  of  the  resolution  of  all  kinde  of  affected  equations  in 
numbers.  With  the  rule  of  compound  usury ;  and  the  demonstration 
of  the  rule  of  false  position.  And  a  most  easy  art  of  delineating  aU 
manner  of  plaine  sun-dyalls.  (Geometrically  taught  by  Will.  Oughtred." 

The  third  edition  in  Latin,  greatly  improved,  was  put  forth  in 
1652,  with  the  title, ''  Gulielmi  Oughtred  iSStonenais,  quondam  OoUegio 

-  ^  In  Section  I. ,  p.  25,  of  "Elementary  Arithmetie,  with  brief  notices  of  its  histoiy." 
Barid  Lloyd,  in  hie  Memoires  (foL  1668,  pp.  608,  609),  relates  that  "  he  was 
■as  fiteetioos  in  Greek  and  Latin,  as  solid  in  arithmetic,  geometry,  end  the  sphere  of 
all  measures,  mnsic,  &c. ;  exact  in  his  style  as  in  his  judgment ;  handling  his  cube 
and  other  instruments  at  eighty,  as  steadily  as  others  did  at  thirty ;  owing  lus,  he 
said,  to  temperance  and  archery ;  principling  lus  people  with  plain  and  solid  troths, 
lis  he  did  thd  world  with  great  and  uaefnl  arts ;  advancing  new  inventions  in  all 
things  but  religion ;  which  in  its  old  order  and  decency  he  maintained,  seonre  in  his 
privacy,  prodence^  meekness,  simplicity,  resolution,  patSwce,  and  contentment*' 
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Begalis'  iiTGtc&tabrigia  Socii,  CHavis  MathematioeD  denuo  limata,  sive 
potius  fabricata."  l2L^.ihe  preface  lie  states  that  Mr.  Seth  Ward,  a 
Fellow  of  Sidney  College,  was  the  first  p^son  who  explained  the  use 
of  his  Glavis  at  Cambridge,  where  it  was  long  used  as  a  text-book.  A 
fourth  edition,  after  his  death,  was  reprinted  in  1667,  and  another  in 
1694,  with  the  recommendation  of  Edmund  Halley,  F.B.S.  In  the 
details  of  his  Clavis,  which  is  an  elementary  work  on  Arithmetic  and 
Algebra,  he  chiefly  follows  the  notations  and  methods  of  Yieta.  He 
devised  Several  improvements  in  notation.  He  was  the  first  who 
employed  the  sign  x  to  denote  multiplication ;  ^  and  the  colon  and 
double  colon  to  denote  a  ratio  and  a  proportion.  The  letters  q,  c,  qgr 
he  wrote  after  numbers  and  symbols  of  quantity  to  denote  the  second, 
third,  and  fourth  powers ; '  and  s^q,  *JCy  »^qq,  placed  before  a  quantity, 
to  denote  its  square  root,  cube  root,  and  biquadrato  root.  In  his 
davis  appear  the  earliest  esoays  of  Algebra  applied  to  Q-eometry  for 
the  investigation  of  unknown  geometrical  properties. 

In  the  year  1644  was  published  at  Paris  a  Course  of  Mathematics 
composed  by  Pierre  Herigone,  in  six  octavo  volumes.  This  work,  the 
first  of  its  kind,  was  written  in  Latin  and  French,  and  printed  in 
parallel  columns  on  the  same-  pages.  In  the  treatise  on  Algebra,  he^ 
employed  the  small  letters  of  the  alphabet  to  denote  both  known 
and  unknown  quantities,  and  placed  the  coefficients  on  the  left  side. 
He  introduiced  several  new  characters,  some  of  which  have  become' 
established  in  ordinary  symbolical  lang^ge.  In  this  work  appear 
for  the  first  time  the  exponents^  of  powers  placed  on  the  right  of  the 
letters^  and  of  l^e  same  size ;  thus,  the  first,  second,  third,  fourth,  &c., 
'^wers  of  n  are  denoted  by  «,  a2,  a3,  a4,  &c.,  and  named,  latus  seu 
radix,  quadratum,  cubus,  quadrato-quadratimi,  &c. 

The  square  root  he  denoted  by  >/  or  ix/2,  placed  before  the  quantity 
whose  square  root  was  to  be  extracted.  The  cube  root  by  >/«  or  iv/3, 
the  fourth  root  by  V  »>/  o^  V^t  cuxd  so  on  for  the  higher  roots. 

A  considerable  number  of  his  examples  relate  to  the  application  of 
Algebra  to  geometrical  magnitudes. 

^  "  Multiplicatio  Specioaa  joineth  together  both  the  magnitudes  proposed,  with  the 
'ii6tc,  irUc,  or  in,  or  X,  or  for  the  most  part  without  any  note  at  all,  if  the  magni- 
tudes be  set  down  only  with  one  letter.'* 

*  Onghtred  wrote  the  aMond,  third,  fourth  powers,  ice,  of  A+E  in  the  following 
forms  in  the  fourth  edition  of  tKe  Clavis  : — 

Aq-{'2AE+Eq.    Quadratum. 

^0+8  Aq  E-^-ZAEq-^-JBq,    Cubus. 

Aqq-^4Ac  E-^  6  Aq  Ei+ 4  AEc+Eqq.    Qnadrato^qoadratum. 

'  His  words  are :  *'  Charaoteres  Cossici  varie  a  variis  auctoribus  designontur,  no» 
volemus  uti  iis  in  quibus  exponentes  numeris  sunt  ezpressi,  nimirum  his,  a,  a%  aS, 
'  a4,  Ac.'*  He  assunned  the  symbols  2|2,  3|2,  2|8,  for  tho  words,  eqiul,  migor,  minor, 
* lesjiectirely,  and  employed'  th^ sign  ==  to  denote  "parallel  to,"  which  had  before 
been  adopted  by  Robert  Recorde  to  denote  equality. 
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BenS  Descartes,  bom  in  the  year  1596,  was  of  noble  descent, 
"being  a  younger  son  of  a  counsellor  of  France.  The  clergy  of  the 
Homish  Church  rose  against  the  heresy  of  his  philosophy,  as  they  had 
'ever  done  in  all  previous  ag^s  against  Galileo  and  such  men  as 
honestly  sought  out  the  truth  in  the  works  of  nature.  He  ac- 
cepted the  invitation  of  Christina,  the  Queen  of  Sweden,  who  gene- 
rously offered  him  an  asylum  in  her  kingdom,  and  secure  protection 
from  the  intolerance  and  persecution  of  the  papists. 

In  the  year  1637,  at  Leyden,  was  published  in  French,  without 
the  name  of  the  author,  the  work  of  Descartes  under  the  following 
title : — **  Discours  de  la  Methode^  pour  bien  conduire  sa  raison,  et 
chercher  la  Yerite  dans  les  Sciences.  Plus  la  Dioptrique,^  les  meteores 
«t  la  Oeometrie :  qui  sent  des  Essais  do  oette  Methode." 

This  work  was  translated  from  French  into  Latin  by  Francis 
fichooten,  Professor  of  Mathematics  at  the  University  of  Leyden,  and 
published  in  1649  with  a  commentary  written  by  the  trandator,  and 
oome  additional  notes  by  M.  de  Beaune ;  and  in  1659  a  new  edition 
was  published,  with  further  additions  on  the  nature  of  equations  by 
M.  de  Beaune;  also  another  edition  appeared  in  1683. 

The  treatise  entitled  ''Geometry"  embraces  the  application  of 


^  The  following  »  the  first  paraf^ph  of  his  "  Disconrde  de  la  Methode  : " — "  Le 
•Bon  sens  est  la  chose  du  monde  la  mleox  partagee :  car  ohacun  pense  en  6tre  si  bien 
'ponrvii,  que  cenx  memc  qui  sont  les  plus  difficiles  h  contenter  en  toute  atftre  chose, 
.ii'ont  point  coutume  d*en  desirer  plus  qu*ils  en  ont.  £n  quoi  il  n*est  pas  vrai 
semblable  que  tons  se  trompent  Hals  plutut  cela  temoigne  que  la  puissance  de 
bien  juger,  et  distingner  le  vrai  d'avec  le  faux,  qui  est  proprement  ce  qu'on  nomme 
le  bon  sens,  ou  la  raison,  est  naturellement  egale  en  tons  les  hommes.  £t  ainsi  que 
la  diversite  de  nos  opinions  ne  vient  pas  de  ce  que  les  una  sont  plus  raisonnables 
sqne  les  autres,  mais  seulement  de  ce  que  nous  conduisons  nos  pensees  par  diverses 
▼oies,  et  ne  considerons  pas  les  monies  choses.  Car  ce  n'est  pas  assez  d*avoir  Tesprit 
lx>n,  mais  le  principal  est  de  Tappliquer  bien.  Les  plus  grandes  ftmes  sont  capables 
des  plus  grands  vices,  aussi  bien  que  des  plus  grandes  vertus.  Et  ceux  qui  ne 
marchent  que  fort  lentement  penvent  avaneer  beauoonp  d'avantage,  s'ils  suivent 
toi^jours  le  droit  chemin,  que  ne  font  ceuz  qui  courent,  et  qui  s*en  eloignent." 

*  In  his  treatise  on  light,  entitled  "La  Dioptrique,"  Descartes  claimed  as  his 
own  the  discovery  of  the  law  of  refraction  of  light.  This  law  had  been  previously 
discovered  by  Willebrod  Snell  in  1618.  Snell  found,  after  numerous  experiments^ 
that  by  prolonging  the  incident  and  refracted  rays  on  each  side  of  the  point  where 
^e  refraction  takes  place,  and  drawing  any  vertical  line^  the  parts  of  Uie  two  rays 
comprised  between  the  above  point  and  the  vertical  line,  always  preserve  the  same 
constant  ratio  to  each  other,  whatever  may  be  the  obliquity  of  the  incident  ray. 
This  is  the  same  as  saying  that  when  a  ray  of  light  passes  out  of  one  medium  into 
another,  the  sines  of  the  angles  of  incidence  and  of  refraction  always  preserve  a 
*^constant  ratio  for  every  angle  of  incidence  in  the  same  media. 

Snell  did  not  perceive  the  identity  of  these  two  propositions,  but  Descartes  did, 
and  published  the  discovery  as  his  own  in  1687.  Huygens,  who  knew  that  Des- 
'partes  had  seen  Snell's  manuscripts  in  Holland,  disclosed  the  truth,  and  exposed 
the  improper  claim  of  Descartes  to  the  discoveor. 
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Algebra  not  only  to  straight  lines,  but  also  to  curve  lines.  The 
4Biniple  conception  of  expressing  curve  lines  by  means  of  equations  in 
vhich  the  unknown  quantities  denote  the  co-ordinates  of  any  point 
whatever  in  the  curves,  constituted  a  new  method  of  extending  the 
powers  of  the  Greek  geometry. 

He  supposed  eveiy  curve  to  be  traced  out  by  the  motion  of  a  point 
in  a  straight  line  which  moves  along  a  fixed  straight  line  called  the 
■ozM  of  (^scissas,  and  parallel  to  another  fixed  straight  line  called 
the  axis  of  ordinate;  the  point  in  the  movable  line  also  moving 
according  to  some  certain  law.  The  nature  of  the  curve  is  expressed 
by  the  relation  which  exists  between  the  ordinate  and  abscissa,  or  the 
-co-ordinates,  in  the  equation  to  the  curve.  The  equation  to  a  curve 
can  be  found  if  one  or  more  of  its  essential  properties  be  given ;  and 
if  the  equation  to  a  curve  be  given,  its  properties  and  peculiarities 
can  be  ascertained,  and  the  curve  can  be  described. 

He  also  arranged  curves  in  different  orders,  according  to  the 
highest  powers  of  the  co-ordinates  in  their  equations.  Those  which 
involve  only  the  first  power  of  the  co-ordinates  belong  to  the  first 
order,  and  can  include  only  straight  lines.  The  curves  of  the  second 
order,  which  involve  the  second  powers  of  the  co-ordinates,  include 
the  circle,  the  eUipee,  the  hyperbola,  and  the  parabola.  The  curves 
of  the  third  order  involve  the  third  powers  of  the  co-ordinates.  These 
2iave  been  enumerated  (with  some  few  additions  since  his  time)  by  Sir 
Isaac  Newton,  and  were  first  printed  in  1704,  at  the  end  of  his 
Treatise  on  Optics,  under  the  title  of  **  Tractatus  duo  de  Speciebus  et 
Magnitudine  Figurarum  Curvilineonmi."  The  curves  of  the  fourth 
order,  which  are  numerous,  have  not  been  fully  investigated  and 
classified. 

In  treating  of  Algebra,  he  introduced  numerous  improvements  in 
the  rules  and  methods  of  his  predecessors.  He  adopted  the  small 
letters  of  the  alphabet,  as  others  had  done  before  him,  but  employed 
the  first  letters,  a,  h,  e,  &c.,  to  denote  known  quantities,  and  the  last 
letters,  s,  y,  x,  &c.,  to  denote  unknown  quantities.  He  improved  the 
notation  of  powers  devised  by  Herigone.  Instead  of  writing  the 
index  or  exponent  of  the  power  on  the  right  of  the  letter,  he  wrote 
it  in  a  smaller  character,  and  placed  it  at  the  upper  part,  on  the  right 
of  the  letter,  as,  for  instance,  he  denoted  the  third  power  of  x  by 
a^  instead  of  xS,  Sometimes,  however,  he  wrote  xx  and  xxx  fpr  the 
second  and  third  powers,  instead  of  x*  and  ^.  He  employed  the 
mark  x>  to  denote  equality,^  and  wrote  (p.  872) 

^'-9xx+2ex-24  »  0,  andx*-4d:»-19a:j?+106a;-220  x>  0. 


^  The  character  ao  assumed  by  Descartes  to  denote  equality,  in  several  places 
irhero  it  is  used  by  him  appears  very  much  like  le  or  co  inverted  :  if  this  be  so,  it 
was  probably  adopted  by  him  from  the  two  initial  letters  of  the  word  8e^uali& 


36 

In  the  transformation  and  solution  of  equations  lie  introduced 
numerous  rules  and  important  improvements.  Of  these  may  be 
noticed,  especially,  that  he  pointed  out  and  proved  that  the  ne^tive 
and  imaginary  roots,  so-called,  of  equations,  are  as  real  and  proper 
roots  in  the  solution  of  equations  as  positive  roots.  He  gave  a  rule 
for  discriminating  in  any  equation  which  contains  only  real  roots, 
how  many  are  positive  and  how  many  are  negative,  by  the  changes 
or  the  permanencies  of  the  signs  of  the  terms  when  taken  in  order 
two  and  two,  the  first  with  the  second,  the  second  with  the  third,  the 
third  with  the  fourth,  6bc.  He  also  devised  a  new  solution  of 
biquadratic  equations  by  the  aid  of  a  cubic  and  two  quadratics. 

The  formation  of  the  successive  coefficients  of  any  power  of  an 
expanded  binomial  by  multiplication,  was  perfectly  understood  before 
the  time  of  Newton,  and  tables  of  the  coefficients  of  the  second,  third, 
fourth,  &c.,  powers  had  been  found  and  arranged  by  several  writers. 
There  is  one  of  them  which,  on  account  of  its  various  applications,, 
can  scarcely  fail  of  being  interesting  to  the  student. 

Henry  Briggs  left  at  his  death,  which  happened  in  1630,  a  very 
important  work  consisting  of  Trigonometrical  Tables.  These  tables 
were  printed  at  Gouda,  under  the  direction  of  Henry  Gellibrand,  Pro- 
fessor of  Astronomy  in  Gbesham  OoUege,  and  published  in  1633. 
The  introduction  contains  the  author's  account  of  the  construction  of 
the  tables,  and  an  account  of  their  uses  was  added  by  the  editor. 
Briggs  devised  a  table  which  he  named  Abacus  Uayxprierog,  on  acooxmt 
of  its  frequent  and  excellent  use.  It  is  printed  in  the  eighth  chapter 
of  the  introduction.  A  portion  of  the  table  is  here  given,  because  it 
exhibits  the  numerical  coefficients  in  order  of  the  terms  of  an  expanded 
binomial  formed  independently  of  each  other.^ 


1  The  following 

13  a  portion  of  the  Abacus,  including  the  first  decade  of  th& 

natural  numbers : — 

K.            L 

J£. 

G, 

F. 

£, 

D, 

a 

B,       A. 

+(10)         +(9) 

-(8) 

-(7) 

+  (6) 

+  (5) 

-(4) 

-(3) 

+(2)     (1> 

1                1 

1 

1 

1 

1 

1 

1 

1          1 

11              10 

9 

8 

7 

6 

5 

4 

3          2 

66             55 

45 

36 

28 

21 

15 

10 

6          3 

286            220 

165 

120 

84 

56 

35 

20 

10          4 

1001            715 

495 

830 

210 

126 

70 

85 

15          5 

3003 '        2002 

1287 

792 

462 

252 

126 

56 

21          6 

8008          5005 

8003 

1716 

924 

462 

210 

84 

28          7 

19448        11440 

6435 

3432 

1716 

792 

830 

120 

86          3 

43758        24310        12870  6435        3003        1287        495        165        45  9 

92378        48620        24310        11440        5005        2002        715        220        55        XO 

The  first  two  lines  contain,  one  the  letters  A,  B,  C,  2>,  Ac.,  written  from  right  to 
left  to  denote  the  order  of  the  vertical  columns  of  the  AUous.  and  the  line  of  figure* 
beneath  contains  the  characteristics  of  the  figurate  numbers. 
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Pierre  de  Fermat,  a  celebrated  mathematician,  was  bom  in  the 
year  1590,  and  by  bis  talents  and  acquirements  became  Counsellor  in 
the  Parliament  of  Toulouse.  His  works  were  collected  and  published 
in  a  folio  volume  in  1679,  sixteen  years  after  his  death.  They  bear 
the  title  of  **  Opera  Yaria  Mathematica,"  and  contain  several  original 
treatises.  Ho  is  deservedly  celebrated  for  his  discoveries  respecting 
the  quadratures  of  parabolas,  his  treatise  on  Maxima  and  Minima, 
and  his  method  of  tangents. 

Bonaventura  Cavalieri,  or  Oavallerius,  as  he  was  commonly  called, 
was  a  disciple  of  Galileo,  and  became  an  eminent  mathematician. 
In  the  year  1629  he  made  known  his  invention  of  the  method  of 
Indivisibles.^     This  work  was   entitled  '^Geometria  Indivisibilibus 


The  table  can  be  extended  fVom  unity  to  any  namber  whaterer,  and  the  series  of 
nnmben  reckoned  from  right  to  left  can  also  be  read  in  vertical  oolamnB^  or  in 
diagonal  colomns  towards  the  right  or  the  left. 

It  begins  with  the  natural  numbers  written  in  order  under  ^  in  a  vertical 
column,  and  a  series  of  units  is  written  under  B,  C,  D,  &c.,  continued  from  1  in  the 
first  vertical  column. 

The  second  series  of  the  table  is  formed  from  right  to  i  ^ft  by  addition  in  this 
manner: — 2  in  the  first  column  on  the  right  is  added  to  1 1^  ihe  second  eolnmn,  and 
the  sum  3  is  written  under  1  in  column  B.  3  in  the  second  column  is  added  to  1  in 
the  third,  and  the  sum  4  is  written  under  column  C, 

In  the  same  way,  4  is  added  to  I,  5  to  1,  6  to  1,  &c.,  and  tho  sums  5,  6,  7,  &C.9 
^re  written  under  the  columns  D,  JS>  F,  &&,  and  so  on. 

The  third  series  is  formed  exactly  in  the  same  manner : 

3  is  added  to  8,  and  the  sum  6  is  written  under  B ; 
d»i8  added  to  4^  and  the  sum  10  is  written  under  C; 
10  is  added  to  6,  and  the  sum  15  is  written  under  D ; 

and  so  for  the  rest  of  the  series. 

And  exactly  in  the  same  manner  are  formed  all  the  succeeding  series  of  nxunbers, 
•each  beginning  with  the  natural  number  in  the  vertical  column  on  the  right 

It  is  therefore  obvious  that  aU  the  numbers  of  the  tfeible  are  found  by  the  suc- 
cessive additions  of  two  diagonal  numbers  firom*  right  .to  left^  and  these  form  the 
successive  horizontal  series. 

And  upon  examination  it  will  be  found  that  this  table  exhibits  in  the  diagonal 
lines,  beginning  with  the  number  on  the  right-hand  column  A^  the  numerical  co- 
efficients of  the  second,  third,  fourth,  fifth,  &c.,  powers  of  an  expanded  binomial. 
These  are  derived  in  order  by  the  successive  addition  of  two  diagonal  numbers,  the 
numbers  in  the  first  column  being  the  coefilcients  of  the  Seeond  terms  respectively 
of  the  expansion  of  each  power. 

Thus  2, 1  are  the  coefficients  for  the  second  power. 

3,  3,  1  „  third  power. 

4,  6,  4,  1  fp  fourth  power. 

5, 10,  10,  6, 1  „  fifth  power,  and  so  on. 

^  Cavallerius  proposed  a  new  hypothesis  in  the  method  of  reasoning  on  Geo- 
metrical Magnitudes.  He  considered  the  three  kinds  of  geometrical  magnitude 
to  consist  of  indivisible  elements.  The  line  he  supposed  to  be  composed  of  an 
infinite  number  of  points ;  the  surface  or  plane  of  an  infinite  number  of  lines ;  and 
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continuoram  nova  quadam  ratione  promota/'  and  published  at 
Bologna  in  1635,  and  a  second  edition  appeared  in  1653.  This  is  an 
original  work,  and  has  been  considered  as  exhibiting  the  foundation 
of  the  method  of  fluxions  or  the  inflnitesimal  calculus.  In  1647  he- 
published  his  *^  Exercitationes  Geometrite  Sex/'  a  work  in  which  he 


the  yolume  of  an  infinite  number  of  planes  or  other  surfaces.  Or,  in  other  worda» 
the  point  was  considered  the  indivisible  element  of  the  line ;  the  line  of  indimible 
breadth,  that  of  ^e  surfSace ;  and  the  plane  of  indivisible  thicknesSi  that  of  the 
-volume.  The  method  of  Indivisibles  may  be  divided  into  two  parts.  The  object  of  the 
first  part  is  to  compare  figures  with  each  other  by  means  of  the  equality  or  the  constant 
ratio  which  exists  between  their  elements,  and  which  may  be  reduced  to  the  follow- 
ing proposition: — "All  figures  whose  elements  increase  or  decrease  in  a  similar 
manner  from  the  base  to  the  vertex,  are  to  the  uniform  figure  of  the  same  base  and 
altitude  in  the  same  ratio."  The  second  part  consists  in  showing  the  method  of 
finding  the  ratio  of  an  infinite  number  of  lines  or  planes  increasing  or  decreasing 
according  to  a  certain  law  with  the  same  number  of  elements  homogeneous  with  the 
first,  and  all  equal  to  each  other.  Thus  the  cone  is  composed  of  circles  decreasing 
from  the  base  to  the  vertex,  while  the  cylinder  of  the  same  base  and  altitude  is 
composed  of  ao  infinite  number  of  circles  all  equal  to  each  other.  In  the  cone  these 
circles  decrease  from  the  base  to  the  vertex  as  the  squares  of  the  terms  of  an  arith- 
metical progression^  If,  therefore,  the  ratio  can  be  found  between  an  infinite 
number  of  terms  decreasing  according  to  that  law,  and  an  infinite  number  of 
terms  each  equal  to  the  first  term  of  the  first  progression,  the  ratio  between  % 
cone  and  a  cylinder  of  the  same  base  and  altitude  is  determined.  Cavalleriua 
showed  that  the  one  is  a  third  of  the  other,  and  hence  it  follows  that  the  cone 
is  one  third  part  of  the  cylinder.  To  the  objections  raised  against  his  method,  he 
replied  that  his  hypothesb  was  no  essential  part  of  his  theory,  but  that  it  was  in 
fact  identical  to  the  method  of  Exhaustions,  and  only  a  more  brief  method  of  ex- 
pressing the  same  ideas  in  other  words. 

The  method  of  Exhaustions  of  the  ancient  Greek  geometers  is  founded  on  the 
principle  of  exhausting  a  magnitude  by  continually  taking  away  a  part  of  it,  as  it  is 
explained  in  the  tenth  book  of  Euclid's  Elements,  where  it  is  stated  tiiat  two 
quantities  are  equal  whose  difference  is  less  than  any  quantity  that  can  be  assigned. 

By  means  of  this  principle  Euclid  has  proved  that  the  areas  of  circles  are  pro- 
portional to  the  squares  of  their  diameters  (Euc.  xii.  2) :  and  that  the  volumes  of 
spheres  are  as  the  cubes  of  their  diameters  (Euc.  xii.  18). 

Archimedes  also  has  shown  by  the  same  principle  that  the  area  of  a  circle  is  equal 
to  the  area  of  a  right-angled  triangle,  whose  sides  containing  the  right  angle  are 
equal,  one  to  the  radius,  and  the  other  to  the  perimeter  of  the  circle  (Dim.  Circ.); 
and  that  the  approximate  ratio  of  the  circumference  to  the  diameter  of  a  circle  ia. 
as  22  to  7.  He  has  also  shown  that  the  volume  of  a  sphere  ia  equal  to  two-third& 
of  its  circumscribing  cylinder,  and  that  the  surface  of  a  sphere  is  the  same  as  the 
curvilinear  surface  of  tlie  cylinder,  and  that  each  is  equal  to  the  areas  of  four  great 
circles  of  the  sphere.    (De  Sph.  et  Cylind.) 

It  may  be  remarked  that  Kepler,  in  his  Kova  Stereometria,  published  in  1616, 
had  before  soggested  the  hypothesis  of  a  circle  being  composed  of  an  infinite 
number  of  small  triangles  having  their  vertices  at  the  centre  and  their  bases  on  the 
circumference :  and  the  volume  of  a  sphere  in  like  manner  he  supposed  to  consist  of 
an  infinite  number  of  small  pyramids,  with  their  vertices  at  the  centre  and  their 
hases  on  the  surface  of  the  sphere. 
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tuMwered  the  objections  of  GuldinuB,^  and  explained  the  use  of  In* 
^irisibles,  and  also  gave  a  series  of  exercises  on  the  subject. 

At  Oxford,  in  1656»  was  published  an  original  work  by  Dr.  John 
Wallis,  then  Savilian  Professor  of  Geometry.  It  bears  Uie  title  of 
**  Arithmetica  Infinitorum."  This  treatise  exhibits  a  new  method  of 
reasoning  on  magnitudes,  and  on  the  ratio  of  magnitudes  by  means  of 
«eries.  He  was  led  to  consider  that  if  the  terms  of  a  series  of  quantities 
successiYely  decrease;  then  the  series  may  be  made  continually  to 
approach  to  some  constant  quantity,  and  when  the  series  is  indefi- 
nitely continued,  to  become  equal  to  that  quantity.  He  states  that 
his  method  of  the  Arithmetic  of  Infinites  is  a  further  improvement  on 
tiie  method  of  Indivisibles,  introduced  by  Gavallerius,  and  that  his 
theory  is  only  a  shorter  way  of  employing  the  method  of  exhaustions.* 


^  The  most  important  of  Guldin's  mathematical  works  was  a  treatise  on  the 
-centre  of  gravity,  in  wldcli  he  gave  a  method  which  consisted  in  the  application  of 
4he  centre  of  gravity  to  find  the  content  of  solids  of  revolution.  His  discovery  is 
•contained  in  the  proposition  :  "  Every  solid  formed  by  the  revolution  of  any  plane 
figure  round  an  immovable  axis,  is  equal  to  the  product  of  the  generating  quantity 
multiplied  by  the  length  of  the  course  of  its  centre  of  gravity."  As  for  example. 
The  right  cone  is  generated  by  the  revolution  of  a  right-angled  triangle  round  one 
of  the  sides  which  contain  the  right  angle.  The  centre  of  gravity  of  this  triangle  is 
distant  one-third  of  the  base  from  the  axis.  And  the  solid  content  of  the  cone  by 
-Cruldin's  rule  is  equal  to  the  area  of  the  generating  triangle  multiplied  by  one- 
ihird  of  the  circumference  of  the  base  of  the  cone,  and  hence  is  equal  to  one-third  of 
ihe  content  of  a  cylinder  of  the  same  base  and  altitude  as  the  cone.  Guldin  did  not 
succeed  in  demonstrating  the  truth  of  the  general  proposition.  This  was  shown  to 
him  by  Gavallerius  during  their  dispute,  who  stated  that  it  had  been  done  many  years 
hdore  by  one  of  his  pupils. 

'  In  the  year  1657  Br.  Wallis  collected  and  printed  his  mathematical  works  at 
Oxford  in  two  }>art8. 

The  first  part  consists  of  his  inaugural  lecture  and  two  treatises  : 

1.  Oratio  Inauguralis,  a  Johanne  Wallis,  G^metriw  Professore  Saviliano,  in 
Auditorio  Geometrico,  Oxoniae,  habita,  ultimo  die  Mensis  Octobris  Anno  1649 ; 
^uum  publicam  geometrise  professionem  auspicatus  est. 

2.  Mathesis  Universalis ;  sive  Arithmeticum  Opus  integrum,  tum  philologice  turn 
mathematiee  traditum ;  Arithmeticam  tum  Numerosam,  tum  speciosam  sive 
symbolicam  complectens,  sive  calculum  geometricum;  tum  etiam  Rationum  Pro- 
jMrtionumve  traditionem  ;  Logarithmorum  item  doctrinam ;  aliaque  qme  capitum 
«yllabus  indicabit. 

3.  Advcrsns  Marci  Meibomii  De  Proportionibus  Dialogum,  tractatus  elencticus. 
The  second  part  consists  of  four  treatises  : 

1.  De  Angulo  Contactus  et  Semicirculi,  Disquisitio  Geometrica.     Oxonii,  1656. 

2.  De  Sectionibus  Conici^,  Nova  Methodo,  Expositis,  tractatus.    Oxonii,  1655. 

3.  Arithmetica  Infinitorum,  sive  Nova  Methodus  inquirendi  in  curvilfteorum 
4quadraturam,  aliaque  difficiliora  Matheseos  probleroata.     Oxonii,  1656. 

4.  Eclipsis  Solaris  Oxonii  visie  Anno  Mm  Christiause,  1654.  2  die  Mensis 
Augusti,  Stilo  veteri,  Observatio.     Oxonii,  1655. 

Commercium  Epistolicum  de  Qusestionibus  quibusdam  Mathematicis  nuper 
iubitum.     Edidit  J.  Wallis,  S.Th.D.     Oxonii,  1658.     This  is  a  collection  of  fiortr- 
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Dr.  Wallis  found  hie  method  for  the  sums  of  series  to  fail  in 
the  case  of  the  progressions  whose  terms  were  the  roots  of  the  sums 
or  differences  of  simple  terms  such  as  >^{t*-'Oa*)y  ^(1**—  la*), 
>/(»^— 4fl'),  A/(r*— 9a'),  &c.,  to  A/(r*— r*),  which  he  names  a  series  of 
tenns  in  the  subduplicate  ratio  of  a  series  of  equals  diminished  by  a 
series  of  squares.  Where,  if  r  be  the  radius  of  a  cirdei  and  a  denote 
any  of  the  indefinitely  small  and  equal  distances  of  the  ordinates  in 
the  quadrant  of  the  circle,  beginning  from  the  centre,  such  quadrant 
is  equal  to  the  sum  of  the  terms  of  this  prog^ssion,  as  he  has  shown 
in  Proposition  121  of  his  Arithmetio  of  Infinites.  They  being  the 
light  sines  of  which  the  quadrant  is  composed,  each  of  which  is 
known  to  be  a  mean  proportional  between  (r+oa)  and  {r—oa);  and 
between  (r+la)  and  (r^la);  and  between  (r+2a)  and  (r— 2a),  and 
80  on.  llie  same  series,  with  the  signs  changed,  of  the  second  term 
under  the  vinculum,  that  is  N/(r»+Oa^),  >/(r»+la"),  ^/(r*+4a')^ 
>/(r*+9a"),  &c.,  to  v'Cr'+r*),  being  summed  would  give  the  quadra- 
ture of  the  equilateral  hyperbola,  supposing  r  to  denote  the  semi- 
transverse  diameter,  and  a  any  of  the  indefinitely  small  and  equal 
distances  on  the  asymptote,  from  the  centre  of  the  transverse  diameter^ 
then  the  ordinates  composing  the  hyperbolic  space  will  be  expressed 
by  the  last  progression.  He  also  shows  in  Prop.  165,  by  finding  the 
sums  of  the  terms  of  two  other,  series,  the  quadrature  of  the  drde  and 
hyperbola  could  be  found,  but  involving  the  same  difiBLoulty,  whidi  he 
could  not  directly  overcome.  While  he  was  engaged  in  his  inquiries 
about  the  quadrature  of  the  circle,  he  thought  of  another  method, 
which  he  named  the  intexpolation  of  series,  by  which  he  means,  of 
discovering  certain  intermediate  terms  of  a  progression,  by  considering 
the  properties  of  the  progression  and  the  relation  of  the  terms  to 
each  other.  He  gives  several  examples  of  this  method  for  finding 
the  area  of  a  circle,  of  which  this  is  one.    In  the  progression  1,  f ,  Y^ 

four  letters,  of  which  eleven  were  written  by  Lord  Brounker  to  Dr.  'W&llis,  and 
seven  from  Dr.  WalliB  to  Lord  Brounker. 

A  Treatise  of  Algebra,  both  Historical  and  Practical,  shewing  the  Original,  pro- 
gress and  advancement  thereof,  from  time  to  time ;  and  by  what  steps  it  hath 
attained  to  the  height  at  which  now  it  is.  With  additional  treatises,  1.  Of  the 
Cono-eonens ;  being  a  body  representing  in  part  a  conns,  in  part  acnnens.  II.  Of 
Angolar  Sections ;  and  other  things  relating  thereto,  and  to  Trigonometzy.  III. 
Of  the  Angle  of  Contact ;  with  other  things  appertaining  to  the  composition  of 
magnitades,  the  inceptives  of  magnitndes,  and  the  composition  of  motions,  with 
the  resolts  thereof.  lY.  Of  Combinations,  Alternations,  and  Aliquot  parts. 
By  J^m  Wallis,  D.D.,  Professor  of  Geometry  in  the  University  of  Oxford,  and  a 
member  of  the  Royal  Society,  London.    Folio,  London,  M.  DC.  LXXXV. 

Besides  these  works  ^ere  will  be  found  numerous  papers  of  Dr.  Wallis  in  the 
early  volumes  of  the  Philosophical  Transactions  of  the  Royal  Society.  In  the  year 
1697  the  whole  of  the  mathematical  works  of  Dr.  Wallis  were  collected  and  printed 
in  three  folio  volumes  at  the  Oxford  University  Press,  and  published  in  1699. 
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V/i  &c.,  whose  terms  are  formed  by  taMng  1  for  the  first  term,  and 
the  products  of  the  first  two,  three,  four,  &c.,  terms,  of  1,  J,  f ,  g^,  &c., 
to  find  the  intermediate  term  between  1  and  § ;  which  he  found  to  be 
■a  surd,  which  cannot  be  exactly  expressed  by  any  definite  number,  but 
which  may  be  expressed  approximately. 

Notwithstanding  his  failure.  Dr.  Wallis  disclosed  new  methods  of 
proceeding,  among  which  may  be  noted  that  he  first  reduced  the 

fraction  i by  division  into  the  infinite  series ; 

a  H-  flr + af^-^-af^-^-  ar*,  +  &c. ,  ad  infinitum. 
'     The  converse,  however,  involved  some  difficulties,  which  may  be 
worthy  of  some  consideration. 

It  may  be  reasonably  objected  that  since  all  the  terms  of  an 
infinite  series  are  unassignable,  it  is  impossible  to  determine  their  sum. 

In  order  to  obviate  this  objection,  let  it  be  considered  that  a 
number  actually  infiniU  is  a  plain  contradiction  to  all  our  ideas  about 
numbers.  For  every  number  of  which  the  human  mind  can  actually 
form  any  suitable  idea,  is,  and  always  must  be,  finite;  so  that  a 
number  greater  than  that  can  be  assigned,  and  a  greatisr  than  this 
last  number,  and  so  on  without  any  possibility  of  ever  coming  to  the 
end  of  the  mcrease  of  numbers  that  can  be  assigned.*  This  endless 
progression  of  numbers  is  all  that  can  be  understood'by  the  infinity  of 
number ;  and  to  assert  that  the  number  of  any  things  is  infinite,  is  not 
to  asBOTtthatwe  comprehend  their  number,  but  the  contrary.  The 
only  positive  idea  being  simply  this — ^that  the  number  of  these  things 
is  greater  than  any  number  which  we  can  conceive  and  assign* 

We  easily  conceive  that  a  finite  magnitude  may  become  greater 
and  greater  without  end,  or  that  no  limit  can  be  assigned  to  the 
increase  which  it  may  admit;  but  we  do  not,  therefore,  clearly 
conceive  mag^tude  increased  an  infinite  number  of  times. 

Mr.  Locke,  in  his  essay,  admits  that  we  easily  form  an  idea  of  the 
infinity  of  number y  but  he  distinguishes  between  this  and  the  idea  of  an 
infinite  nuimher;  and  adds,  that  however  dear  our  idea  of  the  infinity 
of  nnmbertmay  be,  there  is  nothing  more  evident  than  the  absardify 
of  the  actual  idea  of  an  infinite  number.  And  he  fiirther  remarks, 
that  while  men  talk  and  dii^ute  of  mag^tudes  infinitely  great  and 
infinitely  smaU,  as  if  they  had  as  dear  and  positive  ideas  of  these  as 
they  have  of  the  names  of  finite  quantity,  it  is  not  surprising  if  the 
incomprehensible  nature  of  the  thing  they  reason  about  leads  them 
into  perplexities  and  contradictions.  Mathematicians  abridge  their 
computations  by  the  supposition  of  infinites,  but  when  they  treat  them 
in  the  same  way  as  they  reason  on  finite  quantities,  they  are  some- 
times led  into  such  conclusions  as  verify  the  observation  of  Mr.  Locke. 

We  cannot  apply  to  an  infinite  series  the  conmion  notion  of  a  sum, 
or  an  aggregate  of  several  numbers  that  are  connected  and  added  to- 
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getber,  one  after  another,  for  this  supposes  that  these  nnmhers  are  all 
known  and  determined.  But  the  terms  of  an  infinite  series  cannot  h^ 
all  separately  assigned,  there  being  no  end  in  the  number  of  its  terms, 
and  therefore  it  can  have  no  sum  in  that  sense.  Again,  the  idea  of  an 
infinite  series  consists  of  two  parts,  one,  the  idea  of  something  positive 
and  determined,  in  so  far  as  we  conceive  the  series  to  be  actually 
carried  on ;  and  the  other,  the  idea  of  an  inexhaustible  remainder  or 
an  endless  addition  of  terms  to  be  made  to  it,  one  after  another. 
Hence  we  may  conceive  it  as  a  whole  of  its  own  kind ;  and  therefore 
the  infinite  series  may  be  said  to  have  a  real  value  determinable  or 
not.  Now,  in  some  infinite  series,  which  are  convergent,  the  value  is 
finite  or  limited ;  or  in  other  words,  a  number  can  be  assigned  which 
the  sum  of  no  assignable  number  of  terms  of  the  series  can  ever  exceed, 
or  in  fact  can  ever  be  equal  to  it,  yet  may  approach  to  it  nearer  than 
by  any  difference  that  can  be  assigned.  And  this  we  may  call  the 
sum  of  the  series ;  not  as  being  a  number  found  by  the  common  method 
of  addition,  but  as  being  such  a  limitation  of  the  value  of  the  seri^a 
taken  in  its  infinite  extent,  that  if  it  were  possible  to  add  the  terms  of 
the  series  all  together,  the  sum  would  be  equal  to  that  number. 

Again,  in  other  infinite  series,  such  as  are  divergent,  the  value  of 
their  sums  has  no  limitation.  And  this  we  may  express  by  saying 
that  the  sum  of  the  series  is  infinitely  great ;  which  sig^nifies  no  mor& 
than  that  the  series  h^  no  determinate  and  assignable  value ;  and 
that  the  sum  of  the  series  when  the  terms  are  indefinitely  continued, 
shall  be  greater  than  any  number  that  can  be  assigned.  And  there- 
fore on  the  whole  it  may  be  concluded  there  is  a  sum  in  the  former 
isase,  yet  not  such  a  sum  in  its  ordinary  sense;  and  in  the  latter  case, 
there  is  no  determinate  sum  in  any  sense. 

Dr.  Wallis,  in  his  methods  of  induction,  considered  the  progressiona 
as  consisting  of  an  infinite  number  of  terms  formed  according  to 
certain  laws;  and  not  at  that  time  having  read  the  methods  of 
Archimedes,  he  adopted  the  method  of  indivisibles,  of  which  elementa 
geometrical  figures  were  supposed  to  be  formed.  And  these  elementa 
were  naturally  represented  by  the  terms  of  these  progressions,  and  his 
object  was  to  discover  how  the  sum  of  these  terms  could  be  found. 

He  effected  his  purpose  by  the  following  important  proposition, 
which  embodies  the  substance  of  his  work,  namely,  **  That  the  sum  of 
all  the  terms  of  the  same  powers  of  a  series  of  quantities  in  arithmeti- 
cal progression  beginning  with  0,  is  equal  to  the  product  of  the  last 
term  multiplied  by  the  number  of  significant  terms,  divided  by  the 
index  increased  by  imity."  For  example,  suppose  0,  1,  2,  3  ....  ^ 
be  an  arithmetical  progression,  consisting  of  an  indefinite  number  of 
times,  in  the  natural  order  of  numbers,  having  the  last  term  x,  and 
let  0",  1",  2*,  3"  ...  .  aj",  be  a  progression  of  terms  which  are  of  any, 
the  same  power  or  root ;  then  the  sum  of  this  last  series  will  be  equal 
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^^      ,  ,>    This  propoBition  Wallia  proved  by  induction  from  several 

particular  cases,  but  Newton  reduced  all  the  cases  into  one,  and  gave 
a  general  demonstration  by  means  of  an  indefinite  index. 

Dr.  Wallis  was  the  first  who  developed  the  principles  of  circu- 
lating  decimak.  The  subject  is  treated  in  the  eighty- ninth  chapter  of 
his  *'  Algebra  both  Historical  and  Practical,"  and  in  the  appendix  he^ 
added  some  posthimious  papers  of  Mr.  Horrocks,  which  he  digested 
into  order  at  the  desire  of  the  Boyal  Society,  and  published.  The 
subject  of  circtdating  or  repeating  decimals  is  more  curious  than, 
useful.  No  distinction  is  made  between  repeating  and  non-repeating 
decimals  in  the  computation  of  logarithmic  and  trigonometrical 
tables.  These  tables  are  calculated  to  seven  or  more  places  of 
decimals,  and  can  be  used  to  obtain  approximate  restdts  of  greater  or 
less  accuracy,  according  to  the  number  of  decimal  places  to  which  the> 
tables  are  extended.  By  tables  computed  to  seven  places  of  decimals^ 
approximate  results  can  be  found  which  shall  differ  from  the  exact 
xesidt  by  an  error  less  than  a  millionth  part  of  the  imit  employed. 

Dr.  Wallis  wrote  and  published  works  on  theology  and  other 
subjects  besides  those  on  mathematics.  In  the  year  1676  he  pub- 
lished an  edition  of  **  Archimedis  Arenarius  et  Dimensio  Girculi."  He 
also  edited  the  Chreek  text  of  the  Opus  Harmonicum  of  Ptolemy,  and 
published  it  with  a  Latin  translation  and  notes  in  1682. 

After  a  long  life  of  useful  work  he  died  on  the  28th  day  of  October, 
1702,  in  the  88th  year  of  his  age,  having  steadily  pursued  one  great 
object,  which  he  has  described  in  the  following  extract  from  a  lettez 
to  his  friend : — ''  It  hath  been  my  endeavour  all  along  to  act  by 
moderate  principles,  being  willing,  whatever  side  was  uppermost,  to 
promote  any  good  design  for  the  true  interest  of  religion,  of  learning, 
and  of  the  public  good." 

Lord  William  Brounker  was  one  of  the  leading  men  who  originated 
the  Boyal  Society,  of  which  he  was  appointed  the  first  President  in 
the  year  1662.  He  was  an  able  mathematician,  as  is  shown  by  several 
papers  which  appear  in  the  Philosophical  Transactions.  He  was  the 
first  person  who  considered  the  subject  of  Continued  Fractions  and 
applied  them  to  the  quadrature  of  c:\rves  and  to  other  investigations. 

He  devised  a  method  to  express  b  v  a  continued  fraction  the  ratio 
of  the  area  of  the  circumscribed  squai  ie  to  the  area  of  the  circle,  and 
found  that  the  ratio  of  the  square  ol'  the  diameter  to  the  area  of 
a  circle  was  as  1  to  the  continued  fraction  l4.^4.fa.¥4.-V+  &c.,  and 
showed  that  the  successive  approximate  values  of  the  continued 
fraction  were  approximations  alternately  less  and  greater,  to  the  true- 
ratio  of  the  square  to  the  circle. 

And  Wallis,  in  his  '*  Arithmetic  of  Infinites,"  proved  that  the  area 
of  a  circle  is  to  the  square  of  its  diameter,  as  1  to  |  x  f  f  x  f|  x  |^  x  &C.,. 
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^md  showed  this  expression  to  be  identical  witk  Lord  Brounker's  con- 
tinued fraction  (Arith.  Inf.  pp.  181,  &g.). 

Hujgens  employed  continued  fractions  for  the  purpose  of  obtaining 
in  smaller  numbers  the  approsdmate  values  of  the  ratios  of  large 
numbers.^ 

La  Grange  was  the  first  who  showed  that  the  square  root  of  any 
whole  number,  not  a  complete  square,  can  be  expressed  in  the  form  of 
a  periodic  continued  fraction.' 

Mr.  James  Gregory,  in  his  "  True  Quadrature  of  the  Circle  and  Hy- 
perbola," published  in  the  year  1667,  gare  a  convolving  series  which 
proceeds  by  pairs  of  terms,  such  that  the  difference  between  any  pair. 
is  less  than  the  difference  of  the  preceding  pair,  and  that  after  the^ 
same  law  that  the  second  pair  is  formed  from  the  first,  the  third  is 
formed  from  the  second,  and  so  on ;  by  which  the  differences  suc- 
•cessively  decreasing,  at  length  a  difference  becomes  less  than  any 
given  quantity  that  can  be  assigned,  when  the  series  is  indefinitely 
continued.  In  that  case  the  difference  vanishes,  and  the  two  terms 
become  equal,  either  of  which  is  the  quantity  sought,  whereby  an 
approximation  to  the  area  of  the  hyperbola,  as  well  as  to  that  of  the 
circle,  may  be  made  to  any  degree  of  accuracy. 

Dr.  Barrow  was  surpassed  by  few  men  of  his  age  in  deamess  of 
perception,  exactness  of  reasoning,  and  soundness  of  judgment.'  He 
-will  ever  stand  among  the  first  in  mathematioal  learning,  a  perfect 
master  of  the  ancient  geometiy,  who  considerably  contributed  to  the 
advancement  of  the  new  calculus  and  its  implications.  Nor  will  his 
reputation  be  ever  deemed  less  for  his  justness  of  thought  in  his 

^  See  Opnscula  Posthuma,  Lugd.  Bat  17C8.  Deaciiptio  Aatomati  Planetariiy 
pp.  449,  &c 

>  At  the  end  of  the  third  edition  of  Enler's  Algebra  (London,  1822)  are  printed 
the  additions  of  M.  de  la  Grange,  which  consist  of  a  valnable  treatise  on  continued 
fractions,  and  the  application  of  them  to  the  solution  of  indeterminate  problems. 
And  in  his  "  TnM  de  la  Btelntion  des  Equations  Numeriques  "  is  explained  tho 
manner  of  approximating  to  the  numerical  yalues  of  the  roots  of  equations  by  means 
of  continued  fractions.     Paris,  1st  ed.,  1798  ;  2nd  ed.,  1826. 

*  The  following  anecdote  ia  rekted  of  Dr.  Barrow,  as  as  instance  of  his  ready 
wit  and  judicious  skill  in  repelling  an  impertinence: — 

"  On  one  occasion,  while  Dr.  Barrow  was  at  Court  in  discharge  of  his  duties  as  the 
king's  chaplain  in  ordinary,  he  eneountered  one  day  the  witty  Lord  Bochester. 
Rochester,  intending  to  banter  him,  with  a  flippant  air  and  a  low  formal  bow, 
jpravely  accosted  him  with  the  words,  'Doctor,  I  am  yours  to  my  shoe-tie.'  Bar- 
row, perceiving  his  drift,  determined  upon  defending  himself  and  returned  the 
^ute  with,  ' My  lord,  I  am  yours  to  the  ground.'  Rochester,  upon  this,  improving 
his  blow,  quickly  returned  it  with,  'Doctor,  1  am  yours  to  the  centre ;'  which  was 
smartly  followed  up  by  Barrow  with,  'My  lord,  I  am  yours  to  the  antipodes.'  Upon 
this  rejoinder,  Rochester,  disdaining  to  be  foiled  by  a  musty  old  piece  of  divinity, 
as  he  used  to  caU  him,  exclaimed,  '  Doctor,  I  am  yours  to  the  lowest  pit  of  hell  ;* 
upon  which  Barrow,  turning  upon  his  heel,  with  a  sarcastic  smile,  archly  replied^ 
** There,  my  lord,  I  leave  you.' " 
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YTorkB  on  theology,  the  deepest  and  the  most  important  of  all  tha 
sciences.  His  Mathematical  Lectures  were  deUvered  at  Cambridge  in 
1664  and  the  following  years,  as  also  his  Q^eometrical  Lectures.  The 
latter  were  published  in  1670,  and  the  former  after  his  death  in  1683.^ 

He  begins  with  the  generation  of  mag^tudes  which  inyolyes  the 
origin  of  mathematical  hypotheses,  and  admits  that  magnitudes  may 
be  conceived  to  be  generated  or  formed  by  local  motion,  which  implies 
the  idea  of  force  which  produces  the  motion,  the  time  of  its  con- 
tinuance, and  the  direction.  Time  may  be  measured  by  motion,  and 
motion  by  time.  As  time  is  a  quantity  uniform  in  its  continuity,  and 
all  its  parts  correspond  to  the  respective  parts  of  spaces  passed  over 
with  equal  or  unequal  motions,  it  may  be  represented  to  our  minds 
by  any  geometrical  magnitude  between  which  and  time  there  can  be 
any  analogy,  such  as  a  straight  line  or  a  droular  arc.  Now  as  time 
consiBts  of  parts  altogether  similar,  it  may  be  regarded  as  of  ono 
dimension  only,  whether  considered  as  a  continuous  flux,  or  made  up 
by  the  addition  of  moments.  For  this  reason,  length  only  is  ascribed 
to  time,  and  its  quantity  is  determined  by  the  leogth  of  the  line 
passed  over.  As  a  line  can  be  conceived  to  be  the  trace  of  a  moving 
point,  so  time  may  be  conceived  as  the  trace  of  a  moment  continually 
moving  on  in  a  continuous  flux.  And  like  as  the  quantity  of  a  line 
consists  of  length  only  following  the  motion,  so  the  quantity  of  timo 
pursues  only  one  direction,  which  the  length  of  the  line  or  distance 
moved  over  shows,  and  determines  the  time. 

The  motive  force  by  which  magnitudes  are  supposed  to  be  gene- 
rated is  a  quantity,  and  subject  to  computation  as  other  quantities. 
For  when  two  bodies  depart  from  the  same  place  along  the  same  line, 
if  one  moves  over  a  greater  distance  than  the  other  in  the  same  time, 
then  that  body  which  moves  more  quickly  is  acted  on  by  a  greater 
force  or  motive  power.  Force,  therefore,  admitting  the  modification  of 
greater  and  less,  may  be  conceived  to  be  divisible  into  any  definite 
or  indefinite  parts.  And  in  order  to  represent  the  quantity  of  this 
force  justly  to  the  mind,  it  is  only  necessary  to  assume  some  geometri- 
cal magnitude  to  represent  it.  The  straight  line  will  fulfil  the 
required  conditions  both  with  respect  to  magnitude  and  direction. 
When  this  force  comes  under  mathematical  consideration  it  is  called 
Telocity,  which  is  defined  to  be  that  power  by  which  a  point  or  a 
movable  body  can  pass  over  a  given  space  or  distance  in  a  given 
time.  Hence  it  foUows,  that  the  quantity  or  measure  of  any  velocity 
cannot  be  known  either  from  knowing  separately  the  space  moved 
over,  or  from  the  time ;  but  can  be  determined  ^m  the  space  and 
the  time  together ;  that  is,  from  the  space  passed  over  in  ^  gpiven  time. 

^  The  Mathematical  Lectares  were  translated  into  English  by  the  Rev.  John 
Eirkby,  and  pnbUshed  in  1734,  and  the  Geometrical  Lectares  were  also  translated 
into  EngUsh  by  Edmund  Stone,  and  published  in  1785. 
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4So,  again,  the  quantity  of  time  can  be  obtained  from  the  quantity  of 
49pace  and  the  velocity  together.  The  quantity  of  space  is  found  in 
the  samia  manner  as  is  that  of  a  superficies,  simply  by  its  dimensions. 
But  the  quantities  of  velocity  and  time  are  found  exactly  in  the  same 
way  as,  when  a  superficies  and  one  of  its  dimensions  are  given,  we 
thereby  find  the  other.  For  to  every  moment  of  time  there  answers 
some  degree  of  velocity  which  a  movable  body  is  then  conceived  to 
have,  to  which  degree  some  length  of  space  moved  over  corresponds. 

When  time  flows  equably,  it  will  be  most  fitly  represented  by  the 
etraight  line ;  and  the  several  degrees  of  velocity,  whether  equal  or 
unequal  in  each  instant,  may  also  be  denoted  by  straight  lines.  And 
because  these  degrees  of  velocity  do  in  any  momemt  of  time  pass  over 
each  independently,  therefore  if  horizontal  straight  lines  parallel  to 
•each  other  be  drawn  through  all  the  points  of  the  perpendicular  line 
jrepresenting  the  time,  the  plane  superficies  thence  resulting  will 
exactly  represent  the  aggregate  of  the  degrees  of  velocity,  and  which 
superficies  having  its  parts  proportional  to  the  respective  parts  of  the 
space  moved  through,  may  properly  represent  that  space.  If  the 
velocities  corresponding  to  each  instant  of  time  be  equal,  this  super- 
ficies will  be  a  parallelogram ;  if  imequal,  a  triangle ;  £rom  the  pro- 
perties of  the  former  are  deduced  all  the  properties  of  equable  and 
uniform  motion ;  and  from  the  latter  all  those  which  concern  equally 
^kccelerated  motion.  Moreover,  any  degrees  of  velocity  increasing  or 
decreasing  by  any  law  of  force  in  any  times  being  given,  the  measure 
^f  the  rq^esentative  space,  or  the  quantity  of  space  moved  through, 
may  be  determined,  and  the  contraiy. 

The  (Geometrical  Lectures  exhibit  many  important  results  relating 
to  the  properties  of  curves.  Dr.  Barrow's  metliod  of  tangents^  is  the 
same  as  that  of  P.  Format,  simplified  and  generalised.  He  conceives 
the  ordinate  and  the  abscissa  of  a  curve  to  receive  each  an  infinitely 
•small  increment.  These  two  increments  and  the  small  portion  of  the 
curve  intercepted  between  them,  form  an  infinitesimal  triangle, 
similar  to  the  triangle  formed  by  the  ordinate,  subtangent,  and 
tangent  to  the  eurve.  From  the  equation  to  the  curve  he  finds  the 
relation  between  these  two  increments,  and  then  concludes,  that  as 
the  increment  of  the  ordinate  is  to  the  increment  of  the  abscissa, 
so  is  the  ordinate  to  the  subtangent,  which  gives  the  solution  of  the 
problem. 

1  As  an  example,  let  y^'^px,  the  equation  of  the  common  parabola,  be  taken ;  and 
let  e  denote  the  increment  of  o^  the  abscissa,  and  a  the  increment  of  y,  the  ordinate,  at 
-any  point  of  the  curve.  Then  (y+o)*«p(a5+e),  or  y'+2ay+a'-«|«:4-j)e ;  but  since 
y^^px^  there  will  remain  2ay-^a*^pe;  but  since  a  is  a  quantity  infinitely  small, 
a^  or  ax  a  is  infinitely  smaller  in  comparison  with  a,  and  therefore  a^  may  be 
rejected,    and    then    2ay»i'^    and   a:€::p:2y;    but   a:e::y:the    subtangent, 

hence  p:23f::y:  the  subtangent ;  and  the  subtangent  ^'—^—^^x,  or  the  sub- 

P      y 
tangent  of  the  common  parabola  is  equal  to  twice  the  abscissa. 
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or  ALGEBRA. 
( Continued.) 

The  researclieB  of  Wallis,  Barrow,  and  others,  had  already  opened 
ihe  way  by  their  discoyeries  for  the  further  development  of  new 
methods  of  reasoning  in  the  science  of  mathematics. 

Besides,  towards  the  latter  part  of  the  seventeenth  century,  severed 
ingenious  treatises  on  the  Science  of  Algebra  were  published  which 
contributed  to  advance  the  knowledge  of  that  science.  One  of  these 
may  be  noted.  In  the  year  1675,  in  two  quarto  volumes,  appeared 
"  Nouveaux  Elemens  des  Mathematiques,  par  Jean  Prestet,  pretre." 
A  second  edition  was  published  in  1689,  and  a  third  in  1694.  The 
work  consists  of  an  ample  treatise  on  Arithmetic  and  Algebra,  and 
bears  the  singular  and  peculiar  dedication  to  Almighiy  GK)d.  Such  a 
dedication  may  be  thought  to  savour  at  least  of  presumption,  if  not  of 
some  more  serious  offence  against  that  reverence  which  is  generally 
considered  due  from  the  creature  to  the  Creator.  But  it  is  more  pro- 
bable that  the  author,  being  under  the  orders  of  his  church,  would 
not  have  adventured  so  far  without  the  special  permission  of  infallible 
authority.  This  dedication  is  very  different  from  that  of  Thomas 
Taylor,  the  Flatonist,  who  dedicated  his  English  translation  of  the 
Commentary  of  Proclus  on  the  First  Book  of  Euclid's  Elements  "  To 
the  Sacred  Majesty  of  Truth." 

The  Algebra  of  Ehonius,  in  High  Dutch,  was  translated  into  English 
by  Thomas  Branker,  and  published  in  a  quarto  volume  in  London, 
1668.  Several  improvements  in  the  work  were  received  from  Dr. 
John  Pell,  by  whom  the  character  -j-  was  devised  to  denote  the  opera- 
tion of  division. 

Momenta  ArithmeticaB  Numerosee  et  Speciosse,  auctore  Edw.  Wells. 
1698,  Oxonii.  2nd  Edition,  1726.^  Mr.  Wells  also,  in  1714,  pub- 
lished in  three  volimies  a  work  entitled,  "  The  Young  Gentleman's 
Course  of  Mathematics."     The  author  remarks  that  no  gentleman 


-  The  late  Professor  De  Morgan  has  thus  described  this  work  : — "This  is  an 
-jjegant  work,  in  which  Arithmetic  and  Algebra  are  exhibited  to  the  university 
student  in  a  simple  form,  accompanied  by  the  historical  learning  which  such  a 
atadent  ought  to  haye.  The  works  on  Arithmetic  were  taking  too  commercial  a  turn 
to  be  all>safficient  for  the  purposes  of  liberal  education  ;  and  Wells,  without  by  any 
nieans  rejecting  commercial  questions,  writes  in  order  that  the  student  may  not  of 
necessity  be  driven  to  the  works  in  which,  as  he  says,. '  Exempla  non  aliunde  quam 
a  Butyro  et  Caseo,  Zingibcre  et  Pipere,  aliisque  similibus.* " 


ought  to  think  arithmetic  below  him  who  does  not  think  an  estate- 
below  him. 

The  substance  of  the  Aiithmetica  Universalis  of  Mr.  Newton  was. 
orginally  composed  and  delivered  in  his  lectures  as  Lucasian  Professor 
at  Cambridge  between  the  years  1669  and  1702.  Mr.  Whiston,  who 
succeeded  to  the  Lucasian  Professorship,  '^thought  it  a  pity  so  ablo 
and  useful  a  work  should  be  doomed  to  a  college-confinement."  He 
obtained  leave  from  Sir  Isaac  Newton  to  supply  what  he  had  left 
undone,  and  from  Dr.  Halley  to  reprint  his  method  of  finding  the^ 
roots  of  equations,  and  from  both  of  them  their  sanction  for  the  pub- 
lication. Accordingly  the  work  was  printed  at  Cambridge  in  1707, 
typis  academicis,  with  the  title  of  ^' Arithmetica  Universalis,  sive 
de  Compositione  et  Besolutione  Liber.  Cui  accessit  Halleiana  iBqua- 
tionum  Arithmetice  inveniendi  Methodus." 

The  following  extract  from  the  introduction  explains  the  nature^ 
and  object  of  the  work: — *' Computation  is  either  performed  by 
numbers,  as  in  vulgar  arithmetic,  or  by  species,  as  is  usual  among 
algebraists.  They  are  both  built  on  the  same  f  oimdations,  and  aim  at. 
the  same  end;  namely,  arithmetic  definitely  and  particularly ;  algebra^ 
indefinitely  and  universally :  so  that  at  most  all  expressions  that  ara 
found  out  by  this  computation,  and  particularly  conclusions,  may  be 
called  theorems.  But  algebra  is  particularly  excellent  in  this,  that- 
whereas  in  arithmetic  questions  are  only  resolved  by  proceeding  from 
given  quantities  to  the  quantities  sought ;  algebra  proceeds  in  a  retro- 
grade order,  from  the  quantities  sought,  as  if  they  were  given,  to  the 
quantities  given,  as  if  they  were  sought,  to  the  end  that  we  may,  some 
way  or  other,  come  to  a  conclusion  or  equation,  firom  which  we  may 
bring  out  the  quantity  sought.  And  after  this  way  the  most  difficult 
problems  are  resolved,  the  resolutions  whereof  would  be  sought  in. 
vain  from  only  common  arithmetic." 

An  able  and  distinguished  mathematician  has  made  the  following 
remarks  on  this  work : — '^  It  aboimds  with  many  great  and  useful  im- 
provements— ^particularly  in  the  transformation  of  equations,  the 
limits  of  their  roots,  the  number  of  impossible  roots,  and  the  use  of 
rational  and  surd  divisors.  It  also  contains  a  select  collection  of 
algebraical  and  geometrical  problems,  which  are  resolved  in  the  most 
elegant  and  masterly  manner;  as  likewise  the  linear  construction 
of  equations  of  different  orders,  and  a  general  method  of  determining 
numeral  equations  by  approximation." 

The  work  was  translated  into  English  by  Mr.  Balphson,  and  pub* 
lished  in  1 720.  A  second  edition,  revised  and  corrected  by  Mr.  Cunn, 
was  issued  in  1728.  A  later  edition  was  also  published  by  Wilder 
in  1769,  with  a  commentary  in  two  volumes  octavo. 

An  edition  of  the  Arithmetica  Universalis  was  published  in  three 
octavo  volumes,  with  a  commentary  in  Latin,  by  P.  Antonio  Secchi,  at 


Milan  in  1752.  Another  edition  was  publislied  in  1761  at  Amsterdam, 
in  two  quarto  volumes,  witli  a  commentary  by  Joannes  Castillione. 

It  appears  to  be  unquestionable  that  Newton  was  the  first  who 
assigned,  in  a  general  form,  the  law  of  the  coefficients  of  the  Binomial 
Theorem,  and  ^owed  that  the  theorem  was  true  when  extended  to  frac- 
tional and  negative  indices.  As  he  has  described  at  considerable 
length  in  his  letter  addressed  to  Mr.  Oldenburg,  dated  24th  October, 
1676,  how  he  was  led  to  the  discovery,  the  account  will  be  best  repre- 
sented in  the  form  it  is  given  by  Newton  himself.  He  writes: — 
**  About  the  beginning  of  my  mathematical  studies,  as  soon  as  the 
works  of  the  celebrated  Dr.  Wallis  fell  into  my  hands,  by  considering 
the  series  by  the  interpolation  of  which  Dr.  Wallis  had  exhibited  the 
areas  of  the  circle  and  the  hyperbola  in  his  *  Arithmetic  of  Infinites,' 
namely,  that  in  a  series  of  curves,  whose  common  base  or  axis  is  x, 
and  the  ordinates 

(1-ara?)^,  (l-^rar)^,  (1-ara?)*,  (1-ara?)^,  (1-^^)^,  {l-xx)^,  &c., 
if  the  areas  of  every  other  of  them,  that  is, 

X,  X'-ia^,  a;-fa^+ia:»,  ar-5:c»+fa^-  \:xF,  &c. 
could  be  interpolated,  we  should  have  the  areas  of  the  intermediate 

ones,  of  which  the  first  (1 — ^j?)^  is  the  circle.  To  interpolate  these,  I 
observed  that  the  first  term  in  all  of  them  was  x^  and  that  the  second 
iGTmB  ^s^f  ^,  ^x^,  1^,  &c.,  were  in  arithmetical  progression;  and 
that  therefore  the  first  two  terms  of  the  series  to  be  intercalated 

should  be 

ia^  1^  ^x'    ^ 

*"■    3    »  ^"    3   '  ^ — 3   '  *^- 

For  interpolating  the  rest,  I  considered  that  the  denominators,  1,  3, 

5,  7,  &c.,  were  in  arithmetical  progression,  and  that  hothing  remained 

but  to  investigate  the  nimieral  coefficients  of  the  numerators.    Now 

these  I  saw,  in  the  alternate  areas  that  were  known,  to  be  figures 

which  express  the  powers  of  the  number  11,  namely,  11",  IP,  11',  11", 

11^  &c.,  that  is,  the  first  was  1 ;  the  second  1,1;  the  third  1,  2,  1 ; 

the  fourth  I,  3,  3,  1 ;  the  fifth  1,  4,  6,  4,  1,  &c. 

**  Wherefore  I  inquired  how,  from  the  first  two  figures  given  in 

these  series,  the  rest  might  be  derived ;  and  I  found  that  if  the  second 

figure  be  called  m,  the  rest  might  be  produced  by  a  continual  multi- 

ffi^'O     m — 1     in'^2     tH'-S 
plication  of  the  terms  of  this  series  —r—  x     n     x  ~"q~  x  —t—  x  &c. 

m^  1 
**  For  example,  let  the  second  term  i»=4,  then  4  x  — o~>  ^^^*  ^^i  ^ 

m^2 
will  be  the  third  term;  and  6  x  — «— »  that  is  4,  the  fourth  term ;  and 

4  X  .  ,  that  is  l,,the  fifth  ;  and  1  x — t— ,  that  is  0,  the  sixth  term. 
With  which  the  series,  in  this  case,  terminates. 


''  Therefore  I  applied  this  rule  for  interpolating  the  series.    And 
^«ince,  for  the  drde,  the  second  term  was  ^,  I  put  i»  =  i,  and  the 

terms  arising  were  2^2"'  ®^  "8'  "8^3"'  ^^  "^Te' 
1      i-3  5  ^ 

H-TgX         ,  or  —Too  I  ^"id  so  on  in  infinitum.    Whence  I  came  to 

understand  that  the  area  of  the  circular  segmenti  which  I  wanted  was 

^36         7  9    ' 

^' And  the  like  method  may  be  made  use  of  to  interpolate  other 
'  series,  and  that  although  they  be  deficient  by  the  intervals  of  two  or 
'  more  terms  together.  Such  was  my  first  entry  upon  these  studies, 
^  which  had  certainly  escaped  me,  had  I  not  accidentally  cast  my  eye 
upon  some  loose  papers  that  came  in  my  way  a  few  weeks  ago.  But 
'having  anived  at  this  length,  I  immediately  began  to  consider  that 
'the  terms 

(l-4Rr)*   {l-xx)^,  (l-arj:)^  (l-xx)^,  &c., 

that  is  to  say,  1,  l-x^,  l--2a^+af*,  l-34;*+3a?*-««,  &c. 

might  be  interpolated  after  the  same  manner  as  the  areas  generated 

by  them ;  and  that  nothing  was  required  for  this  purpose  but  to  omit 

the  denominators  1,  8,  5,  7,  &c.,  which  are  in  the  terms  expressing 

the  areas.    That  is  to  say,  that  the  coefficients  of  the  terms  of  the 

i  3 

-quantity  to  be  interpolated  (l—«jc) 2  or(l  — xa?)',    or    in    general    of 

»(1— x;p)",  arise  by  the  continual  multiplication  of  the  terms  of  this 

m     w  — 1     «i— 2    *»— 3     „         A    J    .1        T  .     <i    • 

eenes  y^    o     x     »     x     .    ,  &c.    And  thus  I  perceived,  for  ex- 

.ample,  that 

(1  -«a?)*  was  equivalent  to  1  —  g^— i^— i^^a:*  -  &c. 
(1— :t:^)i  was  equivalent  to  1  — ^a:3_^_^^_  ^^^ 

(I— a»;)iwas  equivalent  to  1— f^+|a?*+xV^+  &c. 
"And  thus  I  was  possessed  of  a  general  method  of  reducing 
radicals  to  infinite  series  by  the  rule  I  mentioned  towards  the  be- 
ginning of  my  former  letter^,  and  that  before  I  was  acquainted  with 

^  This  was  the  letter  of  Newton  to  Mr.  Oldenburg  of  the  date  13th  June,  1675, 
mnd  designated  in  the  Commercium  Epistolicnm,  Epistola  Newtoni  Prior.     The 
following  extract  from  the  letter  contains  the  role  referred  to  with  the  examples 
•.there  given.     *^  The  extraction  of  roots  is  much  shortened  by  this  theorem  : — 

m 
In  which  ----  denotes  the  index  afiarmatiye,  or  negative,  P  the  first  term  of  the 

binomial,  Q  the  second  term  divided  by  the  first,  and  A,  B,  C,  D,  kc,  the  firsts 
.secon«1,  third,  fourth,  kc,  terms  of  the  expansion  with  their  proper  signs. 

Since  Algebraists  write  a',  a",  o^,  &c.,  for  act,  aaa,  oooa,  kc,  so  I  write  ai,  ai. 


the  extraction  of  roots.     But  once  tliis  was  known,  I  could  not  re- 
main long  ignorant  of  that  other.     For  in  order  to  prove  these  opera- 

—ip-M.  - .m-     ■-  _■-  ■  -  —         —  —     — -        - — 

ay  for   */a,    n/a*,  ^/c.a*  ;   and    I    write    a-\  a-',    a-\   tc,— »  — t  — »  &c.. 

—  1  act  a 

And  80  I  write   aax{a*-\-bbx)  *  foe    y  /  ,  .  ,»^.>  ;  and    aabxia^+bbxyl    for 

a^ • 

-3.  ? 

If  the  last  expression  (a'-^hbx)  ^he  compared  with  (P+2*Q)*,  P^a*f 

g-     bbx  ■         m 

v=-^»   w=— 2,  n—3.    And  in  the  teims  of  the  expansion,  ^=jp*,  B^-AQ^ 

and  so  on  for  the  other  terms. 

Ex.  1.  ^(cc+tx)  or  (««+«')*-<'+2j-8^+l-67»-i287^+266^-.  *«• 
For  in  this  case, 

XX  '  m  XX         m— n  ar* 

and  so  on. 

ljt.2.  ^/6:(c*4•c*aJ-a»)or(c»^-c♦^-x»)*=c^~ ^^—  _ ^- +,&c.,. 

as  will  be  clear  by  substituting  in  the  Rule,  1  for  its,  5  for  n,  c>  for  P,  and ^  — 

for  Q. 

Also  -a'  can  be  substituted  for  P,  and g-  for  Q,  and  then 

The  former  method  is  to  be  chosen  if  x  be  very  small,  the  latter  if  it  be  very, 
great. 

ForP=y.,  «,-^,  «,--!,  n-3,  ^  =  i.  if-^,.  &c 

ForP=<f,  Q=3,  m— 4,  n=3,  .,4=cJ*,  &c. 

Ex.  5.  (<i+«)»-(i''+5<i*<!+10(i»«»+10'e»+5<fa«+e». 

HereP-rf,  Q-g,  m-6,  n=l,  ^-(i»,  i?=-^Q  =  6(i*e. 

And  so  (7«l(W«e',  D-lOd'e',  E=^5dc\  P«e». 
1  _i    •!      «      e'     e* 

For  here  P-d;  Q- j  m=  - 1,  n-1,  ^-d-»  or  g,  i?«--4Q=  -^,  ^"5i» 
1  1      8«     6«'     lOd* 

Ex.7.  (5:i:j)ior(rf+«)-»-d^-5z+dJ— 5r+,&c 


tions,  I  multiplied  1  — ^a:^— |:c*— ^^^^—  &c.,  into  itself,  and  I  found  the 
product  l—arjT,  the  rest  of  the  terms  in  infinitum  vanishing  by  the 
continuation  of  the  series. 

"  And  thus  likewise  the  series  1 — ^ic*— |^—  ¥T^""  ^-9  multiplied 
twice  into  itself  produced  1  —  xx. 

*^  Which,  as  it  afforded  a  certain  proof  of  the  truth  of  these  conclu- 
sions, so  it  led  me  to  try  whether,  conversely,  these  series  which  thus 
appeared  to  be  the  roots  of  the  quantity  1 —a:",  might  not  in  an  arith- 
metical manner  be  extracted  out  of  it.  The  matter  succeeded  to  my 
mind. 

''  Having  discovered  this,  I  entirely  neglected  the  interpolation  of 
series,  and  made  use  of  these  operations  only,  as  a  more  genuine 
foundation.  And  as  to  reduction  into  infinite  series  by  division,  it  did 
not  lie  long  concealed,  being  a  much  easier  affair.  Yea,  I  inmiedi- 
ately  attempted  the  resolution  of  affected  equations,  and  obtained  it 
likewise.  Whence  the  ordinates,  the  segments  of  tiie  axes,  and  any 
other  right  lines,  were  at  once  known,  from  the  areas  or  arcs  of  the 
curves  being  gpiven. 

''  About  that  time  the  plague  breaking  out,  obliged  me  to  get  hence 
(from  Cambridge)  and  think  of  something  else.  Notwithstanding,  I 
added  to  my  other  discoveries,  at  that  time,  a  certain  construction  of 
logarithms  deduced  from  the  area  of  the  hyperbola." 

After  shewing  how  this  construction  was  effected,  he  proceeds 
thus: — 

<^  I  am  ashamed  to  tell  to  how  many  places  of  figures  I  carried  these 
computations,  having  no  other  business  at  that  time ;  for  I  pleased 
myself  too  much  with  these  discoveries.  But  as  soon  as  that  in- 
genious performance  of  Nicolaus  Mercator  appeared,  I  mean  his 
Logarithmotechnia  (who,  I  doubt  not,  first  discovered  the  things  he 
published),  I  began  to  cool  a  little  upon  these  things,  suspecting  that 
either  he  understood  the  extraction  of  roots,  as  well  as  division  of 
fractions ;  or  at  least  that  others,  upon  the  discovery  of  division,  would 
find  out  the  rest  before  I  could  be  of  sufficient  age  for  writing. 

**  Tet  about  the  same  time  that  performance  appeared,  I  communi- 

(d+0*  *(i*    8(i^    Dd*    81rf^  5 

By  the  same  rule,  the  raising  of  powers  and  the  extraction  of  the  higher  roots  of 
nnmbers  can  be  readily  effected,  as  well  as  the  multiplication  and  division  of  powers 
and  roots  of  quantities. " 

The  originals  of  the  letters,  one  of  date  13th  June,  1676,  from  which  this  note 
is  extracted,  and  the  other  of  24th  October,  1676,  are  printed  in  the  Commercium 
Epistolicum,  the  former  noted  as  Epistola  Newtoni  prior,  and  the  latter  as  EpistolA 
Newtoni  posterior. 


cated  to  Mr.  CoUinff,  by  the  intervention  of  our  friend  Dr.  Barrow  (then 
Professor  of  Mathematics  at  Cambridge),  a  certain  compend  of  these 
series,  in  which  I  had  signiEed  that  the  areas  and  lengths  of  all  curves, 
and  the  surfaces  and  contents  of  solids,  might  be  determined  from 
right  lines  given;  and  conversely,  from  these  given,  the  others 
might  be  found.  And  I  illustrated  the  method  I  pointed  out  by 
several  series.  After  this  a  literary  correspondence  having  arisen 
betwixt  us,  Mr.  Collins,  a  person  bom  for  the  advancement  of  Mathe- 
matical learning,  insisted  strongly  upon  my  publishing  these  and 
other  things.  Accordingly,  five  years  ago  (1671),  when  at  the  per- 
suasion of  my  friends  I  had  resolved  to  publish  a  treatise  on  the  re- 
fraction of  Hght  and  of  colours,  which  I  had  then  ready  by  me,  I 
began  to  turn  my  thoughts  again  to  these  series,  and  wrote  like- 
wise a  treatise  upon  them,  that  I  might  publish  them  both  together. 

''  But  having  written  you  a  letter  upon  the  subject  of  the  reflecting 
telescope,  in  which  I  explained  briefly  my  notions  of  the  nature  of 
light,  something  unexpected  fell  out,  which  made  me  imagine  it  con- 
cerned me  to  write  to  you  speedily  about  printing  that  letter.  Im- 
mediately upon  the  back  of  this  I  met  with  frequent  interruption  from 
the  letters  of  several  persons  taken  up  with  objections  and  other 
things,  which  frightened  me  entirely  from  executing  my  design,  and 
made  me  find  fault  with  myself  for  my  imprudence,  that,  by  catching 
at  a  shadow,  I  had  been  so  far  deprived  of  the  peace  and  quiet  of  my 
own  mind,  whidi  is  a  thing  of  more  substantial  worth. 

''  About  that  time  James  Gregory,  frt>m  one  certain  series  of  mine, 
which  Mr.  Collins  had  sent  him,  after  much  thought  and  application 
(as  he  himself  wrote  back  to  CoUins),  lighted  upon  the  same  method, 
and  hath  left  a  treatise  upon  it,  which  we  hope  will  be  published  by 
his  friends.  Since,  considering  his  extraordinary  genius,  he  must 
have  added  many  new  discoveries  of  his  own,  which  would  be  a  great 
loss  to  Mathematical  learning,  should  they  be  lost. 

* '  But  as  for  my  treatise  I  mentioned,  I  had  not  quite  finished  it  when 
I  gave  over  my  design ;  and  I  have  had  no  inclination  to  this  very 
day  to  add  the  other  things  to  it.  For  it  wanted  that  part  in  which  I 
had  designed  to  explain  the  method  of  solving  such  problems  as 
cannot  be  reduced  to  quadratures,  although  I  had  laid  down  some- 
thing of  the  foundation  of  this  also.  However,  the  doctrine  of  infinite 
series  made  but  a  small  part  of  that  treatise. 

''  I  put  a  good  many  things  together,  among  which  was  the  method 
of  drawing  tangents,  which  the  sagacious  Slusius  communicated  to  you 
some  two  or  three  years  ago ;  concerning  which  (at  the  desire  of  Mr. 
Collins)  you  wrote  back  that  I  was  in  the  knowledge  of  the  same.  We 
fell  upon  it,  it  is  true,  in  different  ways.  When  one  knows  the 
foundation  I  proceed  upon,  he  cannot  draw  tangents  after  any  other 
manner,  unless  he  designedly  go  out  of  the  right  way. 
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*'  Moreover  there  is  no  stop,  whatever  way  the  equations  be  affected 
with  radicals,  affecting  one  or  both  the  inde&iite  quantities ;  but 
without  any  reduction  of  such  equations  (which  would  render  the 
work  frequently  insupportable)  the  tangent  is  directly  drawn.  And 
the  thing  is  much  the  same  in  the  questions  of  Maxima  and  Mixdma, 
and  some  others  which  I  shall  not  here  mention. 

*^  The  foundation  of  these  operations,  which  obvious  enough  in  itself 
(because  I  cannot  pursue  the  explication  of  it),  I  choose  rather  to 
conceal  in  an  anagram  thus : 

6aced(BlSeff7i3l9n4o4qrrii9n2vx.^ 

''  Upon  this  foundation  I  have  endeavoured  likewise  to  render  the 
speculation  concerning  the  quadrature  of  curves  more  simple ;  and 
have  arrived  at  some  more  general  theorems.  ..." 

It  appears  from  the  preceding  account  that  the  Binomial  Theorem 
liaving  been  discovered  at  first  by  the  method  of  trial  and  induction^ 
Newton  gave  no  general  demonstration  of  it  beyond  the  verification 
of  its  truth  in  particular  instances,  by  multiplication  and  actual 
extraction. 

A  proof  of  the  Binomial  Theorem,  in  the  case  where  the  index  is  a 
positive  integer,  was  devised  by  James  Bernoulli,  founded  on  the 
principle  of  combinations  and  figorate  numbers.  It  was  printed  in 
1714,  in  his  '' Ars  Conjectandi,"  a  work  on  which  he  was  engaged  at 
ihe  time  of  his  death,  which  happened  in  1705.  His  mathematical 
works  were  collected  and  published  at  Geneva  in  the  year  1744,  in 
two  quarto  volumes. 

Besides  the  proof  of  the  Binomial  Theorem  depending  on  the 
principle  of  combinations,  there  is  another  proof,  in  which  it  is  shown 
ihat,  whether  the  index  be  integral,  fractional,  or  negative,  the  first 
ierm  of  the  expansion  of  (a+^)"  will  always  be  tf",  and  the  expansion 
will  proceed  by  positive  and  integral  powers  of  &  in  successive  terms 
beginning  with  the  first  power  in  the  second  term,  and  that  die 
'Coe£Blcient  of  the  second  term  is  always  equal  to  the  index. 

Euler's  more  general  proof  of  the  Binomial  Theorem  first  appeared 
in  the  New  Commentaries  of  St.  Petersburg  for  the  year  1774. 

Since  the  time  of  Newton  numerous  attempts  have  been  made  to 
'devise  general  proofs  of  the  Binomial  Theorem.  Most  of  these  demon- 
strations have  been  considered  faulty  or  unsatisfactory.  The  Multi- 
nomial or  Polynomial  Theorem  is  an  extension  of  the  Binomial  Theorem ; 
a  general  formula  for  expressing  in  a  series  the  expansion  of  a  quantity 
consisting  of  any  number  of  terms,  whether  the  index  be  integral  or 
•  otherwise.   This  theorem  was  first  investigated  by  De  Moivre,  and  will 

^  The  anagram  contains  the  letters  of  the  following  sentence  : — "Data  eqnatione 
quotctmque  flaentes  qnantitates  involvente,  flnxiones  inrenire ;  et  rice  versa."    That 
is:  An  equation  oeing  given  inyolving  any  number  of  flowing  qnantities,  to  find 
.  the  fluxions,  and  conversely. 
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"be  found  printed  in  the  volume  for  1697  of  tlie  Philosophical  Transac- 
tions of  the  Boyal  Society. 

The  invention  of  the  method  of  fluxions  and  fluents  by  Newton, 
and  that  of  the  differential  and  integral  calculus  by  Leibnitz,  constitute 
one  of  the  most  important  discoveries  in  the  mathematical  sciences. 
The  method  of  fluxions,  or  flowing  quantities,  is  distinguishable  from 
the  calculus  of  Leibnitz  in  its  conception  and  notation,  but  in  all  other 
respects  the  two  methods  are  identical  in  reference  to  their  ultimate 
objects. 

The  principles  of  this  calculus  are  applicable  for  the  investigation 
of  questions  relating  to  all  variable  magnitudes  whatever  which  admit 
of  increase  or  decrease. 

Leibnitz  first  published  in  the  Leipsic  Acts  for  October,  1684,  his 
paper  in  Latin,  which  contained  **  A  New  Method  for  Maxima  and 
Minima,  and  likewise  for  Tangents,  which  is  affected  neither  by 
fractions  nor  irrational  quantities,  and  a  peculiar  kind  of  calculus  for 
ihem."  In  1685  he  published  the  inverse  method  of  his  calculus,  and. 
in  1686  another  tract,  in  which  the  principles  of  his  methods  were- 
further  developed. 

Newton  published  his  great  work^  imder  the  title  of  *^  Philosophies 
^^'^—•^•^^•^^  '         — -^^_^.^^^^.^_^_^.^_ — 

^  The  following  is  an  extract  from  the  preface  to  Dr.  Pembertou's  view  of  Sir 
Isaac  Newton's  Philosophy  : — 

''The  first  thonglits  which  gave  rise  to  the  Principia,  he  had  when  he  retired' 
from  Cambridge  in  1666,  on  account  of  the  plague.     As  he  sat  alone  in  a  garden,  hr- 
fell  into  a  speculation  on  the  power  of  grayity :  that  as  this  power  is  not  found, 
sensibly  diminished  at  the  remotest  distance  from  the  centre  of  the  earth  to  whicl^ 
we  can  rise,  neither  at  the  tops  of  the  loftiest  buildings,  nor  even  on  the  summits 
of  the  highest  mountains,  it  appeared  to  him  reasonable  to  conclude  that  this  power 
must  extend  much  farther  than  was  usually  thought     '  Why  not  as  high  as  the 
mooa  V  said  he  to  himself ;  and  if  so,  her  motion  must  be  influenced  by  it ;  perhaps 
she  is  retained  in  her  orbit  thereby.    However,  though  the  power  of  gravity  is  not 
sensibly  weakened  in  the  little  change  of  distance  at  which  we  can  place  ourselves 
from  the  centre  of  the  earth,  yet  it  is  very  possible  that,  so  high  as  the  moon,  this. 
power  may  differ  much  in  strength  from  what  it  is  here.    To  make  an  estimate  what 
might  be  the  degree  of  this  diminution,  ho  considered  with  himself  that,  if  the* 
Inoon  bo  retained  in  her  orbit  by  the  force  of  gravity,  no  doubt  the  primary  planets 
are  carried  round  the  sun  by  the  like  power.    And,  by  comparing  the  periods  of  the- 
several  planets  with  their  distances  from  the  sun,  he  found  that  if  any  power  like* 
gravity  held  them  in  their  courses,  its  strength  must  decrease  in  the  duplicate  pro* 
portion  of  the  increase  of  distance.    This  he  concluded  by  supposing  them  to  move 
in  perfect  circles  concentrical  to  the  sun,  from  which  the  orbits  of  the  greatest  part 
of  them  do  not  much  differ.    Supposing,  therefore,  the  power  of  gravity,  when- 
extended  to  the  moon,  to  decrease  in  the  same  manner,  he  computed  whether  that* 
force  would  be  sufficient  to  keep  the  moon  in  her  orbit.    In  this  computation,  being 
absent  from  books,  he  took  the  common  estimate  in  use  among  geographers  and  our 
seamen  before  Norwood  hod  measured  the  earth,  that  sixty  English  miles  were  con- 
tained in  one  degree  of  latitude  on  the  surface  of  the  earth.     But  as  this  was  &' 
very  faulty  supposition,  each  degree  containing  about  69}  of  our  miles,  his  compu* 
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Naturalis  Principia  Mathematica,"  in  the  year  1687,  in  wtich  he 
applied  the  principles  of  his  new  calculus  to  some  of  the  most  important 
problems  relating  to  the  system  of  the  world.  It  may  be  observed 
that  priority  of  publication  does  not  necessarily  determine  priority  of 
discovery.  An  inventor  may  have  kept  the  secret  of  his  discovery  long 
before  he  made  it  known  publidy,  in  order  to  investigate  its  possible 
and  probable  consequences. 

Newton,  in  a  letter  to  Collins  of  the  date  10th  December,  1672, 
shows  that  he  had  found  a  method  of  drawing  tangents  to  curves,  and 
applies  it  to  an  example  without  giving  the  demonstration.  He  after- 
wiu^s  remarks  that  it  is  only  a  corollary  of  another  general  method 
which  he  has  for  drawing  tangents,  squaring  curves,  finding  their 
lengfths  and  centres  ,of  gravity,  &c. ;  involving  no  difficulties  arising 
from  radical  quantities.  The  evolution  of  radicals  into  series  was  a 
considerable  step  made  by  Newton  in  his  generalised  form  of  the 
Binomial  Theorem. 

In  the  beginning  of  the  year  1673  Leibnitz  first  visited  London, 
and  became  acquainted  with  Mr.  Oldenburg,  with  whom  he  commenced 

tation  did  not  answer  expectation;  whence  he  concluded  that  some  oth/er  cause 
must  at  least  join  with  the  action  of  the  power  of  gravity  on  the  moon.  On  this 
account  he  laid  aside,  for  that  time,  any  fiirther  thoughts  upon  this  matter.  But 
some  years  after,  a  letter  which  he  received  from  Dr.  Hooke  put  him  on  inquiring 
what  was  the  real  figure  in  which  a  body  let  fall  from  any  high  place  descends, 
taking  the  motion  of  the  earth  round  its  axis  into  consideration.  Such  a  body, 
having  the  same  motion,  which  by  the  revolution  of  the  earth  the  place  has  whence 
it  falls,  is  to  be  considered  as  projected  forward,  and  at  the  same  time  drawn  down 
to  the  centre  of  the  earth.  This  gave  occasion  to  his  resuming  his  former  thoughts 
concerning  the  moon,  and  Picard,  in  France,  having  lately  measured  the  earth,  by 
using  his  measures  the  moon  appeared  to  be  kept  in  her  orbit  purely  by  the  power 
of  gravity ;  and  consequently,  that  this  power  decreases,  as  you  recede  from  the 
centre  of  the  earth,  in  the  manner  our  author  had  formerly  conjectured.  Upon  this 
principle  he  found  the  lino  described  by  a  falling  body  to  be  an  ellipsis,  the  centre 
of  the  earth  being  one  focus.  And  the  primary  planets  moving  in  such  orbits  round 
the  sun,  he  had  the  satisfaction  to  see  that  this  inquiry,  which  he  had  undertaken 
merely  out  of  curiosity,  could  be  applied  to  the  greatest  purposes.  Hereupon  he 
composed  near  a  dozen  propositions  relating  to  the  motion  of  the  primary  planets 
about  the  sun.  Several  years  after  this,  some  discourse  he  had  with  Dr.  Halley, 
who,  at  Cambridge,  made  him  a  visit,  engaged  Sir  Isaac  Newton  to  resume  again 
the  consideration  of  this  subject,  and  ga?e  occasion  to  his  writing  the  treatise 
which  he  published  under  the  title  of  '  Mathematical  Principles  of  Natural  Philoso- 
phy.' This  treatise,  full  of  such  a  variety  of  profound  inventions,  was  composed  by 
him  from  scarce  any  other  materials  than  the  few  propositions  before  mentioned, 
in  the  space  of  a  year  and  a  half." 

At  the  beginning  of  a  letter  of  Newton  to  Dr.  Bentley,  written  in  1692,  are  these 
words: — "When  1  wrote  my  treatise  about  our  system,  I  had  an  eye  upon  such 
principles  as  might  work  with  considering  men  for  tiie  belief  of  a  Deity,  and  nothing 
can  rejoice  mo  more  than  to  find  it  useful  for  that  purpose.  But  if  1  have  done 
the  public  any  service  in  this  way,  it  is  duo  to  nothing  but  industry  and  patient 
thought" 


11 

•a  correspondence.  In  one  of  Hs  letters  written  in  London,  Leibnitz 
states  that  he  had  discovered  a  method  of  summing  certain  series  by 
means  of  their  differences.  Dr.  Pell  alleged  that  this  method  had  been 
already  published  in  a  work  by  Mouton,  Canon  of  St.  Paul's,  at  Lyons, 
*^  On  the  Diameters  of  the  Sun  and  Moon."  Leibnitz  maintained  that 
he  had  invented  another  method,  which  he  explained,  of  forming  the 
differences,  and  thence  deducing  the  sums  of  series  of  fractions  whose 
numerators  are  unity,  and  whose  denominators  are  formed  by  certain 
laws.  And  he  further  relates,  that  on  the  further  consideration  of  his 
former  remarks  on  the  differences  of  numbers  in  connection  with  his 
Tecent  meditations  on  geometry,  he  hit  upon  this  calculus  about  the 
year  1676. 

Newton  published  his  Opticks,  or  a  treatise  of  the  reflexions,  re- 
fractions, inflexions,  and  colours  of  light,  4to,  in  English,  in  1704. 
Also  in  the  same  volume,  two  treatises  (in  Latin)  of  the  Species  and 
Magnitudes  of  Curvilinear  Figures. 

Li  the  preface  he  remarks : — 

<'  In  a  letter  written  to  Mr.  Leibnitz  in  the  year  1676,  and  published 
by  Dr.  Wallis,  I  mentioned  a  method  by  which  I  had  found  some 
general  theorems  about  squaring  curvilLiear  figures,  or  comparing 
them  with  the  conic  sections,  or  other  the  simplest  figures  with  which 
£hey  may  be  compared.  And  some  years  ago  I  lent  out  a  manuscript 
containing  such  theorems,  and  having  since  met  with  some  things 
copied  out  of  it,  I  have  on  this  occasion  made  it  public,  prefixing  to  it 
an  Introduction,  and  subjoining  a  solution  containing  that  method. 
And  I  have  joined  with  it  another  small  tract  concerning  the  curvilinear 
figures  of  the  second  kind,  which  was  also  written  many  years  ago, 
and  made  known  to  some  friends,  who  have  solicited  the  making  it 
public." 

The  following  is  the  *'  Introduction^^  referred  to  in  the  prefjEU>e  to 
the  "  Tractatus  de  Quadratura  Curvarum  ": — 

'*  I  consider  mathematical  quantities  in  this  place  not  as  consisting 
of  very  small  parts,  but  as  described  by  a  continued  motion.  lines 
-are  described,  and  therefore  generated  not  by  the  apposition  of  parts, 
but  by  the  continued  motion  of  points ;  superficies  by  the  motion  of 
lines ;  solids  by  the  motion  of  superficies ;  angles  by  the  rotation  of 
the  sides;  portions  of  time  by  a  continual  flux;  and  so  in  other 
quantities.  These  geneses  really  take  place  in  the  nature  of  things, 
4Uid  are  daily  seen  in  the  motion  of  bodies.  And  after  this  manner 
the  ancients,  by  drawing  moveable  right  lines  along  immoveable  right 
lines,  taught  the  genesis  of  rectangles.  Therefore  considering  that  quan- 
tities, which  increase  in  equal  times,  and  by  increasing  are  generated, 
become  greater  or  less  according  to  the  greater  or  less  velocity  with 
^hich  they  increase  and  are  generated,  I  sought  a  method  of  determin- 
ing quantities  from  the  velocities  of  the  motions  or  increments  with 


12 

^hich  they  are  generated ;  and  calling  these  velocities  of  the  motions 
or  increments  fluxiom,  and  the  generated  quantities  fluents,^  I  fell  \>j 
degrees,  in  the  years  1665  and  1666,  upon  the  method  of  fluxions^, 
which  I  have  made  use  of  here  in  the  quadrature  of  curves." 


^  Early  notice  of  Fluxions,  Nov.  13,  1665,  from  an  original  paper  in  Newton's- 
handwriting  belonging  to  the  Earl  of  Macclesfield,  first  printed  in  the  Appendix  No. 
II.  of  the  **  Historical  Essay  on  the  first  publication  of  Sir  Isaac  Newton's  Principia» 
by  Stephen  Peter  Rigand,  M.A.,  F.B.8.,  Savilian  Professor  of  Astronomy,  Oxford^ 
8vo,  1838  "  :— 

"  An  equation  being  given  expressing  the  relation  of  two  or  more  lines  x,y,t^ 
&c.,  described  in  the  same  time  by  two  or  more  moving  bodies,  A,  B,  C,  &c.,  to  find 
the  relation  of  their  velocities,  p,  q,  r,  &c. 

Raolniion, 

S«t  all  the  terms  on  one  aide  of  the  equation  that  they  become  equal  to  nothing 
X  y 


B  ^ C 

And  first  multiply  each  term  by  so  many  times  -  as  a;  hath  dimensions  in  that 

term. 

Secondly,  multiply  each  term  by  as  many  times  -  as  y  hath  dimensions  in  it. 

V 

Thirdly,  multiply  eaoh  term  by  so  many  times  -  as  s  hath  dimensions  in  it,  Ac 

z 

The  sum  of  all  these  products  shall  be  equal  to  nothing  :  which  equation  gives  tho 
relation  of  |?,  y,  r,  &c. 

Or  more  genetvUy  thus : 

Older  the  equation  according  to  the  dimensions  of  ae,  and,  putting  a  and  h  for 

any  two  numbers,  whether  rational  or  not,  multiply  the  terms  of  it  by  any  part  of 

this  progression,  viz. : 

ap'-Zhp        ap*^2bp        ap—hp        ap        ap-^bp        ap-h2bp        ap-^Zhp     m 
,     — — —  ,     ■  ,     —  ,  '■  >    — t     »   *^- 

X  X  XXX  X  X 

'  Also,  order  the  equation  according  to  y,  and  multiply  the  terms  of  it  by  this 
progression,  viz. : 

o^— 26gf        aq-^bq         aq        aq-^bq         aq+^        aq-{-Zbq    -^ 

»         I         >  ■-       ■      $         —     '-■       ■       9  9     **'• 

y  y         y         V  y  y 

Also  order  it  according  to  the  dimensions  of  z^  and  multiply  its  terms  l^  this 
progression : 

ar—Zbr ,      ar— 26r        or— &r         or        ar+Jr        ar-\-7hr        ar-f  86r    .  . 
z  z  z  z  z  z  z 

The  sum  of  all  these  products  shall  be  equal  to  nothing  :  which  equation  givea 
the  relation  of  ^,  q,  r,  &c. 

Example  1. — If  the  propounded  equation  be  a^— 2a»y+4«'+7ajyy— y*— 103»fl^ 
by  the  precedent  rule  the  first  operation  will  produce  Zxxp'-ixyp-^-bsgf+lyypt 

the  second  produceth  —  2xxq-\-l ixyq — Zyyq ; 

which  two  added  together  make 

8aay-4a:T(P+8jcp+7yap-2zajg+14«^-3yy5=0. 

Example  2.— If  the  equation  be  ac'— 2a'y+a2a;— yyas+syy— s^^Og 
the  first  operation  will  produce  Zpxx-^-pzz—pyy ; 
the  second  produceth  w2aaq—2yxq-\-22yq! 
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In  the  letter  from  Collins  to  Ne^vton  dated  5tli  March,  1677,  it  is 
Btated  that  Leibnitz,  having  spent  a  week  in  London  in  the  month  of 
October,  1676,  had  placed  in  the  hands  of  Collins  some  papers  of 
which  copies  or  extracts  should  be  sent  to  Newton  immediately. 


the  third,  2zxr-^yijr—Z:xr,     The  snin  of  which  is 
2pxx-\-pzz~pi/y—2aaq'^2yxq'{-2zyq+2zjrr'\-yyr—Zzzr=iO. 

Demonstration. 

If  two  bodies  A  and  B  move  anifonnly,  the  one  from  A  to  C,  E,  and  O ;  the 

other  from  B  to  D,  F,  and  ff,  in  the  same  lines  ;  then  are  the  lines  AC  and  BD^ 

CE  and  DF,  EG  and  FH,  as  their  velocities  p  and  q  i 

A  C      E  Q  B  D      F      H 

I 1 l-l  I 1 1 1 

und  thongh  they  move  not  nDiformly,  yet  arc  the  infinitely  little  lines,  which  each 

moment  they  describe,  as  their  velocities  are,  which  they  hay©  while  they  describe 

them. 

As,  if  the  body  A,  with  the  vdocityp,  describe  the  infinitely  little  Une  o  in  one 

moment,  in  the  same  moment  the  body  B,  with  the  velocity  9,  will  describe  the 

line^.    Vor  p\q:\o\^    So  that  if  the  described  lines  be  a;  and  y  in  one 
p  p 

moment,  they  will  be  x+o  and  v+—  in  the  next 

P 
Now,    if  the   eqnation   expressing   the  relation    of  the   lines  x  and  y  \^ 

rr+»c— yy^»  I  ™*y  substitute  x-\'0  and  yH — -  into  the  place  of  x  and  y,  because 

P 
they,  as  well  as  x  and  y,  do  signify  the  lines  described  by  the  bodies  A  and  B, 

By  doing  so,  there  results  «;+r*4-aa+2w}+ao-.i/y — ^— ??£?«o. 

p       PP 

But  nc+xaj— yy«0,  by  supposition : 

there  remains,  therefore,  ro+2a;o4-oo— -^-^— ^^"^O, 

p       PP 

and  dividing  it  by  0,  'tis  r+2a;+o-— -— -0. 

P      PP 
K\so  those  terms  in  which  0  is,  are  infinitely  less  than  those  in  which  it  is  not. 

Therefore  blotting  them  out,  there  rests  r+2j;— -^«o :  or  pr-{-2px»2qy. 

It 

Hence  may  be  observed:  first,  that  those  terms  ever  vanish  in  which  o  is  not, 
because  they  are  the  propounded  equation ;  secondly,  the  remaining  equation  being 
•divided  by  0,  those  terms  aUo  vanish  in  which  0  still  remains,  because  they  are 
infinitely  little ;  thirdly,  that  the  still  remaining  terms  will  ever  have  that  form, 
which  by  the  first  preceding  rule  they  should  have. 

The  rule  may  be  demonstrated  after  the  same  manner,  if  there  be  three  or  more 
unknown  quantities,  x,  y,  z,  &c." 

Hitherto  we  have  copied  the  words  of  this  discourse.  In  the  same  discourse 
there  follows  the  application  of  this  method  to  the  drawing  of  tangents,  by  finding 
the  determination  of  the  motion  of  any  point  which  describes  the  curve  ;  and  also 
to  the  finding  the  radius  of  curvity  of  any  curve  at  any  point,  by  making  the  per- 
pendicular to  the  curve  move  upon  it  at  right  angles,  and  finding  that  point  of 
the  perpendicular  which  is  in  least  motion.  For  that  point  will  be  the  centre  of 
the  curvity  of  the  curve  at  that  point  upon  which  the  perpendicular  stands. 

In  another  leaf  of  the  same  waste-book  the  same  method  is  set  down,  in  other 
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Collins  makes  no  note  of  the  subject  of  these  papers,  and  they  do  not 
appear  in  the  Commercium  Epistolicum.  The  letter  of  date  5th  March, 
1677,  is  printed  complete  in  the  works  of  Dr.  Wallis,  p.  646,  vol.  iii. 

Sir  Isaac  Newton's  treatise  on  the  Method  of  Flimons  was  translated 
into  English  by  John  Colson,  F.E.S.,  Master  of  Sir  Joseph  William*^ 
son's  Free  Mathematical  School  at  Bochester,  and  published  with  a 
commentary  in  a  quarto  volume  in  1736,  before  the  Latin  original 
(which  was  written  most  probably  before  the  end  of  the  year  1676)  had 
been  made  public. 

In  the  first  lemma  of  the  first  section  of  the  Priacipia,  Newton 
lays  down  the  principle  of  his  new  calculus :  namely,  that — 

"  Quantities  and  the  ratios  of  quantities  which  in  any  finite  time 
continually  tend  to  equality,  and  which  before  the  end  of  that  time 
approach  nearer  the  one  to  the  other  than  by  any  given  difference,  be- 
come ultimately  equal." 

The  calculus  of  fluxions  is  founded  on  the  idea  that  all  magnitudes 
may  be  generated  by  a  continued  flux  or  motion,  as,  for  instance,  of 
geometrical  magnitudes,  a  line  by  the  motion  of  a  point ;  a  superficies 
by  the  motion  of  a  line ;  and  a  solid  by  the  motion  of  a  surface ;  and 
these  motions  may  be  supposed  to  commence  at  any  point  of  a  line,, 
or  at  any  line  of  a  surface,  or  at  any  surface  of  a  solid. 

In  this  method  quantities  are  not  considered  in  reference  to  their 
parts,  but  in  reference  to  the  velocities  with  which  they  are  formed, 
or  rather  by  the  quantity  of  motion  by  which  they  are  generated^. 
Thus  the  velocities  of  the  generating  point,  line,  and  surface  are 
named  the  fluxions  of  the  line,  the  surface,  and  the  solid  respectively. 
And  the  variable  or  flowing  line,  surface,  and  solid  are  called  the 
fluents  of  the  respective  fluxions. 

words,  and  fluxions  applied  to  their  fluents  are  represented  by  pricked  letters.  And 
this  paper  is  dated  May  20,  1665. 

In  another  leaf  of  the  same  waste-book  the  method  of  fluxions  is  described  with- 
out pricked  letters,  and  dated  May  16,  1666. 

In  a  small  tract,  dated  in  October,  1666,  the  same  method  is  again  set  down> 
without  pricked  letters,  and  how  to  proceed  in  equations  involving  facts  or  surda  ; 
and  several  rules  are  given  for  returning  back  from  the  fluents  to  the  fluxions  ;  and 
in  doing  this  the  areas  of  curves  are  represented  by  prefixing  rectangles  to  the  ordi- 

nates.    As  if  «  be  the  absciss,  and  a,  b  represent  given  quantities,  and  —r 

CMKB  — •B' 

be  the  ordinate,  the  area  or  fluent  of  the  ordinate  is  represented  by  Q  -r 

After  this,  the  method  Is  applied  in  this  tract  to  the  solving  of  problems  con- 
cerning tangents,  curvatures  of  curves,  the  greatest  or  least  curvatures,  the  squaring: 
of  curvilinear  figures,  comparing  their  areas  with  the  areas  of  simpler  curves, 
finding  the  lengUis  of  curves,  finding  such  curves  whose  lengths  may  be  defined  by 
equations,  or  by  the  lengths  of  other  curves,  and  about  the  centi«s  of  gravity  of 
figures.  And,  for  finding  the  curvature  of  curves  without  calculation,  the  following, 
rie  is  set  down :  Let  X  signify  the  given  equation.     ♦    ♦    ♦    ♦ 
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Tlie  fundamental  proposition  is  tliis : — that  the  fluxions  of  quan- 
tities are  proportional  to  the  nascent  or  ultimate  increments  or  decre- 
ments of  those  quantities;  and  it  consists  of  two  parts.  One  is 
concerned  in  showing  how  to  find  the  relation  of  the  increments  of 
variable  quantities,  haying  given  the  relations  of  the  quantities  them- 
selyes;  and  the  other  is  concerned  in  finding  the  relations  of  the 
variable  quantities  themselves  freed  from  the  consideration  of  their 
increments.  Or  more  briefly,  to  find  the  fluxions,  having  given  the 
fluents ;  and  conversely,  to  And  the  fluents,  having  given  the  fluxions. 

If  two  variable  quantities  begia  to  increase  and  cease  in  any 
finite  time,  the  quantities  so  generated  have  a  ratio  to  one  another, 
and  this  ratio  may  be  considered  under  different  circumstances.  The 
increments  of  the  magnitudes  produced  in  finite  portions  of  time  are 
supposed  of  finite  magnitude,  but  may  be  gradually  diminished  so  far 
as  to  become  so  small  as  may  be  called  evanescent  quantities,  and 
that  a  notion  may  be  formed,  not  of  ihs  absolute,  but  of  th^  relative 
magnitude  of  the  two  quantities  on  the  point  of  vanishing,  but  which 
have  not  actually  vanished.  The  nascent  or  ultimate  ratio  of  two 
variable  quantities  which  begin  or  cease  to  increase  at  the  same 
moment  of  time  is  the  ratio  of  their  initial  or  final  velocities ;  and 
their  nascent  or  ultimate  ratio  is  the  ratio  of  their  velocities  at  the^ 
same  moment  they  begin  or  cease  to  increase. 

Newton  represented  known  and  determinate  quantities  by  the  first 
letters  of  the  alphabet,  a,  ft,  e,  &c.,  and  variable  quantities,  which  he 
called  fluents,  by  the  last  letters,  z,  y,  x,  &c.  And  the  velocities  by 
which  fluents  are  increased  by  their  generating  motions  he  named 
the  fluxions  of  such  quantities,  and  represented  them  by  the  same 
letters  with  a  point  placed  over  each  letter,  as  the  fluxion  of  x  is  de- 
noted by  X.  And  if  the  fluxions  were  variable  he  considered  the  veloci- 
ties with  which  they  increased  the  same  as  the  second  fluxion  of  the 
first  quantity,  and  the  fiuxion  of  x  was  denoted  by  x,  and  in  similar 
way  the  fluxion  of  x  by  &,  and  so  on  for  the  higher  fluxions. 

The  moments  of  flowing  quantities,  that  is  their  indefinitely  small 
parts,  by  the  accession  of  which  in  indefinitely  small  portions  of  time 
they  are  continually  increased,  are  as  the  velocities  of  their  flowing' 
or  increasing.  If  the  moment  of  any  one,  as  x,  be  represented  by  the 
product  xo  of  the  velocity  x  into  an  indefinitely  small  quantity  o,  the 
moment  of  y  will  be  represented  by  yo,  because  xo,  yo  are  to  each 
other  as  i;  to  y.  Since  the  moments  xo  and  yo  are  the  indefinitely 
small  accessions  of  the  flowing  quantities  x  and  y,  by  which  these 
quantities  are  increased  through  the  indefinitely  small  intervals  of 
time,  it  follows  that  these  quantities  x  and  y,  after  any  indefinitely 
small  interval  of  time,  hecomex+xo  and  y+yo.  And  therefore  an 
equation  which  expresses  the  relations  of  the  flowing  quantities  will 
express  the  relation  between  x+xo  and  y+yo,  as  between  x  and  y. 
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In  the  second  lemma  to  the  seventh  proposition  in  the  second  book 
of  the  Principiay  Newton  gives  the  following  explanation  of  the 
moment  of  a  generated  quantity  when  it  consists  of  more  terms  than 
one: — 

"  I  call  every  quantity  generated  which  is  not  made  by  addition 
or  subduction  of  divers  parts,  but  is  generated  or  produced  in  arith- 
metic by  the  multiplication,  division,  or  extraction  of  the  root  of  any 
terms  whatsoever ;  in  geometry  by  the  invention  of  contents  and  sides, 
or  of  the  extremes  and  means  of  proportionals.  Quantities  of  this 
kind  are  products,  quotients,  roots,  rectangles,  squares,  cubes,  square 
and  cubic  sides,  and  the  Hke.  These  quantities  I  here  consider  as 
variable  and  indetermined,  and  increasing  or  decreasing  as  it  were  by 
a peipetual motion  or  flux;  and  I  understand  their  momentaneous 
increments  or  decrements  by  the  name  of  moments ;  so  that  the  in- 
crements may  be  esteemed  as  added  or  afi&rmative  moments,  and  the 
decrements  as  subducted  or  negative  ones.  But  take  care  not  to  look 
upon  finite  particles  as  such.  Finite  particles  are  not  moments,  but 
the  quantities  generated  by  the  moments.  We  are  to  conceive  them 
as  the  first  nascent  principles  of  finite  mag^tudes.  Nor  do  we  in  this 
lemma  regard  the  mag^tude  of  the  moments  but  their  first  propor- 
tion as  nascent.  It  will  be  the  same  thing  if,  instead  of  moments,  we 
use  either  the  velocities  of  the  increments  and  decrements  (which  may 
also  be  called  the  motions,  mutations,  and  fluxions  of  quantities),  or 
any  finite  quantities  proportional  to  these  velocities.  The  coefficient 
of  any  generating  side  is  the  quantity  which  arises  by  applying  the 
quantity  generated  to  that  side. 

''  Wherefore  the  sense  of  the  lemma  is,  that  if  the  moments  of  any 
quantities.  A,  £,  Cy  &c.,  increasing  or  decreasing  by  a  perpetual  flux, 
or  the  velocities  of  the  mutations  which  are  proportional  to  them,  be 
called  a,  (,  c,  &c.,  the  moment  or  mutation  of  the  generated  rectangle 
AB  will  be  aB-k-hA;  the  moment  of  the  generated  volume  ^2? C, 
will  be  aBC+hAC+oAB ;  and  the  moment  of  any  power  or  root  A* 
will  be  maA^'\'' 

In  the  method  of  fluxions  the  object  is  to  find  the  fluxion  of  any 
variable  quantity,  which  is  a  direct  process,  and  in  general  is  easily 
and  readily  eflected.  But  where  it  is  required  to  find  the  fluents 
or  variable  quantities  of  given  fluxions,  the  inverse  process  cannot 
be  followed  in  all  cases.  For  though  every  variable  quantity  has 
its  peculiar  fluxion,  yet  every  fluxion  has  not  its  peculiar  fluent  in 
a  flnite  form.  This  circumstance  renders  the  inverse  process  more 
difficult  and  more  operose  than  the  direct,  except  in  such  cases  where 
the  inverse  process  is  directly  possible.  But  in  cases  where  the  fluxion 
is  not  reducible  to  known  forms,  the  fluents  may  be  found  approxi- 
mately by  means  of  infinite  series  or  other  methods. 

In  the  method  of  Leibnitz   his   process  is  purely  algebraical. 
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QuBxitities  are  not  considered  as  gienerated  by  the  velocities  of  the 
motions  by  Which  they  ore  supposed  to  be  f  otmedi  but  by  the  addi- 
tion or  subtraction  of  parts  of  finite  magnitude  to  or  from  the  variable 
quantities ;  and  these  parts  are  called  increments  or  decrements  of  the 
quantities  to  -which  they  belong,  because  that  by  the  addition  or  sub- 
traction of  them  the  variable  quantities  are  increased  or  diminished. 
And  the  object  is  the  same  as  in  the  method  of  fluxions — ^namely,  to 
find  the  limiting  ratio  of  the  increments  or  decrements  of  the  variable 
quantities.  The  method  of  increments  or  differences  also  consists  of 
two  partSy  one  being  concerned  in  finding  the  increments  from  the 
given  quantities,  called  integrals ;  the  converse,  in  finding  the  integrals, 
having  given  the  limiting  ratio  of  the  increments. 

Ab  in  the  method  of  fluxions  there  are  flrst,  second,  third,  &c., 
flusions,  so  in  the  method  of  increments  there  are  first,  second,  third, 
&c.,  diflerences  or  diflerentials. 

For  the  science  of  indefinite  quantity  recently  discovered,  which  is 
chiefly  concerned  with  sums*  and  differences,  new  signs  were  devised 
l)y  Leibnitz.  He  states  that  dx  signifies  an  element,  the  momentaneous 
increment  or  decrement  of  the  quantity  x  itself  continually  increas- 
ing or  decreasing.  It  is  also  named  the  difference  between  two  succes- 
sive values  of  or,  when  the  difference  is  so  small  that  it  cannot  be 
assigned.  In  the  same  manner  d{xy)  is  such  an  element  of  the 
quantify  ay,  which  when  expanded  gives  xdy-\-ydx.  Moreover  ddx 
denotes  the  difference  of  a  difference ;  for  the  quantity  dx  itself  is  not 
always  constant,  but  in  general  increases  or  decreases  continually. 
And  in  the  same  way  dddx  or  d^x  denotes  the  third  difference ;  and  in 
general  d^x  may  arise  when  the  exponent  of  the  difference  is  inde- 
terminate. 

The  reverse  of  the  difference  is  the  eum.  Since  while  a  variable 
quantity  is  continually  decreasing  until  it  vanishes,  the  quantity  itself 
is  always  the  simi  of  all  the  successive  differences,  so  that  dfydx 
means  the  same  as  ydx.  But  fydx  signifies  an  area  which  is  com- 
posed of  all  the  rectangles,  the  length  of  every  one  of  which  is  y  and 
breadth,  the  increment  dx.  So  also  fdtfydx  denotes  a  volume  which 
is  composed  of  all  the  elemental  surfaces  or  areas,  such  as  ydx  multi- 
plied into  the  element  d%  corresponding  to  it.* 

And  in  a  letter  to  Dr.  Wallis  of  date  30th  March,  1699,  Leibnita 
states  that  it  is  convenient  to  imagine  quantities  infinitely  small,  such 
as  when  an  assignable  ratio  between  them  is  sought,  they  cannot  be 
Accounted  as  nothing,  but  that  they  may  be  rejected  as  often  as  they 
are  added  to  quantities  incomparably  greater  according  to  the  lemmas 
he  had  printed  in  the  Leipsic  Acts.  As  if  ar+ifo  stand  by  itself,  dx  is 
rejected.    If  otherwise  is  sought  the  difference  (ar)-a?or  iP+<^-«i 


»  G,  G.  Leibnitii  Opeift  Omnia,  Genera,  1768.  Tom  III.,  p.  416-420.  No.  Ixxv, 
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then  tlie  assignable  quantity  yanishes.  And  in  like  manner  xdx  an  A 
i^dlr  cannot  stand  together  in  the  product  of  x-^dx  and  dx,  Henc» 
it  xy  he  differentiated  and  be  written  (x){y)  -xy;  putting  ir+d!r  for 
{x)  and  y+(fy  for  (y),  then  {x){y)^xy  is  equal  to  xdy-^-ydx-i^dxdy^ 
from  which  the  assignable  quantity  vanishes,  and  dxdy  is  to  be  re- 
jected as  incomparably  less  than  xdy+ydx^  and  d{xy)  becomes  equal 
to  xdy-k-ydx. 

It  has  been  thought  by  some  persons,  because  fluxions  are  pro- 
portional to  the  nascent  increments  of  quantities,  that  Newton  has 
introduced  the  consideration  of  infinitely  small  quantities  into  his 
method  of  fluxions.  In  this  supposition  they  are  mistaken ;  for  he- 
considers  only  the  nascent  or  ultimate  ratios  of  quantities  when  they 
begin  to  exist  or  when  they  yanish,  not  just  after  they  have  become 
something,  or  just  before  they  vanish,  but  at  the  very  moment  they 
do  so. 

And  further,  it  may  be  added,  that  tlie  principles  of  the  new 
calculus  have  been  scrupulously  examined  and,  by  some  dever  men, 
ignominiously  rejected,  perhaps  not  fully  understood  from  the  con- 
ciseness with  which  they  are  explained.  A  discourse  was  published, 
about  five  years  after  Newton's  death,  addressed  to  ''an  infidel 
mathematician,"  by  a  personage  bearing  the  titles  of  learned 
and  right  reverend.  Having  asisumed  the  garb  of  **  the  minute 
philosopher,"  in  sarcastic  criticisms  he  attempted  to  expose  the  new 
calculus  by  representing  the  doctrine  of  fluxions  as  founded  on 
inconceivable  principles,  and  replete  with  false  and  specious  reason- 
ings.^ He  pretended  not  to  object  to  the  conclusions  of  the  science, 
but  to  its  principles  and  logic,  and  ironically  describes  a  fluxion  as 
''  the  ghost  of  a  departed  quantity." 

In  a  scholium  at  the  end  of  the  first  section  of  the  Principia, 
Newton  anticipated  the  objections  which  might  be  made  to  the  nascent 
and  ultimate  ratios  of  evanescent  quantities.    He  remarks : — 

''Perhaps  it  may  be  objected  that  there  is  no  ultimate  proportion 
of  evanescent  quantities,  because,  before  the  quantities  have  vanished, 
they  have  not  reached  their  ultimate  propoi-tion ;  and  when  they  hav» 

*  One  of  the  most  important  papers  on  the  subject  which  appeared  at  that 
time  was  written  by  Mr.  Benjamin  Kobins,  entitled,  '*  A  Discoorse  concerning  the 
Natore  and  Certainty  of  Sir  Isaac  Newton's  Method  of  Flnzions,  and  of  Prime  and 
Ultimata  Batios."  It  is  printed  in  the  second  volume  of  his  Mathematical  Tracts* 
which  were  published  in  1761. 

The  most  complete  answer,  however,  to  the  Irish  bishop's  objiKstions  was  made 
by  Colin  Madanrin,  in  his  Treatise  on  Fluxions,  pnblished  in  1742,  in  two  quarto 
volumes.  In  this  work  all  the  objections  against  the  doctrine  of  flaxions  are  eem* 
pletely  refuted,  and  whateTer  metaphysical  doubts  may  be  started  hereafter  about 
the  nature  of  the  new  calculus,  the  mathematician  has  no  more  concern  with  them 
than  with  the  famous  sophisms  about  space  and  motion. 
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Tam>liid  there  is  no  proportion  at  all.  But  bj  tlie  same  argument  ft 
may  be  alleged,  that  a  body  arriving  at  a  certain  place  and  there 
6topping,  lias  no  ultimate  velocity,  because  the  velocity,  before  the 
body  eomes  to  the  place,  is  not  the  ultimate  velocity ;  and  when  it  has 
arrived,  there  is  no  velocity.  The  answer  is  easy.  For  by  the  ulti- 
mate velocity  is  meant  that  with  which  the  body  is  moved,  neither 
before  it  arrives  at  its  last  place  and  the  motion  ceases,  nor  after,  but 
at  the  very  itutant  it  arrives ;  that  is,  that  velocity  with  which  the  body 
arrives  at  its  last  place,  and  with  which  the  motion  ceases. 

''  And  in  like  manner,  by  the  ultimate  ratio  of  evanescent  quantities 
is  to  be  understood  the  ratio  of  the  quantities,  not  before  they  vanish, 
nor  afterwards,  but  the  ratio  with  which  they  do  vanish.  In  like 
manner  the  first  ratio  of  nascent  quantities  is  that  with  which  they 
begin  to  be.  And  the  first  or  last  sum  is  that  with  which  they  begin 
and  cease  to  be  (or  to  be  augmented  or  diminished).  There  is  a  limit 
which  the  velocity  at  the  end  of  the  motion  may  attain,  but  not  exceed. 
This  is  the  ultimate  velocity.  And  there  is  the  like  limit  in  all  quan- 
tities and  proportions  that  begin  and  cease  to  be.  And  since  such 
limits  are  certain  and  definite,  to  determine  the  same  is  a  pr-^blem 
strictly  geometrical.  But  whatever  is  geometrical  we  may  be  allowed 
to  use  in  determining  and  demolistrating  every  other  thing  that  is 
likewise  geometrical. 

'*It  may  also  be  objected  that  if  the  ultimate  ratios  of  evanescent 
quantities  are  given,  their  ultimate  magnitudes  will  also  be  given ; 
and  so  all  quantities  will  consist  of  indivisibles,  which  is  contrary  to 
what  Euclid  has  demonstrated  concerning  incommensurables  in  the 
tenth  book  of  his  Elements.  But  this  objection  is  founded  on  a  false 
supposition.  For  those  ultimate  ratios  with  which  quantities  vanish 
are  not  truly  the  ratios  of  ultimate  quantities,  but  limits  towards 
which  the  ratios  of  quantities  decreasing  without  limit  do  always 
converge,  and  to  which  they  approach  nearer  than  by  any  given 
difference,  but  never  go  beyond,  nor  in  effect  attain  to,  till  the 
quantities  are  diminished  in  infinitum.  This  thing  will  appear  more 
evident  in  quantities  infinitely  great.  If  two  quantities  whose  differ- 
ence is  given  be  augmented  in  infinitum,  the  ultimate  ratio  of  these 
quantities  will  be  given — namely,  a  ratio  of  equality  ;  but  it  does  not 
thence  follow  that  the  ultimate  or  greatest  quantities  themselves^ 
whose  ratio  that  is,  will  be  given.  Therefore,  when  mention  is  made 
of  quantities  as  least,  or  evanescent,  or  ultimate,  it  must  not  be 
supposed  that  quantities  of  any  determinate  magnitude  are  meant,  but 
euch  as  are  conceived  to  be  always  diminished  without  end." 

And  not  only  was  the  truth  of  the  principles  of  the  new  calculus 
doubted,  and  by  many  able  men  rejected,  but  also  so  early  as 
the  year  1699  the  question  was  raised  whether  Leibnitz  rather  than 
Mewten  was  not  the  original  inventor  of  this  new  method  of  mathe* 
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tnatical  reasoning.  A  long  and  angpry  controveray  was  carried  on  in 
favour  of  the  claims  of  Leibnitz,  supported  on  one  aide  by  the  editors 
of  the  Leipsic  Aots^  and  on  the  other  in  favonr  of  Newton  by  ihe 
English  mathematicians.  It  is  painful  to  remark,  such  was  the 
rancour  and  animosity  excited  in  this:controYerBy,  thai  it  beoame.  evi- 
dent that  men  of  the  highest  intelleotual  powers  are  not  always 
exempt  from  the  common  infirmities  of  human  nature. 

A  similar  question  arose  between  Brigga  and  Napier  with  respect 
to  the  priority  of  a  discovery  of  an  improvement  in  logarithms^ 
Briggs,  in  his  lectures  at  Gresham  College,  first  pointed  out  the  ad- 
vantage of  making  1  the  logarithm  of  the  ratio  of  10  to  1,  instead  of 
2.30258 ...  as  Napier  had  done.  Napier,  in  his  Babdologia,  laid 
claim  to  the  improvement,  and  stated  that  he  had  committed  the 
execution  of  it  to  Briggs.  Bobert  Napier,  in  the  posthumous  work  of 
his  father,  passed  over  in  sUence  the  claim  of  Briggs,  who  afterwards, 
in  the  preface  to  his  Arithmetica  Logarithmica,  declared  that  he  had 
first  suggested  the  improvement  in  his  lectures.  Here  the  same  claim 
is  made  by  both ;  and  it  is  probable  that  each  may  have  arrived  at 
the  same  knowledge  independently  of  the  other.  Napier  did  not,  but 
Briggs  did  state  at  what  time  it  first  became  known  to  him. 

It  may  here  be  remarked  that  the  work  of  James  Gregory  on  the 
quadrature  of  the  circle  and  hyperbola  contained  several  important 
facta  connected  with  the  discoveries  which  Newton  had  made.  Collins 
communicated  Newton's  discoveries  to  Leibnitz,  Gregory,  and  other 
eminent  mathematicians.  The  letters  of  Gregory  supply  satisfactory 
evidence  that  he  had  divined  Newton's  method,  and  consequently  hod 
the  merit  of  discovering  in  some  degree  the  calculus  of  fluxions.  But 
he  declined  to  publish  anything  on  the  subject,  as  he  has  stated  in  one 
vl  his  letters,  that  he  might  not  interfere  with  the  original  inventor. 

In  the  year  1671,  when  Leibnitz  was  in  London,  he  published  two 
tracts,  one  of  which  he  dedicated  to  the  Eoyal  Society,  and  in  the 
dedication  mentioned  his  correspondence  with  Mr.  Oldenburg.  In 
February,  1672-3,  though  Dr.  Pell  showed  Leibnitz  that  his  method 
was  the  same  as  the  differential  method  of  Mouton,  Leibnitz  persisted 
in  maintaining  the  method  to  be  his  own  invention,  by  reason  that  he 
had  found  it  himself  without  knowing  what  Mouton  had  done  before, 
and  that  his  own  method  was  a  great  improvement  on  that  of 
Mouton.  Before  his  first  visit  to  England,  Leibnitz  dedicated  to  the 
Academy  of  Sciences  at  Paris  a  paper  entitled  ''Theoria  motus 
abstracti."  In  this  treatise  may  be  found  some  indications  of  hia 
early  ideas  relating  to  the  calculus. 

In  the   year  1684  Leibnitz  published  in  the  Leipsic  Acts  the 
rules  for  certain  cases  of  his  calculus;  but  there  is  evidence  that  . 
he  had  employed  this  method  as  early  as  1677 ;  and,  in  some  respects, 
it  resembled  Barrow's  method  of  tangents,  which  was  published  in 
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1670.  Newton  communicated  his  method  of  tangents  to  Collins  in 
1672.  An  abstract  of  the  letter  oontaining  this  acoount  was  sent  to 
Leibnitz  by  Mr.  Oldenburg,  who  afterwards  also  sent  to  Leibnitss 
another  letter  of  Newton  written  in  1676.  It  is  clear  from  these  facts 
that  Leibnitz  had  seen  Newton's  letters  before  the  appearance  of  any- 
thing of  his  own  on  the  subject. 

On  the  10th  April,  1695,  Dr.  Wallis  from  Oxford  wrote  to  Newton 
and  informed  him  that  he  had  received  an  intimation  from  Holland 
that  Newton's  notions  of  fluxions  passed  there  with  great  applause, 
and  that  Leibnitz  was  considered  as  the  inyentor  of  the  difierential 
calculus.     Wallis  further  remarks : — 

'^  I  had  this  intimation  when  all  but  part  of  the  preface  to  this 
Tolume  was  printed  off,  so  that  I  could  only  insert,  while  the  press 
stayed,  that  short  intimation  thereof  which  you  will  find  there.  You 
are  not  so  kind  to  your  reputation  (and  that  of  the  nation)  as  you 
might  be,  when  you  let  things  of  worth  lie  by  you  so  long  till  others 
carry  away  the  reputation  that  is  due  to  you.  I  have  endeavoured  to 
do  you  justice  in  that." 

In  a  second  letter,  of  date  30th  April,  1695,  Dr.  Wallis  again 
wrote  to  Newton : — "  Consider  that  it  is  now  about  thirty  years  since 
you  were  master  of  these  notions  about  fluxions  and  in6nite  series,  but 
you  have  never  published  aught  of  it  to  this  day.  It  is  true,  I  have 
endeavoured  to  do  you  right  in  that  point.  But  if  I  had  published 
the  same  or  like  notions  without  naming  you,  and  the  world  possessed 
of  another  calculus  differentialU  instead  of  your  fluxions,  how  should, 
this  or  the  next  age  know  of  your  share  therein  ?  .  .  .  And  even  yet 
I  see  you  make  no  great  haste  to  publish  these  letters  [on  fluxions]^ 

1  These  letters  on  fluxions  are  printed  in  pp.  391 — 396  in  the  second  volume  of 
the  works  of  Wallis. 

There  is  in  the  Savilian  Library  a  copy  of  the  works  of  Wallis,  in  which  he  has 
inserted  many  additions  and  corrections.  In  the  margin  of  p.  664,  vol.  iii.,  he  has 
written  :  "Ad  Algebra;  mess  cap.  95,  p.  396,  lin.  15,  fit  mentiomethodidifferentialis 
Lcibnitii ;  sed  ea  sunt  Newtoni  verba ;  et  quorum  ego  non  memineram  neque  scicbam 
qnas  sit  ea  methodus." 

These  words  are  written  against  the  following  extract  of  a  letter  of  Wallis  to 
Leibnitz  of  the  date  of  1696  \^ 

"Neque  Calculi  Differentialis  vel  nomen  audivisse  me  memini,  nisi  postquam 
utrumque  volumen  absolverint  opcrse,  eratqne  pnefationis  (pnefigendse)  postremum 
folium  sub  prelo,  ejusque  typos  jam  posuerunt  typothetss.  Quippe  tum  me  monuit 
amicus  quidam  (harum  rerum  gnarus)  qui  |)eregr6  fuerat,  tum  talem  methodum  in 
Belgio  pnedicari,  turn  illam  cum  Newtoni  Methodo  Fluxionum  quasi  coineidere. 
Quod  fecit  ut  (tranamotis  typis  jam  positis)  id  monitum  interseruerim." 

But  in  the  second  volume  (p.  896)  WaUis  has  stated  :  "Huic  Methodo  afflnis  est 
Methodus  Differentialis  Leibnitii." 

It  is  noticed  in  the  Commercium  Epistolicum  that  Newton  in  1692,  at  Wallia's 
request,  sent  him  the  first  proposition  of  the  book  of  quadratures,  with  kis  examples 
of  first,  second,  and  third  fluxions,  "id  quod  videre  est  in  Wallisii  operum  tomo 
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which,  are  to  be  my  Toucliera  for  "what  I  ^ov  of  it*.  And  even  these 
letters  at  first  were  rather  extorted  from  you  than  voluntary.  ...  I 
own  that  modesty  is  a  virtue,  but  too  much  diffidence  (especially  as 
the  world  now  goes)  is  a  fault." 

It  should  not  be  forgotten  that  Leibnitz  had,  witliout  contradiction, 
enjoyed,  on  the  Continent,  this  reputation  for  a  period  of  fifteen  years 
from  the  time  he  made  public  his  discovery  in  the  Leipsic  Acts  of  1684. 

In  the  year  1699  Nicolas  Fatio  de  Duillier,  in  a  treatise  printed 
in  London,  made  the  following  remarks  respecting  the  inventor  of  the 
new  calculus: — ''Perhaps  the  celebrated  Leibnitz  will  inquire  how 
that  calculus,  which  I  use,  became  known  to  me.  I  found  out  by  my 
own  powers  its  fundamental  principles  and  most  of  its  rules  in  the 
year  1687,  about  the  month  of  April  and  the  months  following,  and 
at  other  times  afterwards,  when  I  thought  that  no  one  used  such 
a  calculus  besides  myself.  Nor  would  it  have  been  less  known  to 
me  if  Leibnitz  had  not  then  been  bom.  He  therefore  may  boast  of 
other  disciples,  of  me  certainly  he  cannot.  And  this  would  be  suffi- 
ciently evident  if  the  letters  which  formerly  had  passed  between  the 
most  celebrated  Huygens  and  me  were  made  public.  Compelled  by 
the  evidence  of  facts,  I  acknowledge  Newton  the  first,  and  by  many 
years  the  earliest  inventor  of  this  calculus.  Whether  Leibnitz,  its 
second  inventor,  has  borrowed  anything  from  any  one,  I  prefer  to  my 
own  the  judgment  of  those  who  have  seen  the  letters  of  Newton  and 
Jiis  writings.  Neither  the  more  modest  silence  of  Newton,  nor  the 
zealous  activity  of  Leibnitz,  assigning  to  himself  everywhere  the  in- 
Tention  of  this  calculus,  will  impose  on  any  persons,  who  are  oon- 
Tersant  with  the  documents  which  I  myself  have  esamined.'*  ^ 


«ecimdo  pag.  891,  802,  893  ct  396."  From  this  it  must  have  been  clearly  under- 
stood that  Newton  famished  the  materials  from  what  appears  in  the  place  referred 
to  ;  hut  the  truth  goes  still  further  ;  for  Wallis  has  written  against  the  18th  line  of 
p.  890,  "  Quffi  hie  sequuntur  suntipslus  Ncwtoni  vcrha,  ah  ipso  scripta,  atque  ad  me 
missa,  eo  animo  ut  hie  inserantur,  sed  quasi  meo  nomine,  usque  ad  pag.  896,  lin.  19." 
Henee  we  see  the  motives  of  Newton's  reserve.  He  does  not  appear  to  have 
hesitated  in  complying  with  Wallis's  request  ...  he  could  not  induce  himself  to 
communicate  his  own,  unless  under  conditions  which  might  exempt  him  from  the 
danger  of  any  personal  controversy. — liigaud,  pp.  22,  23. 

1  "Qunrot  forsan  CI.  Leibnitius,  unde  mihi  cognitus  sit  iste  calculus,  quo  utor. 
Ejus  equidem  fundamenta,  ac  plerasque  regulas,  proprio  marts,  anno  1687,  circa 
mensem  Aprilem  et  sequentes,  aliisque  deinoeps  annis  inveni ;  quo  tempore  neminem 
eo  calculi  genere  prset^  meipsum,  nti  putaham.  Nee  mihi  mhins  cognitus  foret,  si 
nondum  natus  esset  Leibnitius.  Aliis  igitur  glorietur  discipulis,  me  oerte  not  potest 
Quod  satiB  patebit,  si  olim  literse,  qua  inter  clarissimum  Hugenium  meqne  inter- 
oessenmt,  publici  juris  fiant.  Newtonum  tamen  primnm  ac  pluribus  annis  vetustis- 
bimum  hujns  calculi  inventorem,  ipsa  rerum  evidentia  coactus  agnosco:  a  quo 
utrum  quicquam  mutuatus  tii  Leibnitius,  secundus  ejus  inventor,  malo  eorum  qnam 
meum  sit  judicium,  quibus  viaa  fuerint  Newtoni  litera,  aliisque  ejusdem  manu- 
•cripti  codices.    Neque  modestioris  Newtoni  silentittm,  aut  prona  LeibnitU  sedulitas 
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Leibnitz  printed  a  reply  to  tlie  statements  of  Fatio  in  tlie  Leip- 
fiic  Acts  of  1700,  of  which  the  following  is  an  extract : — 

''I  have  freelj  declared  his  (Newton's)  distinguished  merits  as 
occasion  offered ;  and  he  himself  very  well  knows,  and  has  publicly 
admitted,  when  he  published  his  '  Mathematical  Principles  of  Natural 
Philosophy/  in  the  year  1687,  that  some  new  geometrical  methods 
had  been  discovered  which  were  common  to  himself  and  to  me,  and 
that  neither  of  us  was  indebted  to  light  received  from  the  other,  but 
that  each  was  indebted  to  his  own  cogitations,  and  that  they  had  been 
made  public  by  me  now  ten  years  ago.  When  I  published  my 
*  Elements  of  the  Calculus,'  in  1684,  no  other  matter  was  certain  to 
me  concerning  his  discoveries  in  this  subject  than  what  he  himself  had 
formerly  stated  in  his  letters, — that  he  could  find  tangents  without 
removing  irrational  quantities,  which  Huygens  afterwards  made 
known  to  me  that  he  could  also  do,  while  as  yet  he  was  unacquainted 
with  the  rest  of  that  Calculus.  But  I  fully  understood  that  Newton 
had  achieved  far  greater  discoveries  after  I  had  seen  his  Principia.  I 
did  not  learn,  however,  that  a  calculus  so  like  to  the  differential  had 
been  practised  by  him  before  the  first  and  second  volumes  of  that  dis- 
tinguished geometer,  John  Wallis,  were  put  forth,  and  Huygens 
copied  the  extract  relating  to  Newton  and  promptly  sent  it  to  me. 
But  after  so  great  benefits  conferred  on  the  public,  though  it  may  be 
unreasonable  to  make  any  requirements  from  Mr.  Newton  that  may 
demand  fresh  labour  of  investigation,  I  cannot,  however,  restrain 
myself,  but  that  on  the  present  occasion  I  may  publicly  request  a  ma- 
thematician of  the  highest  genius  that,  mindful  of  human  weakness 
and  of  the  common  good,  he  would  no  longer  conceal  the  rest  of  his 
excellent  and  mature  cogitations,  by  which  he  can  further  illustrate 
not  only  the  mathematical  sciences,  but  also  especially  the  laws  of 
nature.  Bat  if  the  renown  of  so  great  objects  does  not  move  him 
(although  scarcely  any  addition  can  be  made  to  the  renown  which  he 
has  already  gained),  he  may  at  least  consider,  that  no  consideration  is 
of  greater  concern  to  a  generous  mind  than  to  be  deemed  worthy  of 
the  highest  esteem  of  the  human  race." 

Newton  published  his  Optics  with  the  treatise  on  quadratures  in 
the  year  1704,  and  in  it  repeated  the  fact  which  Dr.  Wallis  had 
pubUshed  nine  years  before,  to  the  effect  that  the  method  of  fluxions 
was  invented  in  the  years  1665  and  1666.  The  editors  of  the  Leipsic 
Acts,  in  their  account  of  this  work  in  the  part  for  January,  1705, 
stated  that  M.  Leibnitz  was  the  first  inventor  of  this  method,  and 
ihat  Mr.  Newton  had  substituted  fluxions  for  differences;  just  as 


inventionem  higos  calculi  sibi  passim  tribuentis,  ullis  imponet,  qui  ea  pertractarint, 
qutt  ipse  evolvi,  instramenta." — Investigatie  Otametrka  $olidi  rotundif  in  quod 
minima  fiat  reriOmiia.    Londini,  1699,  p.  18. 
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Fabri  in  his  synopsis  of  geometry  had  substituted  movement  for  the 
indivisibles  of  Cavallerius.  This  claim,  and  the  charge  against 
Newton,  opened  the  oontroyersy,^  which  continued  till  the  death  of 
Leibnitz  in  1716. 

In  the  Philosophical  Transactions  of  the  Eoyal  Society  for  1708, 
Dr.  Keill  published  a  letter  addressed  to  Dr.  Halley,  **  On  the  Laws 
of  Centripetal  Forces,"  in  which  he  remarks : — 

'' AU  these  things  follow  from  the  now  much  celebrated  method  of 
fluxions,  of  which  our  Newton  was  doubtless  the  first  inyentor;  as 
will  be  evident  to  any  one  who  shall  read  his  letters  published  by  Dr. 
WaUis.  Yet  afterwards  the  same  method  was  published  by  M. 
Leibnitz  in  the  Acta  Eruditorum,  only  changing  the  name  and  manner 
of  notation.^' 

M.  Leibnitz,  understanding  Dr.  Keill's  words  ^  in  a  stronger  sense 
than  the  writer  intended,  regarded  them  as  a  calumny.  In  the  year 
1711  M.  Leibnitz  made  a  complaint  to  the  Boyal  Society  that  Dr. 
Keill  had  accused  him  of  publishing  "The  Method  of  Fluxions** 
invented  by  Mr.  Newton,  under  other  forms  and  denominations; 
adding,  that  nobody  knew  better  than  Newton  himself  that  he  had 
borrowed  nothing  from  him;  and  required  that  Dr.  Keill  should 
publicly  disavow  the  iU  construction  which  might  be  put  on  his  words. 

When  the  letter  of  Leibnitz  was  read  at  a  meeting  of  the  Society, 
Dr.  Keill  justified  the  language  he  had  employed.  At  another 
meeting  of  the  Society  on  April  5,  1711,  Newton,  from  the  chair,  gave 
an  account  of  his  discovery,  and  Dr.  Keill  was  requested  "  to  draw  up 
an  account  of  the  matter  in  dispute,  and  to  set  it  in  a  just  light." 
The  account  was  drawn  up  and  read  to  the  Society,  and  a  copy  was 
sent  to  Leibnitz.  On  receiving  this  letter  he  was  not  content,  but 
wrote  again  to  the  secretary  a  letter  of  the  date  of  December  29, 1711, 
and  requested  the  Boyal  Society  to  silence  Dr.  Keill's  vain  and  unjust 
clamours,  of  which  he  expressed  his  belief  Newton  did  not  approve. 

The  Boyal  Society,  thus  appealed  to,  on  March  6,  1712,  appointed 
a  committee'  to  examine  the  letters,   papers,  and  other  docimients 

1  "  Pro  dlfferentiis  igitiir  Leibnitianis  D.  Kewtonus  adhibet,  semperqne  adhibiiit 
^aziones,  qnae  sunt  quam  proxime  nt  Fluentinm  augmenta  eeqaalibtiB  temporis 
particulis  quam  minimis  genita  ;  iisque  tom  in  sais  Principiis  Naturee  Mathematicis, 
tam  in  aliis  postea  editis  eleganter  est  nsns,  qnemadmodum  et  Honoiatns  Fabiieitts 
In  sua  synopsi  Geometrica,  motuum  progressus  Cavalleriane  methodo  sabstitoit.*'— 
Ada  LipsieMia,  Januarii  1705. 

*  The  words  of  Dr.  EeiU  are:  "Flnxiontmi  Aritbmeticam  sine  omni  dubio 
primns  invenit  D.  Newtonns,  at  cnilibet  ejus  Epistolas  a  WaHisio  editas  legenti 
facile  constabit.  Eadcm  tamen  Arithmetica  postea  mutatis  nomine  et  notationia 
modo  a  Domino  Leibnitio  in  Actis  Eruditonim  edita  est." 

>  It  IB  only  fair,  however,  to  remember  that  Newton  was  President  at  the  time, 
and  that  the  members  of  the  committee,  Dr.  Arbuthnot,  Mr.  Hill,  Kr.  Jones,  Mr. 
Machin,  and  Mr.  Burnet,  being  all  sealous  and  intimate  friends  of  Newton,  can 
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relating  to  the  matter  in  dispute ;  and  after  examination  of  the  evi- 
dence, the  committee  concluded  hy  affirming  their  opinion  liiat  "Dr. 
Keill,  in  asserting  Mr.  Newton  to  be  the  first  inventor,  has  been  in 
no  ways  injurious  to  M.  Leibnitz."  The  Boyal  Society  printed  the 
determination  of  the  question,^  together  with  the  letters  and  documents 

hardly  have  been  conaidered  unbiased.  On  March  20,  Mr.  Robarts  was  added  to 
the  oommittee;  M.  Bonet,  the  Pnusian  minister,  on  the.  27th ;  and  Mr.  BeMoivre^ 
Mr.  Astou,  and  Dr.  Brook  Taylor  on  the  r7th  of  ApriL 

^  The  following  is  the  decision  of  the  Committee  : — 

"  We  have  consulted  the  letters  and  letter-books  in  the  custody  of  the  Boyal 
Society,  and  those  found  among  tlie  papers  of  Mr.  John  Collins,  dated  between  the 
years  1669  and  1677  inclusive ;  and  showed  them  to  such  as  knew  and  avouched 
the  hands  of  Mr.  Barrow,  Mr.  Collins,  Mr.  Oldenburg,  and  Mr.  Leibnitz ;  and 
compared  those  of  Mr.  Gregory  with  one  another,  and  with  copies  of  some  of  them 
taken  in  the  hand  of  Mr.  Collins  ;  and  have  extracted  from  them  what  relates  to  the 
matter  referred  to  us ;  all  which  extracts  herewith  delivered  to  you,  we  believe  to  be 
genuine  and  authentic  :  and  by  these  letters  and  papers  we  find, 

"  I.  That  Mr.  Leibnitz  was  in  London  in  the  beginning  of  the  year  1673,  and  went 
thence  in  or  about  March  to  Paris,  where  he  kept  a  correspondence  with  Mr.  Collins 
by  means  of  Mr.  Oldenburg,  till  about  September,  1676,  and  then  returned  by  Lon- 
don and  Amsterdam  to  Hanover.  And  that  Mr.  Collins  was  very  free  in  commtmi- 
cating  to  able  mathematicians  what  he  had  received  from  Mr.  Newton  and  Mr. 
Gregory. 

"II.  That  when  Mr.  Loibnitz  was  the  first  time  in  London,  he  contended  for  the 
invention  of  another  differential  method  properly  so  called  ;  and  notwithstanding 
that  he  was  shown  by  Dr.  Poll  that  it  was  Mouton's  method,  persisted  in  maintain- 
ing  it  to  be  his  own  invention,  by  reason  that  he  had  found  it  by  himself,  without 
knowing  what  Mouton  had  done  before,  and  had  much  improved  it  And  we  find 
no  mention  of  his  having  any  other  differential  method  than  Mouton's,  before  his 
letter  of  the  21st  of  Juno,  1677,  which. was  a  year  after  a  copy  of  Mr.  Newton's 
letter  of  the  10th  of  December,  1672,  had  been  sent  to  Paris  to  be  communicated  to 
him  ;  and  above  four  years  after  Mr.  Collins  began  to  communicate  that  letter  to  his 
correspondents ;  in  which  letter  the  method  of  fluxions  was  sufficiently  described  to 
any  intelligent  person  [idoneo  haruni  rerum  cognitori]. 

"  III.  That  by  Mr.  Newton's  letter  of  the  13th  of  June,  1676,  it  appears  that  he 
had  the  method  of  fluxions  above  five  years  before  the  writing  of  that  letter.  And 
by  his '  Analysis  per  ifiquationes  numero  terminorum  inflnitas,'  communicated  by  Dr. 
Barrow  to  Mr.  Collins  in  July,  1669,  we  find  that  he  had  invented  the  method  before 
that  time. 

"lY.  That  the  diflerential  method  is  one  and  the  same  with  the  method  of  fluxions, 
excepting  the  name  and  mode  of  notation.  Mr.  Leibnitz  calling  those  quantities 
differences,  which  Mr.  Newton  calls  moments  or  fluxions ;  and  marking  them  with 
the  letter  (2,  a  mark  not  used  by  Mr.  Newton.  And  therefore  we  take  the  proper 
question  to  be,  not  who  invented  this  or  that  method,  but  who  was  the  first  inventor 
of  the  method.  And  we  believe  that  those  who  have  reputed  Mr.  Loibnitz  the  first 
nventor,  knew  little  or  nothing  of  his  correspondence  with  Mr.  Collins  and  Mr. 
OldenbuTg  long  before  ;  nor  of  Mr.  Newton's  having  that  method  above  fifteen  years 
before  Mr.  Leibnitz  began  to  publish  it  in  the  Acta  Eruditorum  of  Leipsick. 

"  For  which  reasons  we  reckon  Mr.  Newton  the  first  inventor ;  and  are  of  opinion 
that  Mr.  KeiU,  in  asserting  the  same,  has  been  in  no  ways  injurious  to  Mr.  Leibnitz. 
And  we  submit  to  the  judgment  of  the  Society,  whether  the  extracts  of  letters  and 
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relating  to  it,  under  the  title  of  "  Commerdum  Epistolicum  de  Analysi 
promota,"  8vo,  London,  1712.  A  reprint  of  the  Commercium  Epis- 
tolicum was  published  with  some  alteratioDS  and  additions  at  London 
in  1722,  where  Newton,  in  the  preface  and  annotations,  particularly 
answered  all  the  objections  which  had  been  made  since  the  Commer- 
cium Epistolicum^  first  made  its  appearance. 

Newton  himself  put  forth  the  following  statement : — 
*'lamj  letters  of  the  13th  of  June  and  the  24th  of  October,  1G76, 1 
affirmed  that  I  had  the  method  of 'Fluxions  some  years  before ;  but  I 
never  allowed  that  Mr.  Leibnitz  had  the  differential  method  before 
the  year  1677  ;  nor  in  those  days  did  I  know  more  of  his  pretences  to 
it  than  what  he  represented  that  year  in  his  letter  of  the  2 1st  of  June ; 
nor  did  I  allow  the  method  of  transmutations  to  be  a  general  method 
of  series ;  nor  then  knew  that  the  series  which  he  sent  to  me  was  sent 
to  him  by  Mr.  Oldenburg  the  year  before,  and  invented  by  Mr.  James 
Gregory  in  the  year  1671.  The  method  of  transmutations  is  not  a 
method  of  series,  but  a  particular  theorem  for  transmutations  of  figures 
into  one  another,  like  those  of  Gregory  and  Barrow.  And  as  for  the 
Scholium  upon  the  second  lemma*  of  the  second  book  of  the  Frincipia 

papers  now  presented  to  you,  together  with  what  is  extant  to  the  same  pnrpose,  m 
Dr.  WallU*B  third  volume,  may  not  deserve  to  be  made  public." 

^  A  new  edition  of  thii  work  has  been  recently  published,  entitled,  "  Commer- 
cium Epistolicum  J.  Collins  et  Aliomm  de  Analysi  promota^  etc.  Ou  Corre- 
spondanoe  de  J.  Collins  et  d'autres  savants  c^lebres  du  XVII^  Si6clo,  relative  a 
TAnalyse  Superieure,  r^iraprim^e  sur  T^dition  originale  de  1712,  avec  Tindication 
des  variantcs  de  Tuition  de  1722,  compUtee  par  une  collection  de  pieces  justifica- 
tives  et  de  documents,  et  publico  par  J.  B.  Biot,  membre  de  I'lnstitut,  ot  F. 
Lefort,  ing^nieur  on  chef  des  pouts  et  chauss^s.     Paris,  1856." 

'  In  the  first  edition  of  the  Frincipia,  published  in  16S7,  in  page  253,  is  a 
scholium  at  the  end  of  the  seventh  proposition  of  the  second  book,  in  substance  as 
follows: — "In  a  correspondence  in  wliich  I  was  engaged  with  the  very  learned 
geometrician,  M.  Leibnitz,  ten  years  ago  [through  Mr.  Oldenburg],  having  in- 
formed him  that  I  was  acquainted  with  a  method  of  determining  the  maxima  and 
minima,  drawing  tangents,  and  doing  other  simUar  things,  which  succeeded  equally 
in  rational  equations  and  radical  quantities,  and  having  concealed  this  method  by 
transposing  the  letters  of  the  words,  which  signified :  '  an  equation  containing  any 
number  of  flowing  quantities  being  given,  to  find  the  fluxions,  and  inversely  : '  that 
celebrated  gentleman  answered,  that  he  had  found  a  similar  method;  and  thia, 
which  he  communicated  to  me,  differed  from  mine  only  in  the  enunciation  and 
notation." 

In  the  second  edition  of  the  Frincipia,  published  in  the  year  1714,  at  the  end  ot 
the  scholium  is  added,  "and  in  the  idea  of  the  generation  of  quantities. " 

In  the  third  edition,  published  in  1726,  this  scholium  was  withdrawn,  probably 
on  account  of  the  unreasonable  proceedings  of  Mr.  Leibnitz's  friends,  who  x>cr- 
sistently,  but  unjustly,  aflSrmed  him  to  have  been  the  first  inventor,  and  the 
foUowing  was  substituted  in  its  place  : — 

"In  a  letter  of  mine  to  Mr.  J.  Collins,  dated  December  10,  1672,  having 
described  a  method  of  tangents,  which  I  suspected  to  be  the  same  with  Slusius's 
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PhQosopliica  Mathematica,  which  is  so  much  wrested  against  me,  it 
was  written,  not  to  give  away  that  lemma  to  Mr.  Leibnitz,  but,  on  the 
contrary,  to  assert  it  to  myself.  Whether  Mr.  Leibnitz  invented  it 
after  me,  or  had  it  from  me,  is  a  question  of  no  consequence,  for  second 
inventors  have  no  right.  Dr.  Wallis,  by  his  letter  of  December  1, 1606, 
printed  in  the  third  volume  of  his  works,  gave  notice  to  Mr.  Leibnitz 
of  the  paragraph  in  his  preface  to  the  first  volume  above  cited.  And 
Mr.  Leibnitz  denied  not  that  in  the  year  1676  I  explained  to  him  the 
method  found  by  me  ten  years  before  or  above,  nor  complained  of  the 
Doctor  for  saying  this :  De  U  autem  queri,  saith  he,  in  his  letter  of  the 
29th  of  March,  1697,  nunquam  mihi  in  mmtem  venit;  quern  facile  apparet 
nostra  f  in  Act  is  Ztpsiensihus  prodita,  wm  satis  vidisse.  He  allowed  that 
the  methods  were  of  like  nature,  as  the  Doctor  had  affirmed,  and  said 
in  his  letter  of  the  28th  of  May,  1697,  that  he  therefore  called  them 
both  by  the  common  name  of  the  Infiniteeimal  Method;  but  added,  that 
as  the  Analysis  of  Yieta  and  Cartes  were  both  called  by  the  common 
name  of  Analysis  Speciosa,  and  yet  di£Pered  in  some  things,  so  my 
Infinitesimal  Analysis  and  his  might  differ  in  some  things ;  meaning 
some  improvements  made  by  him  to  this  method ;  and  excused  the 
Doctor  for  not  mentioning  these  improvements,  because  he  had  not 
sufficiently  seen  them  in  the  '  Acta  Lipsiensia ; '  and  declared  that  it 
never  came  into  his  mind  to  complain  of  him  for  anything  else."^ 

Mr.  S.  P.  Bigaud,  in  his  Essay  on  the  Principia,  thinks  it  may 
be  thought  very  presumptuous  to  question  the  accuracy  of  the  Com- 
mittee which  drew  up  the  documents  of  the  Commercium  I^istolicimi. 
He  remarks  there  are  difficulties  well  worth  considering  respecting  the 
date,  1683,  in  the  following  extract  of  their  statement  in  No.  LXXI : 
— ''Anno  scilicet  1684  in  iisdem  Actis  Lipsicis  pro  mense  Octobri, 
Calculi  Differentialis  Elementa  primum,  edidit  D.  Leibnitius,  literis 
G.  G.  L.  desig^atus.  Anno  antem  1683  ad  finem  vergente,  D.  New- 
tonus  propositiones  principales,  earum  quae  in  Philosophise  Principiis 
Mathematicis  habentur,  Londinum  misit:  esedemque  cum  Societate 
Hegia  mox  communicatse  sunt,  annoque  1686  liber  ille  ad  Societatem 

• 

method,  which  at  that  time  was  not  made  public ;  I  subjoined  these  words : — 'This 
is  one  xtai-ticular,  or  rather  a  coroUaty,  of  a  general  method,  which  extends  itself^ 
without  any  troublesome  calculation,  not  only  to  the  drawing  of  tangents  to  any 
curvo  lines,  whether  geometrical  or  mechanical,  or  anyhow  respecting  right  lines  or 
other  curves,  but  also  to  the  rcscilving  other  abstruse  kinds  of  problems  about  the 
crookedness,  areas,  lengths,  centres  of  gravity  of  curves,  &c.,  nor  is  it  (as  Hnddon's 
Method  de  Maximis  ct  Minimis)  limited  to  equations  which  are  free  from  surd 
quantities.  This  method  I  have  interwoven  with  that  other  of  working  in  equations 
by  reducing  them  to  infinite  scries.  And  these  lost  worJs  relate  to  a  treatise  I  coin- 
posed  on  that  subject  in  the  year  1671.  The  foundation  of  that  general  method  is 
contained  in  the  preceding  lemma.'  " 

^  Isaaci  Nowtoni  Opera  qu.'B  extant  omnia,  commentariis  illustrabat  Samuel 
Honley,  LL.D.,  R.S.S.    Tom.  iv.,  p.  61C.     Londiui,  1782. 
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missus  est  ut  impriineretar,  proximoque  anno  mense  Martio  Iqcexxi 
vidit :  et  exemplar  ejus  D.  Nicolao  Fatio  datum  est  ut  ad  Leibnitium 
mitteretur." 

**  The  same  date  of  1683  occurs  in  both  editions  of  the  Commeroium 
Epistolicum  (in  1712  and  1722),  and  it  cannot  be  a  press  error,  for  the 
argument  with  reference  to  Leibnitz  would  fall  to  the  ground  if  1684 
were  substituted  for  1683.  Newton  wrote  a  letter  dated  Feb.  23, 
1684-5,  to  Aston,  one  of  the  secretaries,  thanking  him  for  'enteriug 
his  notions  about  motion '  in  the  Begister ;  and  added,  '  I  designed 
them  for  you  before  now,  but  the  examining  several  things  has  taken  a 
greater  part  of  my  time  than  I  expected,  and  a  great  deal  of  it  to  no 
poipose ; '  and  a  minute  of  this  letter  appears  in  the  Journal,  dated 
Feb.  25,  1684. 

*'  A  loose  paper  preserved  in  Lord  Macclesfield's  collection  seems  to 
offer  the  most  probable  solution  of  the  difficulty.  It  is  in  Newton's 
handwriting,  and  is  entitled,  '  Animadversiones  in  Schediasma  Leib- 
nitii,  de  resistentia  medii  et  motu  projectorum  gravium  in  medio 
resistente,  in  Actis  Lipslensibus  anno,  1689  mense  Feb.  impressum.' 
It  is  not  complete,  but  rather  the  rough  draught  for  the  beginning 
of  some  regular  remarks.  Newton  is  well  known  to  have  been  in  the 
habit  of  repeatedly  transcribing  his  papers,  and  copying  them  with 
alterations,  and  accordingly  we  find  on  the  same  sheet  of  paper  both 
the  entries.  The  first  begins  with  the  words,  '  Newtonus  principales 
do  motu  planetarum  propositiones  anno  1683  Londinum  misit  cum 
philosophis  communicandis.  Anno  1656  Principia  Mathematica  ad 
Begiam  Societatem  misit  ut  in  lucem  emitteretur.  .  .  .'  The  second 
paper  begins  with,  'Anno  1684  Newtonus  propositiones  principales 
oarum,  quee  in  philosophiae  Principiis  Mathematicis  habentur,  cum 
Societate  Begia  communicare  coepit,  annoque  1686  liber  ille  MS.  ad 
Societatem  Begiam  missus  est.  .  .  .' 

"  This  paper  was  certainly  in  the  possession  of  Jones,  and  contains 
several  of  the  expressions  used  in  the  Oommercium  Epistolicum,  with 
the  same  date,  in  the  first  instance,  annexed  to  them.  The  writers, 
however,  seem  not  to  have  observed  more  than  the  first  entry,  the 
second  being  on  the  opposite  side  of  the  sheet;  it  could  otherwise 
have  hardly  failed  to  strike  them  that  the  year  had  there  also  at  first 
been  written  1 683,  since  the  last  figure,  having  evidently  been  altered 
to  a  4,  is  much  blacker  than  the  rest.  They  would  then  have  either 
had  at  once  the  correct  period,  or  would  have  been  led  to  ascertain 
which  of  the  two  they  were  to  adopt.  If  the  doubt  had  been  once 
suggested,  there  could  have  been  no  difficulty  in  resolving  it." 

It  has  been  remarked  ^  that  some  doubts  have  been  entertained 


1  P.xlyiL  Correspondence  of  Sir  Isaac  Newton  and  Professor  Cotes,  indnding  letters 
of  other  eminent  men,  now  first  published  from  the  originals  in  the  Library  of  Trinity 
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"whether  a  certain  letter  of  Newton  was  actually  sent  to  Leibnitz  with 
other  documents,  as  is  asserted  in  the  Oommercium  Epistolicum, 
No.  XLYI.  ''In  hoc  oollectione  habetur  et  Epistola  D.  Newtoni  ad 
D,  OollinSy  10  Ddcemb.  1672  data,  in  qua  Newtonus  se  Methodum 
gcnexalem  habere  dicit  ducendi  tangentes  exponit." 

The  manuscripts,  papers,  and  letters  left  by  Leibnitz,  and  pre- 
served in  the  Boyal  Library  of  Hanover,  have  of  late  years  been 
printed,^  and  it  may  be  ascertained  what  documents  Leibnitz  did 
actually  receive  from  Oldenburg,  and  the  dates  of  them.  Among 
these  papers  has  not  been  found  a  copy  of  Newton's  letter  of  Dec.  10, 
1672.  It  appears  that  Oldenburg  wrote  to  Leibnitz  from  London  on 
July  26,  1676 ;  and  the  letter  itself  shows  that  he  did  not  send  the 
parcel  of  letters  (including  Newton's)  which  he  had  received  from 
Collins,  but  gave  his  own  account  of  what  they  contained.  And  with 
respect  to  Newton's  letter  of  Deo.  10,  1672,  he  gave  the  substance, 
but  neither  gave  the  example'  contained  in  the  letter  of  Newton,  nor 

College,  Cambridge ;  together  with  an  appendix  containing  other  unpnblished 
letters  and  papers  of  Kewton  ;  with  notes,  synoptical  view  of  the  Philosopher's  life, 
and  a  rariety  of  details  iUastrative  of  his  history,  by  J.  Edleston,  M.  A.,  Fellow  oi 
Trinity  College,  Cambridge.     London,  1850. 

1  Die  Entdeckong  der  DifiTerentialrechnung  darch  Leibniz  mit  Benntzong 
der  Leibnizischen  Mannscripte  auf  der  Koniglichen  Bibliothek  za  Hannover 
dargestellt  von  Dr.  C.  J.  Gerhardt.     Halle,  1848,  1849,  1850,  1855—63. 

Historia  et  origo  calculi  Differentialis  a  G.  G.  Leibnitio,  conscripta.  Znr  zweiten 
S&cnlarfeier  des  Leibnizischen  geburtstages  aiis  den  Handschriften  der  Koniglichen 
Bibliothek  zu  Hannorer  herausgegeben  von  Dr.  C.  J.  Gerhardt.     Hannover,  1846. 

The  claim  of  Leibnitz  to  the  invention  of  the  Differential  Calculus  by  Dr.  H. 
Slomon.  Translated  from  the  German  with  considerable  alterations  and  New 
Addenda  by  the  author.    4to.     Cambridge,  1860. 

*  3  The  following  is  the  passage  omitted  of  Newton's  letter.  The  original  is  in  the 
collection  of  Lord  Macclesfield  : — 

"  I  am  heartily  glad  at  the  acceptance  which  our  Reverend  friend  Dr.  B&itow's 
Lectures  find  with  foreign  mathematicians,  and  it  has  pleased  me  not  a  little  to 
understand  that  they  are  fallen  into  the  same  method  of  drawing  tangents  with  me. 
What  I  guess  their  method  to  be  you  will  apprehend  by  this  example.  Suppose  CB, 
applied  to  AB  in  any  given  angle,  be  terminated  at  any  curve  line  AC,  and  calling 
ABf  X  and  BC,  y;  let  the  relation  between  x  and  y  be  expressed  by  any 'equation,  as 
JB*— 2aay+&Ba;— &6aJ+&yy— y*—0,  whereby  this- curve  is  determined.  To  draw  the 
tangent  CD,  the  rule  is  this  : — Multiply  the  terms  of  the  equation  by  any  arith> 
metlcol  progression,  according  to  the  dimensions  of  y^ 

suppose  thus 7?^ 2xxy-\-lKcx — bhx+byy — y* ; 
0      1  0        0        2      3 

also  according  to  the  dimensions  of  x, 

suppose  thus  7?^^xxy-\-hxx—llx-\-hjy~ip, 
3        2  2        10      0 

The  first  product  ahall  be  the  numerator,  and  the  lost  divided  by  x  the  denominator 

of  a  fi-action,  which  expresseth  the  length  of  BD,  to  whose  end  D  the  tangent  CD 

must  be  drawn«    The  length  of  BD  therefore,  is 

-2awy-i-26yy-3y*  divided  by  8axr-4a:y+2te-W," 
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made  any  allusion  to  it.  It  can  occasion  no  surprise  that  Leibnitz 
declared  he  had  no  recollection  of  having  received  Newton's  letter 
of  Dec.  10,  1672. 

It  appears  to  be  nnquestionable  that  two  men  who  separately 
make  the  same  important  discoveiy,  and  show  the  use  of  it,  have  an 
equal  claim  to  merit  and  to  public  gratitude.  Ab  the  methods  of 
Newton  and  Leibnitz  lead  to  the  same  results,  it  has  been  affirmed 
that  the  method  of  Leibnitz  was  derived  from  that  of  Newton ;  but 
this  Leibnitz  has  firmly  denied.  With  equal  reason  it  xnight  be 
asserted  that  Newton's  method  was  taken  from  that  of  Leibnitz. 
Whether  the  method  of  fluxions  might  have  its  origin  from  the 
method  of  differences,  or  the  converse,  is  not  the  question  at  issue ; 
but  whether,  in  point  of  fact,  each  system  had  a  separate  and  inde- 
pendent origin  in  the  miods  of  the  inventors.  It  is  evident  that 
already  several  approaches  had  been  made  towards  the  new  calculus, 
especially  by  Dr.  Wallis  and  by  Dr.  Barrow,  so  that  the  principles 
which  formed  the  basis  of  the  new  calculus  were  well  known  among 
mathematicians  at  that  period.  It  can  afford  no  matter  for  sur- 
prise that  two  men  of  resplendent  genius,  such  as  Newton  and 
Leibnitz,  should  independently  have  originated  a  calculus  which^ 
though  different  in  some  respects,  leads  to  the  same  results.  The  pub- 
lications of  Wallis  afford  satisfactory  proof  that  Newton  had  been  in 
possession  of  his  method  of  fluxions  and  had  developed  it  before  any 
notices  had  been  given  by  Leibnitz  of  the  nature  of  his  discoveries  in 
the  method  of  differences.  And  it  may  be  added  that  the  letters 
communicated  to  Leibnitz  contained  nothing  which  can  prove  that  he 
borrowed  his  calculus  from  Newton,  but,  that  from  the  description 
g^ven  in  passages  of  these  letters,  he  divined  the  advantages  of  the 
calculus  which  Newton's  letters  had  described. 

James  Bernoulli,  on  a  somewhat  similar  occasion,  once  exhorted 
his  brother  to  moderate  his  pretensions,  and  to  attach  less  importance 
to  discoveries  which  the  instrument  rendered  easy,  and  to  acknow- 
ledge that  *'  as  quantities  in  geometry  increase  by  deg^es,  so  every 
man,  furnished  with  the  same  instrument,  would  find  by  degrees  the 
same  results." 

And  Professor  Do  Morgan  has  justly  affirmed: — ''I  have  come 
to  a  settled  conclusion  that  great  points  heUng  to  those  who  made  great 
points  of  them,  Tlie  history  of  mathematical  discovery  is  vexed 
with  never-ending  disturbances  arising  out  of  claims  of  priority, 
which  mean  that  this  person  threw  the  thing  away  before  that  person 
used  it.  In  many  cases  it  is  by  no  means  certain  that  this  person  • 
ever  saw  in  his  own  words  or  formula  what  that  person  enables  us  to 
see.  Giving  due  moral  blame  to  any  one  who  consciously  suppresses 
a  hint  which  he  knows  he  has  taken,  I  consider  that  an  inventor  who 
is  the  first  user  has  a  position  from  which  a  hundred  previous  in* 


31 

Tentors  cannot  dislodge  him,  nor  do  anytliing  but  enhance  his  merit 
as  the  inventor  of  the  use,  most  often  the  more  difficult  invention  of  th» 
two."* 

Montucla,  the  historian,  of  the  Mathematical  ScienccSi  has  thus- 
expressed  his  opinion : — 

**It  is  incontestable  that  Newton  was  the  first  inventor  of  tha 
calculus  of  fluxions.  The  proofs  of  it  are  as  clear  as  the  light.  But 
is  Leibnitz  guilty  of  having  published  as  his  own  a  discovery  which 
he  had  drawn  out  of  the  writings  of  Newton  ?  I  do  not  think  so.  In 
the  two  letters  of  Newton  communicated  to  Leibnitz  there  appear 
only  the  results  of  the  method,  or  of  the  two  methods  employed  by 
Newton,  but  not  the  explanation  of  them.  Leibnitz  was  a  man 
endowed  with  transcendent  talents.  Could  he  not  have  been  moved 
to  search  out  the  means  employed  by  Newton  and  to  achieve  success, 
as  Format,  Barrow,  and  Wallis  had  opened  tlie  way  ?  In  fact,  if  it 
be  considered  how  little  there  was  to  pass  from  their  methods  to  th» 
Di£Perential  Calculus,  it  will  appear,  I  think,  superfluous  to  search 
elsewhere  for  the  origin  of  the  latter." 

Upon  the  whole  view  of  the  circumstances  of  the  case,  it  appears- 
that  both  parties  to  the  dispute  were  to  blame.  Leibnitz  should  hav» 
been  more  ready  to  acknowledge  the  aid  he  obtained  from  Newton'a 
communications,  although  this  aid  bore  only  indirectly  on  the  dis- 
covery of  the  calculus,  and  Newton  ought  to  have  seen  and  acknow- 
ledged that  Leibnitz's  notation  was  more  systematic  than  his  own, 
and  better  adapted  to  promote  the  progress  of  the  calctdus.  There 
are  sufficient  grounds  for  the  belief  that  the  discoveries  of  both  were^ 
independent.  Leibnitz  afiirmed  that  he  owed  nothing  to  Mr.  Newton ; 
and  Newton,  on  the  other  hand,  declared  that  whether  Mr.  Leibnitz, 
invented  the  calculus  after  him,  or  had  it  from  him,  is  a  question  of 
no  consequence,  for  second  inventors  have  no  right.  Both  owed 
much  to  those  who  had  gone  before  them.  No  doubt  Newton's  was. 
earlier  in  point  of  time,  but  then  he  did  not  publish  it,  nor  did  he 
develop  his  method  in  the  same  systematic  way  as  was  done  by 
Leibnitz  and  his  followers.^ 


1  Prof.  De  Morgan,  note,  p.  200,  vol.    xi.,  Cambridge  Philosophical  Trans- 
actions. 

^  The  fluxional  notation  was  adopted  at  Cambridge,  and  was  continued  from 
the  time  of  Kewton  until  a  recent  period.  It  was  used  in  the  Senate  House- 
examination  papers  for  mathematical  honours  until  the  year  1817,  when  Mr. 
Peacock,  Fellow  of  Trinity  CoUege,  was  junior  moderator.  He  adventured  on  the 
innovation  of  introducing  the  differential  notation  of  Leibnitz,  instead  of  the 
fluxional  notation  of  Newton,  into  his  papers  in  that  year,  while  his  colleague, 
Mr.  White,  Fellow  of  Caius  College,  the  senior  moderator,  employed  the  fluxional 
notation  in  his  papers.  In  1818  the  fluxions  resumed  their  place  in  the  Senate- 
House  examination  papers^  but  in  1819,  when  Mr.  Peacock  was  again  moderator,  he' 
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A  few  brief  notes  here  respecting  these  two  distinguished  men 
may  not  appear  to  be  altogether  without  interest. 

The  intellectual  labours  of  Leibnitz  and  Newton  were  not  confined 
to  mathematical  and  physical  researches.  Leibnitz,  endowed  with  a 
vigorous  and  versatile  genius,  had  acquired  habits  of  indomitable  in- 
dustry. His  contributions  on  almost  all  subjects  of  human  knowledge 
display  an  extraordinary  intellectual  energy..  '^His  powers,"  it  has 
been  truly  remarked, ''  were  dissipated  by  the  multiplicity  of  his  pur- 
suits. He  attempted  more  than  he  could  finish,  and  designed  more 
than  he  could  execute ;"  and,  as  an  independent  thinker,  he  was  more 
discursive  but  less  profound  than  Newton.  Li  his  attempt  to  grasp 
the  whole  circle  of  the  sciences,  he  exemplified  the  saying  that  has 
been  applied  to  a  distinguished  man  of  more  modem  times,  that  **  if 
JSeienee  was  his  forte.  Omniscience  was  his  foible." 

The  tendency  of  his  mind  was  rather  to  disregard  the  obvious  con- 
dnsionB  of  experience  and  common  sense,  and  "  to  regard  all  difficult 
things  as  easy,  and  all  easy  things  as  difficult,"  according  to  his  own 
accoxmt  of  himself.  He  was,  as  his  father,  a  member  of  the  Lutheran 
church,  and  faithful  to  the  Confession  of  Augsburg.  .He  advocated 
toleration,  and  earnestly  desired  the  reconciliation  of  the  Lutheran 
and  Boman  Catholic  communions.  His  more  enlightened  Lutheran 
friends  urged  that  the  Popes  and  their  agents  had  corrupted  the  pure 
truths  of  the  gospel  and  had  usurped  a  tyrannical  control  over  the 
Clhxistian  church ;  that  the  persecution  of  the  Huguenots  in  France 
supplies  evidence  how  little  reliance  could  be  placed  on  the  written  or 
verbal  promise^  and  eng^agements  of  Soman  Catholics ;  and  that,  so 
long  as  they  hold  that  their  church  cannot  err,  that  th^ir  Pope  is  in* 


repeated  Bis  innovation.  This  practice  was  very  strongly  deprecated  at  the  time, 
but  the  superior  advantages  of  the  notation  of  Leibnitz  becmme  appreciated,  and  after 
the  year  1819  the  use  of  the  flazional  notation  entirely  disappeared  in  the  examina- 
tion papers.  The  following  extract  of  a  letter  to  Mr.  J.  F.  W.  Herschel,  of  date 
6th  Mareh,  1817i  from  Mr.  WheweU,  Fellow  of  Trinity,  may  be  read  with  interest : — 
"You  have,  1  presume,  seen  Peacock's  examination  papers.  They  have  made  a 
considerable  outcry  here,  and  1  have  not  much  hope  that  he  will  be  moderator  again. 
I  do  not  think  he  took  precisely  the  right  way  to  introduce  the  true  faith.  He  has 
stripped  his  analysis  of  its  applications,  and  turned  it  naked  among  them.  Of 
coiu^  all  the  prudery  of  the  university  is  up  and  shocked  at  the  indecency  of  the 
spectacle.  The  cry  is,  *Not  enough  philosophy.'  Now,  the  only  way  to  prevent 
such  a  clamour  would  have  been  to  have  given  good,  intelligible,  but  difficult 
physical  problems,  things  which  people  would  see  they  could  not  do  their  own 
way,  and  which  would  excite  their  curiosity  sufficiently  to  make  them  thank  you 
for  your  way  of  doing  them.  Till  some  one  arises  to  do  this,  or  something  like  it, 
they  will  not  believe  even  though  one  were  translated  to  them  from  the  French.'* 
—P.  16,  vol.  iL,  Account  of  the  Writings  of  W.  Whowell,  D.D.,  Master  of  Trinity 
College,  Cambridge,  with  Selections  from  his  Literary  and  Scientific  Correspond* 
«nce.    By  I.  Todhunter,  M.A.,  F.R.S.,  Honorary  Fellow  of  St.  John's  College. 
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fallible  in  his  decision  of  religious  controversiesi  so  long  would  all 
proposals  for  union  between  the  Lutheran  and  Eomish  churches^  be 
fruitless  and  ineffective.  Notwithstanding  these  objections,  Leibnitz 
had  the  courage  to  attempt  the  impossible  problem  of  effecting  the 
union  of  the  Lutheran  and  Eoman  Catholic  churches  in  Hanover.  He 
utterly  failed,  as  might  have  been  foreseen,  in  an  attempt  to  reconcile 
irreconcilable  contradictions. 

There  is  an  unfinished  treatise,  entitled  ''  Sjstema  Theologicum,"^ 
in  the  handwriting  of  Leibnitz,  preserved  in  the  .Boyal  Library  of 
Hanover,  and  was  probably  written  about  the  year  1684.  The 
unscriptural  dogmas  of  the  Church  of  Home  in  this  treatise  are  repre* 
sented  in  a  light  more  favourable  than  might  have  been  expected 
from  a  Lutheran.  From  one  of  the  letters  of  Leibnitz  still  extant,  it 
appears  certain  that  the  treatise  was  composed  with  the  view  of  pro* 
moting  the  reconciliation  of  the  two  churdies. 

Li  a  letter  to  his  friend  Anthony  Amauld,  the  leader  of  the 
Jansenists,  he  stated  that  he  had  anxiously  sought  out  and  read  with 
the  utmost  attention  every  distinguished  antagonist  of  Christianity 
and  aU  its  most  eminent  defenders.  He  honestly  and  vigorously 
contended  against  the  enemies  of  the  Christian  revelation,  and  his 
opinions  on  this  subject  will  appear  in  the  introductory  lines  of  his 
**  Systema  Theologicxmi.'" 

^  Leibnitz  was  engaged  by  Ernest  Angustns,  the  Elector  of  Hanover,  to  write  tlie 
liistory  of  the  House  of  Bninswick.  In  order  to  execute  this  task,  he  travelled 
abroad  to  collect  materials  for  the  purpose.  While  he  was  in  Italy  he  met  with  an 
adventure  which,  in  a  small  way,  illustrates  a  Catholic  principle.  As  Leibnitz  was 
passing  in  a  small  barque  from  Venice  to  Mesola  a  storm  arose  ;  the  pilot,  believing 
the  German  to  be  a  heretic,  looked  on  him  as  the  cause  of  the  tempest.  This  good 
Catholic,  supposing  he  was  not  understood  by  a  German,  proposed  to  strip  him  of 
his  clothes  and  money,  and  throw  him  overboard.  Leibnitz,  hearing  thb  proposal 
of  the  pilot,  without  discovering  the  least  emotion,  drew  a  set  of  beads  from  his 
pocket,  and  began  to  turn  them  over  with  great  seeming  devotion.  The  artifice 
succeeded.  One  of  the  saUors  observed  to  the  pUot,  that  since  the  man  was  no> 
heretic  he  ought  not  to  be  drowned. 

3  This  fragment  of  Leibnitz  has  been  printed  with  the  title  of  "A  System  of 
Theology  by  Godfrey  William  Yon  Leibnitz,  translated  with  an  Introduction  and 
l^otes  by  Charles  William  Russell,  D.D.,  Professor  of  Ecclesiastical  History  in 
St.  Patrick's  College,  Maynooth."    8vo.     London,  1850. 

'  "  After  a  long  and  mature  examination  of  the  controversies  on  the  subject  of 
religion,  in  which  I  have  invoked  the  Divine  assistance,  and  divested  myself  as  far, 
perhaps,  as  is  possiUe  for  man,  of  party  feeling,  as  though  I  came  from  a  new  world, 
a  neophyte  unattached  to  any  party,  I  have  at  length  fixed  in  my  own  mind,  and, 
after  full  consideration,  resolved  to  adopt  the  following  principles,  which,  to  an 
unprejudiced  man,  will  appear  to  carry  with  them  the  recommendation  of  sacred 
Scripture,  of  pious  antiquity,  and  even  of  right  reason  and  the  authority  of  history. 

'*  In  the  first  place,  then,  I  believe  in  the  existence  of  a  Most  Perfect  Substance, 
One,  eternal,  omnipresent,  omniscient,  and  almighty,  which  we  call  God  ;  by  whom 
all  other  things  have  been  created  in  a  most  beautiful  order,  and  are  pi-eservcd  by  a 
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This  truly  great  man,  Sir  Isaac  Newton,  ended  his  life  and  his 
labours  on  the  28th  March,  1727,  in  the  eighty-fifth  year  of  his  age, 
having  retained  the  use  of  his  faculties  unimpaired  tiU  the  last.  He 
united  a  modest  simplicity  of  character  with  a  strong  aversion  to 
engage  in  disputes  and  controversies.  Courteous  and  affable,  his 
exemplary  life  was  a  continued  series  of  generosity,  goodness,  and 
patient  labour.  His  modest  opinion  of  himself  appears  in  attributing 
his  discoveries  in  science  "  as  due  to  nothing  but  industry  and  patient 
thought."  He  was  firmly  attached  to  the  cause  of  liberty  and  the 
•constitution,  and  was  chosen  one  of  the  delegates  to  represent  the 
University  before  the  High  Commission  Court,  to  answer  for  their 
contempt  of  the  mandamus  of  King  James  II.,  to  admit  a  papist  to 
ihe  degree  of  M.A.  without  taking  the  oaths  prescribed  by  the  statutes 

•  of  the  University.  In  1688  he  represented  the  University  in  the  Con- 
sort of  continued  production.  The  doctrine,  therefore,  of  those  who  conceive  God  to 
-be  corporeal,  finite,  circumscribed  by  place,  and  ignorant  of  all  future  contingent 
events,  whether  absolute  or  conditional,  is  utterly  intolerable  ;  and  hence  I  strongly 
-reprobate  certain  sectaries,  who  have  not  spared  even  this  first  principle  of  faith,  and 
who  entertain  most  unworthy  conceptions  of  God. 

''Now  this  Supreme  Intelligence  created,  in  order  to  His  own  glory,  other  intel- 
lectual beings,  whom  He  governs  with  most  perfect  justice  ;  insomuch  that  any  one 
who  could  understand  the  whole  order  of  the  Divine  economy,  would  find  therein  a 
model  of  the  most  perfect  form  of  commonwealth,  in  which  it  would  be  imx)ossible 
'for  a  philosopher  to  diacover  a  single  want,  or  to  supply  anything  in  desire.  Hence 
we  must  avoid  those  opinions  which  represent  God  as  a  certain  supreme  power,  from 
'which  all  things,  although  they  emanate,  yet  emanate  indiscriminately,  by  a  kind  of 
necessary  existence,  and  without  any  selection  of  the  beautiful  or  the  good ;  as  if 
these  notions  were  arbitrary,  or  had  no  foundation  in  nature,  but  only  in  the  imagi- 
nation  of  men.  For  God  is  not  only  the  supreme  Creator  of  all  existing  things  but 
He  is  also  the  beneficent  Prince  of  all  intellectual  beings,  and  in  some  sense  their 
legislator  ;  a  legislator,  however,  who  requires  nothing  from  His  subjects  but  souls 
actuated  by  sincere  affection,  animated  with  a  right  intention,  persuaded  of  the 
beneficence,  the  consummate  justice,  the  beauty,  and  goodness,  of  the  most  amiable 
'  of  all  lords  ;  and  therefore  not  merely  fearing  His  power  as  that  of  a  supreme  and 
all-seeing  Monarch,  but  also  confiding  in  His  benevolence,  and,  in  fine,  glowing  with 
the  love  of  Him  above  all  things — a  aentiment  which  comprises  all  the  rest. 

**  For  those  who  are  impressed  with  such  sentiments,  who  fix  them  deeply  in  their 

•  souls,  and  evince  in  their  lives  the  sincerity  of  their  convictions,  never  murmur 
against  the  Divine  will,  being  well  assured  that  all  things  must  conduce  to  the  good 

•  of  those  who  love  God  :  and,  as  they  are  content  with  the  past,  so,  in  what  concerns 
the  future,  they  seek  always  to  act  in  conformity  with  that  which  they  presume  to 
be  the  will  of  God.  Now  all  that  God,  in  proposing  rewards  and  punishments, 
requires  of  each  of  us  is,  that  he  labour  for  the  fulfilment  of  his  own  especial  duties ; 
that,  like  the  first  man,  he  cultivate  the  garden  in  which  he  has  been  placed,  and 
that,  in  imitation  of  the  Divine  goodness,  he  diffuse  his  beneficence  on  every  object 
around  him,  but  especially  within  the  due  proportions  which  justice  requires,  on  all 
those  with  whom  he  may  be  thrown  into  intercourse,  as  being  his  neighbours ; 
because,  among  the  creatures  which  come  within  our  sphere,  there  is  none  mom 

•  excellent  than  man,  none  whose  perfection  is  more  grateful  to  God." 
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mention  Parliament,  and  was  a  second  time  returned  in  1701.  His 
theological  writings  evince  his  sincere  belief  in  the  Records  of  the 
Christian  Bevelation,  and  a  passage^  in  the  general  scholium  at  the 

*■  ■ ■  ■  ■  . ■■  M     I  .  

^  The  following  is  a  translation  of  the  passage  : — 

**  This  most  b^ntifal  system  of  the  sun,  planets,  and  comets,  could  only  proceed 
from  the  counsel  and  dominion  of  an  intelligent  and  powerful  Being.  And  if  the 
fixed  stars  are  the  centres  of  other  like  systems,  these,  being  formed  by  the  like  wise 
•counsel,  must  be  all  subject  to  the  dominion  of  One,  especially  since  the  light  of  the 
'fixed  stars  is  of  the  same  nature  with  the  light  of  the  sun,  and  from  every  system 
light  passes  into  all  other  systems.  And  lest  the  systems  of  the  fixed  stars  should, 
lyj  their  gravity,  fall  on  each  other  mutually,  He  has  placed  these  systems  at  immense 
distances  one  from  another. 

**  This  Being  governs  all  things,  not  as  the  soul  of  the  world,  but  as  Lord  over 
.all.     And  on  account  of  his  dominion  He  is  wont  to  be  called  Lord  God,  wafrroKpdrvpf 
•or  Universal  Kuler.     For  God  is  a  relative  word,  and  has  a  respect  to  servants ;  and 
Deity  is  the  dominion  of  God,  not  over  His  own  body,  as  those  imagine  who  fancy 
God  to  be  the  soul  of  the  world,  but  over  servants.     The  supreme  God  is  a  Being 
eternal,  infinite,  absolutely  perfect ;  but  a  being,  however  perfect,  without  dominion, 
•<!annot  be  said  to  be  Lord  God  ;  for  we  say,  my  God,  your  GK>d,  the  God  of  Israel, 
the  God  of  gods,  and  Lord  of  lords  ;  but  we  do  not  say,  my  Eternal,  your  Eternal, 
the  Eternal  of  Israel,  the  Eternal  of  gods  ;  we  do  not  say,  my  Infinite,  or  my  Perfect : 
these  are  titles  which  have  no  respect  to  servants.     The  word  God  usually  signifies 
Lord  ;  but  every  lord  is  not  a  god.     It  is  the  dominion  of  a  spiritual  being  which 
^constitutes  a  god  ;  a  true,  supreme,  or  imaginary  dominion  makes  a  true,  supreme,  or 
•imaginary  god.    And  from  His  true  dominion  it  follows  that  the  true  God  is  a 
Living,  Intelligent,  and  Powerful  Being ;  and  from  His  other  perfections,  that  He  is 
supreme  or  most  perfect.     He  is  eternal  and  infinite,  omnipotent  and  omniscient ; 
that  is,  His  duration  reaches  from  eternity  to  eternity ;  His  presence  from  infinity  to 
infinity  ;  He  governs  all  things,  and^  knows  all  things  that  are  or  can  be  done.     He 
is  not  eternity  nor  infinity,  but  eternal  and  infinite  ;  He  is  not  duration  or  space, 
but  He  endures  and  is  present.    He  endures  for  ever,  and  is  everywhere  present ; 
And  by  existing  always  and  everywhere,  He  constitutes  duration  and  space.    Since 
«very  particle  of  space  is  always,  and  every  indivisible  moment  of  duration  is  every- 
where, certainly  the  Maker  and  Lord  of  all  things  cannot  be  never  and  nowhere. 
Every  soul  that  has  perception  is,  though  in  difierent  times  and  in  different  organs 
*of  sense  and  motion,  still  the  same  indivisible  person.    There  are  given  successive 
parts  in  duration,  co-existent  parts  in  space,  but  neither  the  one  nor  the  other  in  the 
person  of  a  man,  or  his  thinking  principle  ;  and  much  less  can  they  be  found  in  the 
thinking  substance  of  God.     Every  man,  so  far  as  he  is  a  thing  that  has  perception, 
is  one  and  the  same  man  during  his  whole  life,  in  all  and  each  of  his  organs  of  sense. 
Ood  is  the  same  God,  always  and  everywhere.    He  is  omnipresent,  not  virtually  only, 
hut  also  substaniially ;  for  virtue  cannot  subsist  without  substance.     In  Him  are  tdl 
things  contained  and  moved ;  yet  neither  afiects  the  other :  Qod  suffers  nothing 
from  the  motion  of  bodies  ;  bodies  find  no  resistance  from  the  omnipresence  of  God. 

"  It  is  allowed  by  all  that  the  supreme  God  exists  necessarily ;  and  by  the  same 
necessity  He  exists  always  and  everywhere.  Whence  also  He  is  all  similar,  all  eye, 
all  ear,  all  brain,  all  arm,  all  power  to  perceive,  to  understand,  and  to  act ;  but  in  a 
manner  not  at  all  human,  in  a  manner  not  at  all  corporeal,  in  a  manner  utterly 
unknown  to  us.  As  a  blind  man  has  no  idea  of  colours,  so  have  we  no  idea  of  the 
manner  by  which  the  all-wise  God  perceives  and  understands  all  things.  He  is 
utterly  void  of  all  body  and  bodily  figure,  and  can  therefore  neither  be  seen,  nor 
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end  of  the  second  edition  of  liis  great  work,  exhibits  his  conception 
of  the  Deity  as  the  Creator  and  Elder  of  the  uniyerse* 

In  the  year  1715,  Dr.  Brook  Taylor,  of  St.  John's  College,  Cam- 
bridge, published  his  "  Methodus  Incrementorum  Directa  et  Inversa" 
in  a  quarto  volume.  He  gives  to  the  differences  of  two  variable  quantities 
the  name  of  increments  or  decrements,  whether  considered  finite  or  in- 
finitely small,  of  two  consecutive  terms  in  a  series  formed  according  to 
a  g^ven  law.  When  these  differences  are  indefinitely  small,  the  calcu- 
lus of  them,  both  direct  and  inverse,  belongs  to  the  Differential  Calculus. 
But  when  the  differences  are  finite,  the  method  of  finding  the  relations 
they  bear  to  the  quantities  that  produce  them,  forms  a  new  kind  of 
calculus,  the  first  principles  of  .which  were  given  by  Dr.  Brook  Taylor 

himself. 

His  work  is  extremely  concise  and  somewhat  obscure.    M.  Nicole, 

a  French  mathematician,  has  dearly  imf olded  the  method  for  resolv- 
ing finite  differences,  which  may  be  read  in  the  Memoirs  of  the  French 
Academy  of  Sciences  for  1717  and  1728;  and  these  articles  may  be 
considered  as  the  first  elementary  treatise  on  the  Integral  Calculus 
with  finite  differences.  In  one  of  the  corollaries  to  the  seventh  pro- 
position in  his  work,  Dr.  Brook  Taylor  has  given  a  new  theorem  of  the 
highest  importance  and  of  very  extensive  use  in  mathematical  reason- 
ings. It  consists  of  a  series  in  ascending  powers  of  the  increment,  to 
express  what  any  function  of  a  variable  quantity  becomes,  when  t|ie 
variable  quantity  receives  any  increment  whatever.  This  famous 
theorem  is  called  *'  Taylor's  Theorem,"  from  the  name  of  its  inventor. 
It  was  originally  expressed  in  the  fiuxional  notation;  but  in  later 
times  it  has  been  expressed  in  the  notation  of  the  Differential  Cal- 
culus, and  extended  to  functions  of  two  or  more  variable  quantities. 

heard,  nor  touched ;  nor  ought  He  to  be  worshipped  under  the  representation  of  apy 
corporeal  thing.  We  have  ideas  of  His  attributes,  but  what  the  real  substance  of 
anything  is,  we  know  not.  In  bodies  we  see  oidy  their  figures  and  colours,  we  hear 
only  the  sounds,  we  touch  only  their  outward  surfaces,  we  smell  only  the  smells,  and 
taste  the  savours ;  but  their  inward  substances  are  not  to  be  known,  eitiier  by  our  senses, 
or  by  any  reflex  act  of  our  minds  ;  much  less  then  have  we  any  idea  of  the  substance  of 
God.  We  know  Him  only  by  His  most  wise  and  excellent  contrivances  of  things^ 
and  final  causes ;  we  admire  Him  for  His  perfections,  but  we  reverence  and  adote 
Him  on  account  of  His  dominion.  For  we  adore  Him  as  His  servants,  and  a  God 
without  dominion,  providence,  and  final  causes,  is  nothing  else  but  fate  and  nature. 
Blind  metaphysical  necessity,  which  is  certainly  the  same  always  and  everywhere, 
could  produce  no  variety  of  things.  All  that  diversity  of  natural  things  which  we 
find,  suited  to  different  times  and  plaecs,  could  arise  from  nothing  but  the  ideas  and 
will  of  a  Being  necessarily  existing.  But  b}'  way  of  allegory,  God  is  said  to  see,  to 
speak,  to  laugh,  to  love,  to  hate,  to  desire,  to  give,  to  receive,  to  rejoice^  to  be  angiy, 
to  fight,  to  frame,  to  work,  to  build.  For  all  our  notions  of  God  are  taken  from  the- 
ways  or  mankind,  by  a  certain  similitude  which,  though  not  perfect,  has  som& 
likeness,  however.  And  thus  much  concerning  God ;  to  discourse  of  whom  from  the- 
appcarances  of  things,  does  certainly  belong  to  natural  philosoph}'." 


37 

In  the  first  chapters  of  his  "Institutions,"  Euler  gave  a  lucid  explana^- 
tion  of  t}ie  principles  of  this  subject ;  it  was  also  treated  by  Emerson 
in  his  Method  of  Increments,  which  was  published  in  1763. 

The  formula  which  is  generally  known  as  Maclaurin's  Theorem, 
will  be  found  in  p.  610  of  the  second  volume  of  his  treatise  on 
Fluxions,  published  in  1742.  It  may,  however,  be  noted  that  the 
same  formula  appears  in  p.  1 02  of  Stirling's ''  Methodus  Differentialis,'^ 
which  was  published  in  1730.  This  theorem  may  easily  be  deduced 
j&om  Taylor's  Theorem  (of  which  it  is  a  particidar  case),  and  is  useful 
in  finding  the  expansion  of  any  function  of  a  variable  in  a  series  of 
ascending  powers  of  that  variable. 

The  labours  of  the  Bemoullis  in  connection  with  Leibnitz  contributed 
very  largely  to  the  progress  of  the  new  calculus  on  the  Continent. 
Soon  after  the  early  essays  of  Leibnitz  appeared  in  the  Leipsic 
Acts,  in  which  the  art  and  method  of  his  calculus  were  not  fully  dis- 
closed, James  Bernoulli  and  his  brother  John,  having  read  these  papers, 
flaw  the  advantages  of  his  method,  and  were  induced  to  attempt  to 
fldarch  out  the  full  meaning  of  Leibnitz.  Their  efforts  ended  in  such 
floocess,  that  Leibnitz  himself  is  reported  to  have  declared  that  the 
invention  belonged  to  them  as  much  as  to  himself. 

The  oontributions  of  John  Bernoulli  are  printed  in  the  Leipsic  Acts 
and  in  the  Memoizs  of  the  French  Academy.  His  collected  works 
were  published  at  Geneva  in  four  quarto  volumes  in  1742.  The 
Taluable  papers  of  James  Bernoulli  on  the  calculus  and  various  other 
:8ubject8  were  printed  in  the  Leipsic  Acts.  His  works,  that  had  been 
previously  printed,  were  collected  and  published  at  Oeneva  in  two 
quarto  volumes,  in  1744.  His  papers  on  the  Integral  Oalonlus  give 
an  excellent  exposition  of  the  subject,  especially  in  the  formation  and 
integration  of  differential  equations.  Daniel  Bernoulli,  one  of  the  sons 
of  John  Bernoulli,  was  an  eminent  mathematician,  and  during  his 
lifetime  he  was  successful  in  bearing  off  ten  prizes  £rom  the  Academy 
of  Seienoes,  which  were  contended  for  by  the  greatest  mathematicians 
of  Europe.  In  the  year  1734  he  divided  the  honour  of  one  of  them 
with  his  father,  whidi  caused  an  estrangement  between  them. 

John  de  Bond  D'Alembert  was  one  of  the  most  eminent  scholars 
and  mathematicians  of  his  age.  He  was  bom  in  1717,  and  died  in 
1783.  His  literary  and  scientific  labours  embraced  numerous  subjects 
on  philology,  history,  and  philosophy.  His  new  principle  of  the 
calculus  of  differences  he  exemplified  in  the  discourse  on  the  general 
theory  of  the  winds,  for  which  the  prize  medal  of  the  Academy  of 
Berlin  was  adjudged  in  1746.  He  also  applied  the  same  principle  to 
the  problems  of  vibrating  chords  and  the  propagation  of  sound.  His 
writings  contain  some  valuable  papers  on  the  Integral  Oalculus.  The 
mathematical  writings  of  D'Alembert  were  published  under  the  title 
of  "  Opuscules  Mathematiques,  ou  Memoires  sur  differens  sujets  de 
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Oeometrie,   de    Mechaniques,    d'Optiques,   d'Astronomie,"   in  eight 
quarto  volumes,  between  the  years  1761  and  1780. 

Euler  published  his  **  Institutiones  Calculi  Differentialis  "  in  1755, 
and  his  ''  Institutiones  Calculi  Integralis  "  in  1768-70.  In  the  preface 
to  the  former  he  describes  the  Differential  Calculus  as  ''  the  art  of 
finding  the  vanishing  increments  that  any  functions  acquire,  when  we 
attribute  to  the  variable  quantity  of  which  they  are  functions  a  vanish- 
ing increment."  His  ''  Methodus  inveniendi  lineas  curvas  mazimi 
minimive  proprietate  gaudentes  "  was  published  at  an  earlier  period, 
in  the  year  1744. 

It  has  been  seen  that  there  is  a  marked  difierence  between  the- 
original  conceptions  of  Newton  and  Leibnitz  with  respect  to  the 
foundations  of  the  calculus.  The  differentials  of  Leibnitz  were  in- 
definitely small  quantities  added  to,  or  subtracted  from  the  variable- 
quantity.  Newton  introduced  into  his  method  of  fluxions  the  concep- 
tion of  time  and  motion — subjects  foreign  to  geometry,  and  belonging - 
to  the  science  of  djrnamics.  Thus  he  employed  motion  as  the  means 
of  connecting  its  principles  with  ordinary  Algebra;  whereas  Leibnitz 
considered  the  increase  or  decrease  of  a  variable  to  arise  from  the- 
continued  addition  or  subtraction  of  independently  small  parts  without 
any  reference  to  time.  Mathematicians  have  differed  in  opinion  as  to 
the  most  scientific  method  of  laying  down  the  principles  of  the 
calculus,  and  different  attempts  have  been  made  to  substitute  other 
methods  than  those  of  Newton  and  Leibnitz,  but  none  of  them  has 
been  more  favourably  considered  than  that  of  La  Orange. 

La  (Grange  proposed,  in  the  Memoirs  of  the  Berlin  Academy  for 
1772,  to  make  the  calculus  dependent  on  the  ordinary  principles  of 
Algebra,  divesting  the  subject  of  the  consideration  of  the  limiting  ratio 
of  indefinitely  small  increments.  He  subsequently  extended  his  views 
of  the  subject,  and  published  in  1797  his  method  in  a  volume  entitled' 
"Th^orie  des  Fonctions  Analytiques,  contenant  les  principes  du* 
Galcid  Differentiel,  degag6s  de  tout  consideration  d'infiniment  petits, 
d'6vanouissants ;  de  limits  et  de  fluxions  et  reduits  a  I'analyse  Alge- 
brique  des  quantities  finies."  He  further  elucidated  and  completed 
his  views  in  another  work  which  he  published  in  1801,  with  the  title, 
**  Le9ons  sur  le  Calcul  des  Fonctions." 

He  makes  the  basis  of  his  method  Taylor's  Theorem,  the  form  of 
which  he  obtains  by  the  processes  of  ordinary  Algebra.  As  in  the 
method  of  finite  differences,  he  considers  differentials  as  finite  quanti- 
ties, always  indeterminate,  so  that  they  can  be  made  as  small  as  we 
please.  He  has  also  given  theorems  for  the  determination  of  the 
limits  between  which  lies  the  remainder  of  Taylor's  series  after  a  finite- 
number  of  terms  has  been  found. 

La  Orange  devised  a  formula  that  bears  his  name,  which  is  use- 
ful for  the  development  of  implicit  functions.  It  first  appeared  inr 
the  Berlin  Memoirs  for  the  year  1770. 
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A  more  general  formula  for  the  developement  of  implicit  functions 
"was  discovered  by  La  Place,  and  was  first  printed  in  the  Memoirs  of 
the  French  Academy  of  Sciences  for  1777.  La  Grange's  theorem  is 
•only  a  particular  case  of  the  theorem  of  La  Place. 

The  calculus  of  variations,  an  important  improvement  in  the  cal- 
culus, is  due  to  La  Grange.  His  papers  on  the  subject  are  printed  in 
-the  second  and  fourth  volumes  of  the  Miscel.  Taur.  1760  to  1769. 

The  principal  object  of  this  calculus  is  to  solve  generally  certain 
t^uestions  of  maxima  and  minima.  Li  the  ordinary  questions  of  the 
flubjecti  it  is  required  to  find  the  values  which  must  be  assigned  to 
different  variables  which  enter  into  a  proposed  finite  function  of  these 
variables,  so  that  this  function  may  attain  its  greatest  or  least  possible 
value.  In  the  calculus  of  variations,  on  the  contrary,  it  is  required  to 
find  the  ratios  between  the  variables,  in  order  to  satisfy  the  condition 
-of  a  maximum  or  minimum.  Besides,  the  function  which  must  be  a 
TOATimnm  or  minimum  is  not,  as  in  ordinary  questions,  solely  com- 
posed of  finite  quantities,  but  it  must  be  the  integral  simply  marked 
•of  a  differential  function  which  is  not  to  be  integrated. 

In  1797,  M.  Camot  published  his  ''  Keflexions  on  the  Metaphysical 
Principles  of  the  Infinitesimal  Analysis."  It  was  translated  into  English 
by  the  Bev.  W.  E.  Browell,  M.A.,  Fellow  of  Pembroke  College, 
Oxford,  and  published  at  Oxford  in  1832. 

Every  expression  of  Algebra  must  necessarily  give  an  idea  rather 
•of  a  set  of  operations  to  be  performed  upon  quantities  than  of  the 
quantity  itself  which  results  from  performing  these  operations. 
Nothing  is  more  difficult  than  the  necessity  of  considering  a  com- 
plicated literal  expression  as  the  value  of  an  unknown  quantity  instead 
•of  the  exhibition  of  the  processes  by  which  the  value  is  to  be  ob- 
tained, so  soon  as  the  subjects  of  operation  shall  have  received 
vspecific  values.^ 

Many  of  the  calculations  with  which  we  are  familiar  consist  of  two 
parts,  a  direct  and  an  inverse ;  as  when  we  consider  an  exponent  of  a 
-quantity.  For  instance,  to  raise  any  number  to  a  given  power  is  the 
'direct  operation ;  to  extract  a  given  root  of  any  number  is  the  inverse 
method.  The  Differential  Calculus,  which  is  a  direct  method,  naturally 
gave  rise  to  the  Integral,  which  is  its  inverse ;  the  same  remark  is 
-applicable  to  finite  differences.  In  all  these  cases  the  inverse  method  is 
by  far  the  most  difficult,  and  it  might  perhaps  be  added  the  most  useful. 

If  an  unknown  quantity  be  given  by  means  of  an  equation,  it 
becomes  a  question  to  determine  iU  value ;  similarly,  if  an  unknown 
function  be  given  by  means  of  any  functional  equation,  it  is  re- 
quired to  asBtgn  its  form.  In  the  first  case,  it  is  quantity  which  is  to 
be  determined ;  in  the  second,  it  is  the  form  assumed  by  quantity,  that 

'  Encyclop.  Metropol.,  ii. ;  Babba^,  p.  S66. 
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becomes  the  subject  of  inyestigation.  In  the  one  case,  the  various 
powers  of  the  unknown  quantity  enter  into  the  equation ;  in  the  other, 
the  different  orders  of  the  function  are  concerned."^ 

When  Harriott  transposed  the  absolute  term  of  an  equation  to  the 
same  side  as  the  other  terms  which  involve  the  unknown  quantity, 
he  was  enabled  to  show  that  an  equation  of  any  degree  could  be 
formed  with  simple  equations ;  and  converselyi  that  every  equation 
has  as  many  roots  as  are  denoted  by  the  index  of  the  highest  power 
of  the  unknown  quantity.  From  that  time  the  problem  for  the  solu- 
tion of  equations  became  the  discovery  of  some  general  method  by 
which  the  roots  could  be  readily  found.  Solutions  of  certain  forms  of 
cubic  and  biquadratic  equations  had  been  devised  by  Tartaglia  and 
Ferrari ;  but  a  like  success  has  not  attended  the  attempts  of  mathema- 
ticians to  solve  equations  of  the  fiith  and  higher  degrees. 

In  his  researches  in  numerical  equations  Newton  was  led  to  seek 
the  limits  within  which  the  real  roots  were  situated,  and  then  to  deter- 
mine their  value  by  a  method  of  approximation  which  bears  his  name. 
The  difficulties  and  imperfections  of  this  method  were  pointed  out  by 
La  Ghrange  in  his  ''  Trait6  de  la  Besolutiondes  Equations  Num^riquea 
de  tons  les  degree,"  which  was  first  published  in  1798;  and  he 
exhibited  a  method  whereby  the  roots  could  be  found  in  the  form  of 
continued  fractions. 

During  the  present  century  numerous  attempts  have  been  made  to 
discover  a  general  method  of  finding  the  roots  of  any  equation,  at  the  - 
same  time  short  and  easy  in  its  application.    The  valuable  contribu- 
tions of  M.  Budan  were  published  in  1803,  and  those  of  M.  Fourier, 
after  his  death  in  1831,  by  M.  Navier. 

In  this  brief  sketch  it  would  not  be  possible  to  notice  aU  the 
ingenious  and  curious  methods  which  have  been  proposed  to  simplify 
or  effect  the  solution  of  numerical  equations.  There  are,  however, 
two  methods  which  appear  to  have  superseded  all  preceding  attempts 
in  this  direction. 

Mr.  Homer's  method  of  approximating  to  the  roots  of  numerical 
equations  first  appeared  in  tlie  Transactions  of  the  Boyal  Society 
for  the  year  1819,  and  afterwards  in  other  scientific  publications.  It 
consists  of  a  general  process,  simple  and  easy,  of  approximation,  for 
finding  the  roots  of  numerical  equations.  As  in  the  extraction  of  the 
roots  of  numbers,  ^o  in  this  general  evolution  of  the  roots  of  equations^ 
the  first  figure  of  a  root  is  found  by  trial,  and  the  other  figures,  one^ 
by  one,  are  determined  by  successive  steps.  The  first  figure  of  the 
root  sought,  with  its  algebraical  sign,  is  first  required  to  be  known 
before  the  method  can  be  applied. 

An  important  theorem  of  M.  Stiirm  was  printed  in  the  sixth  volimie 

^  Phil  Trans.,  1815 ;  Babbage,  p.  839. 
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for  1835  of  the  ''  M^moires  pr^sentes  par  diyers  Savans  d,  I'Academie 
Hojale  des  Sciences  de  rinstitut  de  France." 

The  mathematical  prize  for  1834  of  the  French  Academy  was 
awarded  to  M.  Sturm  on  account  of  this  discovery.  His  memoir 
exhibits  a  method  of  separating  the  real  from  the  imaginary  roots  of 
numerical  equations,  the  negative  as  well  as  the  positive,  and  of 
finding  the  integral  limits  between  which  the  roots  are  situated. 

It  will  hence  appear  that,  by  a  combination  of  the  methods  of  f 
Mr.  Homer  and  M.  Sturm,  the  number  and  situation  of  the  real  ^ 
roots  of  any  nxmierical  equation  can  be  ascertained,    and  approxi- 
mate numerical  results  may  be  found  to  any  degree  of  accuracy 
required. 

Some  of  the  recent  extensions  and  additions  to  the  science  of 
Algebra,  on  account  of  their  importance,  require  not  to  be  passed  over 
in  silence.  Dr.  Salmon,  at  the  end  of  the  third  edition  of  his  work, 
entitled,  **  Lessons  introductory  to  the  Modem  Higher  Algebra,"  has 
added  an  historical  account,  of  the  names  and  methods,  and  of  the 
formations  and  properties  of  these  functions.  He  states  that  the 
£iBt  idea  of  detemiinants,  one  dass  of  these  functions,  originated 
with  Leibnitz,  and  the  method  fell  into  oblivion  until  Cramer,  in  1750, 
Tediscovered  the  idea,  and  exhibited  the  determinants  arising  from 
linear  equations.  The  subject  since  that  time  has  engaged  the  atten- 
tion of  mathematicians,  and  considerable  advancements  have  been 
made  at  different  times.  The  more  recent  discoveries  of  Professor 
Oayley  and  Professor  Sylvester  have  contributed  largely  to  the  comple- 
tion and  perfection  of  these  new  methods,  as  may  be  seen  in  their  con- 
tributions which  have  appeared  in  the  Philosophical  Transactions  and 
other  scientific  journals.  Besides  Dr.  Salmon's  '^  Lessons,"  other 
elementary  treatises  on  this  subject  have  been  published,  of  which 
may  be  mentioned  Spottiswoode's  Elementary  Theorems  relating  to 
Determinants,  London,  1851 ;  Brioschi  on  the  same  subject,  Pavia, 
1854 ;  and  Baltzer's  work,  Leipzig,  1857. 

Ju  closing  these  brief  notices  respecting  the  history  of  Algebra, 
it  may  not  be  altogether  useless  to  add  a  few  remarks  for  the  con- 
sideration of  intelligent  students  who  are  desirous  of  securing  the 
advantages  to  be  gained  from  the  study  of  the  mathematical  sciences. 
It  has  been  remarked  by  a  distinguished  writer,  ''that  mathematical 
studies,  judiciously  pursued,  form  one  of  the  most  effective  means  of 
developing  and  cultivating  the  reason." 

There  is  a  necessary  connection  between  cause  and  effect,  and  that 
the  same  causes  uniformly  produce  the  same  effects,  and  that  the 
«ame  effects  will  uniformly  follow  the  action  of  the  same  causes  in 
the  future  as  have  been  observed  in  the  past,  are  admitted  as  the 
fundamental  principles  of  all  reasonings,  whether  deductive  or  in- 
ductive. 
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All  reasoning  must  rest  upon  facts  or  primary  intuitive  concep- 
tions which  are  admitted  from  the  evidence  contained  in  themselves 
as  obvious  to  the  senses  and  the  reason ;  and  are  simply  admitted,  and 
believed  as  true,  because  it  is  impossible  to  disbelieve  them  without 
manifest  absurdity. 

There  are  also  distinctions  between  mathematical  and  moral  evi- 
dence, as  there  are  between  conclusive  and  cumulative  arguments ;  but 
the  modes  of  reasoning,  and  the  forms  of  argument,  and  the  laws  of 
inference,  are  the  same  in  all  subjects  of  human  inquiry. 
In  the  appropriate  language  of  Dr.  Whewell — 
**  The  chains  of  the  logician  generally  consist  only  of  two  or  threes 
links.    In  the  mathematics,  on  the  contrary,  every  theorem  is  an  ex- 
ample of  an  extended  progressive  chain;   every  proof  consists  of 
series  of  assertions,  of  which  each  depends  on  the  preceding,  but  of 
which  the  last  inferences  are  no  less  evident,  or  no  less  easily  applied, 
than  the  simplest  first  principles.    The  language  contains  a  constant- 
succession  of  short  and  rapid  references  to  what  has  been  proved 
already,  and  it  is  justly  assumed  that  each  of  these  brief  movements^ 
helps  the  reasoner  forward  in  a  course  of  infallible  certainty.    Each 
of  these  hasty  glances  must  possess  the  clearness  of  intuitive  evidence 
and  the  certainty  of  mature  reflection,   and    yet  must  leave  the 
reasoner's  mind  entirely  free  to  turn  instantly  to  the  next  step  of  his 
progress." 

The  late  Professor  Sedgwick,  in  a  discourse  he  delivered  in  tho 
College  Chapel  in  1831,  on  the  occasion  of  the  annual  commemoration 
of  the  foimder  and  benefactors  of  Trinity  College,  exhorted  the  junior 
members  of  the  college  in  the  following  words  with  respect  to  their - 
mathematical  studies : — 

"  A  study  of  the  laws  of  nature  for  many  years  has  been,  and  I 
hope  ever  will  be,  held  up  to  honour  in  this  venerable  seat  of  the  dis- 
coveries of  Newton.  But  in  this,  as  in  every  other  field  of  labour,  no 
man  can  put  aside  the  curse  pronounced  on  him — ^that  by  the  sweat 
of  his  brow  he  shall  reap  his  harvest.  Before  he  can  readi  that  eleva- 
tion from  whence  he  may  look  down  and  comprehend  the  mysteries  of 
the  natural  world,  his  way  is  steep  and  toilsome,  and  he  must  read 
the  records  of  creation  in  a  strange,  and  to  many  minds,  a  repulsive 
language,  which,  rejecting  both  the  senses  and  the  imagination,  speaks 
only  to  the  understanding.  But  when  this  language  is  once  learnt,  it 
becomes  a  mighty  instrument  of  thought,  teaching  us  to  link  together 
the  phenomena  of  past  and  future  times ;  and  gives  the  mind  a  domina- 
tion over  many  parts  of  the  material  world,  by  teaching  it  to  compre- 
hend the  laws  by  which  the  actions  of  material  things  are  governed. 
To  follow  in  this  track,  first  trodden  by  the  immortal  Newton — to  stud^ 
this  language  of  pure  unmixed  truth,  is  to  be  regarded  not  only  aa 
your  duty,  but  your  high  privilege.    It  is  no  servile  task,  no  ungene- 
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TOUB  labour.  The  laws  by  which  God  has  thought  good  to  govern  the 
imiverse  are  surely  subjects  of  lofty  contemplation ;  and  the  study  of 
that  symbolical  language  by  which  alone  these  laws  can  be  fully  de- 
dpheredi  is  well  deserving  of  your  noblest  efforts.''^ 

Lord  Brougham  has  pointed  out,  in  the  following  expressive 
language,  how  a  student  may  acquire  some  certain  knowledge  of  one 
of  the  systems  of  worlds  in  the  universe — that  in  which  the  sun  is 
the  central  orb  around  which  revolve  the  earth  and  the  other  planets 
of  the  system : — 

'*  The  reader  of  the  Frincipia,  if  he  be  a  tolerably  good  mathe- 
matician, can  follow  the  whole  chain  of  demonstration  by  which  the 
universality  of  gravitation  is  deduced  from  the  fact,  that  it  is  a  power 
acting  inversely  as  the  square  of  the  distance  from  the  centre  of  at- 
traction.  Satisfying  himself  of  the  laws  which  regelate  the  motion 
of  the  bodies  in  trajectories  around  given  centres,  he  can  convince^ 
himself  of  the  sublime  truths  unfolded  in  that  immortal  work,  and 
must  yield  his  assent  to  this  position,  that  the  moon  is  deflected  from 
the  tangent  of  her  orbit  round  the  earth  by  the  same  force  by  which 
the  satellites  of  Jupiter  are  deflected  from  the  tangent  of  theirs,  the^ 
very  same  force  which  makes  a  stone  unsupported  fall  to  the  ground. 
The  reader  of  the  '  Mecanique  Celeste,'  if  he  be  a  still  more  learned 
mathematician,  and  versed  in  the  modem  improvements  of  the  calculus 
which  Newton  discovered,  can  follow  the  chain  of  demonstration  by 
which  the  wonderful  provision  made  for  the  stability  of  the  universe 


^  Pp.  10,  11,  "A  Discourse  on  the  Studies  of  the  University  of  Cambridge,"  by 
Adam  Sedgiwick,  M.A.,  F.R.S.,  Woodwardian  Professor,  and  Fellow  of  Trinity 
College.  The  Fifth  Edition,  with  additions,  and  a  Preliminary  Dissertation. 
Cambridge,  1850. 

The  occasion  of  the  first  publication  of  this  discourse  of  Professor  Sedgwick  is  not 
without  some  interest.  The  writer  can  never  foiget  the  electric  effect  of  the  dis- 
course on  his  own  mind,  and  on  the  minds  of  some  other  undergraduates  who  were 
present  on  that  occasion.  We  were  all  so  deeply  impressed  with  the  excellency  of 
the  counsels  that  the  professor  had  delivered  in  his  eloquent  and  expressive 
language,  that  we  consulted  together,  and  agreed  to  request  the  professor  to  print  his 
discourse.  A  requisition  was  drawn  up  and  signed  by  some  of  the  undergraduates 
who  heard  the  discourse,  and  it  was  placed  in  the  hands  of  Mr.  WheweU,  one  of  the 
tutors  of  the  college,  to  present  to  the  professor.  It  appears  that  when  the  requisi- 
tion was  placed  in  Mr.  Whewell's  hands,  the  professor  had  left  college  for  the 
Christmas  vacation.  Mr.  Whewell,  however,  lost  no  time  in  communicating  with 
the  professor,  as  will  appear  from  the  following  extract  of  a  letter  of  the  date,  Trinity 
College,  Dec.  23,  1831  : — **My  dear  Sedgwick, — When  you  had  scribbled  down  the 
last  sentence  of  your  sermon  after  the  bell  had  stopt,  and  had  succeeded  by  a  sort  of 
miracle  in  reading  your  pothooks  without  spectacles,  omitting,  however,  half  the 
sentences,  and  a  quarter  of  the  syllables  of  those  which  remained,  I  dare  say  yon 
thought  you  had  done  marvellously  well,  and  had  completed,  or  more  properly  had 
ended,  your  task.  In  this,  however,  you  were  mistaken,  as  I  hope  soon  to  make  you 
acknowledge.    The  rising  generation,  who  cannot  err,  inasmuch  as  they  will  dis- 
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is  deduced  £rom  the  fact,  that  the  direction  of  all  the  planetaiy 
motions  is  the  same — the  eccentricity  of  their  orbits  small,  and  the 
angle  formed  by  the  plane  of  their  orbits  with  that  of  the  ecliptic 
acute.  Satisfying  himself  of  the  laws  which  regulate  the  mutual  actions 
of  these  bodies,  he  can  convince  himself  of  a  truth  yet  more  sublime 
than  Newton's  discovery,  though  flowing  from  it,  and  must  yield  his 
assent  to  the  marvellous  position  that  all  the  irregularities  occasioned 
in  the  system  of  the  universe  by  the  mutual  attraction  of  its  mem- 
bers are  periodical,  and  subject  to  an  eternal  law  which  prevents 
them  from  ever  exceeding  a  stated  amount,  and  secures  through  all 
time  the  balanced  structure  of  a  universe  comxK>sed  of  bodies  whose 
mighty  bulk  and  prodigious  swiftness  of  motion  mock  the  utmost 
efforts  of  the  human  imagination.  AH  these  truths  are  to  the  skilfdl 
mathematician  as  thoroughly  known,  and  their  evidence  is  as  clear,  as 
the  simplest  proxK>sition  of  Arithmetic  is  to  common  understandings. 
But  how  few  are  those  who  thus  know  and  comprehend  them !"  * 


coarse  most  wise  and  true  sentences  when  yon  and  I  are  laid  in  the  allnvial  soil^ 
declare  that  their  intellectual  culture  requires  that  you  should  print  and  publish 
your  sennon.  I  will  gi^e  you  a  list  on  the  other  side  of  the  names  [25]  of  the  persons 
who  have  joined  in  expressing  this  wish.  I  undertook  very  willingly  to  communi- 
cate this  their  desire  to  your  reverence,  inasmuch  as  I  thought  your  sermon  full  of 
notions,  as  the  Americans  speak,  which  it  will  be  vety  useful  and  beneficial  to  put  in 
their  heads ;  or  rather  to  call  them  out,  for  a  great  number  of  those  good  thoughts 
are  already  ensconced  in  the  excellent  noddles  of  onr  youngsters,  like  flies  in  a  book- 
case in  winter,  and  require  only  the  sunshine  of  your  seniorial  countenance  to  call 
them  into  life  and  Yolatility.  1  do  not  know  anything  which  will  more  tend  to  fir. 
in  their  minds  all  the  good  they  get  here,  than  to  have  such  feelings  as  you  ex- 
pressed, at  the  same  time  the  gravest  and  the  most  animating  which  belong  to  our 
position,  stamped,  upon  a  solemn  and  official  occasion,  as  the  common  property  of 
them  and  us.  And  1  also  think  it  of  consequence  that,  when  they  on  their  side  proffer 
their  sympathy  in  such  reflections,  we,  on  ours,  that  is,  in  the  present  case,  your 
dignified  self,  should  not  be  backward  in  meeting  them,  by  giving  to  all  parties  the 
means  of  returning  to  and  dwelling  upon  these  reflections.  Such  is  my  thinking  about 
this  matter,  and  therefore  I  have  undertaken  to  urge  their  request ;  and  I  hope  you 
will  be  able  to  extract  from  some  abyssmal  recess  your  manuscript,  and  to  place  it 
before  the  astonished  eyes  of  the  compositor.  It  is  probable  that  he  will  look,  as 
Dante  says  the  ghosts  looked  when  they  x>eered  at  him,  like  an  old  cobbler  threading 
his  needle, — ^but  never  mind  that.  The  fronts  of  compositors  were  made  to  be 
corrugated  by  good  sentences  written  in  most  vile  hands  ;  so  let  him  fulfil  his  destiny 
without  loss  of  time." 

This  extract  is  taken  from  Mr.  Todhunter*s  account  of  the  writing  and  selections 
from  Dr.  Whewell's  correspondence,  pp.  149,  150,  vol.  ii. 

Professor  Sedgwick  printed  his  discourse  and  presented  a  copy  of  it  to  each  of  the 
undergraduates  who  signed  the  requisition. 

^  Pp.  172,  173,  vol.  ii.,  "Dissertations  on  Subjects  of  Science  connected  with 
I7atural  Theology:  being  the  concluding  volumes  of  the  new  edition  of  Paley's 
Katural  Theolog>\  "  By  Henry  Lord  Brougham,  F.  R.  S. ,  and  Member  cf  the  National 
Institute  of  France.    2  vote.    London.    1889. 
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In  the  year  1869  an  important  work  was  published  by  Professor 
Challis,  bearing  the  title  of  '*  Notes  on  the  Principles  of  Pure  and 
Applied  Calculation ;  and  Applications  of  Mathematical  Principles  to 
Theories  of  the  Physical  Forces."  In  the  introduction  the  author  states 
that  ''the  first  part'  is  not  immediately  subservient  to  the  second, 
excepting  so  far  as  results  obtained  in  it  are  applicable  in  the  latter. 
In  the  second  part,  the  mathematical  reasoning  rests  on  hypotheses. 
It  does  not  concern  me  to  inquire  whether  these  hypotheses  are 
accepted,  inasmuch  as  they  are  merely  put  upon  trial.  They  are  proved 
to  be  true,  if  they  are  capable  of  explaining  all  phenomena,  and  if 
they  are  contradicted  by  a  single  one,  they  are  proved  to  be  false.  .  . 
Some  may  think  that  I  have  deferred  too  much  to  Newton's  authority. 
I  do  not  feel  that  I  have  need  of  authority ;  but  I  have  a  distinct 
perception  that  no  method  of  philosophy  can  be  trustworthy  which 
disregards  the  rules  and  principles  laid  down  in  Newton's  Principia.  .  . 
In  the  philosophy  I  advocate  there  is  nothing  speculative.  Speculation, 
as  I  understand  it,  consists  in  personal  conceptions,  the  truth  of  which 
does  not  admit  of  being  tested  by  mathematical  reasoning ;  whereas 
theory ,  properly  so  called,  seeks  to  arrive  at  results  comparable  with 
experience,  by  means  of  mathematical  reasoning  applied  to  universal 
hypotheses  intelligible  from  sensation  and  experience." 

The  learned  Dr.  Isaac  Barrow,  the  first  Lucasian  Professor,  in  his 
fourth  mathematical  lecture  remarks : — 

''  It  may  be  observed  'of  mathematicians,  that  they  only  meddle 
with  such  things  as  are  certain,  passing  by  those  which  are  doubtful 
or  imknown.  They  profess  not  to  know  aU  things,  neither  do  they 
affect  to  speak  of  all  things.  What  they  know  to  be  true,  and  can 
make  good  by  invincible  arguments,  that  they  publish  and  insert 
among  their  theorems.  Of  other  things  they  are  silent  and  pass  no 
judgment  at  all,  choosing  rather  to  acknowledge  their  ignorance  than 
affirm  anything  rashly.  They  affirm  nothing  among  their  arguments 
or  assertions  which  is  not  most  manifestly  known  and  examined  with 
the  utmost  rigour,  rejecting  all  probable  conjectures  and  little  wit- 
ticisms. They  submit  nothing  to  authority,  indulge  no  affection, 
detest  the  subterfuges  of  words,  and  declare  their  sentiments,  as  in  a 
court  of  judicature,  without  passion,  without  apology ;  knowing  that 


*  In  consequence  of  ambiguity  in  the  employment  of  the  word  equal  and  the 
symbol  =,  in  making  no  distinction  between  an  identity  and  an  equation^  Professor 
GhaUis  has  proposed  the  altered  mark  =3=  of  equality  to  denote  an  identity ;  the 
mark  ^  has  also  been  proposed  to  be  employed  for  the  same  purpose.  Either  of 
these  ;^otations  will  serve  the  purpose  of  marking  an  identity  ;  but  there  are  other 
ambiguities  in  the  usage  of  the  word  equal,  which  will  not  be  removed  by  the 
employment  of  this  symbol.  On  the  whole  it  appears  desirable  to  retain  the  mark  =, 
and  define  or  explain  its  exacl  meaning  where  it  may  be  necessary,  as  different  from 
the  ordinary  aense. 
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their  reasons,  as  Seneca  testifies  of  them,  are  not  brought  to  persuade, 
•but  to  compel." 

And  in  his  inaugural  speech  before  the  University  on  his  election 
to  the  Lucasian  Professorship,  he  thus  addressed  the  younger  members 
of  the  University : — : 

'^  But  if  nothing  else  can  compel  you  to  apply  yourselves  vigorously 
to  these  disciplines,  and  labour  diligently  in  this  exercise,  at  least 
•that  spur  of  noble  minds,  the  thirst  of  following  all  great  examples, 
which  always  sinks  deep  into  generous  dispositions^  should  the  more 
fitrongly  provoke  and  inflame  you.  Especially  since  you  cannot 
merit  the  name  nor  sustain  the  dignity  of  an  university  upon  any 
other  account,  than  by  preserving  to  yourselves  a  knowledge  more 
than  common  in  all  kinds  of  science  becoming  a  generous  mind; 
4md  by  taking  away  every  occasion  of  calumny  from  all  who .  either 
envy  your  happiness  or  emulate  your  fame.  Not  spending  your  time 
like  infants  in  leai&ing  the  languages,  nor  neglecting  the  care  of 
4searching  after  trutb  for  digging  up  foolish  fables  out  of  the  rubbish 
'Of  obsolete  antiquity;  not  affecting  the  vain  trappings  of  words, 
.and  the  delusions  of  a  painted  speech,  while  the  nature  of  things 
lies  unregarded,  and  the  use  of  plain  reason  is  set  aside ;  nor,  lastly, 
abusing  your  leisure,  playing  away  your  time,  and  miserably  wresting 
4tnd  torturing  your  wits  with  sophistical  trifles  and  empty  jargon, 
engaging  yourselves  in  barren  disputes,  insisting  upon  uncertain 
•conjectures,  and  venting  of  doubtful  opinions. 

«  These  reproaches  you  may  easily  wipe  off,  or  entirely  avoid,  by 
only  applying  yourselves  to  the  study  of  the  mathematics  with  that 
•diligence  which  is  requisite.  The  mathematics,  I  say,  which  effec- 
tually exercises,  not  vainly  deludes  nor  vexatiously  torments  studious 
minds  with  obscure  subtleties,  perplexed  difficulties,  or  contentious 
•disquisitions ;  which  overcomes  without  opposition,  triumphs  without 
pomp,  compels  without  force,  and  rules  absolutely  without  the  loss  of 
liberty ;  which  does  not  privately  overreach  a  weak  faith,  but  openly 
assaults  an  armed  reason,  obtains  a  total  victory,  and  puts  on  inevi- 
table chains ;  whose  words  are  so  many  oracles,  and  works  as  many 
miracles ;  which  blabs  out  nothing  rashly,  nor  designs  anything  from 
the  purpose,  but  plainly  demonstrates  and  readily  performs  all  things 
within  its  verge ;  which  obtrudes  no  false  shadows  of  science,  but  the 
very  science  itself,  the  mind  firmly  adhering  to  it  as  soon  as  possessed 
of  it,  and  can  never  after  desert  it  of  its  own  accord,  or  be  deprived 
-of  it  by  any  force  of  others.  Lastly,  the  mathematics  which  depend 
upon  principles  clear  to  the  mind,  and  agreeable  to  experience; 
which  draws  certain  conclusions,  instructs  by  profitable  rules,  unfolds 
pleasant  questions,  and  produces  wonderful  effects;  which  is  the 
.fruitful  parent  of,  I  had  almost  said,  all  arts,  the  unshaken  founda- 
tion of  sciences,  and  the  plentiful  fountain  of  advantage  to  human 
affairs.*' 
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ALGEBRA. 

EXPLAITATIONS  AlfD  D^FIKITIONS.  . 

Art.  1.  As  all  our  knowledge  of  the  external  world  is  subject  more 
or  less  to  the  conditions  of  number  and  space,  the  sciences  which  treat 
of  those  subjects  are  of  high  importance. 

The  mathematical  sciences  may  be  considered  as  speculative  or 
practical,  and  are  conversant  with  all  subjects  which  admit  of  increase 
or  decrease.  The  speculative  view  regards  the  truth  of  the  pro- 
positions, and  the  practical,  the  application  of  them  to  purposes  of 
utility.  The  truth  of  the  propositions  depends  on  the  definitions  laid 
down  as  being  intelligible,  and  the  postulates  and  axioms  assumed,  as 
unquestionable.  In  the  pure  sciences  of  space  and  number  no  first 
principles  are  admitted,  but  such  as  are  supported  by  their  own 
6trength  and  clear  in  their  own  light. 

Arithmetic  consists  of  methods  for  the  performance  of  numerical 
calculations ;  Algebra  is  a  generalisation  and  extension  of  Arithmetic. 

The  principles  of  Elementary  Algebra  have  their  origin  in  those  of 
^Elementary  Arithmetic.  In  the  latter,  the  symbols  employed  have 
each  an  intrinsic  and  local  value,  and  the  results  of  computation  are 
definite ;  but  in  the  former,  general  symbols  are  employed  to  denote 
quantities,  unrestricted  or  limited  in  value ;  and  operations  and  results 
only  are  indicated  and  not  performed  as  in  Arithmetic,  but  which  may 
be  performed  in  any  case  where  numerical  values  are  given  to  the 
general  symbols. 

The  word  quantity  is  assumed  to  mean  both  whatever  can  be  made 
<a  subject  of  mathematical  reasoning,  and  also  the  symbol  which 
represents  it,  whether  it  be  concrete  or  abstract.  Two  classes  of 
symbols  are  employed,  which  may  be  described  as  **  symbols  of  quan- 
tity" and  **  symbols  of  operation." 

2.  The  letters  of  alphabets  are  assumed  to  represent  numbers  and 
the  magnitudes  of  all  quantities,  whether  concrete  or  abstract. 

The  early  letters  a,  h,  Cy  &o,,  axe  generally  assumed  to  denote  known 
quan^ties,  and  the  final  letters  s,  y,  x,  &c.,  unknown  quantities. 
Besides  these  assumptions,  other  conventions  are  frequently  employed, 
either  to  facilitate  the  solution  of  a  problem,  or  to  simplify  the  process 
of  an  investigation. 

When  a  series  of  quantities  is  required  to  be  expressed,  instead  of 
denoting  them  by  the  sucoessivo  letters  of  the  alphabet,  they  can  be 
more  conveniently  denoted  by  the  same  letter  repeated,  with  marks 
attached  to  it;  as,  for  instance,  instead  of  writing  a,  &,  c,  i,  &c., 
^  ^,  1^,   a'",    &o.,    may   be  written;    or    still   more  conveniently 

^07  <»i>  «8>  <»3>  *c. 

The  series  of  the  natural  numbers  beginning  from  0,  as  1,  2, 

3|  4,  5,  6 n may  be  supposed  to  be  continued  to  any 
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asfflgnable  number  n,  and  the  series  may  be  further  extended  beyond 
that  limit  to  any  extent.  The  symbol  oo  is  assumed  to  denote  a  num- 
ber greater  than  can  be  assigned. 

3.  In  the  science  of  Arithmetic  numbers  are  considered  as  simply 
absolute,  whether  abstract  or  concrete;  whereas  in  the  science  of 
Algebra  both  numbers  and  the  general  symbols  of  quantity  are  con- 
sidered to  have,  besides  their  assumed  values,  some  specific  relatione ' 
of  an  opposite  or  contrary  nature.  This  idea  of  contrariety  was 
originally  denoted  by  a  mark  written  above  the  symbol,  and  signified 
that  it  was  to  be  considered  in  some  way,  of  a  contrary  nature  to  one^ 
which  was  not  so  marked. 

The  marks  +  and  —  prefixed*  to  numbers  and  symbols  denoting- 
magnitude,  are  assumed  to  indicate  opposite  qualities,  so  that  the 
symbols  so  marked  are  no  longer  absolute  quantities,  but  quantities 
having  some  specific  relation  of  an  opposite  nature  to  others  with 
which  they  may  be  connected. 

This  idea  of  contrariety  or  opposition  will  be  different  according  to 
the  nature  of  the  quantities  considered,  whether  they  are  concrete  or 
abstract  quantities. 

If  a  denote  the  length  of  a  straight  line,  and  if  +0  be  assumed  to 
denote  a  line  of  a  units  drawn  in  any  direction ;  then  —  a  may  denote 
a  line  of  the  same  length  drawn  in  a  contrary  direction. 

If  B  denote  the  magnitude  of  an  angle  generated  by  the  motion  of 
a  moveable  straight  line  round  a  point  in  a  fixed  straight  line ;  and 
li  +B  denote  an  angle  traced  out  by  the  moving  line  in  one  direc- 
tion in  a  plane  from  the  fixed  line,  then  —  e  may  denote  an  equal 
angle  traced  out  by  the  line  moving  in  a  contrary  direction. 

If  /  denote  the  intensity  of  any  force,  and  if  +/  be  assumed  to 
indicate  a  force  acting. in  any  direction;  then  —/ may  represent  an 
equivalent  force  acting  in  an  opposite  direction. 

In  local  motion,  prop'e$9ion  may  be  called  affirmative,  and  regreisumf 
negative ;  and  they  may  be  denoted  in  the  same  manner ;  as  if  +a 
denote  a  distance  moved  over  in  one  direction,  ^a  may  denote  the 
same  distance  moved  over  in  the  contrary  direction. 

Periods  of  time  before  and  after  any  fixed  epoch  may  be  indicated 
in  the  same  manner;  thus,  if  +<i  be  assumed  to  denote  a  number 
of  years  afUr  any  fixed  epoch,  —a  may  consistently  imply  a  period  of 
the  same  number  of  years  h$f(ir$  that  epoch. 

If  i  denote  any  degrees  of  temperature,  measured  from  some  fixed 

*  The  Bymbol  +,  by  writers  on  Algebra  in  the  Latin  langnage,  was  named  j^Zici^ 
mors,  and  when  it  was  placed  before  any  number  or  aymbol  of  quantity,  was  trans* 
lated  "increased  by ;"  also  the  symbol  —  was  called  minua,  less,  and  when  pre- 
fixed to  any  quantity,  signified  **  Umned  »y  "  or  ** diminished  by." 

The  sign  X  was  a  substitute  for  "ductum  in,**  mtUlipHedinios**  and -r  was 
aaramed  far  appliealum  ad^  and  ezpkined  to  mean  **  divided  hy,*' 
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pointy  as  the  freezing  point.  Under  this  supposition,  if  +^  denote  t 
degrees  above  the  freezing  point;  then  —t  may  denote  the  same 
number  of  degrees  below  that  point. 

In  the  regulation  of  mercantile  transactions,  the  same  method  of 
illustration  is  manifestly  possible ;  as,  for  instance,  between  the  creditor 
and  debtor  side  of  an  account,  as  if  +^  denote  the  credits  or  sums 
possessed,  then  ~  a  may  denote  the  debts  or  sums  owed ;  also  profits 
and  losses  can  be  denoted  in  the  same  manner,  for  if  -fa  denote 
profits,  —  a  may  denote  losses,  the  contrary  of  profits.* 

Abstract  numbers  as  well  as  concrete  may  also  be  considered  as 
having  a  contrary  affection  to  other  numbers. f  One  abstract  number 
can  be  combined  with  another  abstract  number,  or  taken  from  it ;  and 
in  the  former  case  it  is  additive ,  and  in  the  latter  subtraetive;  and  the 
marks  -f  and  —  may  respectively  indicate  these  operations.  And 
this  contrariety  may  be  signified  by  the  same  marks  as  are  prefixed  to 
concrete  quantities;  as,  if  -fa  denote  a  number  to  be  added,  —a 
may  consistently  denote  a  number  to  be  subtracted,  or  one  number 
having  a  contrary  affection  to  another. 

It  maybe  remarked  that  sometimes  the  afi&rmative  sign  is  omitted, 
when  no  ambiguity  is  likely  to  arise  in  the  meaning  of  the  number  or 
quantity  to  which  it  should  rightly  be  prefixed. 

The  coefficient  of  a  quantity  is  the  number  or  symbol  prefixed  to  it, 
and  indicates  what  multiple  or  what  part  of  the  quantity  is  signified. 
Numerical  coefficients  may  be  supposed  to  arise  from  the  successivo 
additions  of  the  same  quantity;  thus  a 4- a  is  assumed  to  be  denoted 
by  2a,  a-f  a+a  by  3a,  a+a-f  a-fa  by  4a,  and  generally  a-f  a+a+a-f 
. . .  to  fTi  terms  by  ma,  where  2,  3,  4,  m  are  the  coefficients,  and  m  stands 
for  any  assignable  number.  A  quantity  without  any  coefficient  pre- 
fixed to  it,  is  supposed  to  have  1  or  unity,  as  a  is  the  same  as  la. 

4.  The  operation  of  multiplication  is  denoted  by  the  sign  x ;  and  the 
product  of.  two  or  more  quantities  is  assumed  to  be  expressed 
by  connecting  the  symbols  which  denote  them  by  the  sign  x  as,  a  x  6 
denotes  the  product  of  the  quantities  a  and  b. 


*  The  simple  fact,  that  opposite  relationa  with  respect  to  conerete  qnantities  can 
be  conceived  to  exist,  and  do  exist,  suggests  the  necessity  of  exhibiting  these  rela- 
tions in  a  science  where  the  symbols  denote  real  quantities.  These  invariable  rela- 
tions may  be  denoted  by  the  marks  +  and  —,  and  may  fairly  be  considered  as  a 
consequence  arising  from  relations  which  eziat  in  nature. 

t  The  mirk  of  contrariety  or  opposition  was  originally  employed  as  an  adjective, 
and  the  conversion  of  the  use  of  words  so  employed  into  tiie  sense  of  an  active 
process,  is  among  the  most  familiar  contrivances  of  all  systematic  languages.  Num- 
ber and  quantity  in  Algebra  are  never  made  a  subject  of  reasoning  but  under  such  a 
supposition ;  and  hence,  the  signs  or  marks  which  indicate  opposite  qualities,  may 
also  be  made  to  indicate  active  operations.  As  instances  in  English,  the  adjectivea 
black,  white,  hard,  soft,  give  the  verbs,  to  make  black,  white,  hard,  soft  respectively, 
or  to  blacken,  to  whiten,  to  harden,  to  soften. 


The  sign  X  is  sometimes  omitted,  and  a  point  is  placed  instead,  at 
the  lower  part  between  the  factors,  as  a,h ;  but  generally  when  no 
ambiguities  are  likely  to  arise,  both  the  sign  and  the  point  are  omitted, 
and  the  factors  are  written  together.  Thus,  ah  denotes  the  product 
of  a  and  b,  and  a^e  that  of  a,  h,  and  e. 

The  terms  which  form  the  product  of  two  or  more  quantities  are 
called  ihe/actori  of  that  product ;  as  a  and  h  are  the  factors  of  the 
product  ab,  and  a,  6,  e  are  the  factors  of  the  product  dbe ;  also  a  and  he, 
6  and  ae,  or  e  and  a&,  may  be  considered  the  factors  of  the  product  ahc. 

When  a  product  consists  of  several  factors,  it  is  generally  indif- 
ferent in  what  order  the  factors  are  written,  as  far  as  the  result  is  con- 
cerned ;  as  ba  is  the  same  as  dh,  and  achf  hoe,  are  each  the  same  as  ahe. 

The  operation  of  the  division  of  one  quantity  by  another  is  denoted 
by  placing  the  dividend  above  the  divisor  with  a  line  between  them, 

as  -Tf  denotes  that  the  quantity  a  is  to  be  divided  by  the  quantity  h. 

0 

The  mark  -=-  also  is  employed  for  the  same  purpose,  as  a-irb. 

A  multiple  of  any  quantity  is  some  exact  number  of  times  that 
quantity,  as  12a  is  a  multiple  of  3^ ;  and  a  submultiple  of  any 
quantity  is  any  pairt  of  that  quantity,  as  3a  is  a  submultiple  of  12a. 
When  one  quantity  is  exactly  divisible  by  another,  the  latter  is  called 
a  divisor  or  a  measure  of  the  former. 

5.  The  product  which  is  obtained  by  multiplying  together  several 
quantities  each  equal  to  one  another,  is  called  a  power  of  that  quan- 
tity, and  the  number  of  equal  factors  in  the  product  constitutes  the 
degree  or  order  of  the  power. 

The  products  of  two,  three,  four,  &c.,  equal  quantities,  as  aa,  aaa, 
aaaa,  &c.,  are  respectively  named  the  second,  third,  fourth,  &c., 
powers  of  the  quantity  a. 

The  power  of  any  quantity  is  assumed  to  be  denoted  by  placing 
a  small  figure  at  the  upper  part  on  the  right  of  the  quantity. 

This  figure  is  called  the  index  or  exponent  of  the  power,  and  points 
out  the  niunber  of  equal  factors  that  are  multiplied  together  to  pro- 
duce that  power  ;  thus,  aa  is  denoted  by  a\  aaa  by  a',  and  aaaa  by  tf*, 
&c. ;  and  a\  a',  a\  &c.,  represent  respectively  the  second,  third, 
fourth,  &c.,  powers  of  the  quantity  a,  which  are  said  to  be  of  two, 
three,  four,  &c.,  dimensions. 

The  first  power  of  any  quantity  may  be  written  with  unity  for 
its  index,  as  a^ ;  but  this  index  is  generally  omitted,  except  in  cases 
where  ambiguity  or  other  inconvenience  might  occur. 

The  second  power  of  any  quantity  is  also  called  the  square  of 
that  quantity,  and  the  third  power  is  also  called  the  cube.  These 
terms  bear  an  analogy  to  the  square  and  cube  in  geometry,  one  con- 
sisting of  two  and  the  other  of  three  dimensions ;  the  straight  line 
being  considered  to  be  of  one  dimension. 
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The  term  dimension  is  used  in  an  extended  sense  to  denote  the  num- 
ber of  simple  factors  in  any  product,  not  considering  the  coefficients, 
whether  numeral  or  literal,  and  the  sum  of  the  indices  of  the  factors 
indicates  the  dimensions  of  any  term,  as  a',  ah,  d&S  are  each  of  two 
dimensions ;  and  a'&S  ab*,  abed,  are  each  of  four  dimensions.  When 
an  expression  consists  of  several  terms,  if  each  term  is  of  the  same 
dimensions,  thd  expression  is  said  to  be  homogeneous. 

The  original  quantity  from  which  a  power  is  produced  is  called  a 
root  of  that  power,  and  in  the  reverse  operation,  the  degree  or  order 
of  the  root  depends  upon  the  number  of  equal  factors  by  which  the 
power  was  produced ;  as  a'  is  called  the  second  power  or  the  square  of  a, 
so  a  is  the  second  root  or  the  square  root  of  a' ;  and  in  a  similar  manner, 
a'  is  the  third  power  or  the  cube  of  a,  and  a  is  the  third  root  or  the 
cube  root  of  a'. 

A  square  number  or  quantity  is  one  which  has  an  exact  square 
root;  and  a  cubic  number  or  quantity  is  one  which  has  an  exact 
cube  root ;  and  similarly  of  all  higher  powers  and  roots. 

The  second  root,  or  square  root  of  any  quantity  is  denoted  by  pre- 
fixing the  mark  s/ ,  (the  initial  letter  of  the  word  radix  somewhat  altered) 
BA  »s/a  denotes  the  square  root  of  a.  Also  o^  denotes  the  square  root 
of  a.  Likewise  f/a,  ^a,  and  a^,  €^,  denote  respectively  the  third  and 
fourth  roots  of  a ;  and  similarly  for  the  higher  roots. 

Quantities  are  considered  as  rational  or  irrational.  The  word 
irrational  or  surd  {surdus)  is  applied  to  numbers  and  quantities 
whose  roots  cannot  be  exactly  determined,  as  the  square  root  of  5  and 
the  cube  root  of  a,  which  are  denoted  by  >/5  and  l/a  respectively, 
but  whose  exact  values  cannot  be  exactly  determined. 

6.  Simple  quantities  are  those  which  consist  of  one  term  only. 
Compound  quantities  are  those  which  consist  of  more  terms  than  one, 
connected  by  the  signs  -f  and  — . 

A  binomial  quantity  consists  of  two  terms,  as  a  -f  3 ;  a  trinomial  of 
three  terms,  as  a+^— ^;  a  quadrinomial  of  four  terms,  as  a+3+«— (^, 
and  80  on ;  and  a  polynomial  or  multinomial  of  many  terms. 

Two  or  more  monomials  are  said  to  be  like  or  unlike,  according  as 
they  consist  or  do  not  consist  of  the  like  symbols  or  combination  of 
symbols,  as  Za  and  5a  are  like  quantities ;  but  3a  and  5ii  are  unlike 
quantities,  the  coefficients  not  being  considered. 

7.  There  are  several  marks  and  characters  employed  in  mathematical 
reasonings. 

When  two  or  more  quantities  are  to  be  considered  as  one  quantity, 
a  straight  line,  called  a  vinculum,  is  drawn  above  them,  or  they  may 
be  included  within  parentheses  or  brackets;  as  when  a+3— er  is  to  be 

considered  a  single  quantity  in  any  procesSi  it  is  written  thu8|  a-(-3— c, 
(a+i-«),  or  {a+tf— J}, 


•V  . 
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The  mark  .*.  iBempIojedfortlieword  "therefore "or "consequently," 
and  indicates  the  conclusion  of  an  argument  or  a  process  of  reasoning. 
And  *.%  or  .*.  inverted,  is  used  for  "because/'  and  points  out  some- 
thing assumed  or  granted  as  a  ground  of  argument. 

The  symbol  >  placed  between  two  quantities  is  assumed  for  the 
words  "is  greater  than,"  as  5  >  3  means  that  the  number  5  is 
greater  than  3;  and  x>y  means  that  the  quantity  denoted  by  x  is 
greater  than  that  denoted  by  y.  In  the  same  manner  <  is  used  for 
the  words  "is  less  than,"  as  d<5  means  that  3  is  less  than  5,  and 
y<x,  that  y  is  less  than  x.* 

ThQ  mark  »  is  the  sign  of  equality,  and  is  used  for  the  words  "  is 
equal  to,"  as  2  +  3  »  5  means  that  the  sum  of  2  and  3  is  equal  to  5 ;  and 
X  =  0+3  denotes  that  the  quantity  x  is  equal  to  the  sum  of  the  quan- 
tities a  and  h. 

Here,  however,  it  may  be  remarked  that  in  reasonings  on  the  gene- 
ralised fonns  of  nimiber,  this  mark  will  be  found  to  bear  other  mean- 
ing^ besides  that  of  the  simple  equality  of  two  numbers. 

Since  this  sign  was  first  employed  to  denote  numerical  equality,  in 
the  subsequent  improvements  of  symbolical  language  it  is  employed 
to  express  the  identity  of  meaning  of  different  conventional  notations; 
as  also  the  equivalence  of  mathematical  operations  signified  in  involved 
expressions,  and  the  results  produced  by  the  performance  of  the  pro- 
cesses indicated,  without  any  reg^ard  whether  the  results  admit  of  any 
contingent  or  necessaiy  Arithmetical  equality. 

When  two  expressions  are  connected  by  the  sign  of  equality,  the 


*  These  markB  for  "  greater  than  "  and  "  less  than  "  have  not  the  same  meaning 
in  the  sciences  of  Arithmetic  and  Algebra.  In  Arithmetic  nnmbers  are  considered 
absolutely,  and  one  number  is  greater  than,  or  less  than  another,  according  as  the 
former  contains  a  greater  or  less  number  of  units  than  the  latter.  But  the  Algebraical 
meaning  of  these  terms  "greater  than  "  and  "less  than  "  will  be  different  when  the 
numbers  are  considered  as  haying  contrary  affections. 

As  the  science  of  Algebra  admits  both  the  series  of  natural  numbers  and  general 
symbols  of  numbers  including  the  character  oo  ;  the  series  of  positive  numbers  may 
be  considered  as  commencing  from  0,  each  increasing  by  the  successire  addition  of 
unity ;  and  the  series  of  negative  numbers  may  be  also  considered  as  commencing 
from  0,  each  decreaaing  by  the  successive  subtraction  of  unity,  so  that  these  two 
series  can  be  united  as  one  continued  series  of  Algebraic  numbers,  each  number  suc- 
cessively increasing  by  unity,  if  reckoned  from  the  left  towards  the  right,  and 
decreasing  successively  by  unity,  if  reckoned  from  the  right  towards  the  left,  thus : — 
.  — 00  .  .  ..  — a^  ....  — 4,  — 8,— 2,— l,0,+l,+2,+S,+4, ..  .  ,-\-z  ,  .  •  •  +o». 

Hence  it  is  obvious  that  any  number  in  the  series  is  always  greater  than  any  other 
which  stands  in  any  place  of  the  series  to  the  2^  of  it ;  and  Uu  than  any  other 
which  stands  in  anyplace  to  the  righi  of  it :  as  +6 >  +2,  and  +2 <  +6,  which  are 
also  Arithmetically  true.  It  also  appears  that  +1  >  0  and  »1  <0  ;  also  »2  >  ^5 
and  —  6  <'-2,  which  apparent  anomalies  arise  from  the  Algebraical  meaningt  of  the 
termB  " greater  than**  tLud  '* less  than," 


two  expreasiona  so  connected  constitate  an  equation  wliibh  may  inyolve 
both  known  and  unknown  quantitieB. 

The  equation  is  called  an  identical  equation  or  an  identity  when  the 
two  expressions  are  always  equal,  whatever  numerical  Talues  are 
assigned  to  the  symbols  employed,  as  (a+3)+(a— &) » 20,  denotes 
generally,  that  the  difference  of  two  numbers  added  to  their  sum  is 
equal  to  twice  the  greater  niunber :  and  (a+h)  x  {a—b)  ^  a^-^V^  also 
denotes,  that  the  product  of  the  sum  and  difference  of  any  two  numbers 
is  equal  to  the  difference  of  their  squares.* 

8.  The  names  of  the  elemjBntary  processes  of  Arithmetic  and  Algebra 
are  the  same ;  Addition  and  Subtraction,  Multiplication  and  Division, 
Involution  and  Evolution;  Subtraction  being  the  reverse  of  Addition, 
Division  of  Multiplication,  and  Evolution  of  Involution.  There  is, 
however,  this  distinction  to  be  observed  in  Algebra :  the  processes  are 
indicated  in  general  terms,  and  numerical  results  can  be  obtained 
when  numbers  are  substituted  for  the  general  symbols.  All  the 
elementary  processes  of  Algebra  are  performed  with  general  symbols 
in  the  same  manner  as  the  ordinary  processes  of  abstract  numbers  in 
Arithmetic,  no  distinction  being  made  between  the  symbols  of  abstract 
and  concrete  quantities.  In  the  final  result  of  the  processes  only  is 
this  distinction  required  to  be  considered. 

The  propositions  of  pure  Mathematics  admit  of  a  species  of  proof 
applicable  only  to  the  abstractions  of  number  and  space.  Hie  temu 
demonstration  implies  an  appeal  to  the  sense  of  sigh^  and  is,  in  fact,^ 
the  showing  of  the  truth  of  a  proposition;  and  the  meaning  of  the^ 
word  proof  has  been  aptly  described  as  ''testing  by  trial.^'t  The*- 
process  consists  of  a  connected  series  of  syllogisms^  or  rather  enthy- 
memes,  and  the  final  result  is  a  single  inference  out  of  a  chain  ot 
necessities.  That  single  result  must  be  true  if  the  others  be  true^ 
those  others  are,  therefore,  proved  to  be  true  by  tracing  in  order  each 
step  until  we  arrive  at  the  last  step,  which  completes  the  demon- 
stration. 


*  In  Professor  Challis's  "  Notes  on  the  Principles  of  Pure  and  Applied  Calcula- 
tion," p.  zii.,  he  has  proposed  the  mark  z  to  signify  that  the  two  sides  of  an 
equality  are  identical  for  all  values  whatever  of  the  general  synbols.  The  mark  =. 
has  also  been  proposed  to  be  employed  for  the  same  purpose. 

t  The  final  term  of  all  proof  is  an  appeal  to  the  senses.    Every  proposition^ 
which  relates  in  any  way  to  the  objects  of  sense  must  seek  its  final  proof  in  this 
conviction.    Whatever  may  be  the  imperfection  of  our  senses,  this  is  the  law  of  our 
nature.    If  the  senses  do  not  produce  a  certain  conviction  to  the  mind  of  tha  ezisl- ' 
once  of  matter,  not  even  geometry  has  any  foundation  beyimd  the  r^on  of  iMuy. " 
It  may  also  be  remarked  that  in  all  past  ages  the  objects  of  material  natun  htnmi 
imiformly  produced  the  same  general  impressions  upon  the  senses  (when  in  a  healthy 
state)  and  have  created  the  same  ideas  in  the  mind ;  and  hence,  in  respect  of  our 
bodfly  and  mental  constitution,  we  must  either  take  the  impressions  we  so  noeiveas 
true,  or  must  cease  to  reason  altogether. 
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Sometimes  an  inquiry  is  directed  to  the  investigation  of  relations 
between  quantities,  whether  thej  are  equal  or  unequal ;  and  in  the 
latter  case,  what  is  the  exact  difference,  or  what  are  the  limits  of  the 
inequality.  Also  the  inquiry  may  relate  to  the  fOrms  of  expressions 
respecting  identity  or  equivalence. 

The  results  of  all  processes  of  reasoning  must  be  in  strict  accordandd 
"with  the  first  principles.  If  a  direct  mathematiedl  process  be  pos- 
sible, the  referee proceee  may  not  be  always  possible.  In  cases  of  this  kind, 
results  may  arise  involving  some  ambiguity,  contradiction,  or  impos- 
sibility, which  the  definitions  and  elementary  processes  did  not  antici- 
pate. When' stick  cases  occur,  it  will  be  necessary  to  extend  the  mean- 
ing of  the  definitions,  or  to  devise  new  ones,  but  such  as  shall  not  be 
inconsistent  with,  nor  in  contradiction  to,  the  principles  and  processes 
already  adopted; 

The  htiman  mind  is  so  constituted  as  to  admit  certain  general  pro- 
]positions  as  true  as  soon  as  they  are  understood.  These  elementary 
truths,  or  axioms  as  they  are  commonly  called,  constitute  the  bases  of 
all  proof  and  demonstration. 

Axioms. 

1.  If  the  same  quantity  or  equal  quantities  be  added  to  equal 
quantities,  the  sums  are  equal. 

2.  If  the  same  quantity  or  equal  quantities  be  taken  from  equal 
quantities,  the  remainders  are  equal. 

3.  If  the  same  quantity  be  added  to  and  subtracted  from  another, 
the  value  of  the  latter  is  unaltered. 

4.  If  the  same  quantity  or  equal  quantities  be  added  to  unequals, 
the  sums  are  unequal. 

5.  If  the  same  quantity  or  equal  quantities  be  taken  from  unequals, 
the  remainders  are  unequal. 

6.  If  equal  quantities  be  multiplied  by  the  same  quantity,  or  by 
equal  quantities,  the  products  are  equal. 

7.  If  equal  quantities  be  divided  by  the  same  quantity,  or  by  equal 
quantities,  the  quotients  are  equal. 

8.  If  any  quantity  be  both  multiplied  and  divided  by  the  same 
quantity,  the  value  of  that  quantity  is  nof  altered. 

9.  If  unequals  be  multiplied  by  the  same  quantity,  or  by  equal 
quantities,  the  products  are  unequal. 

IQ.  If  unequals  bo  divided  by  the  same  quantity,  or  by  equal  quan- 
tities, the  quotients  are  unequal. 

11.  The  same  power  or  equal  powers  of  equal  quantities  are 
equal. 

12.  The  same  root  or  equal  roots  of  equal  quantities  axe  equal. 

13.  If  any  quantity  be  raised  to  any  power  and  the  same  root  be 
extracted,  the  quantity  is  not  altered. 


ADDITION  AND  SUBTRACTION. 

Art.  9.  By  Addidonis  meant  the  process  of  conneotizig  together  two 
or  more  quantities  into  one  sum  or  aggregate ;  and  by  Subtraction  is 
meant  the  process  of  taking  one  quanli^  from  another. 

Addition  and  Subtraction  are  processes,  one  the  reverse  of  the  other; 
as,  if  2  be  add.ed  to  3,  the  sum  is  5,  and  if  2  be  taken  from  5,  the  rcT 
mainder  is  3.  Also,  if  5  be  added  to  a,  the  sum  is  a+d,  and  if  5  be 
taken  from  a+h,  the  remainder  is  a.  Also,  if  d  be  taken  from  «,  the 
difference  can  only  be  indicated  as  a  -  i,  but  not  performed  so  long  as 
the  values  of  a  and  b  are  unassigned. 

Prop.  To  explain  the  processes  of  AlgehraicaX  Addition  and  Suhtraetum. 
The  operations  of  Addition  and  Subtraction  simply  consist  in  putting 
to  and  t<diing  away  one  thing  from  another,  and  the  assumed  meaning 
of  the  symbols  employed  suggest  these  operations^  and  the  rules  for 
the  performance  of  them  follow  directly  from,  the  assumed  meaning  of 
the  fifymbols.  As  all  quantities  are  considered  to  have  contrary  affec- 
tions of  some  kind,  as  positive  or  negative,  additive  or  subtractive,  it 
will  be  at  once  obvious  that  the  addition  of  one  quantity  to  another 
does  not  always  produce  increase,  nor  that  the  subtraction  of  one  quan- 
tity from  anotJier  always  imply  decrease. 

Since  every  quantity  is  affected  with  the  positive  or  negative  sign,  or 
the  additive  or  subtractive  sign,  as  they  are  also  called,  it  is  evident 
that  the  addition  of  one  quantity  to  another  will  be  denoted  by  con- 
necting any  quantity  to  be  added  with  its  proper  sign  to  the  other 
quantity,  as  the  addition  of  -f- 5  to  +  a  is  denoted  by  +a+(+3)  or 
a+i,  and  the  addition  of  —5  to  -f-a  by  +»+(— i)  or  a— 5. 

As  the  operation  of  Subtraction  is  the  reverse  of  that  of  Addition ; 
the  subtraction  of  one  quantity  firom  another  will  be  denoted  by  con- 
necting the  quantity  to  be  subtracted  with  its  eonirarg  sign  to  the  other 
quantity;  as  the  subtraction  oi  +h  from  +a  is  denoted  by  a—^+h) 
or  fl— i,  and  the  subtraction  of  —  i  from  +» is  denoted  by  a— (—i)  or 
a+h. 

Hence  it  appears  that  -|-a+(+^)  and  +a— (— 5)  are  identical 
expressions,  each  being  equivalent  to  +a+h,  so  that  a-f-(+J)  ^a+h 
and  a— (— i)  =  a+^;  and  the  sum  a-\-h  may  be  considered  to  result 
either  from  the  addition  of  +h  to  +aoT  from  the  subtraction  of  ^h 
from  -\-a :  that  is,  the  addition  of  a  positive  quantity  is  equivalent  to 
the  subtraction  of  a  negative  quantity. 

Also,  that  a+(— &)  and  a— (+&)  are  identical  expressions,  each 
being  equivalent  to  a  -  5,  so  that  a  +  (-5)  =  tf--5  and  a— (-f-ft)  =  a-i, 
and  the  difference  a^-b  may  be  considered  to  result  from  the  addition 
of  —  5  to  -f-tf,  or  from  the  subtraction  of  +b  from  +«,  or  that  the 
addition  of  a  negative  quantity  is  equivalent  to  the  subtraction  of  a 
positive  quantity. 
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In  the  performance  of  the  operations  of  addition  and  subtraction,  the 
sums  and  differences  of  like  quantities  can  be  incorporated  into  single 
terms  by  the  addition  and  subtraction  of  their  coefficients.  But  the 
sums  and  differences  of  unUke  quantities  can  only  be  expressed  by 
connecting  the  several  terms  by  the  signs  with  which  they  are  indi* 
viduaUy  affected.  As  the  sum  of  3a  +  ih  and  4a—  33  is  thus  expressed : 
(3a + 45)  +  (4a—  3d)  =  3a  +  45 + 4a—  S5  «=  7a + ^ ;  and  the  difference 
arising  from  4a-  35  taken  from  3a +45  is  (3a  +  45)-  (4a  -  35)  =  3a+ 45 
—  4a4-35=-a+75. 

When  quantities  with  literal  coefficients  are  to  be  added  or  sub- 
tracted, the  aggregate  of  the  coefficients  connected  with  their  proper 
signs  imder  a  vinculum  or  between  brackets,  wiU  denote  the  coefficient 
of  the  common  quantity,  as  the  aggregate  of  ma+na-^pa  is  denoted  by 
(»i+»— l?)a,  and  —fwa+na—j?a  is  equivalent  to  —  (»i-»+j?)a. 

As  in  Arithmetic,  so  in  Algebra,  only  concrete  quantities  of  the  same 
kind  can  be  added  to,  or  subtracted  from,  one  another ;  but  abstract 
quantities  are  not  subject  to  this  restriction.* 

When  several  quantities,  like  and  unlike,  with  contrary  signs,  are 
to  be  added  together,  it  will  be  found  convenient  to  arrange  like 
quantities  with  their  proper  sig^s  under  each  other,  as  numbers  are 
arranged  for  addition  in  ordinary  arithmetic,  with  this  difference  in 
Algebra — ^the  process  of  aggregation  may  beg^n  either  with  the  right- 
hand  or  left-hand  column. 


*  The  following  examples  of  addition  and  suhtraction  express  two  important 
theorems : — 

If  a  and  b  denote  any  two  numbers  whatever,  then  a  +  5  will  denote  their  som 
and  a-b  their  difference. 

And  (a+&]+(a— d)i-a+ft+a~5«2a,  which  expressed  in  words  is  equivalent  to 
this  theorem  : — 

If  the  difference  of  any  two  numbers  bo  added  to  their  sum,  the  result  is  equal 
to  twice  the  greater  number. 

Also  (a+6)-(a— &)»a-|-6— a+&*26,  denotes  the  theorem  : — 

If  the  difference  of  any  two  numbers  be  subtracted  from  their  sum,  the  result  is 
equal  to  twice  the  less  number. 

Also,  if  the  expressions  (a-f5)+(a— ^■■2a  and  (a-|-&)-(a— 6)«25,  be  each 
divided  by  2,  there  results 

a+6    a— 5    ^  .«j  a+5    5-a    , 
— !— 4. mO,  ana  ^-^^ «&: 

2    +    2       ^  2         2  • 

The  former  denotes  the  theorem : — Half  the  difference  of  any  two  numbers  added  to 
half  their  sum,  is  equal  to  the  greater  number.  And  the  latter  :— Half  the  differ- 
ence of  any  two  numbers  subtracted  from  half  the  sum,  is  equal  to  the  less 
numbei; 


EXERCISEa 
I. 

1 .  Write  a  brief  acooant  of  the  most  anoient  treatise  on  Algebra 
known  to  be  extant. 

2.  Wlien  was  the  science  of  Algebra  first  cultivated  by  the 
Arabians  ?    What  is  the  meaning  of  the  word  Algebra  ? 

3.  Giye  a  brief  account  of  the  extant  writings  on  Algebra  in  the 
Arabic  language.    What  subjects  do  they  embrace  ? 

4.  When  did  Diophantus  flourish?  Give  some  account  of  his 
Arithmetics. 

5.  When  did  the  science  of  Algebra  become  known  in  Italy  and 
ill  other  countries  of  Europe  ? 

6.  GKve  the  names  of  the  writers  of  modem  times  by  whom  the 
science  of  Algebra  has  been  improved  and  extended. 

7.  What  marks  or  symbols  were  first  devised  and  assumed  for 
denoting  the  operations  of  addition  and  subtraction ;  also  for  denoting 
the  contrariety  of  affection  of  quantities  ?  Was  the  employment  of 
these  symbols  contemporaneous,  or  did  their  use  for  one  purpose  pre- 
cede that  of  the  other  by  any  interval  of  time  ? 

8.  What  improvements  were  introduced  into  the  language  of 
Algebra  during  the  seventeenth  century  ? 

n. 

1.  Explain  the  meanings  of  the  signs  +»  — » and  =  ;  and  ex- 
emplify how  they  are  employed. 

2.  What  is  the  distinction  between  Geometrical  and  Arithmetical 

equality  ?    Express  in  words  a  —  6  »  0  and  ^  ="  1  >  and  show  that  these 
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axe  equivalent  tests  of  the  absolute  equality  of  the  two  finite  quantities 
«  and  6. 

3.  Add  -^  5a  to  +7a,  and  from  +12a  subtract  +5a. 

4.  Add  -  5a  to  —To,  and  irom  ^12a  subtract  —5a. 

5.  Add  —5a  to  +7a,  and  from  +2a  subtract  -^Sa. 

6.  Add  a— i  to  a+h,  and  subtract  a— d  froma+3. 

7.  Show  that  a— (3— c)«=a-6+^,  a  being  greater  than  5— c,  and 
h  greater  than  c ;  also  a  being  less  than  b—e,  and  b  less  than  e. 

8.  Explain  how +<3t+(+ 3)  and +<>  —  (— 3)  are  each  equivalent  to 
•+a+5. 

9.  Find thevalueof(3+4+5)-(3  +  4-5)  +  (3  +  5-4)- (4  +  5-3). 

10.  Find  the  aggregate  of  +(»i— »+p),  +(m+n4-|?),  — («— «-"l')> 
and  +(«•— I'+n)  in  the  simplest  form. 

11.  What  is  the  sum  and  difference  of  ina+na  and  ma-^na  ? 

12.  Explain  how  (I)  ma+na-(»i-f-n)a,(2)-m<r-#ia=  —  («i+n)a, 
(3)  ma— iia»(m— n}a,  and  (4)— ma+na-i  ^(m'^n)a. 
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in. 

Simplify  the  following  ezpresBions  :^- 

1.  a  +  (a+i)  +  (a+i+c). 

2.  a-(a— 6)-(a-5  +  <j). 

3.  a+{{a+b)-{a+h  +  c)}. 

4.  a-{(a-5)-(a— *+c)}. 

5.  a— {a— i  — (a— J  — c)}. 

6.  a— (a  — 5)4-(a— J— c)  — (a— 5— c- €?). 

7.  a-{(a-6)  +  (a-* -<?)-(«-*- c-c?)}. 

8.  2  (a+*)-3(<j-.(i)-(a+3)  +  4(<?-(Z). 

9.  2  (a4-*)-3{<J-(i-(a  +  3)  +  4((?-J}. 

10.  {a+5-(c  +  <^}-{i+tf-(rf-c)}-  {a-J  +  (c-ff)} 
+  {<?-J-(a-<?)}. 

11.  3(g-5+c)-5(a-2^+3g)  +  4(a-354-2g)-2(a-7^--2<?). 

12.  12a-[{8S-(26-^)}-4<?+{2a-36-c-2i}]. 

IV. 

Beduce  each  of  the  following  expressions  to  the  simplest  f onn : — 

1.  (*c+ay)  +  (a:+y)  +  (a-l)«-(i+l)y. 

2.  3(a4-^-<?)  +  7(5+<?-a)  +  9(fl+c-3). 

3.  (fl+a?)-{i+y-(a-«-5-2y)}. 

4.  (c+i>+(*  +  c)y-{(a-%-(J-%}. 

—  {ar4-5y+«}. 

V. 

Simplify  the  following  expressions  :^- 

1.  3ar-7y— (2;r-4y)-(-7;r+2y). 

2.  «-{2y-(2«-3a?-y-a:)}-{2«-3(y-«)}. 

3.  -{:r-(y-«)}-{y-(»-«)}-{«-.(«-y)}. 

4.  2«-3y-[(5«+4y)  +  3a;+{y-.9;r-(2y-.a:)+(a;-y)}]. 

5.  44;r+{48y-(6«+3y-7a)  +  4^}-{48y-8x+25;-(4«+y)}. 

6.  2(«+y+«)  +  3(«+y-«)  +  5(4f+«-y)  +  7(i+y-;r). 

VI. 

1.  If  a,  5y  0  be  three  numbers,  a  being  greater  than  h  and  h  greater 
than  e,  which  of  the  following  differences  is  positive,  and  which  nega- 
tive, a— 5,  a— c,  5— a,  5— <?,  «— a,  c-5? 

2.  Distinguish  like  and  fin/t^  quantities,  and  give  examples. 

3.  Express  the  aggregate  of  «— (^— <?)-  {^-(£»-a)}  +{£T-(i-a}^ 
first  as  a  positive  quantitj,  and  secondly  as  a  negative  quantity. 

4.  Write  down  all  the  sums  and  differences  which  can  be  fonned 
Trith  ±09  ±5,  when  taken  two  at  a  time. 
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5.  Find  all  the  aggregates  which  can  be  formed  from  ±a,  ±h, 
and  ±c,  when  taken  three  at  a  time,  but  so  that  the  same  symbol  shall 
not  occur  more  than  once  in  each  expression. 

6.  Express  in  symbols  the  quotient  arising  from  the  product  of 
two  quantities  divided  by  the  product  of  their  sum  and  difEierence. 

7.  Express  «*-2«(«-i)ar'+(»*+^)(#-*)a?-a'^*  with  numerical 
coefficients  whpn  a  =  4  and  h  =  S. 

8.  SimpHfy  {ar»+y«- (3^V+3:ry-)}- {(:c»-3a;V)-(3;c2r'-y')}. 

9.  Arrange  a'(a:+y-z)-aJ(«+a?-y)+i-(s+y-a;)  so  that  the  co- 
efficients of  X,  y,  z  may  consist  of  a',  dbf  h^, 

10.  Arrange  (a:+y.f2)a,4-(a;+y-*)«2+(^+«-y)<i3+(y+«-«>4in 
three  terms  involving  Xy  y,  %  respectively,  with  coefficients  consisting 
of  eij,  Oj,  Oj,  a^. 

11.  Why  are  the  same  signs  +  and  —  used  to  denote  operations 
and  also  signs  of  affection  ?  Can  we  intelrpret  the  meaning  of  such 
signs  of  affection  independently  of  a  knowledge  of  the  specific  nature 
of  the  magnitudes  represented  by  the  symbols  to  which  they  are 
attached  ? 

vn. 

1.  Find  the  sum  of  «+J+<?,  tf+6-(7,  «+<?—&,  5+«— «,  and  its 
numerical  value  when  3a  =  6i  =  12(;  =  5. 

2.  If  «=«a  +  254-3<?,  y  =  6+2<?+3(j,  and  a ««+ 2^+35,  show  that 

Jc+y+a  =  6(tf  +  5+0-  

3.  Simplify  the  expiession  16a?- 10-  [7-  {8a?-  (9a?-  3-  6^))],  and 
find  the  least  integral  value  of  x  that  wiU  render  the  result  negative. 

4.  Find  the  sum  of  5^^+6^+48  and  2a?-y+2«,  and  the  difference 
between  y  —  48  —  3a?  and  z  —  7a?+3y ;  express  the  sum  of  the  results  in 
the  simplest  form,  and  determine  the  value  when  a?=  10,  y  =  100,  and 
«=1000. 

5.  Find  tho  sum  of  3(«— 2y+3a),  4(y— 22+3a:)  and  5(8— 2a?+3y), 
and  its  value  in  terms   of  x,   when  a?=10y  and  y  =  1008. 

6.  Determine  the  sum  of  5a;+3y+8,  38+5y+a?,  and  y+3a:+58, 
and  its  vajue  when  100a?  =  10y=8- 1. 

7.  Show  that  the  value  of  a;»-a?*+a;'-«'+a?+l  is  ^  when  a?=  -  J. 

8.  If  a  =  -02,  J  =  -04,  c-'OS,  find  the  values  of  a'+J'+<^±3  ahe. 

9.  Add  together  4a;»  +  3ar'y-y»,  4«*y-3a;»,  7a:y*  +  9y»-2ar^y,  and 
find  what  must  be  subtracted  from  the  sum  to  leave  the  remainder 

10.  Take  aaf^+hx^+ca^-^da^+ex+l 

from  ^ar'-5'a?*+ra;*-«c"+^-«^^+l- 

1 1.  If  +6  >  +2,  and  +2  <+6,  how  is  it  explained  that  —6  <  —2, 
and  — 2  >  — 6  ? 


MULTIPLIOATION  AND  DIVISION. 

Art.  1 0.  The  product  of  any  two  quantitieB  a  and  h  has  been  assumecl 
to  be  denoted  by  ax  5,  a.h,  and  ab ;  and  the  product  ah  may  be  con* 
aidered  to  be  produced  by  a  multiplied  by  b,  or  by  h  multiplied  by  a. 

The  quotient  of  one  quantity  a,  divided  by  another  h,  has  been 

assumed  to  be  denoted  by  t  or  a-rS. 

The  processes  of  Multiplication  and  l>iTi8ion  are,  one  the  reverse 
of  the  other ;  as  the  product  of  2  multiplied  by  3  is  6,  and  the 
quotient  of  .6  if  divided  by  3  is  2,  but  if  by  2  the  quotient  is  3.  In 
the  same  manner,  the  product  a  multiplied  hj  h  iaab,  and  the  quotient 
of  o^  if  divided  by  5  is  «,  but  if  divided  by  a  is  5. 

When  a  product  consists  of  two  simple  factors,  both  of  them  may  b& 
positive  or  both  negative,  or  one  of  them  may  be  positive  and  the  other 
negative.* 

First.  If  the  signs  of  the  factors  are  both  positive,  the  product 
+«x  +h  implies  that  +a  is  to  be  added  as  many  times  as  there  are 
units  in  +5;  and  since  the  sum  of  any  number  of  equal  positive 
quantities  is  positive,  it  follows  that  the  product  +ax  +h  is  +«&,  or 
+ax+h=+ab:  that  is,  the  product  of  two  positive  quantities  is 
positive. 

Secondly.  If  one  factor  is  negative  and  the  other  positive,  the  pro- 
duct ^ax+h  denotes  that  the  negative  quantity  —a  is  to  be  added 
as  many  times  as  there  are  imits  in  +h ;  and  since  the  sum  of  any 
number  of  equal  negative  quantities  is  negative,  it  follows  that  the 
product  —ax +8  is  — ai,  or  — flx+i=— ai. 

The  product  ot  +a  multiplied  by  —  5  will  produce  the  same  result^ 
as  the  multiplicand  may  be  made  ike  multiplier,  and  the  multiplier 
the  multiplicand,  and  then  -  hx  +a  denotes  that  —  8  is  to  be  added  a 
times,  and  the  result  is  the  same  as  in  the  former  case ;  that  is,  th& 
product  of  a  positive  and  negative  quantity  is  negative. 

Thirdly.  If  both  the  factors  are  negative.  When  a  negative  quan- 
tity —a  is  to  be  multiplied  by  a  negative  quantity  —5,  the  product 
—  a  X  —  6  denotes  that  the  negative  quantity  is  to  be  subtracted  aa 
many  times  as  there  are  units  in  —  5 ;  but  the  subtraction  of  a  nega- 


*  These  explanations  may   perhaps  become  more  intelligible  hy  considering 
particular  numbers  instead  of  general  symbols  of  number. 

1.  +4x+8-4+4+4or4added8times,  so  that +4 x +8 -+12. 

2.  -4X+8-(-4)+(-4)+(-4)or  -4  added  8  times,  that  is-4x8--12; 
also -8x+4-(-8)+(-8)+(-8)+(-8)  or -8  added*  times. 

a.  — 4x-8=-(-4)-(-4)-(-4)or  —4  subtracted  8  times, 
or  -4X-8— (-4-4-4)--(-12)=+12. 
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live  quantitj  is  the  same  process  as  the  addition  of  a  positive  quantity. 
It  follows  that  the  product  —  a  x  —  i  is  +aJ,  or  -ax—  ft=  +abf  that 
is,  the  product  of  two  negative  quantities  is  negative. 

Hence,  generally,  the  product  of  two  quantities  having  like  signs 
is  positive,  and  having  unlike  signs  is  negative. 

11.  In  the  division  of  one  quantity  by  another,  both  quantities  may 
be  positive  or  negative,  or  one  of  them  may  be  positive  and  the  other 
negative.  As  the  process  of  division  is  the  reverse  of  multiplication ; 
in  the  process  of  division  the  product  becomes  the  dividend,  and  if  the 
multiplicand  be  made  the  divisor,  the  multiplier  is  the  quotient ;  but 
if  the  multiplier  be  made  the  divisor,  the  multiplicand  is  the  quotient. 

In  dividing  one  quantity  by  another,  the  sign  of  the  quotient  may 

be  inferred  from  the  signs  of  the  dividend  and  divisor. 

First.  If  the  dividend  and  divisor  are  both  positive. 

+ah 
Since  +a  x  +h  =  +ah,  then  -j- —  =  +h,  the  quotient ;  or,  if  a  positive 

quantity  is  divided  by  a  positive  quantity,  the  quotient  is  positive. 
Secondly.  If  the  dividend  and  divisor  are  both  negative. 

Since  — ax+J=— 3,  then  H—  =+h,  the  quotient;  or,  when  a 

—a 

negative  quantity  is  divided  by  a  negative  quantity,  the  quotient  is 
positive. 

Thirdly.  If  the  dividend  is  negative  and  the  divisor  is  positive. 

fiince  +a  x  —  3  =  —  aJ,  then  ^ —  =  —  J,  the  quotient ;  or,  if  a  negative 

+a 

quantity  is  divided  by  a  positive  quantity,  the  quotient  is  negative. 

Also  -  a  X  -  5  =  +ah,  then  ^t^  =  -  5,  the  quotient ;  or,  if  a  positive 

—  fl 

quantity  be  divided  by  a  negative  quantity,  the  quotient  is  negative. 

Hence,  generally,  when  the  dividend  and  divisor  have  like  signs, 

the  sign  of  the  quotient  is   positive;   but  when  they  have  unlike 

signs,  the  sign  of  the  quotient  is  negative. 

12.  The  product  of  two  or  more  quantities  has  been  assumed  to  be 
denoted  by  writing  the  factors  together  with  the  coefficient  prefixed, 
and  its  proper  sign,  as  determined  by  the  signs  of  the  factors. 

But  the  product  of  two  or  more  equal  quantities,  called  a  power,  is 
denoted  by  placing  at  the  right  of  one  of  the  factors  a  small  figure  as 
an  index  or  exponent,  showing  how  many  equal  factors  compose  the 
product. 

The  index  of  the  product  of  two  or  more  powers  of  the  same  quan- 
tity will  be  denoted  by  the  sum  of  the  indexes  of  the  factors ;  as  the 
product  of  tf'  and  a*  is  <»'+'  or  «*,  as  will  appear  from  the  assumed 
notation  of  powers. 

Tora-^a.a,  and  (^^a.a.a,  .*.  fl'xa'  =  («.fl)x(a.a.fl)  =  a.«.a.tf.a«fl*. 

And  the  index  of  the  quotient  arising  from  the  division  of  two 

§4 
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powers  of  the  same  quantity,  will  be  denoted  by  the  difference  arising^ 
from  subtracting  the  index  of  the  divisor  from  the  index  of  the  dividend ; 
as  the  quotient  arising  from  the  division  of  a*  by  a*  will  be  a*. 

For  er  =i  a.a.a.a.a,  and  a^  =  a,a,  .*.  —5-  = =  a,a.a  or  <r. 

And  these  consequences  may  be  shown  to  hold  true  generally  when 
the  indices  are  denoted  by  any  numbers  m  and  n  whatever. 

For  a"  =  a.a.a.a  ....  to  m  factors,  and  a*  =  a.a.a to  «  factors, 

.••  fl"  X  a*=  (fl.a.a.tf  ...  to  m  factors)  x  {a.a.a  ...  to  «  factors) 
=  a.a.a.a.a  .  .  .  .  to  (m+n)  factors 
=  a""*"",  by  the  assumed  notation ; 
or,  the  product  of  any  powers  of  the  same  quantity  is  denoted  by  a 
power  the  index  of  which  is  equal  to  sum  of  the  indices  of  the  factors. 
4,     a^  ^a.a.a.a  ....  to  m  factors, 
(^  "  a.a.a  ...  to  n  factors 

=  a.a.a  .  .  .  .  to  (m— n)  factors,  supposing  m>  n. 
=  «""",  by  the  assumed  notation ; 
or,  the  quotient  of  any  powers  of  the  same  quantity  is  denoted  by  a 
power  the  index  of  which  is  equal  the  difference  arising  from  sub- 
tracting the  index  of  the  divisor  from  the  index  of  the  dividend. 

If  n  =  ffi,  then—  =  —  =  1,  and  a— "  =  a%  .-.  «*  =  1. 

Hence,  every  quantity  having  zero  for  its  index  is  equal  to  unity, 

and  a?  may  be  considered  as  the  algebraical  symbol  for  1,  as  it  arises. 

from  the  division  of  equal  powers  of  the  same  quantity. 

a* 
If  m  <  »,  since  -j  =  tf""* ;  dividing  these  equals  by  a", 


1 

fl"- 

=  a- 

-»- 

-m  _ 

=  a' 

■n 
> 

or  «■ 

■« 

1 

a- 

a" 

««' 

or  any  power  of  a  quantity  with  a  negative  index  is  equivalent  to  th& 
reciprocal  of  the  same  power  with  its  index  positive. 

Also,  since  a~"  =  — ,  .*.  a'*,  o^  =  1,  and  a*  =  — , 

a*  a~* 

or  any  power  of  a  quantity  with  a  positive  index  may  be  expressed 

by  the  reciprocal  of  the  same  power  with  its  index  negative. 

Hence,  when  a  power  forms  a  factor  in  the  numerator  or  denomi- 
nator of  a  fraction,  this  factor  may  be  removed  from  the  numerator 
to  the  denominator,  or  from  the  denominator  to  the  numerator,  by 
changing  the  sign  of  the  index. 

Prop.  To  explain  the  process  of  Algehraical  Multiplication. 

In  performing  the  process  of  multiplication  the  product  of  two  or 
more  monomials  is  denoted  by  prefixing  the  proper  sign  to  the  pro- 
duct of  the  coefficients  and  the  indicated  product  of  the  quantities ;  as 
the  product  of  Za^hx^  and  -  ba^x  is  —  15M±^. 
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When  the  multiplicand  is  a  compound  quantity  and  the  multiplier  a 
monomial ;  the  product  is  found  by  multiplying  each  term  of  the  mul- 
tiplicand by  the  multiplier,  and  connecting  the  terms  of  the  product 
by  their  proper  signs;  as  the  product  of  5a^ - iax -^ 3x^  and  -2flz  is 
"lOa^x  ^Barx'  +  eaa^. 

When  both  the  multiplicand  and  multiplier  are  compound  quan- 
tities ;  the  product  is  found  by  multiplying  every  term  of  the  multipli- 
cand by  each  term  of  the  multiplier,  and  the  sum  or  aggregate  of  the 
partial  products  will  be  the  product  of  the  two  compound  quantities.* 

As  examples,  multiply  a-f-3  by  a+h,  a—h  bya— i,  and  a+J  by 

a-\-h  a-'h  a-\-b 

a+h  a—h  a—b 

a^+ab  a?— ah  a*+a6 


These  products,  with  their  factors,  express  the  three  following 
identical  equations : — 

(fl  +  *)x(tf  +  3)  or  (tf+J)«=:fl5+2tfi+5S         (1) 
(a-3)x(tf-3)  or  (a-i)»  =  fl3-2<i5+iS  (2) 

(fl-f6)x(fl-*)  =fl'-J«,  (3) 

and  denote  in  symbols  three  important  numerical  theorems : 

(1)  The  square  of  the  sum  of  any  two  numbers,  is  equal  to  the  sun^ 


*  In  the  product  of  two  compound  quantities  both  of  which  increase  or  de- 
crease regularly  by  ascending  or  descending  powers  of  the  same  symbol ;  the  opera- 
tion may  be  performed  by  omitting  the  powers  of  the  symbol,  and  writing  the- 
coefficients  only  of  the  terms  with  their  proper  signs,  and  placing  0  for  the  coeffi- 
cient of  any  term  which  may  be  wanting. 

Let  a3-|-2a5-3  be  multiplied  by  «»-3ar-2. 

a:«4-2a;-3  1+2-3 

z»-3a;-2  1-8-2 

a;*+2a;»-3x»  l-f2-8 

— 3a;«-6aj>+9aj  -3-6+9 

-2a;«— 4x+6  -2-4+6 


z4-a;*-lla;»+5a;+6  i^i_ii-},5-|-6 

If  it  be  required  to  multiply  »«+2a:— 3  by  »'  —  2,  where  the  second  term  of  the- 
multiplier  is  wanting  ;  0  must  be  placed  as  the  second  coefficient  of  the  multiplier, 
and  the  process  will  stand  thus — 

a;«+2sB-3  1  +  2-3 

a' -2 1-1-0-2 

a;*+2x»-3a;«  1  +  2-3 

-2xa-4a;+6  -2-4  +  6 

ir*+2a;»-6x»-4a;+6  1+2-6-4  +  6 

The  reverse  process  of  division  may  also  be  performed  in  the  same  manner  by 
omitting  the  powers  of  the  symbol  and  writing  only  the  coefficients  of  the  terms  in 
order  with  their  proper  signs. 
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I 

of  the  sqxLares  of  the  two  numbers  together  with  twice  their  product. 
(See  Euc.  ii.  4.) 

(2)  The  square  of  the  difference  of  any  two  numbers,  is  equal  to  the 
difference  between  the  sum  of  their  squares  and  twice  their  product. 

(3)  The  product  of  the  sum  and  difference  of  two  numbers,  is  equal 
to  tiie  difference  of  the  squares  of  the  two  numbers.  (See  Euc.  ii. 
6.  Cor.) 

And  the  first  and  second  have  this  connection : 

{a+by={a^hy+4ab,  (a-i)«  =  (a+J)«-4fl*;  that  is, 

The  square  of  the  sum  of  two  numbers,  is  equal  to  the  sum  of  the 
square  of  the  difference  and  four  times  the  product  of  the  two 
numbers. 

The  square  of  the  difference  of  two  numbers,  is  equal  to  the  dif- 
ference between  the  square  of  the  sum  and  four  times  the  product 
of  the  numbers. 

The  product  of  three  or  more  factors  is  found  by  multiplying  the 
product  of  the  f^st  two  by  the  third  factor,  and  this  product  by  the 
rest,  if  there  be  more  than  three  factors ;  as  the  product  of  the  factors 
a+hf  a+h,  a+h,  and  of  0—6,  a-h,  a-h  can  be  found  and  expressed 
with  their  factors  by  the  identical  equations,  as 

(«+*)x(«+i)x(fl+3)  =  fl»+3a»J  +  3a*H** 
or  (a+i)'  =  «»+i»+3fli(a  +  i), 
and(«-*)x(a-^)x(a-3)  =  fl»-3a»i  +  3«J»-6» 
or  (fl-i)»=«'-i»-3fl5(fl-*). 

These  two  identical  equations  may  be  thus  expressed  in  words : 

The  cube  of  the  sum  of  two  numbers,  is  equal  to  the  sum  of  the 
cubes  of  the  two  numbers,  increased  by  three  times  the  product  of  the 
two  numbers  multiplied  by  their  sum. 

The  cube  of  the  difference  of  two  numbers,  is  equal  to  the  differ- 
ence of  the  cubes  of  the  two  numbers,  diminished  by  three  times  the 
product  of  the  two  numbers  multiplied  by  their  difference. 

The  sum  and  the  difference  of  the  cubes  of  two  numbers  can  both 
be  denoted  by  the  product  of  two  factors : 

Thus,  a»+i»  =  ((j+*)x(tf'-«J-h^),  and 

These  may  be  expressed  in  words  as  follows : 

The  sum  of  the  cubes  of  two  numbers,  is  equal  to  the  product  of 
the  sum  of  the  two  numbers  and  the  difference  between  the  sum  of 
their  squares  and  their  product. 

The  difference  of  the  cubes  of  two  numbers,  is  equal  to  the  pro- 
duct of  the  difference  of  the  numbers  find  the  sum  of  their  squares 
increased  by  their  product. 

When  ^e  factors  of  a  product  are  of  the  form  of  ^+a  and  ^ — d, 
where  a  and  h  are  any  integral  numbers,  the  products  of  two  and  of 
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three  sucli  factors  may  be  written  without  performing  the  process  of 
multiplication.* 

Thus  the  products  of  two  such  factors  are  of  the  forms 
{x+a){x+h)  =  ;x^+{a+h)x+ab,  suppose  a  >  A, 

(x+a)(x  -  5)  =  ic«+ (fl  -  b)x  -  ah, 

{x — a)(«+i)  =  ic*  -  (a  —  J)a?  —  cib. 
Also  the  product  of  three  factors, 

{x'{'a){x+h){x+c)  =  «»+(a+i+c)«»4-(aJ+tfc+i(j>+©5c. 
When  one,  two,  or  all  three  of  the  factors  are  of  the  form  ar— «,t 
the  products  are : 

{x^a){X'{'h){X'-c)^a^+(J>''a^c)ji?+{ae^ah'-hc)x^ahc. 

Prop,  When  a  product  is  composed  of  a  number  of  rational  binomial 
factors  qf  the  forms  x+a  and  x—by  and  arranged  according  to  the  descend- 
ing powers  of  x;  if  the  signs  of  the  product  be  toritten  in  order  j  it  will  be 

found  there  will  be  as  many  continuations  of  the  signs  +  +  and as 

there  are  factors  of  the  form  a:+tf,  and  as  many  changes  of  sign  -J and 

y  as  there  are  factors  of  tJicform  x — b  in  the  product, 

ffence,  conversely.  When  the  terms  of  a  product  arising  from  binomial 
factors  are  arranged  according  to  the  descending  powers  of  x,  and  the  signs 
of  the  terms  are  written  in  order,  the  number  of  continuations  of  the  signs 

+  +  and will  indicate  the  number  of  factors  of  the  form  x+a  in  the 

product,  and  the  number  of  changes  of  signs  +  —  and h  will  indicate 

the  number  of  factors  of  the  form  x^b. 

This  property  will  become  evident  from  the  product  of  two,  three, 
or  any  number  of  such  fBLctoTa,X 

*  The  following  examples  of  these  general  forms  of  products  may  be  foand : 
(«+4)(aj+3)«x«+7aj+12. 
(sB- 4)(«-8) -«« -7«+12. 
(«+4)(aj-8)-a;«+a;-12. 
(a;-4){x+3)-a;«-a;-12. 
Also  {a:+8)(a^+2)(a;+l)-aj'+6aj»+lla:+e. 
(«-8)(a;-2)(a;-l)=a;«-&B«+lla;~6. 
(a5-8)(«+2)(aj+l)-aj»+0a;«-7a;-6ora;»-7aj-6. 
(x-8)(aj+2)(aj-l)«a:»-2j;«+6aj+6. 

t  Factors  of  the  form  x—a  may  be  written  in  the  form  z-{-a,  by  writing  the 
negative  sign  over  the  second  term  of  the  factor  and  connecting  it  by  the  positive 
sign  to  the  first.  By  means  of  this  artifice  the  product  of  binomial  factors,  some  of 
form  x-\-a,  others  of  form  x—a,  may  be  exhibited  as  the  product  of  factors  of  the 
form  x-\-a.  The  product  can  then  be  reduced  to  the  ordinary  form  by  replacing 
a  by  —a, 

t  The  truth  of  this  property  may  be  shown  in  the  examples  of  the  products  of 
two  and  of  the  three  factors  given  in  the  note  above  marked  *. 

First.  When  the  products  consist  each  of  two  factors.  The  signs  of  the  first  pro- 
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13.  Prop.  To  explain  the  process  of  Algebraical  division. 

The  quotient  of  one  monomial  divided  by  another  is  determined 
by  dividing  the  coefficient  and  factors  of  the  dividend  by  the  coeffi- 
cient and  factors  of  the  divisor,  and  prefixing  to  the  quotient  the 
proper  sign ;  as  the  quotient  of  —  I5a^haf^  divided 'by  3a^a!^  is  —  5{^x. 

And  when  the  dividend  is  a  compound  quantity  and  the  divisor  a 
monomial,  the  quotient  is  determined  by  dividing  each  term  of  the 
dividend  by  the  divisor,  and  connecting  the  terms  of  the  quotient  by 
their  proper  signs;  as  the  quotient  of  — 100*^1:+ 8aV+6«r*  divided 
by  —  2fla:is  +5a*— 4fla;— 3a^. 

When  the  dividend  and  divisor  are  both  compound  quantities.  As 
the  process  of  division  is  the  reverse  of  multiplication ;  if  the  divisor 
be  multiplied  by  each  term  of  the  quotient,  and  these  successive  pro- 
ducts be  subtracted  from  the  dividend,  the  quotient  will  be  determined. 

First. — ^Let  the  terms  of  the  dividend  and  divisor,  if  necessary,  be 
arranged  according  to  the  ascending  or  descending  powers  of  one  of 
the  quantities ;  then  the  first  term  of  the  quotient  is  found  by  dividing 
the  first  term  of  the  dividend  by  the  first  term  of  the  divisor. 

Secondly. — ^Let  the  divisor  be  multiplied  by  the  first  term  of  the 
quotient,  and  the  product  be  subtracted  from  corresponding  terms  of 
the  dividend. 

Thirdly. — ^To  this  remainder  let  one  or  more  terms  from  the  dividend 
be  annexed,  and  the  second  term  of  the  quotient  is  found  by  dividing 
the  first  term  of  this  new  dividend  by  the  first  term  of  the  divisor. 

duct  arraDgcd  are  +  +  +  ,  which,  taking  the  f:i-st  with  the  second  sign,  and  the 
second  with  the  third,  give  +  +  and  +  + ,  two  continuations  of  the  same  sign 
when  the  factors  are  2  +  4  and  x  +  Z. 

The  signs  of  the  second  product  are  +  —  + ,  which  give  +  —  and  —  + ,  when 
the  factors  are  a;->4  and  a; —3. 

The  signs  of  the  third  product  are  +  +  — ,  which  give  +  +  and  +  — ,  when  the 
factors  are  a;  +  4  and  x—  3. 

The  signs  of  the  fourth  product  are  + ,  which  give  +  ~  and ,  when 

the  factors  are  of  the  form  a:— 4  and  jc  +  3. 

Secondly.  When  the  products  consist  each  of  three  factors. 

The  signs  of  the  terms  of  the  first  product  are  +  +  +  + ,  which  give  +  + ,  +  + , 
+  + ,  when  the  three  factors  are  of  the  form  x  +  a. 

The  signs  of  the  terms  of  the  second  product  are  +  —  +  — ,  which  give  +  — , 
—  + ,  +  — ,  when  thf  three  factors  are  of  the  form  x—b. 

The  signs  of  the  terms  of  the  third  product  are  +  + ;  (writing  +  when  the 

-coefficient  of  any  term  is  zero). 

Taking  the  upper  of  these  two  signs,  the  order  of  signs  is  +  + ,  which  give 

+  + ,  +  — , ,  when  two  factors  are  of  the  form  x  +  a,  and  one  of  the  form  x—b. 

Next  taking  the  lower  sign,  the  order  of  signs  is  +  — —  — ,  which  give  +  — , 

, ,  where  there  are  two  factors  of  the  form  x  +  a  and  one  of  the  form  x—b, 

the  same  as  before. 

The  signs  of  the  terms  of  the  fourth  product  are  +  —  +  + ,  which  give  +  - , 
~-  +t   +  +1  when  two  factors  are  of  the  form  x—b,  and  one  of  the  form  x+a. 

And  similarly,  the  law  will  be  found  to  be  true  for  the  product  of  four,  five,  ftc., 
.rational  binomial  factors. 
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Fourthly. — ^Let  the  divisor  be  multiplied  by  the  second  term  of  the 
quotient,  and  the  product  subtracted  as  before ;  and  a  similar  process 
continued  for  the  third  and  successive  terms  of  the  quotient,  until  there 
be  no  remainder,  or  a  remainder  of  less  dimensions  than  the  divisor. 

In  the  former  case,  the  dividend  is  equal  to  the  product  of  the 
divisor  and  the  quotient ;  in  the  latter,  the  dividend  is  equal  to  the 
6um  of  the  remainder  and  the  product  of  the  divisor  and  the  quotient. 

As  examples  of  the  reverse  process,  let  a'4-2aJ  +  i'  be  divided  by 
a+b,  and  a'  — 2a5  +  J^by  a—b. 

a+6K+2a6  +  6«(a+6  a-J)a--2a5+6=(a-6 

a^+ab  a^—ab 

~ab->t^b^  -a6+J2 

Thus  the  quotients  are  «+i  and  a—  3,  which  with  the  divisor  and 
dividend  may  be  exhibited  by  the  identical  equations : 

As  another  example  let  a^^b^  be  divided  by  a—  5  and  by  0+^. 

a- J)a'-i2  (a+6  a-\-b)a^--h\a'-b 

a^—al  a*+ab 

+fl5j+*=  -aft-  ft« 

+aft-ft'  -flft-i' 


These  quotients  may  be  exhibited  in  the  same  manner : 

~  =  a+by  and  — -  =  a-'b. 

a — b  a+b 

The  reverse  operations  of  a'— ft'  divided  by  «— ft  and  by  «+ft  re- 
spectively, give  the  following  theorems : — 

If  the  difference  of  the  squares  of  two  numbers  be  divided  by  the 
difference  of  the  numbers,  the  quotient  is  equal  to  their  sum.  And 
if  the  difference  of  the  squares  of  two  numbers  be  divided  by  the  sum 
of  the  numbers,  the  quotient  is  equal  to  their  difference. 

It  will  frequently  be  found  that  the  divisor  is  not  contained  exactly 
in  the  dividend,  and  in  such  cases  there  will  be  a  remainder  after  the 
quotient  has  been  obtained ;  as  a^+b^  is  not  exactly  divisible  by  fl+ft, 
but  gives  the  quotient  a—b  with  a  remainder  2ft*;  but  if  divided  by 
fl  —  ft,  gives  the  quotient  a+b  with  2ft*  as  remainder. 

As  a  further  exemplification  of  the  reverse  process,  let  o'+ft*  be 
divided  by  a+b,  and  ap*— ft'  by  a—  ft : 

a+b)  a»+6'  (a--a6+ft-  a-  ft)  «'-  ft'(a=+aft+*' 

a^+arb  a^  —  a'b 

-a«6+6*  +«-ft-ft' 

—  a^b  —  ah^  +a-b — a¥ 


+a*6+ft»  +aft*-ft» 

+a!'b+l^  +flft'-ft» 
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These  also  may  be  similarlj  denoted : 

^±f  =  a» -«*+»»;  and^::il=a'+«i+«'- 
a+b  a—o 

And  in  the  same  manner,  if  o'+Sa^i+SaJ'+J'  be  divided  by  a+J, 
and  0*-  3a»i+3fl5^-5»  by  a-  J,  it  will  be  found  that  the  quotients  are 
t^-\'2ah+V  and  a^^2ab+h^  respectively,  and  that 

andi:lz5^53f*!z*!.«._2«5+J>. 

tf  — ^ 

The  quotients  arisiug  from  the  following  dividends  and  divisors 
are  important. 

1.  fl"— 3»  is  exactly  divisible  by  a— i  when  the  »  is  any  positive 

integer  odd  or  even. 

2.  «"+i"  is  exactly  divisible  by  a-^-h  when  n  is  an  odd  integer. 

3.  «■— J"  is  exactly  divisible  by  a+3  when  »  is  an  even  integer. 

4.  a*+^"  is  in  no  case  exactly  divisible  hj  a—h,  whether  n  be 

odd  or  even  integer.* 

•  To  shew  that  a»— 6*  is  divisible  by  a— 6,  when  n  is  odd  or  eyen. 
o-Ma"-ft«    /a«-i+a»-»6+o»-»6«-f.  .  .  . 

It  !b  obvious  that  at  each  step  of  the  division,  the  indices  of  the  powers  of  a  in 
the  remainders  are  successively  diminished  by  unity,  and  after  n  steps  there  will  be 
no  power  of  a  in  the  remainder. 

Let  Q  denote  the  quotient  and  R  the  remainder, 

then  a«- J»-(a-6)^+iI, 
and  since  the  remainder  R  does  not  contain  a,  it  will  not  be  altered  on  giving  any 
value  whatever  to  a. 

Let  a-&,  then  5"-6»-((-()Q+i2,  ori^-O, 
that  is,  the  remainder  is  0  after  n  terms  of  the  quotient  have  been  obtained,  whether  n 
be  an  odd  or  even  number,  and  the  quotient  with  the  dividend  and  divisor  may  be 
denoted  thus : — 

?!z:^-a»->+a— «5+a»-»6»+ +a>6"-»+ai»-»+6»-».      (1) 

If  A* 2,  3,  4,  6,  &c.,  any  integral  numbers, 

then  5!:i|!-a  +  &,  f!!z:5! -a« +a&  +  6^  5^1:i?L* -a» +  a'i^ 
a  — 6  a—h  a—b 

fLZi_— a*+a»6+a»6>+a6*+i*,  and  soon. 

where n»8,  6,  7,  9,  11,  &c. 

Al80-2-Z?-(tf»-i-a"-«6+a— «^)«- -a«6»-«+a4«-«-6— »,       (8> 

where  nn  2,  4,  9,  8,  10,  &c. 

But  f!lI±5!-.o— i-f  a— «6+a— V+ +a«>'»-«+aJ"-»+6^*,  (*) 

a— 6 

with  remainder  22^. 
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If  dividends  whose  coefficients  are  rational  of  the  form  a^±:px+qf 
a^±ipx^±.qx±.ri  a^±:p:x^±:q2^±zrx±s,  a^±.pa^±qsi^±:rai^±i8x±ty  &c.,  are^ 
divided  respectively  by  xdta ;  after  two,  three,  four,  five,  &c., 
terms  of  the  quotient  have  been  determined,  the  remainders  will  be' 
found  to  be  of  the  same  form  as  the  dividends  with  a  in  the  place  of  x, 
in  some  cases  with  the  same  signs  as  the  dividend,  in  others  with 
different  signs. 

If  a^+pji^+qx+r  be  divided  by  ar  -  a,* 

The  coefficients  of  the  dividend  are  1,  ^,  q,  r. 

The  coefficients  of  the  quotient  are  1,  a+p,  a'+cp+qf 

And  the  remainder  is  i^+pa^+qa+r. 

This  remainder  is  obviously  the  same  expression  as  the  dividend, 
having  a  in  the  place  of  x. 

Now  if  a  be  actually  substituted  for  x  in  the  dividend,  this  assumes 
that  47  =  a,  or  x—a^'O;  hence,  when  a  is  substituted  for  x  in  the- 
dividend,  the  remainder  will  be  equal  to  0,  and  ai^+pai^+qx+r  will  be 
exactly  divisible  by  x^a. 

When  any  given  expression  with  numerical  coefficients  is  or  is  not 
divisible  by  2r±a,  the  quotient  and  the  remainder  can  be  found  by  sub- 
stituting the  numerical  values  for  the  general  coefficients  of  the 
dividend  and  divisor.f 

*  The  following  is  the  process  of  the  division  exhibited,  and  the  proof  of  it»> 
correctness : — 

x-'a\3fi-\'PX^-\-qx-\'r(x^-{-(a-\'p)x-\'{a*-\'pa-\'q) 

^rfpyx*-{-qx 

(a*4- ap-f  g)g — {a^'\-pa'^+qa) 

g— g 

a^+(a+;?)a:«  +  {ai+pa+q)x 
.  —  aa^—  (a^  +pa)x — (gg  ^pcfi  -f  qa) 

«•  +p3^ + jx— a*  —pa* — qa 
o'+jpg'+yg  +  r 

ai^+ps^+qx  +  r 

t  Is  x»-6aj«  +  lla;-6  divisible  by  x-Z  ? 

The  coefficients  of  divisor  are  1,  —6,  11,  -6. 

The  coefficients  of  quotients  are  1,  —  3,  2. 

The  remainder  is  27  -  54  +  38  -  6 — 0. 

The  expression  aj»-6aj»+llsB-6  is  exactly  divisible  by  «-8,  and  gives  V-SsB  +  i. 
for  the  quotient. 

Is  x»+7a:*  +  9jj+12  divisible  by  a;  +  3  ? 

The  coefficients  of  the  dividend  are  1,  7»  9,  12. 

The  coefficients  of  the  quotient  are  1,  4,  39. 

And  the  remainder  is  3»+7-3«+ 9-8 +  12-129. 

The  expression  aj^  +  7x  +  9aj  +  12  when  divided  by  x+Z  gives  the  quotient 
a;'  +  102*+39,  with  a  remainder  129. 
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Also  the  conditions  may  be  readily  found  when  any  rational  expres- 
sion of  these  forms  is  divisible  by  x+l  and  by  a:— 1. 

If  a^+px^+qx+r  is  divisible  by  x+l,  x+l  must  be  equal  to 
0,  and  or  =  — 1 :  by  substituting  this  value  for  x,  the  dividend  becomes 
^— l)S-^-p(— l)2+y(— l)+r,  which  must  also  be  equal  to  0, 
or  — 1+jp— jr+r==0,  or  p+r  =  q+lf  that  is:  the  expression 
x^+px^+qx+r  is  divisible  by  ^+1,  if  the  sums  of  the  alternate 
coefficients  of  the  dividend  are  equal. 

And  if  a^+px!^+qx+r  is  divisible  by  x— 1,  then  x—l  must  be 
equal  to  0,  and  x=l,  and  substituting  this  value  of  x,  l+p+q+r 
must  be  equal  to  0,  or  the  sum  of  coefficients  of  the  terms  of  the 
dividend  must  be  equal  to  0. 

14.  The  products  and  quotients  of  concrete  quantities  admit  of 
•different  interpretations,  according  to  the  nature  of  the  magnitudes 
denoted  by  the  symbols.  In  their  application  to  geometrical  magni- 
tudes, they  include  lines,  surfaces,  and  volumes,  as  well  as  angles 
and  curves.  The  straight  line  has  one  dimension,  leng^  only ;  the 
surface  has  two  dimensions,  length  and  breadth ;  and  the  volume  has 
three,  length,  breadth,  and  thickness. 

The  wait  of  length  is  arbitrary,  and  may  be  any  straight  line  of 
deiinite  and  known  length. 

The  square  is  the  figure  assumed  as  the  measure  of  surfaces,  and 
the  unit  of  area  is  assumed  to  be  a  square,  any  side  of  which  is  an  unit 
in  length.  The  cube  is  the  figure  assumed  as  the  measure  of  volumes, 
and  the  unit  of  volume  is  a  cube,  any  edge  of  which  is  an  unit  in  length. 

To  find  the  measure  of  any  line,  surface,  and  volume,  is  to  determine 
the  number  of  times  any  length,  surface,  and  volume  contains  the 
unit  of  length,  surface,  and  volume  respectively. 

If  a,  h  denote  the  number  of  lineal  units  in  two  adjacent  sides  of  a 
rectangular  parallelogram  or  rectangle,  and  A  the  number  of  square 
units  in  the  area,  it  may  be  shown  that  A  =  ah* ;  that  is,  the  number 
of  square  units  in  the  area  of  a  rectangle  is  denoted  by  the  product  of 
the  two  numbers  which  express  the  number  of  lineal  imits  in  the  two 
adjacent  sides  of  the  rectangle.     Or,  in  other  words. 

If  a  number  representing  aline  be  multiplied  by  another  represent- 
ing a  line,  the  product  is  a  number  representing  an  area. 

And  since  A^ab,  it  follows  that  ---  =  5,  a  number  denoting  h  lineal 

units. 

Hence.  If  a  number  representing  an  area  be  divided  by  another 
representing  a  line,  the  quotient  is  a  number  representing  a  line. 

•  The  reader  is  referred  for  the  proof  of  the  expressions  ^-> aft,  and  V=^abc, 
to  the  notes  on  the  Second  and  Eleventh  Books  of  the  author's  edition  of  Enclid's 
Elements  of  Geometry,  with  geometrical  exercises  selected  from  the  Cambridge 
Examination  Papers. 
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Again,  if  a,  hf  c  denote  the  number  of  lineal  units  in  the  three  adja- 
cent edges  of  a  rectangular  paraUelopiped,  and  V  denote  the  number 
of  cubic  units  in  the  volume,  it  may  be  shown  that  the  product  of  the 
numbers  a,  i,  and  c  is  a  fcorrect  representation  of  the  number  of  cubic 
units  in  the  volume  of  the  parallelepiped,  and  that  r=  ahc.  Or  in 
words, 

The  number  of  cubic  units  contained  in  the  volume  of  a  rectangular 
parallelopiped,  is  expressed  by  the  number  of  cubic  units  contained  in 
the  product  of  the  numbers  of  lineal  units  in  any  three  adjacent  edges 
of  the  parallelopiped. 

And  since  F=  dbc^  and^  =  dby  then—  =  -,-  =  <?,  a  line  of  c  units. 

A      ah 

Or,  if  a  number  representing  a  volume  be  divided  by  a  number  re- 
presenting an  area,  the  quotient  is  a  number  representing  a  line. 

Next,  V—  ahc  and— =  ah,  an  area  of  ah  square  units. 

Or,  if  a  number  representing  a  volume  be  divided  by  another  re- 
presenting a  line,  the  quotient  will  be  a  number  representing  an  area. 

It  will  also  be  obvious,  that  if  a  nxmiber  representing  a  line,  an  area, 
or  a  volume  be  multiplied  by  any  abstract  number,  the  products  will 
each  be  a  multiple  or  submultiple  of  the  line,  the  area,  or  the  volume 
respectively. 

And  in  the  same  manner,  if  a  line,  an  area,  or  a  volume  be  divided 
by  an  abstract  number,  the  quotient  will  denote  some  part  of  the  line, 
the  area,  or  the  volume  respectively. 

And  if  a  number  representing  a  line  be  divided  by  another  repre- 
senting a  line,  the  quotient  will  indicate  the  number  of  times  the  one 
-contains  the  other,  and  is  therefore  an  abstract  number.  In  the  same 
manner,  a  number  representing  an  area  divided  by  another  represent- 
ing an  area,  as  also  a  number  representing  a  volume  divided  by 
another  representing  a  volume,  will  denote  abstract  numbers  in  the 
quotients. 

In  a  similar  manner  the  products  and  quotients  of  other  concrete 
quantities  may  be  interpreted ;  as,  for  instance,  if  a  body  move  uni- 

formly  over  a  distance  of  s  units  in  t  units  of  time,  then  —  will  denote 

z 

the  distance  which  the  body  has  moved  over  in  one  unit  of  time,  and  is 

defined  to  be  the  velocity  of  the  body.     If  v  be  assumed  to  denote  this 

distance  or  velocity,  then  -  =  i?,  and  8  =  tvj  or,  the  distance  moved  over 

z 

with  an  uniform  velocity,  is   equal  to  the  product  of  the  numbers 
which  denote  the  velocity  and  the  time. 


EXERCISES. 
I. 

1.  What  operation  bears  the  same  relation  to  multiplication  that 
multiplication  bears  to  addition  ? 

2.  Explain  what  is  meant  by  a  reverse  operation  in  Algebra,  and 
give  an  example. 

3.  Explain  the  meaning  of  the  terms  factor  and  dimension  as  applied 
to  Algebraical  expressions.     Give  examples. 

4.  What  is  meant  by  the  rule  of  signs  in  the  multiplication  of 
Algebraical  quantities  ?  State  whether  you  regard  the  rule  as  con- 
ventional or  demonstrative,  giving  your  reason  in  the  former  case,  or 
a  demonstration  in  the  latter. 

5.  Define  the  meaning  of  a";  shew  that  »■.«"  =  «■+",  and  —  =  a" 

a* 

and  explain  the  notations  a',  a'". 

6.  Explain  and  interpret  the  expressions  ah,  and  ahCf  when  a,  b,  e^ 
represent  straight  lines. 

7.  Find  the  products  of  ^ahx  and  Aedy\  mah  and  —nc\  —  12«-ic* 
and  ^ab^d^\  —\2a^h<^  and  — SaJV  respectively. 

8.  Divide  20abcdxy  by  Aedy ;  — mndbc  by  mob ;  — GOo'JVi'  by 
— 12fl'ic»;  +  QGfl'JVi' by —Sfli'rf',  respectively. 

9.  Multiply  9o+2a:  by  3fl;  4a— 8J  by  — 3aJ;  a?'— <7.r+a' by  -op; 
8a'— 4a3— 55*  by — 6a*JV;  max—nay'\'paz  by  axyz\  —a^x^+b*y^—th^ 
by  ir'yV,  respectively. 

10.  Divide 27a'  +  6<M:by 3a; —12o'6+24<jrJ»by  —  3a6;  — (UJ»+aV— 0*4: 
by— or;  18a*JV+24i^i'c'+30a'JVby— 6a-JV;  ma-x^yz—fia^xyh+pa^xyz^ 
by  axyz;  — a^x^yV+bVy^s? — ^j;*yV  by  a?'yV,  respectively. 

11.  Shew  the  truth  of,  and  express  in  words  at  length,  the  identical 
expressions : 

1.  a{a+b)+b{a+b).  2.  fl(a— J)— J(a— J). 

3.  (a+*)»+(a-J)»  =  2(a«+J«).       4.  (a-+J)*-(a-J)*  =  4aJ. 

12.  In  the  first  ten  propositions  of  the  second  book  of  Euclid's 
Elements,  if  ''  the  rectangle  contained  by  two  lines  "  be  exchanged 
for  "  the  product  of  two  numbers,"  and  **  the  square  on  a  line  "  for 
the  square  of  a  number :  "  shew  that  the  propositions  so  changed  are 
true  for  all  numbers  whatever. 

1 3.  In  the  multiplication  and  division  of  Algebraical  polynomials, 
what  preliminary  steps  are  necessary  in  order  to  avoid  confusion  in 
performing  these  operations  ? 

n. 

Find  the  following  products,  and  prove  the  correctness  of  them  by 
reversing  the  operation  in  each  example  : — 

1.  Of  2a;+3y  and  2x+3y ;  2z— 3y  and  2a;+3y  ;  2x^Sy  and  2a:— 3y. 
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2.  Of  i?»+2a:+7  and  x+o  ;  Sx^— 5xy+7y»  and  2a:— 3y. 

3.  Of  a-+aX'\'X^  and  a" — ax+xr, 

4.  Of  8a»— 12«25+18«J'— 27^  and  2a+3*. 

5.  Of  a»— 2ai+2J*  and  a^+2ah+2h\ 

6.  Of  5;r»— 7a:'— 3ar+8  and  7a:»+8. 

7.  Of  a:»+6a:'+243?+60  and  a:*— 6j:2^i2ar— 60. 

8.  Of  a:*— 3flfa:'+2a*a?  and  a:*— 2<m;— 2tf'. 

9.  Of  81a?*+27a:»y+9ar'y»+3ay +y*  and  3ar— y. 

10.  Of  ar*+a:»+a:'+a:+l  and  a:»— a?+l. 

11.  Of  o*— 2a*+3fl«— 2fl+l  and  fl*+2fl»+3««+2a+l. 

12.  Of  1— 5ar+10a:*— 10a;'+5a:*-a?'and  I— 2j:+a?'. 

13.  Of  ar-»— a?-2+4a:-^— 8  and  a:-»+a?-»+4a:-»+8. 

14.  Of  ar-»— a:-V^+^"V— y"'a^d^"^+y"^- 

15.  Of  — 3jp-'^+2ar-V"^  by  — 2a?-5— 3ar-*y"^- 

16.  Of  5a:*y-*— 7ary-»+4ar-V"^— 33?-^+^"*^*  ^7  ^y—xf. 

III. 

Determine  the  following  quotients,  and  Yorify  their  correctness : — 

1.  a:*+10a:»+35a:»+50a:+24byar+4. 

2.  a?*+a:"— 4a:»+5a?— 3  by  a:»+2ar— 3. 

3.  256x*+16a:»y*+y*by  16a:«+4ary+y». 

4.  «*— 32^^  by  a^2h. 

5.  a^—x*y'\'3^y-^3iry^-\-xy*'^i/  by  s^—y^. 

6.  21a^— 2ar*— 70a:'— 23ar'+33a:+27  by  7a:'+4a:— 9. 

7.  SOa^'y'— 6/+25a:y»— 45a:»y«— 41a:*y+20a:^by5a:y5— 3y»— 4a:*y+5aj». 

8.  21a:»y*+26a^y»+68a:y^— 40y»— 56a:»— 18a?*yby5y«— 8a:»— 6xy. 

9.  40fl6*+49a*J»— 65rt«i'— 25tf*6+6a''— 25i*  by  5ai'+3a'— 8a«*— 5i». 

10.  a^+3a:'+9bya:+2. 

11.  a^— 2ar»— 5a:*+20jr"— 25a:«+14ar— 3  by  a:»+2a:— 3. 

12.  x^—x^y^^x'^y^+x^  by  x*^ji^i/'-xy^+y\ 

13.  a:»+^-*+l  by  a:+a:-*  +  l. 

14.  a«j:-5— J-V— 26"'— J'  by  ax'^+b'*x+b. 

15.  2ar*y-*— 5ar*y-*+7a;'y-*— 5a:*4-2ary  by  ar^y'^^x*y-^+xy'K 

IV. 

Find  the  quotients  arising  from  the  division  of : — 

1.  «»— 3a'*+3fl6*— i»  by  fl— 6. 

2.  a:'+(4a5— J*)ar— (a— 25)(a»+3i*)  by  a:— a+25. 

3.  (a:+y)»+3a:y(l— a:— y)— lbya:+y— 1. 

4.  fl»+6»+tf»— 3«Jc  by  a-^-b+c. 

5.  X* — (fl' — b — c)3^''{b-^€)ax'\-be  by  x^^ax+e. 

6.  («»— l)a:»— (a»+a«— 2)r»+(4a'+3«+2)a:— 3(«+l) 
ly  (o— 1)j:»— (fl— l)jc+3. 

7.  (aa:+6y)«+(<iy— 6a:)'+c2a?»+c2y'  by  a:»+y'. 

8.  aV— ay+^y— ^'^  by  ox+fty+ay+Jj:. 
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10.  S{a'+h*)^Sah{a'+b^)+l4a'h^  by  3a^—2ab+h\ 

11.  (12J3— 295c+15c2y+(235=»— 315«(?— 9ic^+15c»):c»+(10J*— 6^(?»> 

by  {3b'-5c)x+2b'. 

12.  a»+5«— fl5(fl-+i'){«5-5(fl2-J2)}  by  a»-5^ 

13.  {a-by—lx-by+{x-a)b'' hy  ax-bx+aF-b\ 

14.  (a»+3a2a:+9flr^  +  27a?*)  x  {^'-3a'x+9ax^''27x^) 
by  tf*-18aV+81^. 

15.  {x^ -a^)b+{a^'-a-)aa+{x'- ay  hy  (a+b){x^a). 

16.  ry+a:yz2-;rV-^y^2+-^2-a:3'+2y*z-2y3'  by  y+z-x. 

17.  icy*+2j;y52+j/*2+y3'-2^^^3-a?z'— yV-  by^y— ^rz+ys. 

18.  {yz-ay-{ca'-f){ab-/)  by  (ic- l)(y3-fl)-(3-iy)(y-c3). 

19.  (aa;+Jy)»+(ar  -  Jy)'+(5a;-ay)»+(«y+Ja?)» 
by  {a+b)V-3abla^-y'). 

V. 

1.  From  the  expression  {a+b){a^b)  =  a^—b\  find  the  difference 
of  the  squares  of  79  and  81,  and  of  118^  and  121f. 

2.  ''To  multiply  two  unequal  numbers.  Take  the  sum  of  the  two 
numbers  and  multiply  half  of  it  into  itself.  From  this  product 
subtract  the  square  of  half  the  difference  of  the  two  numbers " 
{KholoBat-aUHiBab),  Give  the  Algebraic  formula  which  expresses  this 
rule,  and  state  it  in  words  at  length  in  the  simplest  form. 

3.  Subtract  the  product  {x—l)x{x—l)  from  (a?— 2)  x  («— 3),  and 
add  to  the  result  (^—1)  x  (x— 2). 

4.  What  value  of  x  will  make  the  difference  between  {x  4- 1)(«+2) 
and  (a:— l)(j:— 2)  equal  to  54  ? 

5.  Write  the  Algebraical  expressions  for  the  square  of  the  sum  of 
the  cubes  of  a  and  b,  and  the  cube  of  the  sum  of  their  squares,  and 
find  their  product. 

6.  Determine  by  inspection  the  common  factor  in  each  of  the  terms 
of  the  expression  (a:"+e^)*— 2<M?(a:'— a')'+fl*(a:+a)*. 

7.  Multiply  3+'01a:  by  1— a?,  and  shew  that  the  value  of  the  pro- 
duct is  '0009  when  x='\, 

8.  Divide  2091a:"+9-22^+3-694a:— 1-2  by  102.r+4. 

9.  11  a^b^k  be  positive  integers,  ascertain  whether  (tf+^)'— (i+it)* 
is  divisible  by  a— J. 

10.  What  number  must  be  added  to  the  expression  a:*+jr'— 4(x+3) 
that  it  may  be  divisible  by  ar— 6  without  remainder  ? 

11.  If   the  dividend  be  4fl«i«+2(3tf*— 23*)— a*(5a«— 11J«)    and  the 
quotient  be  2(a+J)«+(fl'— J*),  what  is  the  divisor  ? 

12.  Write  at  length  the  forms  of  the  four  products  {mx±:a){nx±:b\ 
and  exemplify  the  use  of  them. 

13.  Shew  that  (1)  fla?»+*^+^^+^  is  divisible  by  «»+^,  if  ad^ac. 

(2)  ax'+bx^'\'C  by  «2  +  js,  if  oc  =  b\ 
(3).«»— 5£.r+4r  by  {x^-ef,  if  f  =  r*. 


29 

14.  Multiply  a+x,  6+y,  c+z  together,  and  deduce  (a;+y)'froin  the 
result. 

VI. 

1.  Find  the  continued  product  of  «+l,  a?+2,  3— a:,  4— a?. 

2.  Find  what  a^+4a^^3x^+2  becomes  when  x  is  changed  into 
ir+5,  and  when  x  is  changed  into  a:— 1. 

3.  Multiply  x+a,  x+h,  x+e,  x+d  together,  and  deduce  from  the 
product  the  coefficient  of  :r  in  the  product  {x+2){x+6){x+  10)(x+14). 

4.  Multiply  :c»+(a:-y)3-3r' by  :r»-(a?+y)5+y«. 

5.  Show  that  the  difference  between  (a:*+2ar+3)(3a:'+2.r+l) 
and  {a^'^2X'\'S){Sx^^2x+l)  is  the  same  as  the  difference  between 
(«»+4ar+l)»  and  {x^—ix+iy. 

6.  Shew  that  (3a?'— 4x+2)'— (2j;'+9a?+3)»  is  divisible  by  j^+x+l 
without  performing  the  operation  of  division. 

7.  By  what  Algebraical  expression  must  a^+y^  be  multiplied  so 
that  the  product  may  be  a:*+a?*y+a;y +«'y'+:ry*+y*  ? 

8.  Multiply  3^ — 9r^y+23a:y' — ISy*  by  a:— 7y  and  divide  the  quotient 
by  X*— 8a?y+7y'. 

9.  Write  the  coefficients  of  a^  and  of  a^  in'  the  product  of 
3a?*— 5«>+7«»— 9a?+ll  and  «*+&»*+ 12a:»—12a?»-6a?+l. 

10.  The  product  of  two  factors  is  (2d?+3y)'+(2y+35?)'  and  one  of 
them  is  2a?+5y+3«;  find  the  other. 

vn. 

Form  the  products  of  the  following  sets  of  factors  without  per- 
forming the  process  of  multiplication. 

1 .  a+b+e  and  a+h — c ;  a—h+c  and  h+c—a ;  a+h+c  and  a+c—h ; 
M+b+c  and  b+c^-a;  a+b—c  and  a  +<?— 6;  a+J— <?  and  b+c—a. 

2.  a+b+o+d  axid  a+b+c—d;  a+b+d--c  smda+d—b+e; 
a+J— c— I?  and  a-^b+e—d;  a- J+(?— rf  and  a+b+c+d; 
b+c+d'-a  and  o+rf— 5— (?;  a+b—c — d  and  J— «+(?— i. 

3.  a^+ab+b^  and  o^^ab+bK 

4.  1— oa?,  1— Ja?,  and  1— ra?. 

vin. 

Besolve  the  following  expressions  into  their  simple  and  quadratic 
factors: — 

1.  (o«+2o)— (c'-2<^). 

2.  a{b+ey+b{a+ey+c{a-^by. 

3.  ab{a+b)+bc{b+e)'\'ea{a+c)-\'2abe. 

4.  a*^y^(^+d'—2{ad+bc). 

5.  4{ab+cdy'^{a^+b^-~(^'-d'y. 

6.  (a?— 5)V+10(ar— 5)a:+24. 

7.  4{ad—boy--{a*+cr'^b'-(^y. 
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9.  (ic— a/— a«. 

10.  (l+y)«-2(l+y)V+(l+y)V. 

11.  (a+l)a:»-(a+i)(a:-y>cy.-(i-l)y\ 

12.  lahc+hed+cad+ahdy^{a+h+e+dyabci. 

IX. 

Perform  the  following  divisions  of — 

1.  {a+h){a+e)^{d+bXd+c)  by  a-^d. 

2.  (^{C'-h)+b\a-^c)  +  c^{h'-a)hj  a—b. 

3.  (or+Jy+cz)-— (Jx+tfy+az)-  by  {a+b)x+(b+e)jf'\-{c+a)s. 

4.  <?'(*+<?)— K«+<?)+<J*(fl+i)+tf3c  by  a— 3+<?. 

5.  a>— J8+a«i«(fl*-.5»)  by  (««— flj+i2)(fl«+flj+j»). 

6.  (^+b^+(!/^'-3ahchj  a+b+c. 

7.  (*+^)'+(<?+«)'+(«+J)»-3(i+c)(tf+o)(fl+i)  by  fl+6+tf. 

8.  (^+b^+(^+cP^S{abc+abd+aed+bed)  by  o+*+c+i?. 

9.  a'(5+<?)  + J'(a— c)  +  <^(«— i)+«J<?  by  a+b+c. 

10.  (J-c)a»+(<j— fl)6»+(fl— J)c«by  (a— f)(J— c). 

11.  fl»(J>-c«)+^(c»-a*)+c'(fl«-5»)  and  (a-J)*+(6^(f)»+(c-o)» 
t)y  (a-6)(J-c)((j-a). 

12.  a*(*+^-ff);+^X^+«-*)'+<^(«+^-0'  by  (a-J)*-2(a+i)c+(j*. 

X. 

Verify  the  truth  of  the  following  equivalent  expressions  : — 

1.  (a+b)cd+{e+d)ab  =  {a+d)bc+{b+c)ad. 

2.  {a^+eP)bc+{b'+e')ad=iae+bd){ab+ed). 

3.  (a«+5«)((^+d«)  =  {ac+bdy+{ad---bey  =  {ae'^bd)^+{ad+bey. 

4.  (o«-5»)(V— (P)  =^  (fltf-W)«— (rwi  -  bey  =  (<w+5(f)*— ((k^+if)*. 

5.  li^  +  b*+<P+d^){x'+y^)=^iax+bify+{bx-ai/y+{ze+di/y 
-f  {dz—cyy. 

6.  (i»'+J*)(t^+t^)(:r»+y») 

=  {(«<?— 6rf)a:+(arf+ J(?)y}'+ {(flc—W)y—(fli+J<?)x}«. 

7.  (a»+ J*+c»+<P)(»»+a:'+y»+z')  =  (ap+i2r+ry+i?2)*+ 

8.  a«(J-(?)+*V-«)+<^(«-*)  =  (fl--J)(6-<?)(c-a). 

9.  fl»(o— /)+J«(c-a)+c»(tf— 6)  =  (fl— J)(J— cX^— a)(tf+6+c). 

10.  fl*(3-0+6*((?-fl)+c*(tf-J) 

11.  tf»(i-.c)+6»(c-.«)+c*(a-*) 

=  (fl-.j)(J_(.)(<?~o){«»+(6+ry+(J«+*<?+c»>+(i+(?)(i*+0}. 

12.  (fl+ J)»-(fl»+^)  =  3ai(a+ J). 

(a+ Jy— (a'+a»)  =  7ii6(a + *)(a» + «^ + *')'. 

13.  (a+J+r)*-(a^+J»+0  =  3(a+5)(J+c)(tf+a). 

«5(a+^)(^+c)(c+a)(o«+ft«+<j*+<i5+<w+k). 
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c7(a+*)(5+0(tf+a){a»+J»+c»+flJ+(W+5<^)*+(a+J+<>)ai.ir}. 

XI. 

Beduce  to  their  simplest  fonns — 

2.  a{a+h+c-d)  +  h{a+h^e+d)+c{a'--h+e+i)+d{''a+h+e'\-d). 
4.  {a+h+e+dy+{a--h-'0+dy+{a'h+o-dy+{a+h'-c^d)\ 

7.  {a''2h){a+2h)  +  {2h^3€){2h+3e)  +  {Se-d)(Sc+d). 

8.  la+h+eXa+h+d)+{a+c+d){h+e+d)^{a+b+c+d)K 

9.  (a*+«0(^+<^)+^*'  +  *'-^"^)- 

11.  4{(a«-*»)«/+((J»-(?)oi}*+{(a»-*')(c>-<^')-4ii*c<i}«. 

12.  (tf«-J«+c>-c?)«+2{(ai-^)'+(5tf+tf<?)*-(«^-W)«}. 

13.  {a+hy  +  {h+ey+{e+dy+{d+ay+(^a+cy+(h+dy. 

14.  (fl-i)»+(a+5)»+3{(a-J)V+^)+(«+*)V-*)}- 

16.  (a+i+<?)»— (o+i— <?)»— (a+c— J)»— (J+tf— o)». 

17.  (a+J+<^+c^)*-(a*+**+^+<^) 

+{a+hy+{h+cy+{c+d)*+{a+dy+{b+d)*+{a+cy. 

18.  (*»c>+a»(?)(6-<?)(a-rf)  +  (^«'+^'<^X^-«)(*-^) 
+(aV+c»(P)(a-J)(i»-rf). 

19.  {a+h+e+dy''{h+e+dy-{a+e+dy-{a-^b+dy'{a+h+(f^)+ 

{h+ey+{a+oy+{a+hy+(^a+d)'+{h+dy+{e+dy--ia'+h'^+d'+d'y 

XII. 

Verify  the  following  expressions : — 

1.  SOab - (9a-  Bh){5a+2h) -  {4h -  3»)(15fl+4J)  =  4«J. 

s:  2a5tf(a  4-^+0- 
»1203<a+5+<;). 

(<^ +*«+ o»—ii>  -  <«i  -  fl^X  J +<?- o)^ +«-*)(«+*""  ^) "  ^^*^(*^ + ^  ■*■ '*^^' 

6.  (a+J-2<?)»+(i+tf-2a)»+(<?+a-2J)» 

-  3(a+ J— 2c)(J+(?— 2aX«+<'— 2i)- 

7.  2(a+*+<?)»-(a+J)«-  (i+tf)*-(i?+fl)»+3a5ej 

8.  8(a+J+c)'-(a+J)*-(J+<^)«-(i?+fl)* 

-  3(2a+ J+0(«+2J+i»)(fl+ J+20. 
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10.  (a- J)»+(J-<?)'+(tf— o)«=  3(a-i)(J-c)(<J-o). 

11.  {(«-.i)»+(i-r)«+((?-fl)«}*  =  2{(a-*)*+(J-cy+((j-a)*}. 

12.  {(a-J)»+(J-(?)«+(c-<»)«}»-54(fl-5)Xi-0V-«)' 
=  2(a+3— 2<?y(i+c— 2a)*(<?+<f— 2J)». 

13.  (a-*)*+(i-ej)*+(tf-fl)*  =  2{(a-J)V-«)'+(«->)'(*-«)' 

15.  a'(J+c)3+J«(^+<j)«+c>(a+J)*+flic(a+J+c) 
+(a'+J«+c*)(J(?+c«+a*)  =  {a+h+c){b+o){o+a){a+h). 

16.  {23<o— J)— (^«+c>— a')(a— c)}»+(o— c)»(J+c— a)(tf+fl— 5) 

17.  a*(J+c)*+i*(a+<j)*+c*(a+ *)*«  2JV(«+i)»(a+c)« 

1 8.  la+h)\b+c)\e+ay+2a''lf'c'~'a\h+cy'---h\c + «)*— <:*(o+6)» 
^2{ab  +  he+cay. 


Shew  the  identity  in  value  of  the  following  sets  of  expressions : — 

1.  (a— J)*+(c— »)(<?— 5),  (J— <?)«+(a— i)(tf— c)  and 

2.  (a+hy+(h+ey+{e+ay~-{a^+b^+e'), 
3(a«+5»+c«)-{(a-5)»+(*-r)«+(c-a)«), 

3.  flc(a— (?)+«K*-"«)+M^-"^)»    a\b^e)+b\c—a)+(^{a^b)t    and 

(a-5)(J-(?)((j-a). 

4.  (a+J+(?)(a3+tftf+5c)— aic,  and  {(i+b){b+e){e+a). 

6.  a(J— cj)»+J(<j— o)»+<a— i)»,  and  {a^b){b^c){c—a){a+b+e). 

6.  a(J+/)«-i.5(tf+a)«+c(a+5)«— (o+J)(5+(j)(c+a),  and 
a(J+<?— fl)»-j.J(c+a— J)«+c?(a+J— c)»+(a+J— (j)(J-J.<?— tf)(<?+a— J). 

7.  J{(a+J— (?)(a+J)+(<?+a— J)(a+c)+(i+c-«)(5+c)}. 
i{(a+3+(?)»+(a+ J— c)»+(fl+o— J)*+(J+(?— tf)«} ,  and 

2{ab+aC'{'b€)^{a+b^c){a+e—b)'—{b+e—a){a-\-b'~c) 
— {a+e — J}(i+c— a). 

8.  {a{a^b)+b{b'-o)+e{e'-'a)}{a+b+e),  and 
i((a+J)3+(J+c)»+(<?+o)«^3(fl+J)(i+c)(i?+o). 

9.  {a^+b^+ii^y+2(be+a€+abys{a^+b^+e^){be+ae+aby, 
(a»— 5<?)»+(J'— flc)»+((j»— fla)»-3(a*— Jtf)(J»-fl<?)((^— flj),  and 
(a»+2J<?)«+(i»+2flc)»+((j*+2fl^)»— 3(a«+2Jtf)(5«+2flc)((j»+2a^), 

10.  \a+b+e){a+b^c){a+c^b)(b+e--a),  4a»J«— {c»— (a^+**)}«, 

and  2a«J'+2aV+2W-a*-5*— <^. 
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XIY. 

Verify  the  following  eqiuTalent  expressions : — 
1.  (l+ir)»(l+y>)-(l+a:>)(l+y)«-2(^-y)(l-;c3^). 

3.  (a-J)(a?-a)(a:-J)  +  (*-0(*-*)(«-<^)+(<?-a)C^-c)(a?-a) 
-(a-A)(J-£5)(c-ff). 

4.  {x+h){x+e)'-{a+h+e){x+h)+a*+ah  +  h'^+Zax 
«(«+a)«-(a-3>. 

5.  (xy — a*)*  +  (ffy  —  hx^ax — cy)  =  ((«f — a^)(itb  -  y')  +  ( J(?  -  a^){xy  —  «•). 

7.  (^+y+«-a:y3)'+(^y+y«+aa:-l)»=  (l+a:)»(l+y>)(l+««). 
8-  «(y+2)'+y(a;+«)'+«(a;+y)*— 4iryx  =  (y+«)(«+a;)(ir+y). 
9.  (l+a3)»(l+yi)»-{(l-a»)(l-yi)+2ary«}* 

«  4(a:+y— «y)(a:y2»+a!ys'+«). 

10.  (djya+^'y — yh+z^xy+{xyz+xy^+yz* — i**)* 

=  («'+y')(y'+2')(2'+^)- 

11.  (^-l)(y«-l)(2«-l)+(«+y2)(y+a»)(3+a:y) 
=  (ary2+l)(a:>+y«+3»+22ryi-l). 

12.  (y*-rx)(33-^y)+(s5-ary)(a:»-y«)+(a:3_y2)(ya_a5«) 

— (x»— ya)*— (y»— ar)»— (a«— ajy)«  =  (>r+y+2)(3a:yE— a:»— y»— s'). 

13.  (i^+y*)(£*+ar'')(y-2)+(8'+y»)(a;»+y')(«-:r) 
+(^+a')(y*+2»)(«-y)=;cXy-8)+y*(«-ar)+a*(:r-y). 

14.  (y-g)«+(8-:c)»+(a:-y)» 

=  5(y —«)(»— ar)(a:—y)  {j?*+y»+«»—ya—M?— ary} . 

15.  (y-«)»+(a-«)»+(^-y)«  =  8(y-i)»(«-ar)«(a?-y)« 
+2(«»+y*+«« -«y- y«-a»)«. 

XV. 

1.  If  A-ax+hy,  and  B=>hx—ay,  shew  that 

a-4'+ J^5+c-5^  =  (0+ J+c)iV+(a'— 2fl<?+62)  Jay +a  V. 

2.  If  A^a^—hCf  B-h^'-ac,    C^t^—ab;   prove  that 
(^»-.5(?)Jc  =  {B'-^A  C)ao  =  ( (P^AJB)ah  =  « Jc(fl+ J+c)(^+^+  C^. 

3.  If  o'+J*+o»  =  ^,  aJ+<w+J(?=-5;  shew  that 
^•^2^—3^^  =  {t^+P+c'-^Zabey. 

4.  Given  «+6+H-^=-^>  a+h-^-e—d^JB,  a— J+^— 1?=  (7, 
fl— J— <?+!?= 2); 

shewthat^5(J[*+J?")  =  CJ)((P+D^),  if  «ft(<i«+J»)  =  ci((j»+(P). 

5.  I£  a+h+e+d^OfA  =  hcd,  B=^eda,  C  =  dab,  JD^ahc;  then  shall 
BC1)+  CBA+BAB+ABC^  0. 

6.  If   fc— ^=^,    ca—^^B,   tfj— /««C,   ef'-ad-^B,  fi—U-^E^ 
de^cf^F\  then  shall 

AD'+BE^+  CF^  =.  ABC^2DFF-^(^Aa+eFJtfFy. 

7.  If  X^or-f  Jy+es,    F«<!sr+iy+£«,  and  Z=6ir+tfy+cg,  prove 
that  (<i^+J»+(j«— 3flJc)(a:»+y>+«»— 3«y«)  =  X»+  r»+^-3XrZ. 
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34 
shew  that  X^+T^+Z^—YZ'-ZX'^XT 

«=(/i'+^+^— ^^— «<?— «i)(^+y'+«'— y«— ^j?— ^). 

9.  If  the  six  equivalents,  atmgXf  3*«yF>  c^zZ,  2A  =  yZ+%T, 
*2B=^%X+xZ,  2C^xT+ffX,  be  Bimulta&eouslj  true,  then  shall 
€A*+bB*+e(P::z  2ABC+abe. 

XVI. 

If  2t^a+h+e,  2«r»-a«+J«+(*,and  2*^=^a'+P+<^;  shew  the  truth 
of  the  following  equivalents : — 

1.  ^+(,_a)»+(«-i)»+(«-tf)*  =  2^. 

2.  («— o)»+(,— J)»+(,— (.)»+3<i*<?  =  «». 

3.  (»— o)(«—6)(«—<?)  =  «■—*•■— «3c. 

4.  lb+cXs—a)+a{s—h){s^e)^2hca 
«=  ((J+o)«(*—J)+J(«— <?)(*— a)— 2c«« 

-  (tf+J>(«— (?)+c(«— a)(«— i)— 2ai«. 

6.  {(,-a)(,-5)(,-,)}«+{,(,-3)(,-,)}«+ /,(,-,)(,-«)}! 

7.  (<r*-a«)(<r»-^)+(<ri-3J)(tr«-(j»)+(«r»-a«)(<r«-o«) 

«=  4*(«— a)(*— J)(«— c). 

8.  («— o)(«— 6)-J.(«— 3)(«— c)+(«— c)(«— fl)  =  *•— ^. 

xvn. 

1.  If  bz—etf^p,  «p— aE«3',  ay— -fcr  —  r;  then  ap+bq+er^O. 

2.  If  a— y+i— 2d?,  b^t+x—2y,  tf»a?+y— 2«;  find  the  value  of 
V+(^+2be — a*  in  terms  of  x,  y,  «. 

3.  If  Sx='—p+2q+2r,  3y==2p^q+2r,Ss^2p+2q^r;  shew  that 
^'+y*+«'=j9'+^+f^,  9Jid  xy+ffs+xz^pq+pr+qr. 

4.  If  j>  =  h+c+d—a,  q  «  a+0+1?— i,  r  =  a+b+d^e,  b  =  a+5+c— (?; 
chew  that  />(^+i^+P*)+K*+y«+''«)  =  4(iii+a«+fld+5c+W+c<?). 

5.  If  («-yy  =  c«,  (y-«y-<i^,  (a:-8)y«=J*, 

{j:— y)(y— 1)(«— «)  =»  3a*£?,  then  shall  <i*-J-5'+^— 3ii3c  =  0. 

6.  If  2aBd;+s,  25  =  s-|-a;,  20  =  a;+y,  find  the  value  of  the  expres- 
sion tf*+5*+<?*— 2JV— 2o*a'— 2o*i*  in  terms  of  a:,  y,  «,  and  express 
(*+y+«)(«y+«»+y«)— *y2  in  the  form  of  factors  involving  0,  5,  c. 

7.  y>+a»+m(y+i)  =  «'+«■+«(«+«)  -j:»+y'+m(«+y),  «,  y,  s  being 
unequal,  {hen  each  expression  is  equal  to  2^ys. 

8.  If  a'sy^-8,  i'ax+if  c'^y+ap,  and  2«  =  a-J-3+c,  shew  that 
#(«— a)(«— J)(«— c)  =  4(iry+aa+yz). 

9.  Shew  that  (o+J+<?— rf)(o+3+(f— <>)(<i+<j+i?— i)(*+tf+i?— «) 

-  16(«—fl)(«—6)(«— (?)(«— rf)  ;  if  2«  =  a+a+c+<£. 

10.  If  «+a+tf-3#,  shew  that  («— a)*+(f— ^)*+(«— 0* 
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11.  Tlx+iftrnp  and  ^y-y,  find  x*+y\  aj'+y*,  «*+y*,  &c.,  in  tenni 
of  p  and  q. 

12.  If  a*+A«  =  <j*,  the  product  (a+3-|-c)(a+J— <>)(«+ c—J)(*+tf— a) 
is  equiyalent  to  4a'^. 

13.  If  «•— y»=»a,  y*— aa  =  i,  and  «'— ry  =  (^ ;  then  shall 
«*+/+«*— 3«y«  =  aa?+5y+«j. 

xvin. 

1.  If  a?(  1 +y)  =  1  and y(l +«)=«,  then  — i=l+ar+2j:5+4«»+ .... 

2.  If  ay+hx^a,  Jy— ap  =  J,  thenaj*+y  -1. 
8.  If  x^ff  =  z{x+f/^%)\  then  shall  («—»)' =.y2. 

4.  If  ar+y+s— a^yz  =  2,  then  shall  (1— ir)«  =  (l— ay)(l— as). 

5.  If  h(hx^+a^)  =  a{ay^+hh),  then  shall  hx+ay^^ah,  and  ay  =  hx, 

6.  If  (fl+^— <J— d)ar  =  (?(^— <»6,  then  (a+a:)(5+a:)  =  (c+a:)((/+a?). 

7.  If  «p+6y=l,  thentfJ(^+y*)+(a*+J»)ay+(fl— J)(a?— y)  =  l. 

8.  If   (a'— ^<?)a?+(i*— tffl)y+(c'— fl^)«  =  0    and    a?+y+2  =  0,    prove 
that  aa?+iy4-{»  »  0. 

9.  If  (a+^<?)«(l-o»)  =  (i+(w)«(l-i»),  then  a'+3«+c»+2a*tf-l. 

10.  If  «*+y»  =  8*,  prove  that  (a:»+2»)y+(r»— y')V  =  (y»+2«)V. 

11.  Ka+J+tf  =  0,  then  6(a»+^+c»)  =  5((i»+ J»+c»)(a»+5«+(j*), 
-*(«'+i'+e^)  =  7(tf*+5*+c*>J<?,  and  («»+ft«+c»)»  =  27a»W. 

12.  If<M:«+6V— ^  =  0,  ay»+6*ar— c»-Oandir+y— tf  =  0,  then*'«<k?. 

13.  If  (2a— 3y)y  =  (a— a:)»  and  (2fl— 3£>  =  («— y)»,  then  shall 
^^y-V^^a  and  (2a— 3ar)ar  =  (y— 2)*. 

14.  If  a+3+0  =  0,  and  a  (iy +«— or)  =  5(«-J-eM; — hy)  =  tf(aa:+ Jy— cz), 
then  will  a?+y +s  =  0. 

15.  If  (Jy— «p)«  =  (i«— flc)(y>— (jz),  then  shall 
(^j?-ay)«  =  \l^^ae){3?^a%), 

16.  If  a+5+(?+i«0,  then  shall  fl*+J*+c*+ce*+4fl6(?(l 
=  2{(ii3— <?i^«+(flw— Jrf)«+(«i+J(?)«}. 

17.  If  (y»— a?)'+(sa?— y)*+«y— z)*  =  (y«— a;)(M?— y)(xy— «)+4,  then 
«'+y'+«*  =  «y»+4 ;  and  conversel}'. 

XIX. 

1.  If  a  be  greater  than  &,  a*— &"  is  greater  than  fi3"~*(a— i)  bat  less 
than  «a»-»(a— i). 

2.  Write  the  joth  term  of  the  quotient  of  a"" --6""  when  divided 
by  <r— J". 

8.  Shew  that  o^— a"  is  divisible  by  fl+1,  when  «— n  is  even ;  a" -J-*" 
is  divisible  by  a+1  when  m—n  is  odd;  and  that  tT-^a*  is  divisible  by 
•n— 1  when  m— »  is  even  or  odd. 

4.  Prove  that  «■"— 1  is  always  divisible  by  a"— 1  and  by  «*— 1 ; 
«nd  write  the  middle  terms  of  the  quotients  when  m  is  odd,  and  when 
M  is  even. 

5.  Determine  the  number  of  factors  by  which  af^^  1  is  divisible. 
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when  m,  n,  p  are  each  odd  and  eTen  nnmbers ;  and  state  the  number 
of  terms  in  each  quotient. 

6.  Shew  that  2«=  l+(l+2)(l+2«)(l+2*Xl+2«)(l+2-«)(l+2*). 

7.  Shew  that  a:"— na— ^ar+(n— l)o"  is  divisible  by  (a:— a)*,  without 
performing  the  operation ;  and  write  the  exact  quotient  of  «*— 5a*a?+4a' 
divided  by  («— a)'. 

8.  Ptove  that  (fl-»-J-')(rf--J-)(flr+i-J"+0  "  divisible 
by  (fl-a)(a»-6*)(a»-i»). 


1.  Shew  by  means  of  division  if  «*+tfxy+y'+5a?+cy  is  resolvable 
into  two  rational  fjEustors,  that  abc  =  h^+<^. 

2.  Write  the  coefficient  of  ;c*  in  the  product  of  «*— «'+a  V— fl^«+tf*, 
a^+flx+i^  and  «•—<»+«'• 

3.  How  many  factors  of  the  form  x+a,  and  of  the  form  x-^h,  are 
contained  in  the  product  r^— lla?*+33a;»— ll;c'— 154a?+120? 

4.  Divide  a^+pa^+px+l  and  a^+pai^+qa^+qx^+px+l  by  x+l 
respectively^  employing  any  artifice  to  save  the  trouble  of  formal 
division. 

5.  What  is  the  criterion  by  which  it  is  known  that  an  Algebraical 
polynomial  with  integral  coefficients,  and  arranged  according  to 
descending  powers  of  a?,  is  divisible  (1)  by  a?+l  and  (2)  by  a?— 1  ? 
Shew  that  ar^+3a:*— «*—«'— 2  is  divisible  both  by  x+l  and  by  x — 1, 
and  write  the  quotient. 

6.  Shew  that  x^^pa^+qa^-^rx+s  is  exactly  divisible  by  «— a, 
if  <^—pa^+qa^—ra+s  =  0. 

7.  Divide  «•— /M?*+g'«'— ra:*+«a?— ^  by  x-^a  as  far  as  five  terms  of 
the  quotient,  and  prove  the  correctness  of  the  quotient  by  multiplying 
the  divisor  and  quotient  together  and  adding  the  remainder. 

Also  write  the  quotient  and  remainder,  (if  any) 
when  a:»— 8a:*+12a:»— 18ir»+20ar— 30  is  divided  by  a:— 4. 

8.  Shew  when  a^+aiX'\'a^+a^+  .  .  •  .  +«,«*,  can  be  divided 
by  l±x. 

9.  If  s^+Pi3f^^+p^if^+  ....  +pn,  be  divisible  by  a:— «,  with- 
out remainder,  shew  that  tf"+i^ia""'+pja"--'+  ....  +/?«  is  equal  to 
zero. 

10.  If  Ti,  r,,  r,  .  •  •  .  r.  be  the  successive  remainders  when 
**+f  i*^'+/^2^"'+  .  •  .  .  +Pu  is  divided  by  x+a,  n  times  in  succes- 
sion ;  then  shall  3f+pyX^^+p^xf^-^+  ....  +p^ 

=  (^+»r+r.(a?+«)->+r^,(a:+o)-«+    .    .    .    +r,, 

Ex.  «»+6a^+ftc*+5aj«-hl  =  (««+2)*— 3(aj*+2)«+9(a^-h2)— 9. 

11.  If  there  be  a  series  of  factors  x+y,  x+y—1,  ir+y— 2,  &c., 
and  if  the  second  factor  be  written  in  the  forms  (ar— l)-f-y  and 
^+(y— l)i  then  the  product  of  the  first  two  factors  will  take  the  form  of 

x(a:— l)+2ay+y(y— 1). 
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If  the  third  factor  be  written  in  the  forms  (a:— 2)+y,  («— l)+(y— 1), 
and  07+ (y— 2) ;  then  the  product  of  the  first  three  factors  takes  the 
form  of 

Generalise  this  property. 

XXI. 

1.  If  a,  6,  c  be  in  order  of  magnitude,  ascertain  when  ah+ae+bc  is 
greater  or  less  than  each  of  the  quantities  a{a'\'b+c),  i^(a-f  ^+^)  or 
c{a+b+c). 

2.  If  a+b+e  =  0  and  x+y+z  «  0,  then  ahtf+b^xz+c^xy  will  always 
be  a  positive  quantity. 

3.  If  a,  b,  a  he  three  unequal  positiye  numl>€nr8  in  order  of  magni- 
tude, and  X,  y,  z  other  three ;  it  is  impossible  that  ay^bx,  bt—ey,  and 
cx—az  can  be  aU  positive. 

4.  Shew  that  a*+h^  is  greater  than  2ab,  and  («+&)'  than  4ab. 
6.  Is  ab+ac+be  greater  or  less  than  a^+b^+e^  ? 

6.  Shew  that  (tf+J-c)»+(«+<^-6)*+(i+<j-a)«>  ab+ae+bc. 

7.  Ji  a,  b,  e  and  a*J+fl6»+a*ff+fl(j*+M<>+^<j»— a»— J«— <?>— 2aJ<?  be 
positive,  then  shall  b+e  >  a,  a+b  >  e  and  b+e  >  a, 

8.  If  a  >  6,  then  (a«+57>2aJ(aj«-a6+J»). 

9.  li  a>b  and  b>e,  then  (a+b+e){ab+ac+be)>9abe 
and  {a+b)(b+e){c+a)  >  Scibo. 

IQ.  Shew  that  abe  is  greater  than  (a+ J— «)(«+<?— i)(tf+3— a). 

1 1 .  Shew  that  a'+3»  >  a^+ab^  and  o'+i'  >  <i^b^+a^b^ ;  and  generally 
that  <r+"+J-+">  «"J*+a"J". 

12.  l8a»+a*6»+fl'i*+J"  always  greater  than  (a»+ J*)' ? 

13.  Shew  that  «»+i»+c»>3a3<?,  and  a*+b*+fi^>abe{a+b+e). 

14.  l8(a^+y*)(a«+J«)>(a«+iy)»? 

15.  Which  is  the  greater  {x+a)\x*+b^)  or  (a?+ J)'(«»+fl*)  ? 

16.  If  a:*  =  a^+b\  y*  =  (^+d^,  then  ay  >  ac+bd  unless  ad»bc; 
and  ay  > ad+be,  unless  ae^bd. 

17.  Shew  that  (fl'-|-i*+c')(a:'+y'+8*)  is  greater  than  (<W!J+6y-J-c»)*. 

18.  Shew  that  (a?+y+8)»>27ary8. 

19.  Shew  that  (1)  (a?+y— s)«+(a?+«— y)«+(y+8— ar)«>«»+y'+g«. 

(2)  a:'+y»+«'>i{a?«(y+«)+y«<a?+8)+»«(a?+y)}. 

(3)  (^+y-«)»+(^+«-y)»+(y+8-ar)»  > a:»+y>+at. 

20.  If  a;,  y,  8  be  real  quantities  in  order  of  magnitude,  then  shall 

(1)  «*(y— 8)+y'(8— a?)+8'(a?— y)  be  positive. 

(2)  (y— z)(8— a;)+(8— a:)(s— y)+(a:— y)(y— 8)  be  negative, 

(3)  a;»(a:— y)(ar-^8)-hy"(y— 8)(y— a;)+s*(8r-a?)(8— y)  be  positive. 


EESTJLTS,  HINTS,  ETC.,  FOE  THE  EXERCISES 
ON  ADDITION  AND  SUBTRACTION. 

I. 

1.  See  Section  I.,  p.  12.     2.  Section  II.,  pp.  1,  4,  5.     8.  Section  II.,  p.  2,  fte. 

4.  Section  1.,  pp.  5-8.    5.  Section  II.,  p.  10.    6.  Section  II.,  p.  SO,  &c.    7.  SectioB 
I.,  pp.  7,  23.    Section  II.,  p.  22.    8.  Section  II.,  p.  28,  Ac.,  Section  III.,  p.  8,  fta 

II. 

1.  See  Section  lY.,  Art  8,  p.  2  :  Art.  9,  p.  10  :  and  Art  7,  p.  6. 

2.  Two  nnmbers  are  equal  when  each  of  them  consists  of  the  same  number  of 
units.  When  geometrical  magnitndes  are  equal,  see  School  Euclid,  Notes  on  th« 
Axioms,  p.  46. 

8.  The  sum  is  +120  ;  the  difference  +7a. 

4.  The  sum  is  —12a ;  the  difference  —7a. 

5.  The  sum  is  +2a ;  the  difference  -f  7a. 

6.  The  sum  is  +2a ;  the  difference  +22i 

8.  See  Section  IV.,  Art  9,  p.  17. 

9.  8.  10.  2(m+»+i>). 

11.  2ma  the  sum  ;  2na  the  difference. 

12.  See  Section  IV.,  Art.  7,  p.  6. 

III. 

1.  8a+26+c.  2.  -a+2ft-fc  8.  a-c  4.  — 2a+«.  6.  a— c  6.  b+d.  7.  6— (f.. 
8.  a+6+c-d.    9.  5(a+6)-16(c-d).     10.  -2(a+c-rf).     11.  96.     12.  10a-2c. 

IV, 

1.  202.    2.  6a+5+18c    8.  2a-2i+y.     4.  (c+2(-a>e+2fty. 

5.  2&C    6.  {(a+6-c)x+(6+c-o)y+(a+c-6)«}. 

V. 

1.  Sx-y.      2.  -2(x-y— •).     8.  — (»+y+«).      4.  x-6y.     5.  532-2*^-^ 

6.  8«+7y+llc 

VL 

1.  Here  a>  5  and  i>e.'.a>c.  Hence  a— e>0,  i-oO,  a-c>0.*.a— e^ 
b—c,  a— e  are  positive ;  and  c  -  a,  c  -  &,  &  -  a  are  negative. 

2.  See  Section  lY.,  Art  6.    8.  +(a-8&+8c)  and  -  (Zb-a-3c). 

4.  llie  sums  and  differences  are +a- a,  +a+i,  +a— ^  -a+b,  -a— (,  +6~ft. 

5.  The  aggregates  are, -fa +i+6,  -a-d-c^  -^-a-b-c,  +6-a-c,  -^e-a-bp, 
a+d— «^  a-^e^b,  b-\-e-a, 

6.  It  x,y  denote  the  two  quantities,  the  quotient  is  :; ^ ^, 

(«+y)(«-y) 

7.  X*  +  820*  -  8202 "  1024.    8.  The  aggregate  is  0. 
9.  (a«-«ft-J«)«+(a«+aft+6«)y+(>«-o6-o«)«. 

10.  («i+a,+o,-04)aj+(ai+a,  +  04-aJy+(a,+o,+a4-a,)«. 

11.  See  Section  lY.,  Art  8,  p.  2 ;  Art  9,  p.  9 
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VII. 

1.  The  sum  i8  2(a+5+c),  and  since  Sa»5,  66-5, 126«-5;  a»},  &»{,  e— VV»^^® 
▼alue  is  5). 

2.  Apply  Axiom  1. 

3.  The  simplest  form  is  9a;— 14,  and  the  least  integnd  value  of  x,  which  renders 
the  result  negative,  is  unity. 

4.  Sum  7x+5y+6zi  difference  ix^2y~5z;  sum  of  results  llx  +  3y + 2,  and  the 
value  is  1410, 

5.  The  sum  is  Sx+lZy+dz ;  the  value  is  0*3O&b. 

6.  The  sum  is  9{x+y+z),  and  the  value  9*99. 

8.  The  values  are  '684192  and  '583808. 

9.  -a;»+8a;«y+7a!y«  +  7y». 

10.  j««-(5'+a)a;»+(r-6)aj*— (j+c)a;»  +  (<-(i)a;«-(t>+c)x, 
^.  See  Section  lY.,  Art.  7,  p.  6.    Note. 


BESULTS,  HINTS,  ETC.,  EOE  THE  EXERCISES  ON 
MULTIPLICATION  AND  DIVISION. 

I. 

2.  See  Section  IV.,  Art  7,  p.  7. 

3.  See  Section  IV.,  Art  8,  p.  4  ;  Art.  5,  p.  5. 

4.  See  Section  IV.,  Art  9,  p.  9 ;  Art  10,  pp.  14,  16L 
6.  See  Section  IV.,  Art  12,  pp.  15,  16. 

6.  See  Section  IV.,  Art.  14,  pp.  24,  25. 

7.  20abcdxy:  -mnabc:   -60a*b*c*d*  :  +96a»6»c«(i'. 

8.  Sate:  -nc:  5a*«d»  :   -12a«Jc». 

9.  27a«  +  6aa;:  -12a«6+24a&«  :   -ax* +a^x* -a*x: 

-  lSa*bH^  +  24a*6»c«  +  30a'6*c«  :  ma^x^yz  -  na^xy^z  -{-pa^xyz^  i 

-  a^x*y*z^  +  b^x^y*z*  -  c'x'y'z*. 

10.  9a+2z :  4a+86:  «'-aa;+a«:  8a*-4a5-66':  max —nay •{■pas: 

11.  See  Section  IV.,  Art  12.,  pp.  17,  18. 

12.  See  Notes  on  Euclid  II.,  I-IO,  of  the  Editor's  Edition  of  Euclid's  Elements. 

13.  See  Section  X.,  Art  13,  p.  20. 

XL 

The  following  are  the  products  : — 

1.  4a:«  +  12{ByH-9y«  :  4a:«-9y«  :  4a:' -12«y+9y*. 

2.  a;»+7a;«  +  17x  +  35:  8x»-19a!«y+29xy«-21y». 
8.  a*+a*x*+x*.    4.  16a* -816*.    6.  a*H-45*. 

«.  35a;«-49y*  +  19ai»-24aj+«4.     7.  «• -12x* -576x«-8600. 

8.  aj«-6aa;«+6a«»*+6a»aj»— 4a*a5'— 4a*{B. 

9.  243aj»-y».    10.  »•+«♦+«»+««  + 1. 

11.  a«  +  2a«  +  3a*+2a«+l.     12.     l-7j;  +  21a;«-85a;«  +  40x*-21«'»+7««-«'. 
18.  ar-«H-7iB-*-64.     14.  ar-*-jr*.     15.  6aj-»<>  +  6aj-»y-»-6r-»y-«. 
16.  6a:«y-«-12aj*jr«  +  llaj«-7y»+4aj-V-«"V. 
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IIL 

The  quotients  are^ 

1.  «»+«x«  +  llaj+«.     2.  aj«-»+l.    8.  lda!«-4«y+y». 

4.  a*+2a»6+4a«6«+8a6»  +  16M.     6.  a;«-a5y+y«. 

(J.  8aj«-2a!«-5a5-3.    7.  4a:«-6«y+2y*. 

8.  7«»-8x«y+4av»-8y«.     9.  2a«-8ad+56«. 

10.  «•  -  2a!*  +  ix*  —  5x' +10x— 20,  and  remainder  +  49. 

11.  «*-4a5*+«a5«-4a5+l.     12.  x»+a5«y+a:y«+y». 

18.  «-l+a:->.     14.  aaj-»-6-6-«x.     16.  2a:«-3xy+2,'. 

IV. 

The  quotients  are— 

1.  a«-2a6+6«.    2.  «»  -  (a  -  26)aj  +  (a»  +  8J«).     8.  (a:+y)»  +  (aj+y)-3a^+l. 

4.  a«+J«+c«-a5-ac-6c.     6.  x>+aa:+6.     6.  (a«+a  +  l)jc-(a+l). 

7.  a«+ft«+c«.    8.  (a-6)aj-(a-6)y.     9.  a;«+y«+a«+i.     lo.  a«-2a6+S6«. 

11.  (4*-8c)a:«  +  (66«-3c«)aj.     12.  a*-5a«6+5a6»-6*.    13.  ««-(a+6)a;+o6. 
14.  a«— 9aj*.     15.  x^+xa-^-a*. 

1 6.  Arrange  the  dividend  in  ascending  powers  of  x,  making  (y +z)  -  x  the  divisor ; 
perform  the  division  and  verify  the  result.     The  quotient  is — 

2(y -s)y2+x(y«  -  ««)+x'(y  -  2). 

17.  Proceed  as  in  the  last  example. 

18.  a.    19.  2(a+5)x. 

V. 

1.  81*-79«-(81+79)(81-79)=160x2-320. 
(121f)«  -  (118i)«  -(121H-i)(12H  ~  118J)- 122x3^-427. 

2.  {i(a+ft)}'— {i(*~*)}''"^-    The  product  of  any  two  numben  is  equal  to 
the  square  of  half  their  difference  subtracted  from  the  square  of  half  their  sum. 

3.  x«+l.     4.  x-9. 

5.  (a»+a»)9(a«+ft')»-a"+8a»o6«+2o«J«+3a"6*+6a-6»+2a«6«+6a»6T 
+8a*6«+2a«6«+8a«6>o+6i«. 

6.  (x+a)«.    8.  2-05x»+x--8.     9.  (a«+aJ+6*)+8i-(a+6)+3i». 
10.   -216.     11.  2a»-3a6+46«. 

12.  {mx-^a){nx-^b)=m7iz^'{-{mb-^nay»'\-ab 
(mx  -  a){nx  -  ft) —mnx^  -  {mb-^na)x-{-ab 
(mx+a)(««— J)  ■"  WW!' +  (m6  -  na)x— oft 

{mx  -  a)(fix+6)  •  wi««'  —  (mi  -  ««)»  -  ob» 
As  an  example,  take  (8x±  5)(5x±  3). 

13.  (1)  The  quotient  is  ax-^-b,  the  remainder  (c-ah^)a-h(d'-b*),  of  which  each 

part  must  be  equal  to  zero  ;  or  c-  oi^—O,  and  d-b*  —0,  whence  d'^b* 

and  e^eb^  and  ad^bc 
(2)  The  quotient  is  ox'— a£x+di  and  the  remainder  (aft*~&^)x+((;— &*);  of 

which  each  part  must  vaniBh  ;  or  cLb*—b^  —0,  c— 6*  —O,  whence  6*  —e,  and 

oc— 6*»»0,  or6*— oc 
(8)  After  the   quotient   x*+2ex*+3c*x+4€*    is    found,   the  remainder  is 

—  5(g— c*)x+4(r-c"),    which    must  be   equal  to  0,  and  consequently 

y — c*  "0  and  r^c*  —O 

.•.c*—^  andc*— r,  .•.c'o—y*  and  c'^—r'  .*.  g*»r*. 

14.  In  the  product  make  such  substitutions  as  will  make  each  of  the  three  factors^ 
identical  to  x-fy. 
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VL 

1.  aj*-4a;«-9a:»+13aj+18. 

2.  a;»+26aj*H-254««+1807a:"  +8475-C+3552, 
and  a;»-5x*+14a;*-25jc«  +  23a;-6. 

3.  The  product  is  a;*+(a+6+c+^a;»  +  (a*+««+fld+&c+W+crf)x« 
'^{abe-^(M+acd+bed)x+dbcd, 

The  coefficient  of  x  in  the  required  product  is 
2.6.10+2.6.14  +  2.10.14+6.10.14=1408. 

4.  -4x*y(x-y). 

5.  The  differences  are  each  16a<x«  +1). 

6.  By  aid  of  a«-6'«(a+&)(a-6)  ;  the  dividend  is  equal  to 
6(x«+x+l)(x«-13x-l). 

7.  x»+xy+y^     8.  z^-Qxy-Uy^. 

9.  The  coefficient  of  x»  is  +198,  and  of  x«  is  +83. 

10.  4x«  +  8xy+4y»-6«+8y»+0«'.  ,  .     r..  . ,    .  ilx 

This  may  be  found  by  inspection  with  the  aid  of  the  quotient  (a*  +6»)-r(a+6). 

VII. 

The  products  under  1, 2,  8  may  be  inferred  from  the  form  {a  +  h){a  -  6) =a«  -  J«. 

1.  aa+6«-c«+2a6;  c«-a»-6'  +  2aft  ;  a«+c« -J«  +  2ac;  6«+c>-a«  +  2ftc  ; 

a«-J«-c«  +  26c;  6«-a«-c"  +  2flc 

2.  oa+6a+c«-<i«  +  2a5+2ac  +  2e»c;  a«+i«-ft« -c«+2ad+2ftc; 
a«+<i'-ft«-c«-2ad+2ftc;  a«+c« -6'-d«  +  2ac-26rf; 
rfi^a«-6«-c«+2a6+2<w-26c;  b^  +d^  -a^  -c^  -2bd-2ae. 

3.  a*+a«&«  +  6*.    4.  l-(a+ft  +  c)x+{a6+a<j+6c)x«-a6c»*, 

VIII. 

1.  (a-c)(a+c-2).    2.  {a-\-b){b+c){c-¥a).    8.  (a+6)(&+c)((j+a). 

4.  (a+6+c-d)(a-ft-c-d). 

5.  {a  +  b+c-d){a-\-b-\-d-c){C'\-d+a-b){e+d  +  b-a), 

6.  {x+l)(x-2)(x-3)(x-4}. 

7.  {a+b+c+d){a+d-b'-c)(b+c-'a-'d){b-C'-a-\-d), 

8.  (x+o)(x+6)(x«-aa;+a«).     9.  a;(x-2a)(a;' -aa;+a«)(x« -3aa;+8a>). 

10.  (l+y)«(l-«)'(l+a:)^      11.   {(a+l)x-(6-l)y}(«'-xy  +  y«). 

12.  {abe-\-bcd+cad-i-abd)^^{ac{b-¥d)  +  bd{a+c)y 

-a»c«(6+rf)"  +  2adai(6+rf)(a+c)  +  6«d«(a+c)S 

and  /{6+rf)  +  (a+c)}«a*cd»aftcrf(6+<i)«+2a6ai(6+d)(a+c)+a6cd(a+c)», 

.•.(aJc  +  ftcd+ccki  +  aM)«-(a+6+c+rf)«a6ai 
m,ac{b+d)Hac-bd)''bd{a+c)^(ae-bd)={ac-bd){ae{b+d)^-bd{ai-c)^] 

— (ac  -  6i)(a6  -  cd){bc  -  (k£). 

IX. 

1.  (a+6)(a+c)-a'  +  (&+c)a+&c 
(<i+6)((i+c)=<f«  +  (6+c>i+&(j 

.'.  (a+6)(a+c)-(d  +  6)(d+c)  =  (a«  'd^)  +  {b+c)[a-d),  which  is  divisible  by  a-cf. 

2.  The  dividend  can  be  arranged  tiius  :  e{a^  -  6«)  -  ab{a  -  6) — c»{a  -  6)  which  is 
obviously  divisible  by  a— 6. 

3.  The  dividend  is  the  difference  of  two  squares,  which  may  be  expressed  as 
the  product  of  the  sum  and  difference  of  the  quantities.    The  quotient  is 

(«— 6)* + (6  -  c)y + (c  -  a)z. 


42 

4.  By  adding  o^-  ate  to  the  dividend,  it  becomes  by  arrangement  of  the  terms 
db(a-b+c)+ac{a-b-\-e)  +  bc{a-b-\-e)  which  is  obvionaly  divisible  by  a-ft+c. 
6.  The  dividend  is  (a*  - b*){a*  +a«d«  +6*)  and  the  divisor  is  a* +c«6«  +b*. 

6.  Theqnotient  is  a«+ 6*+ c*-a6-ac -6c 

Deduce  from  this  quotient,  the  three  quotients  (1)  when  —a  is  written  for  +a» 
(2)  -  b  for  +b,  and  (3)  -  c  for  +0  :  and  shew  that  the  sum  of  the  four  quotients  is 
4(a«  +  6«+c»). 

7.  The  dividend  when  reduced  is  2(a*  +  &*  +  c*  -  Sate). 

8.  o"  +  6«+c«+d«-aJ-ac-ad-te-W-crf. 

9.  By  a  like  artifice  as  in  4,  it  is  shewn  the  quotient  is  oft  -  te+oe. 

10.  The  quotient  is  (a — 5)(a  +  5 + c). 

11.  The  first  dividend  involves  the  factor  b^c  which  is  common  to  the  divisor; 
which  may  be  removed,  and  the  quotient  is  —{ab  +  ac+bc). 

The  second  dividend,  when  the  terms  are  expanded,  will  be  found  to  contain  the 
same  factor  as  one  of  the  factors  of  the  divisor.  This  common  factor  being  removed^ 
the  quotient  is  6  {a' -  (6  +  c)a + (6«  —  te + c« ) } . 

12.  -c»  +  (a+6)c«  +  (a»-4a6+6«)c-(a  +  6)(a-ft)«. 


3.  See  Diophantus  III.  22. 

The  four  following  formulie  are  extensions  of  3  i-^ 

XI. 

1.  (6+o)(ft+c)«&«  +  (o  +  c)6+ac 
(<i + c)((i + o)  -  <f «  +  (a + c)rf + oc 

.\{6  +  a)(6+c)-(rf+c)(d+a)-(6«-d«)  +  (a  +  c)(6-d) 
.*.  (ft+a)(fe  +  c)-(d  +  c)((i+a)-(a  +  c)(6-<f)  =  6«-d«. 

2.  {a+6)»  +  2(a-6)(c-d)  +  (c+(i)«.     3.  (a  +  6  +  c+d)«  +  2(a«+ft«+c»+d«). 

4.  4(a«  +  6«+c«-Hi«).     5.  (o-6)».     6.  0.     7.  a«-d«. 

8.  Bracket  a  + 6  and  c+<^,  so  as  to  make  each  fSEu:tor  a  binomial.     In  two  lines 
the  aggregate  is  shewn  to  he  ab-^cd, 

9.  (ac  +  W)(te  +  «i).     10.  {a* -b*){c* -d*),     11.  (a«+M)».(c«+d«)*. 
12.  a*+6*  +  c*  +  4aterf. 

18.  The  six  binomials  when  expanded  can  be  thus  exhibited— 

8a«  +  3a6(a  +  ft)«3a(a«+6>)  +  8a«6 
86»+3te(6+c)-36(6»+c«)  +  36»c 
3c»  +  3cd(c + d) = 3c(c«  +  rf« )  +  Serf* 
Zd*  +  3da{d + a)  =  8d(d'  +  o«)  +  8d*a 
Zac{a-¥c)  +  Zbd{b  +  e) 
Next  \i  Sa^{a  +  c)-\-Zbd{b+c)  be  combined  with  ZaVf-^-Zbtc-hScdi+Zdkf 
they  become  3a(c« + rf«)  +  36{aJ + *)  +  Sc(fts  +  Oj)  +  3//(ft| + c*) 
which  when  added  to  8a(a< + 6')  +  36(6* + <^)  +  3c(c> + d^)  +  3<2((fs + a>) 
make  up  8(a  +  6+c+rf)(a'+6»+c'+«i*). 
14.  (2a)s.    15.  6ate.    16.  24ate. 

17.  There  are  twelve  terms  in  this  expression  to  be  combined.     First  combine  the 
fifth  with  the  first  and  the  sixth  with  the  eighth,  and  then  the  two  results. 
Kext  combine  the  third  and  the  seventh  and  the  fourth  and  the  twelfth. 
Thirdly,  reduce  the  results  from  the  first  and  fifth  and  sixth  and  eighth,  with  that 
of  the  ninth,  tenth,  and  eleventh.    Then  the  results  from  the  third  and  seventh, 
fovirth  and  twelfth,  and  the  second. 

These  results  being  one  set  positive  and  the  other  negative^  when  combined 
leave  the  remainder  24ated. 
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18.  (a-6)(a-c)(a-d)(5-c)(6-d)(c-ii). 

19.  Tliis  redaction  can  be  effected  in  the  same  TnaimAr  as  in  ISL 
The  result  is  0OaM(a+6+c+<Q. 

XXL 

The  yerifications  of  the  expressions  nnder  this  number  may  be  readily  effected 
by  perfonning  the  indicated  operations. 

XIII. 

The  exercises  under  this  number  will  occasion  no   difficulty.    The  identical 
expressions  may  be  expanded  or  resolved  into  the  same  factors. 

9.  The  three  expressions  under  this  number  are  each  reducible  to 
a«  +  6«+c«-6(a*6c+Mac+c*aJ)+2(a»6«+a»c»+6»c»)  +  9o'*6=*c'. 

XIV. 

The  exercises  under  number  require  no  directions  further  than  to  employ  any 
methods  whereby  the  labour  of  reducing  the  expressions  may  be  lessened. 

XV. 

1.  Make  the  proposed  substitutions,  which  offer  no  difficulty. 

2.  Then-4+-B+(7-a^+6»+c?— a6-ac-6c 

and^— ^(7-i6(6»+c»+a»-8a6c)-6(a+6+c)(a?  +  6'+d«-a6-a<J-6c) 

.•.^lz^-(a+6+c)(-4+5+C7),  similarly  ^'"-^^and^"^^^  are  equsl  to  the 
b  a  G 

same  quantity ; 

therefore -^-^^,^*"-^^=^"^^»(a+5-K;)M+^+0 
h  a  c 

and(jB»--4C7)ac=M«--BC^6c-(C»--45)a6=aMa+ft  +  c)M+-S+Cl« 
8.  Here^»+2^-8-4^=M-5)«M  +  2-B) 

4.  In  order  that  AB{A*+J3^)  may  be  equal  to  Ci?((7i  +  2>*),  (a+&)*-(c+rf)*  must 
be  equal  to  (a— 6)*— (c— d)*,  whence  it  may  be  shewn  that  o6(a'+ft>)»crf(c^+(P). 

XVI. 
The  exercises  under  this  head  offer  no  difficulties. 

XVII. 

1.  Apply  axiom  1. 

2.  6*+c'+26c-a«»(6+c)*-a««-(6+c+a)(6+c-a) ;  substitute  for  a,  b,  c, 

6.  By  adding  the  three  equalities,  («  -  y){y  -«)(•-  a;)  =  a»  +  ft»  +  c* 
and  {x - y)(y - z){x - «) «■  Zabe,    Therefore a*  +  6»+c*- Zabc « 0. 

«.  a^  +  6*  +  c*  -  2b*c*  -  2a*b*  -  2a«c«  -  -  {2a»6«  +  2ft«c«  +  2a«c«  -  a*  -  6*  -  c* } 

■•-(a  +  *+c)(a+6-c)(a+c-5)(6+c-a) 
And  2a  +  25+2c— 2«+2y+2«,  anda+&+c«aB+y+«, 
alsoa+c-ftay,  a+ft-c—s,  6+c-a—aj. 

Hence  the  expression  is  equsl  to  -  {x+y+z)3eyx  in  terms  of  a^  y,  •  ; 
and(a;+y+«)(a!y+a»+y»)-a?y»=(a;+y)(a+«)(y+2)=2a.  26.  2c«8afe. 

7.  From  the  equality  of  the  first  and  second  terms,  -m^x^-^xy+y^  and  from 
the  equality  of  the  second  and  third,  -  m^z*  -^-yz  +  y*. 

Hence  a*  +  »y +y*-y«+ ay +«•,  and  (a«-aj*)+y(2-x)-0.\aj+y+s-0. 
.•.y«+s»+m(y+«)=(y+«){y«-yf+s*+m}-(y+2)(y«-yz+s«-««-yap-y») 

-(y+»)(-2y2) 
-(-aj)(-2y8)-+2ajy«. 
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Tke  same  valae  maj  be  found  by  a  rimilar  proeass  for  the  other  two  expreadons. 

If  mxy,  kc.f  be  substitated  for  m{x+y),  &c.,  in  thia  ezerciae,  ao  that  the  equiva- 
lenta  become  y*+z*+myz^z*+x*  +  rmx^x*  +  y*+mxy,  it  may  be  ahewn  that 
m^x+y+z,  and  x*+y*  +z'  +yz-hxs-hxy'^0,  alao  that  each  member  of  these  equa- 
tions is  equal  to  xyz-{x+y){y'\-z){z+x), 

8.  8{s  -  a){8  -  h){a  -  c)  -2a«6«  +  2i«c»  +  2a«c«  -  a*  -  6*  -  c*.  Make  the  substitu- 
tions for  a*,  b*,  c*. 

11.  x*+y*^p*-2q,  aj»+y»-i>»-8;)gr,  aj4+y4«^4_4p«gr+2^«, 

a;»  +  y»  es^»  -  5p*g + 6pg',  &c. 

12.  Multiply  the  factors  and  then  make  the  substitution. 

13.  Multiply  the  first,  second,  and  third  equalities  by  x,  y,  z  respectively,  and 
add  the  results. 

X7IIL 

1.  - z» — —-,  which  when  the  division  is  performed  will  give  the  series. 

X  ~"  £X 

2.  Square  each  expression  and  take  their  sum. 
8.  x^y^z{x-z+y)*  ^z{x  -  s)«  +  2y:i{x  -z)+zy* 

.'.  z{x-s)^  =  y(x*-2x2  +  z*)+yz(z-y), 

.-.  (s-y)(a;-s)«=y2(z-y) ;  .'.  (x-z)^^yz. 

4.  Since  j;+i/+2-ary2=2,  .*.  a;*  +  a:y+acs-a;*ys—2jj, 
.*.  -2a:+aB*«"  -xy-xz-hx*yz, 

add  unity  to  each,  .  • .  1  -  2aj + a;*  =  1  -  xy—xz + x'^yz. 

5.  Since  h{hx'^  +a*y)  =a(ay*  +a6«jc),  then  6«a;«  -  a^y*  «aft«a5  -a«5y, 
or  (6aj + ay)(6i;  -  ay) «  aft(6a5  -  ay), 

,• .  (te - ay)|&B+ay - a6\ —O 

.*.  &a;-ay»0  and  (xsay 

also  hx  +  ay-ab^^  and  dx+ayeso^. 

6.  {a+h)x-{c-\'d)x'=cd-db\  and  (a+6)x  +  «ft«(c+rf)a;  +  af,  add  a;*  to   each  of 

these  equals,  and  a:*  +  (a+6)a;+a5«aj*  +  (c+(i)aj+cdL 

7.  The  required  expression  may  be  thus  arranged — 

fly(aa; + 6y  - 1)  +  6a;(«a5 + 6y  - 1 )  +  (az + 6y  - 1) — 0 
or  (ay + fex + l)(aa; + 6y  - 1) «  0. 

8.  «=-(y+2),.-.  -(a«-ftc)(y+2)+{6«-ca)y+(c«-aft)2«0 
and  (6«-ca-a«  +  6c)y«(a«-6c-c*+a6^ 

or  (6-a)(6+a  +  c)y=(a-c)(a+c+6)a!.*.(6-a)y=(a-c)2  or  by-ay^az~cz 
.'.  6y+cs—a(y+2)=  -ax,',  ax  +  by+ez^O. 

9.  Expand,  and  remove  common  quantities,  then  arrange  the  terms,  and  the 
expression  is  divisible  by  a*  -  6*. 

11.  Froma  +  6+c«0,  may  be  found  ^(a«  +  6*  +  c')  =  -{o*+a6 +6*), 
^(a»  +  6*  +  6«)=-o5candi(a*+6»+c»)=a6c(a«+a6+6«). 

12.  From  the  first  two  equations  a(a5  +  y)«=&*,  and  aj+y=c, .  \ae^b^, 

18.  Subtract  the  second  expression  from  the  first  and  divide  the  difference  by 
y-a,  and  then  a^^x+y+z, 

14.  From  the  first  and  second  members  of  the  given  equality,  by  -{a-b)z^ax, 
from  the  first  and  third,  cz'-{a^c)y^aXf  and  from  the  second  and  third, 

cs -  (6 -  c)a;—6y ;  these  will  give  te— ay  and  bz^ey^  also  by^by; 
.*.  J(aj+y+2)=(a+6+c)y-0. 

15.  6*y«  -  2bcxy + c«x*  —  6'y*  -b^cz-  aey*  +  ac*z* . 

Then  -  26cxy + c^x*  =•  -  b*cz  -  aey*  +  ac'a*,  by  removing  5*y*. 
-26BBy+cr«»»-ft*2-ay«+ac2»  dividing  by  c. 
-2atey+aca;«  -  -  b*az+a*y*  +a>es,  multiplying  by  a. 
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.•.  ft^as*  -2a&i^+a*y*— J'a;*  ~acx*-ab^z+a^€Zf  adding  6«a;», 

and  (6*  -  ay)*  —(6*  -  a4:){x*  -  ez), 
17.  From  the  given  equality  may  be  deduced, 

(x«+y«  +  ««)(x3/2  +  l)-(a;y2  +  l)(zyz  +  4). 

XIX. 

1.  a»-6»-(a-ft)(a»-^+a"-s6  +  a»-«62+  ....  +fl26»-»+a!»"-2+J»-i) 
na"-»(a-6)-(a-A)(a»->+a"-»  +  a«-»+  .  .  .  .  o«-i+a"-»+a"-») 
but  a  >  6,  .  •  .a"-'  >  a"-*6,  a»-i  >  a"  -«6«r  &c. 
.  '.a"  -  6"  is  less  than  na"~"*(a  -  b). 

In  a  similar  way  a*  -  6"  may  be  shewn  to  be  greater  than  fii^-^{a  ~  b), 

8.  Here  a*  -  a" =a!*(a*-"  - 1)  supposing  w  >  n. 

And  a*~»  - 1  is  divisible  by  a  + 1  when  m  -  » is  even. 

Similarly  for  the  rest. 

5.  The  product  mnp  has  the  divisors  m,  fifP,  mn,  np,  mp,  and  nij  n,p  may  be 
in  each  case  odd  or  even  numbers. 

7.  a^  -  na»-'a! + (n  -  l)a"  «■  (a?"  -  a")  -  «a"""^(a;  -  a) 
■■(aj-a)|aJ*-»+a:"-*a+a8"-»a>+ +a«-i-na»-U 

■■(a;-a){(«"->-a«-*)  +  (jB»-«-a"-«)a  +  (iB"-»-a^-»)a»+ towteims}. 

The  quotient  is  as" + 2a^a + 2a»2  +  3a». 

8.  If  n  - 1  be  an  odd  number,  then  o*""^  -  6"^^  is  divisible  by  a  -  &,  and  a"  -  6»  is 
divisible  both  by  a  -  6,  and  a+ 6 ;  and  it  is  to  be  shewn  that  a"+*  -  6"+*  is  divisible 
by  (a-ft)(a?+o6+ft«). 

XX. 

1.  It  is  obvious  that  bx+q/  mast  be  one  of  the  factors,  and  that  x*  +<txy-¥y* 
must  be  divisible  hy  bx+q/.    After  performing  the  division  the  remainder  will  be 

1  i~2lLJISj2  yy*,  which  must  be  equal  to  zero,  in  order  that  the  division  may 

leave  no  remainder. 

•2.  The  coefficient  of  «*  is  Sa*. 

8.  Four  factors  of  the  form  x+a  and  one  of  the  form  x-b.  See  Section  IV., 
Art  12,  pp.  19,  20,  and  the  note. 

4.  x^+px*+px+lrn(x*  +  l)+px(x+l) ;  anda:"  +  l  is  always  divisible  by  a+1 
when  n  is  an  odd  number. 

5.  See  Section  lY.,  Art.  13,  p.  24. 

xxr. 

1.  The  first  expression  may  be  shewn  greater  or  less  than  the  second,  third,  and 
fourth  according  as  5c  is  greater  or  less  than  a',  etc  than  &',  and  a5  than  c' . 

2.  o—-(6+c),  y=— (as+s),  «—-(a;+y);  .'.  a*y2— +(ft  +  c)*(cc+2)(a:+y)  and 
similarly,  for  b*xz  and  c'^ry, 

8.  Suppose  each  of  the  three  expressions  to  be  positive  ;  then  the  sum  will  be 
positive,  and  the  terms  may  be  arranged  thus  :  {a  -  6iy+  (c  -  6)a5+ (6  -  0)2,  of  whick 
two  of  the  terms  are  negative  and  one  positive.  But  if  the  terms  be  arranged  in 
this  order  :  (y-z)a-k'(z-x)b-\-(x-y)c,  two  of  the  terms  are  positive  and  one  nega- 
tive.   Hence  the  hypothesis  of  all  the  three  terms  being  positive  is  not  sustained. 

4.  If  a>6,  thena-5>0,  anda« -2a5  +  ft«>0.*.a«+6«>2a*. 

Next  a*-2a6  +  6'>0,  add  Aab  to  these  nnequals,  and  a*+2a5+6'>4a5  or 
(a+&)*>4a& 

6.  o»+6«>2ai,   a«+c*>2aci  6«+c*>2ic.\2(a»+6*+c»)>2(a5+ac+6c)  or 
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01  The  tggregftte  of  the  three  ezpfiemionB  on  the  left  U  equal  to 

8(a«  +  6«  +  «•)  -  2(a6 + flc  +  Jc). 
7.  The  polynomial  arises  from  the  prodact  of  the  three  factors 
(tf+6-c)(a+c-6)(6+c-o),  and  is  a  positive  quantity  .*.  a-¥b>e,  Ac 
a.  Sincea>5,  a»+6«>2a6,  and  a«+d«>(a«-aA+6»), 

.•.(a«  +  6«)»>2a^a«-oi+6«). 
0.  a«+J«>2ad,  5*+c«>2ftc,  a»+c«>2ac, 
.-.  (a«  +6«)(6«  +c«)(c«  +a»)  >  8a«6«c«,  for  a«,  &«,  c«,  write  a,  b,  e, 

and  (a + b){b + c)(6 + a)  >  Sabe. 
See  XIII.,  4.  {a+6  +  c)(a6+fe+ac)-cp5c-{a  +  ft)(6  +  c)(a+c), 
and  (a+b){b  +  e){e+a)  may  be  shewn  greater  than  Babe, 
.•.(a  +  6+c)(a6+ac+5c)>9oJa 

10.  Ijeta>(anda>e^  then  a-5>0  and a-e>0,  &c.,  .'.(a-&)(a-c)>Oor 
a«-ac-Jo+ftc>0,  and.*.  &c>ae+ci5~a>or  &e>a(c+&~a). 
Similarly  ac> ((a +c- 6)  and  a5>e(a+&-e). 
Hence  a*6*e*  >  ate(c +(- aXa + c  -  5)(a + 6  -  c) 
«nd  .•.aJc>(c+6-a)(a+c-6)(a+6-c). 

This  result  illustrates  the  theorem  :    "  The  rectangular  parallelopiped  formed  by 
the  three  sides,  a,  &,  c  of  a  triangle  for  its  edges  is  greater  in  volume  than  that 
formed  by  the  three  differences  between  the  sum  of  every  two  sides  and  the  third 
side." 
12.  Except  when  a^b. 

14.  From  the  given  expression  (be  -  ay)*  >  0  ;  it  hz>ay  then 
(aj«  +y*)(a«  +  5«)  >  (ax-^-by)*, 

16.  {a;+a)«(a;«  +5«)-{««  +a*){x*  +b*)+2ax{x*  +  J»), 
and  (a! + 6) •(«•  +  a»)  « {x*  +  b*)(x^  +  a» )  +  2bx{x*  +  a« ).    The  answer  depends  on 
whether  2ax(x*-hb*)  is  greater  or  less  than  2hx(x*  +a*).    If  x^  >a^, 
then  («+a)"(a!"  +  5»)  is  greater  than  (a:+6)*(a!*+a*). 

16.  ««y«  - {a^  +  6«)(c«  +  d*)  - (oc + W)«  +  (orf -  6c)«,  but  if  orf-  6e^ 
thena;*y*«(ac+&c{)*  vadxymmae+bd. 

17.  If  («•  +  6*  +  c*)(x*  +  y»  +  »•)  be  greater  than  (ax  +  by  +  e)*, 

then  (ay-&B)*  +  (aS'»)*-h(&S'^)*  is  greater  than  0,  but  the  squares  both  of 
positive  and  negative  quantities  are  positive,  therefore  each  of  these  squares  is 
positive,  and  consequently  the  first  expression  is  greater  than  the  second. 

18.  (a  +  J  +  c)*— a>+6*+c»  +  8(a  +  6)(6  +  c)(c  +  a);  first  shew  a»+6»+c«>8afc, 
next  8(a  +  b){b  +  c)(c  +  a)>  24abe  from  Ex.  9,  XXI. 

19.  (1)  (aj  +  y-z)«+{«4«-y)«  +  (y+s-aj)*-8(j-«+y«+««)-2(zy  +  «  +  y8), 
and  x*+y*+  z*  has  been  shewn  greater  than  xy^-xz  +  yz,     (2)  and  (3)  may  in  like 
manner  be  shewn  to  be  true. 

20.  (1)  Let  a; >  y  and  y>  z,  then  x*(y - z)  and  z*(x-y)  are  positive,  and  y*{z - x) 
is  negative;  whence  x*{y-z)'¥z*{x-y)>y*(z~x)  from  which  may  be  deduced, 
that  x  +  z>yf  but  x>y,  therefore  the  property  is  proved.  (2)  and  (3)  may  be 
conddered  in  the  same  manner. 
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COMMON  MEASURES  AND  COMMON  MULTIPLES. 

Art.  1.  The  subject  of  algebraic  measures  and  multiples  is  of 
extensive  use ;  and  it  may  be  remarked  that  the  common  measurea 
and  common  multiples  of  numbers  do  not  always  correspond  to  the 
common  measures  and  common  multiples  of  algebraic  expressions, 
when  numerical  values  are  assigned  to  the  general  symbols.* 

A  common  dmsor  or  common  measure  of  two  or  more  algebraical 
quantities  is  any  quantity  by  which  each  of  the  (piven  quantities  can 
be  divided  exactly  without  any  remainder;  and  the  highest  common 
divisor  is  the  highest  quantity  by  which  each  of  them  can  be  exactly 
divided.  By  ''the  highest  common  divisor"  must  be  understood 
that  divisor  the  terms  of  which  contain  greater  coefficients  and 
greater  exponents  of  the  symbols  than  any  other. 

Two  or  more  algebraical  quantities  are  said  to  be  prime  to  one 
another  when  they  have  no  common  divisor. 

A  common  multiple  of  two  or  more  algebraical  quantities  is  that 
quantity  which  is  the  least  multiple  of  each  of  the  given  quantities ; 
and  the  least  common  multiple  is  the  least  mxdtiple  of  each  of  the  given 
quantities  respectively ;  and  is  also  the  least  quantity  that  is  exactly 
divisible  by  each  of  tiie  given  quantities.  Algebraical  quantities  are 
aaid  to  be  prime  or  composite,  in  the  same  manner  as  numbers  in 
arithmetic. 

2.  Prop.  To  explain  the  process  of  finding  the  highest  common  divisor 
cf  two  algebraical  expressions. 

The  process  depends  on  these  two  principles. 

1.  If  one  quantity  be  divided  by  another,  and  leave  a  remainder, 
and  if  this  remainder  and  the  divisor  have  a  common  divisor,  then 
this  common  divisor  will  also  be  a  common  divisor  of  the  dividend 
and  divisor. 

Let  the  quantity  A  when  divided  by  B  give  the  quotient  g  and 

Temainder  r ;  and  suppose  ptohe  the  common  divisor  of  B  and  r,  so 

B  r 

that  — afii  and  ~  =  n,  and  therefore  ^  =  i?ip  and  r^np^  or  B  and  r  are 

P  P 

multiples  of  p. 

But  ^  =  ^+~  or  ^=2?^+r. 

Hence  A  =  mpq-^-np  =  ^^(mj'+ii). . 

A 
«*._  =  mq+n,  orp  is  a  common  divisor  ot  A  bb  well  as  of  jS  and  r. 

P 

2.  That  a  dividend  may  be  multiplied  by  any  factor  which  is  not 

*  See  the  Editor's  Elementary  Arithmetic,  Section  viiL,  on  Measnres  and  Ifnl* 
tiples. 
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oommon  to  a  divisor,  and  a  divisor  may  be  divided  by  anj  factor 
which  is  not  common  to  a  dividend :  for  in  both  cases  the  common 
divisor  of  the  two  expressions  is  not  affected  by  such  operations. 

The  highest  oommon  divisor  of  Aa  and  B^  of  A  and  Bh,  and  of 
Aa  and  Bh^  is  the  same  as  that  of  A  and  B,i£  a  contain  no  divisor  of 
Bbf  nor  b  of  Aa. 

Let  A  and  B  denote  two  polynomials  of  which  the  dimensions  of 
B  are  not  higher  than  those  of  A.* 

Let  A  divided  by  B  give  a  quotient  F,  with  a  remainder  Cc. 
Suppose  the  factor  e  in  Cc  not  contained  in  B,  let  c  be  rejected  and  O 
taken  for  the  second  divisor. 

Next,  let  B  divided  by  C  give  a  quotient  Q,  with  a  remainder  Bd^ 
Suppose  the  factor  d  in  Bd  not  contained  in  C,  let  d  be  rejected  and 
B  taken  for  the  third  divisor. 

Let  C  divided  by  B  g^ve  a  quotient  B  with  a  remainder  0,  then 
B  will  be  the  highest  common  divisor  of  A  and  B. 

The  process  may  be  thus  exhibited,  with  the  following  equivalents. 

B)A{P  A  +BP+  Cc,  and  A—BF^  Cc, 

BF 

Cc  B--CQ+Bd,  B^CQ  =  Bd, 

C)B{Q 
CQ  C=:BE,  C=BB. 

'Bd 

B)C{R 
BR 

0 


•  As  an  example,  find  the  highest  common  divisor  of  2a:'+9jry4-Py'  and 

The  first  term  of  second  quantity  cannot  be  exactly  divided  by  the  first  term  of 
the  first  quantity,  and  in  order  that  it  may  be  divisible,  it  may  be  multiplied  by  the 
factor  2,  which  does  not  enter  into  every  term  of  the  first  quantity. 

2»« + Qicy +9y«)3a!« +4ay-  15y» 
2 

6a:«+8ajy-30y«(3 
63;«-f27ay+27y* 

-19a;y-  67y«  -  -  19y(a;  +  8y) 

The  factor  —  19y  in  the  remainder  may  be  rejected,  as  it  forms  no  factor  of  the 

preceding  divisor. 

«+8y)2a!«+9«y  +  9y'(2a;+8y 
2a;«-fggy 

8*y+9y" 
8ay-f9y« 

Heoce  a;+ 8y  is  highest  oommon  divisor  of  the  two  expressions. 

By  this  method,  the  highest  coromop  divisor  of  two  algebraical  polynomials  can 
always  be  found,  when  the  expressions  can  be  arranged  according  to  the  ascending 
or  descending  powers  of  one  of  the  symbols.  In  cases,  however,  where  so  fucK 
•irangement  is  possible,  the  common  factors  may  in  general  be  foimd  by  inspection. 


First,  every  divisor  of  A  and  JB  divides  BP,  a  multiple  of  B,  and 
therefore  it  divides  A — BP  or  Co,  and  therefore  also  C. 

And  every  divisor  of  A  and  B  divides  C\  and  therefore  B-^CQ  or 
Dd^  and  therefore  2>. 

Hence  every  divisor  of  A  and  B  divides  2>. 

Secondly.  Since  DR »  C,  therefore  D  divides  C,  and  therefore  CQ^ 
a  multiple  of  (7,  also  Q(7+^^  or  B^  and  therefore  J?P,  and  conse- 
quently J?P+  C(0  or  A,  Therefore  every  divisor  of  A  and  B  divides 
Df  and  D  divides  A  and  B. 

Wherefore  D  is  the  highest  common  divisor  of  A  and  B, 

The  highest  common  divisor  of  three  quantities  A^  B^  C,  may  be 
found  by  first  finding  J),  the  highest  common  divisor  of  two  of  them, 
A  and  B ;  and  next  finding  H  the  highest  common  divisor  of  I)  and  C 
the  third  quantity. 

Then  £  will  be  the  highest  common  divisor  of  A^  B^  and  C 

The  same  method  may  be  extended  to  four  and  to  any  number  of 
quantities. 

In  some  cases  it  will  be  found  more  convenient  when  there  is  an 
even  number  of  quantities;  to  find  the  highest  common  divisor  of 
every  two  of  them,  and  then  the  highest  common  divisor  of  these 
common  divisors. 

When  two  or  more  given  expressions  can  by  inspection  be  resolved 
into  the  product  of  their  prime  factors,  the  factor  or  the  product  of 
factors  common  to  each  expression  will  obviously  be  the  highest 
common  divisor  of  the  given  expressions. 

3.  Prop.  To  explain  the  proee»9  for  finding  the  least  common  multiple 
of  two  algebraical  expressione. 

Let  Af  B  be  the  quantities  whose  least  common  multiple  is  re- 
quiredy  and  let  D  be  their  highest  common  divisor. 

Also  let  A  and  J7  when  divided  by  i)  give  respectively  the  quotients 
P  and  Q,  which  are  prime  to  each  other,  so  that  A  -  PD  and  B  =  QJ) ; 
then  BPQ  is  a  common  mvliiple  of  A  and  B ;  for  it  contains  A^  Q 
times  and  B,  P  times. 

BPQ  is  also  the  least  common  multiple  of  A  and  B ;  for  no  quantity 
less  than  BPQ  contains  all  the  factors  that  enter  into  A  and  B. 

^ovf  AB^DPQD, 

.'.l)PQ  =  :^,OT^xBoT^xA. 

Hence,  the  least  common  multiple  of  two  quantities  is  found  by 
dividing  the  product  of  the  two  quantities  by  their  highest  common 
divisor.     Or, 

By  multiplying  one  of  the  quantities  by  the  quotient  arising  from 
the  other  divided  by  their  highest  common  divisor. 


If  the  two  given  quantities  Le  prime  to  each  other,  the  least 
common  multiple  is  equal  to  their  product. 

U  one  of  the  two  quantities  be  a  multiple  of  the  other,  the  former 
is  their  least  common  multiple. 

The  least  common  multiple  of  three  quantities  is  found  by  first 
finding  the  least  common  multiple  of  two  of  them,  and  then  the  least 
common  multiple  of  this  and  the  third  quantity.     And  similarly  of. 
four  and  any  number  of  quantities. 

It  may  also  be  noted  that  the  highest  common  divisor  of  any 
number  of  algebraical  quantities  is  equal  to  the  least  common  mul- 
tiple [of  all  the  common  divisors  of  the  quantities.  And  the  least 
common  multiple  of  any  number  of  algebraical  quantities  is  equal  to 
the  highest  common  divisor  of  all  their  common  multiples.* 

4.  Prop.  If  one  quantity  measure  the  product  qf  two  otherSf  hut  it 
prime  to  one  ofthem^  it  meoiurea  the  other. 

Let  e  measure  ah,  but  be  prime  to  a,  then  e  measures  h> 

Eor  let  a  be  greater  than  c. 

Then  let  c  be  contained  in  a,  x  times  with  a  remainder  r, 

.•._  =  d;+-,  in  which  r  is  less  than  c, 
e  0 

Again,  let  r  be  contained  y  times  in  e  with  a  remainder  «, 

r  r 

It  is  manifest  that  •  also  is  less  than  r ;  and  as  the  remainder  is 
continually  diminishing  at  each  step,  it  will  at  last  become  unity.  For 
if  there  be  any  other  remainder,  the  division  may  be  continued,  and 
if  there  be  no  remainder,  then  the  last  divisor  will  measure  a  and  o\ 
and  therefore  a  and  e  have  a  common  measure  which  is  contrary  to 
th^  hypothesis. 

Suppose  then  that  after  the  third  division  the  remainder  is  1> 

then-  =  s+i. 

8  8 

.\a  =  cx-\rr        *\  ah  =  hcx'\'hr     or  ah --hex-hr 
e=ry+s  hc^hry+U  he-^hry^he 

r=«-|-l  hr^hn+h  hr—hnzzh. 

Now  e  measures  ah  and  hex,  it .-.  measures  ah -^  hex  or  hr,  and  .*.  it 
measures  he—hry  or  hs,  and  .*.  its  measures  hr—hsz  or  h. 

Hence  .*.  if  c  measure  ah,  and  do  not  measure  a,  it  measures  h 
The  reasoning  is  similar  if  «  be  supposed  greater  than  a. 

*  To  find  the  least  common  moltiple  of  2z* -^9xy'\-9y*  and  8«*+4a:y->15y*. 
The  highest  common  dirisor  of  these  expressions  is  se+3y. 

.-.  Least  common  multiple  ,(8^'+^-lgyX2«'+9^+9y«) 

-(3x«+4ay-15y«)(2aj+8y) 


EXERCISES. 
I. 

1.  Explain  the  process  of  finding  the  highest  common  divisor  of 
two  algebraical  expressions,  and  shew  that  the  result  is  not  affected : 
(1)  by  removing  any  factor  which  is  common  to  every  term  of  a 
divisor  at  any  stage  of  the  operation  which  is  not  found  in  every  term 
of  the  corresponding  dividend ;  (2)  by  introducing  into  any  dividend 
a  factor  which  is  not  contained  in  every  term  of  the  corresponding 
divisor. 

2.  Explain  in  what  respects  the  process  of  finding  the  highest 
common  divisor  of  two  algebraical  polynomials  differs  from  that  of 
finding  the  greatest  common  measure  of  two  numbers. 

3.  If  the  quantity  D  measure  A  and  B ;  it  also  measures  mA±:nB. 

4.  Does  the  common  process  for  finding  the  highest  commoa 
divisor  of  two  algebraical  expressions  enable  us  to  determine  all  the 
common  divisors  whenever  they  exist  ? 

5.  Every  other  multiple  of  any  two  quantities  is  the  same  multiple 
of  their  least  common  multiple. 

6.  If  m  be  the  least  common  multiple  of  a  and  5,  every  other 
common  multiple  of  a  and  ^  is  a  multiple  of  m. 

7.  If  m  be  the  least  common  multiple  of  a  and  h,  ni  the  least 
common  multiple  of  m  and  c^  and  m"  the  least  common  multiple  of 
m'  and  d ;  shew  that  m"  will  be  the  least  common  multiple  of  a,  5,  c,  d, 

8.  Find  two  numbers  whose  greatest  common  measure  is  2  and 
whose  least  common  multiple  is  36. 

9.  Determine  that  algebraic  expression  which  involves  the  lowest 
possible  powers  of  x  that  can  be  exactly  divided  by  si^+bX'\-%  and 

10.  Shew  that  the  highest  common  divisor  of  two  compound 
algebraical  quantities  is  the  least  common  multiple  of  all  the  common 
divisors. 

n. 

Find  the  highest  common  divisor  of  the  following  quantities : — 

1.  3:c*— 2j?— 1  and  6«*— ;p— 1. 

2.  «>— 3x+2  and  «*+2a;— 3. 

8.  3a:»— 2««— 2a?+l  and«*—a?*— 3«*+4a?— 1. 

4.  6«V+^— «y*and4a;»— 6a?V-4^+3y". 

5.  liar*— 9<M!»—aV—»*  and  iai?*—10<M;"—2flV—tf*. 

6.  2«»— 11«»— 9and4a:*+lla?*+81. 

7.  3«»— 3«*— 53«»— 43a;»+34ar+30 

and  3;c*+3«*— 53«»+43«*+34^— 30; 

8.  8«»— lO^'+lSar+S  anda:»— 2«*— ai!»+4«»+l^;r+6. 


6 

« 

9.  a?*+«»— 2«»+a:— 1  and  «»— 2«*+3«»— 3««+2«— 1. 
10.  a:»+ar»+lla?+6,  a;»+10a^+31a:+30,  and  «»+102r  +  23j:+14. 
.  11.  «•— 1  and««-l+<a:*— l)+a^(«»-l). 

12.  ar*— (4tf+26>r+2fl6+tf«  and  a:»—(2ff+6>»+(2fl J +«>—«'*. 

13.  ay(a:»+6«)+K^+«'^)  and  <M?(y'+J»)+ay(aj:»+iiV). 

14.  2i*''p^+{q^l)x^+px''q  and  a^^q3^+(jp^l)x^+qx—p. 

15.  1— flaa:»+(6— <i')a^  and  l+a«:»— (<?— <i»)a:*— 2tfar. 

16.  a:»+(tf+6+(?)«'+(ft(?+a?+fl*)a:+a«a+<i4' 

and  «»+(tf+2i)«*+(fl*+<w+5')x+aV+fl5(7. 

17.  fl«+J»+c»— 3a3(?  and  a(<i  +  2a)  +  6(i+2^)+<c+2fl). 

18.  *W+»— (n+l)j:-+l  and  «"— «x+n— 1. 

m. 

Find  the  least  common  multiple  of  the  following  quantities  :^- 

1.  n(^%  (n— l)fl-V,  (n— 2)a-V,  and  (»— 4)tf*-*ar*. 

2.  3a:*— 52r+2,  and4j:>— lla:»+a?+6. 

3.  «• — fl'x — aj^+(^f  ic* — a*  and  ax^+a^x — a*x^ — «*. 

4.  a:*— 2ar*— 6a;*+42:*+13a?+6,  and  3i^+4a?»— 6a;*— 12a:— 5. 

6.  a^+6»+3tfi(fl^+J») +  «**«(«+*), 

and  2fl^+26*+5aa(fl^+J»)+6a'^(a+6). 

6.  fl^— aj*  and  a'  — «*. 

7.  a?'— 4fl*,  a?»+2«c'+4a'a?+8fl^,  and  a;*— 2aa;'+4fl'a:— 8a^. 

8.  21««— 13a?+2,  28a:*— 15a?+2,  and  12a;*— 7a?+l.  '^ 

9.  «•— y»,  a^+y^,  «*+«*y*+y*. 

10.  a;*+6a:*+lla?+6,  a:»+7a?*+14a?+8,  a:»+8a;*+19ar+12, 
and  a:»+9a:*+26a?+24. 

11.  6(fl^-^)(a-3)",  9(a*-ft*)(tf-ft)*,  and  12(««-3*)*. 

12.  a?,  ar+1,  x*+l,  a;*+l,  and  a:*+l. 

13.  X,  a?— 1,  a;*— 1,  «•— 1,  anda;*  — 1. 

14.  6a:*— 13a:+6,  12a:*— 5a:— 2,  and  15a:*+2a:— 8. 

15.  ar»— 1,  a:-— 1  and  af— 1. 

IV. 

1.  Find  the  value  of  a  for  whioh  the  following  fraction  admits  of 

reduction :  ^-^+19a:-a-4 

a:*- (tf+l)a:*+23a:— tf— 7 

2.  Find  the  greatest  common  divisor  of  a:*+y*+a5'  and  a:*+y*+s* 
when:r+y+s*"0. 

3.  If  tf'+a^-^i+J"  and  a^+iiJ"~*+J"  [have  a  common  divisor,  m 
1)eing  an  integer,  prove  that  it  is  of  the  form  3/?- 1,  and  find  the 
greatest  common  measure. 

4.  If  the  greatest  common  measure  of  a,  5,  ^  be  an  odd  number 
i» ;  then  the  greatest  common  measure  of  a+h,  h+e,  e+a  will  be  2ifty 
i£  a,  h,  e  be  odd  numbersi  or  m  if  they  are  not. 

5.  11  p,  q,  r  be  the  successive  quotients  in  finding  the  highest 


common  divisor  of  the  numerator  and  denominator  of  the  fraction 

?;  then  ^^^ "V^^^      or —      ^r— >  according  as  0  is  greater  or  less 
0  0         1+jr        P'tP^^'t^ 

than  h, 

6.  Shew  that  aa^+hx+e  and  a+hxi^+e^  have  a  common  quadratic 
factor,  if  W  =  (<?»-«' +a«)(c»-fl«+ai). 

7.  The  expressions  aa^+hx+e  and  iu*+^i^+''»'<'  have  a  common 
divisor,  if  (m  + 1  yae  =  mi'. 

8'.  If  2)  be  the  greatest  common  measure,  and  M  the  least  common 
multiple  of  two  decimals  which  have  m  and  m+n  decimal  places  re- 
spectively ;  prove  that  •=vis  a  multiple  of  10". 

9.  If  the  least  common  multiple  of  aa^+ex+d  and  a'  a^+ca^+cT  be 
an  expression  of  the  fourth  degree ;  shew  that  a*d=aa'e+a'\ 

10.  Shew  that  if  x+e  be  the  highest  common  divisor  o£  a^+ax+h 
BJid  x'+mx+a;  their  least  common  multiple  is  a?*+(a+»i—(?)ic'+ 
(flw— «*)a?+ (a— (?)(w— tf)<?. 

11.  If  tu^+hx+e  and  ma^+nx+p  have  a  common  factor  of  the., 
form  x+q ;  shew  that  {pa—mey  =  {n€^ph){na—tnh)\ 

12.  Find  the  highest  common  divisor  of  «*— l)(af+*  +  l) 

and  (ar»— 1X^"^*+1). 

13.  Find  the  highest  divisor  of  ;c"— y"  and  ;c*— y",  (1)  when  m  andn' 
are  of  the  forms  4p,  4p  +  2,  and  (2)  of  the  forms  4j9+l,  4^7+3. 

14.  Explain  how  the  highest  common  divisor  of  two  algebraical 
expressions,  does  not  always  give  the  greatest  common  measure  of  the 
numbers  which  resxilt,  when  particular  numerical  values  are  given  to  - 
the  algebraical  symbols. 

Exemplify  in  finding  the  highest  common  divisor  of  x^s!^-^2x^U 
and  a^+2x*+a:*— 1 ;  and  of  Sor'+ai?— 4fl*  and  6j^—7ax^''20a*xi  and^ 
their  greatest  common  measures,  when  x  =  4  and  a  =  1 . 

15.  If  M  be  the  least  common  multiple  of  the  three  numbers' 

0,  hf  c,  shew  what  are  the  conditions  that  — "^    "*"  ^  may  be  integral. 

16.  m,  !»!,  m„  m^,  and  d,  d^,  d^,  d^  be  the  least  common  multiples 
and  the  highest  common  divisors  of  A,  B,  C;  o£  B,  C;  oi  C^  A\  and 
of  A^  Bf  respectively ; 

Shew  that  ^i3^  =  :^^,  and  Wt^^^BC^ 
fn  d  d  tn 

17.  If  lit  If,  Ig  are  the  lowest  common  multiples  of  B  and  C,  of  C 
and  A,  g£  A  and  B,  respectively ;  if  ^i,  ^j,  y^  are  the  highest  common 
divisors  of  the  same  pairs ;  and  if  L,  G  are  the  lowest  common  mul- 
tiple and  highest  common  divisor  of  A,  B,  and    C;    prove    that 


FBACTIONS. 
Art.  1.  Algebraic  fractions  are  subject  to  the  same  principles  as 
aritbinetical  fractionSy  and  every  fraction  may  be  considered  as  repre- 
senting the  quotient  arising  from  the  diyision  of  the  numerator  by  the 
denominator. 

The  fraction  ~  cannot  be  called  either  a  proper  or  improper  frac- 

b 

tion,  while  the  values*  of  the  numerator  and  denominator  are  not 

assigned;  but  it  may  be  considered  a  proper  or  improper  fraction 

according  as  the  numerator  is  less  or  greater  in  form  than  that  of  the 

denominator,  as  — ^—j-  is  a  proper  and — J^is  an  improper  fraction. 

Every  quantity  having  an  integral  form  can  be  expressed  as  a 
fraction/ by  placing  unity  for  the  denominator,  as  0  is  the  same  as  -. 

2.  The  general  properties  of  algebraic  fractions  are  the  same  as  those 
of  numerical  fractions,  with  this  distinction,  that  general  symbols  are 
employed  in  the  former  and  definite  nxmibers  in  the  latter. 

A  fraction  is  multiplied  by  any  quantity  by  multiplying  the  nume- 
rator by  that  quantity;  as  ^f  is  the  product  of  the  fraction  ^  by  the 

0  0 

quantity  m. 

Conversely.  A  fraction  is  divided  by  any  quantity  m  by  dividing  the 

numerator  by  that  quantity,  as  -  is  the  quotient  of  .—  divided  by  m. 

A  fraction  is  also  divided  by  any  quantity  by  multiplying  the  denomi- 
nator by  that  quantity,  as  J^  is  the  quotient  of  the  fraction  -divided 

tnb  0 

by  the  quantity  m. 

Conversely.    A  fraction  is  multiplied  by  any  quantity  by  dividing 

the  denominator  by  that  quantity,  as  ^  is  the  product  of  the  fraction 

o 

—r-  by  the  quantity  m, 
mb 

Hence,  a  fraction  is  multiplied  by  any  integral  quantity  either  by 

multiplying  the   numerator   or    dividing  the    denominator  by  that 

quantity.    And,  a  fraction  is  divided  by  any  integral  quantilj,  either 


*  It  must  always  be  remembered  that  the  value  of  a  fraction  depends  on  the 
relative  values  of  the  numerator  and  denominator,  and  not  on  their  absolute  values. 

t  If  m^h,  then-X&^a ;  that  is:  if  a  fraction  be  multiplied  by  a  quantity 

b 

equal  to  its  denominator,  the  product  is  equal  to  the  numerator. 
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by  dividing  the  numerator  or  multiplying  the  denominator  by  that 
quantity. 

If  the  numerator  and  denominator  of  a  fraction  ~,  be  both  mul- 

0 

tipliedbythe  same  quantity  III;  as  ^,  the  value  of  the  fraction  is  un- 
altered in  value. 

By  means  of  this  principle  two  or  more  fractions  can  be  changed 
to  other  fractions  which  shall  have  each  the  same  denominator  without 
altering  the  values  of  the  fractions. 

Conversely.     If  the  numerator  and  denominator  of  a  frsiction 

-^,  be  both  divided  by  the  same  quantity  m,  as  •-»  the  value  of  the 
mo  b 

fraction  is  unaltered  in  value.* 

By  means  of  this  principle,  fractions  can  be  changed  to  others  in 
a  more  simple  form  without  altering  their  value. 

The  signs  of  the  numerator  and  denominator  of  an  algebraic 
fraction  may  be  changed  without  affecting  the  value  of  the  fraction, 
as  it  is,  in  fact,  multiplying  the  numerator  and  denominator  by  —1. 

Thus±?  =  Z:f=+?;  andZ:?  =  ±?=-.l 

3.  An  improper  algebraic  fraction  is  reduced  to  a  mixed  quantity, 
and  a  mixed  quantity  is  reduced  to  an  improper  fraction  in  the 
same  manner  as  arithmetical  fractions;  thus  the  improper  fraction 

— ZL  =  m+-,  and  the  mixed  quantity  »i+-  =  ?15j1.. 
a  a  a        a 

An  algebraic  fraction  is  reduced  to  its  lowest  terms  by  dividing  the 
numerator  and  denominator  by  their  highest  common  divisor. 

Two  or  more  algebraic  fractions  are  reduced  to  equivalent  fractions 
having  the  lowest  common  denominator,  by  finding  the  lowest  common 
multiple  of  the  denominators,  next,  dividing  this  quantity  by  each  of 
the  denominators  respectively,  and  lastly,  by  multiplying  the  nume- 
rator and  denominator  of  each  fraction  by  the  corresponding 
quotient.! 


*  These  genenl  properties  may  be  shewn  to  be  trae  for  algebraic  fractions  in  the 
same  manner  as  they  have  been  proved  for  arithmetical  fractions.  See  Elementary 
Arithmetic,  section  iz.  pp.  2-4. 

t  Ex.  Bednee  the  fractions  -,  tf    '  to  eanivalent  fractions  having  a  common 

a    h    c 

denominator. 

Here  dbc  is  the  least  common  multiple  of  the  denominators. 

mu  35  X  hcjxoi^y  y  ^M  cmy  ,  z  z  db  ahz  ^^Ahcx  acy  ab» 
a    a    be    abe     b    b    ac    abc     c    c    ab    abc  abc    abc    abe 

an  the  equivalent  fiactionB  having  the  common  denominator  abc 
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4.  Prop.  To  find  the  Bum  and  difference  of  two  algehraical  fractions. 

The  sam  and  difference  of  two  algebraical  fractions  ■?  and  ^  are  found 

h         d 

in  the  same  manner  as  the  sum  and  difference  of  two  arithmetical 

fractions. 

Pirst  reduce,  if  neceesaiyi  the  fractions  ^  and  t  to  the  equiva- 

b         d 

ad  ha 

lent  fractions  -- and --  having  a  common  denominator,  and  then  take 

bd        bd 

the  sum  or  difference  of  the  numerators  for  the  sum  or  difference  of 

the  fractions,  thus : — 

a     c^ad    be     ad^rhc    ^^ 

b^d    bd^bd       bd     '  ^«**""» 

?-?  =  ^^t  -  ^t±,  the  difference. 
b    d    bd    bd       bd    ' 

In  performing  the  addition  and  subtraction  of  algebraic  fractions, 
it  will  in  general  be  found  most  conyenient,  first  to  combine  two  of 
the  fractions,  and  then  a  third  to  this  result,  and  so  on  for  the  rest. 

In  the  case  of  mixed  quantities,  instead  of  reducing  them  to  im- 
proper fractions,  it  will  generally  be  found  more  convenient  to  reduce 
the  fractional  parts  to  a  common  denominator,  and  then  to  annex  the 
sum  or  difference  of  the  fractions  to  the  sum  or  difference  of  the 
•other  quantities. 

5.  Prop.  To  find  the  product  and  quotient  of  two  algebraical  fraetions. 
The  product  and  quotient  of  two  algebraic  fractions  is  subject  to 

^he  same  rules  as  the  product  and  quotient  of  two  arithmetical  frac* 
tions. 

To  find  the  product  of  two  fractions  \  and  ^ ;  take  the  product 

b        a 

ae  of  the  numerators  a  and  0,  and  the  product  bd  of  the  denominators 

b  and  d ;  these  will  be  the  numerator  and  denominator  of  the  pro- 

sduct  of  the  fractions,  thus : — 

*x 3  =  ?^  the  product.* 
0    d    ba 


•  To  multiply  any  fraction  -  by  another  4  means  that  the  fraction  -  is  to  be 

mnltiplied  by  c,  and  this  product  divided  by  d. 

By  an  extension  of  the  meaning  of  words,  mnltiplication  mf^xiAsA  taking  parte 
of  a  time  ;  and  every  multiplication  may  be  converted  into  a  division,  and  every 
division  into  a  multiplication. 

Thus  axl«^  or  a-r-&,  that  is,  the  product  a  by  1  is   equivalent  to  a  divided 
0    b  b 

b ;  and  conversely,  a  divided  by  (  is  equivalent  to  a  multiplied  by  -. 

The  invorae  or  reciprocal  of  any  quantity  is  unity  divided  by  tbat  quantity,  as 
-  is  the  inverse  or  reciprocal  of  a,  and  ^  is  the  inverse  or  reciprocal  of  ->' 

a  aw 
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In  finding  the  product  of  two  or  more  algebraical  fractions,  wlien 
equal  factors  are  found  in  the  numerator  and  denominator  of  the 
product,  these  factors  may  be  struck  out,  by  the  principle^  that  the 
value  of  a  fraction  is  not  altered  by  dividing  the  numerator  and 
denominator  by  the  same  quantity,  as  the  value  of  a  fraction  depends 
not  on  tliQ  absolute,  but  on  the  relative  values  of  the  numerator  and 
denominator. 

The  quotient  of  two  algebraic  fractions  is  also  found  in  the  same 
manner  as  the  quotient  of  two  arithmetical  fractions. 

To  find  the  quotient  of  the  fraction  ^  divided  by  4  is  the  reverse 

process  of  finding  the  product,  which  is  effected  by  multiplying  the 
dividend  f  by  the  reciprocal  -  of  the  divisor,  thus : — 

Q  C 

f^«=?xi?  =  ^,  the  quotient.* 
b    a    0     e     be 

Hence  the  Bule.  Multiply  the  dividend  by  the  reciprocal  of  the 
divisor,  and  the  product  will  be  the  quotient  of  the  two  fractions. 

When  the  numerator  and  denominator  of  the  dividend  can  be 
divided  by  the  numerator  and  denominator  of  the  divisor  respectively ; 
the  quotient  may  be  found  directiy,  but  this  is  very  seldom  possible. 

It  may  be  remarked  that  algebraic  fractions  are  in  general  con- 
sidered as  representing  parts  of  abstract  number.  But  algebraic 
fractions  may  also  be  regarded  as  denoting  concrete  quantity.  With 
respect  to  the  interpretation  of  the  algebraic  addition  and  subtraction 
of  concrete  fractions,  it  is  obvious  that  the  sums  and  differences  of 
such  fractions  are  only  possible  when  the  concrete  quantities  are  of 
the  same  kind. 

In  the  interpretation  of  the  results  of  the  multiplication  and 
division  of  concrete  algebraic  fractions,  the  same  method  applies  as 
in  the  interpretation  of  the  algebraic  products  and  quotients  of  in- 
tegral concrete  quantities.! 

*  The  rule  for  divisioa  of  one  fraction  by  another  may  be  readily  shewn  by  the 
principle  of  the  dividend  being  equal  to  the  product  of  the  dirisor  and  quotient. 

Let  ~  be  the  dividend,  ~  the  divisor,  and  let  z  denote  the  quotient. 

Thenixa:-^       Multiply  these  equals  by  1       .-.^x-Xx-r-x^ 
do  e  e    d  0     e 

but  ^xi-^-1.      nenceajorfLiJ.^x-. 
c    d    ed  b    d     b     e 

i  The  student  is  referred  to  the  Elementary  Arithmetic,  section  ix.  pp.  7-9,  where 
the  reasons  of  the  processes  of  arithmetical  fractions  are  fully  given,  and  which  may 
feadily  be  adapted  to  general  expressions  of  number  and  quantity. 


r 


EXERCISES.  ^ 

I. 

1.  In  wHat  respects  do  algebraical  fractions  differ  from  arithmeti- 
cal firactions  ? 

2.  If  the  numerator  and  denominator  are  prime  to  each  other, 
the  fraction  is  irreducible,  and  cannot  be  expressed  in, a  more  simple 
form. 

3.  When  a  fraction  -  is  equal  to  another  irreducible  fraction 

6 

~,  the  terms  of  the  former  are  zespectiTelj  equimultiples  of  the  terms 
of  the  latter. 

4.  What  alterations  are  made  in  the  value  of  a  fraction  ^,  (1 )  when 

h 

a  quantity  x  is  added  to,  (2)  when  subtracted  from,  the  numerator 
and  denominator? 

5.  If  -  and-,  be  two  unequal  fractions,  the  fraction^^ltl  is  inter- 

b        d  ^  b+d 

mediate  in  value  between  %nd-^. 

b        d 

6.  Neither  the  sum  nor  the  difference  of  two  fractions  which  are 
in  their  lowest  terms,  and  of  which  the  denominator  of  one  contains 
a  factor  not  contained  in  the  other,  can  be  an  integer. 

7.  Explain  how  a  meaning  is  given  to  the  process  of  multiplying 
two  fractions  together. 

8.  Beduce  the  fractions  L,  -f,  ^  to  equivalent  fractions  having 

<r     a      r 

(1)  the  same  common  denominator,  (2)  the  same  common  numerator. 

9.  Shew  that  the  cube  of  the  difference  of  a  fraction  and  its  re« 
ciprocal  is  less  than  the  difference  of  their  cubes  by  three  times  the 
difference  of  the  fraction  and  its  reciprocaL 

10.  Shew  that  t,w  .    j.   ^  always  a  proper  fraction. 

(<f  +  V  )  (c^ + dt) 

n. 

Determine  the  value  of — 

1. —4-— — =^4.-11-- whena==5. 

2tf+2^8tf+9^tf«— 1 

2.  Find  the  value  of  ?ZL*  .  ^j.?=:?,  when  a  =  10,  ft  =  5,  c=  1. 

6— c^tf — a^a^b 

3.  Find  the  value  of  a— f.+^— -+-.  to  five  places  of  decimals 

2^  3      4      6  * 

irhena=*l. 
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4.  Find  the  value  of  -^-L —,  when  a*- 1.  &  =  2,  0=  8. 

b.  What  is  the  value  of  fz^  .  fzi]?  ^^en  a?=-^  ? 

6.  Find  the  value  of  — f^.^+^\  ,  when  a?  =  ??!^. 

7.  Shew  that  .  .  jC .   . ""oT'  =  2,  when  x  =  6+c,  y  =  c+ap,  a « a+ J. 

8.  When  a  =  4,  5  =  6,  «  =  8,  find  the  numerical  value  of 

9.  Find  in  terms  of  a,  the  value  of  ^±ff±^_^i:;?^,  ^hen 

x^-^-Za,  and  when  a:  =  — ^a. 

10.  K/*=l'5,/=20,  y  =  2,  r=— 10,  #=—15,  find  the  value  of 

11.  Shew  that  ^ifJ:.^  )*+(?+?)!  is  integral  for    aU   integral 

values  of  oj.    Can     "^^"^    be  integral  for  all  integral  values  of »,  y, »? 

12.  Shew  that  the  sum  9  shillings,  d  pence,  and  q  farthings  is 
equivalent  to  ^'^*'*+^*'^+^  of  one  pound. 

m. 

Determine  the  highest  common  divisor  of  the  numerator  and  de- 
nominator of  the  following  fractions  respectively,  and  reduce  them  to 
their  lowest  terms : — 

J    a:*— 4jr+8       „    3fl^j;»+6fl*a;*+6ga:»+3g»       o     2j:»— ay— 6y« 
•  a^— 2a?— 3*        *        7a*+14fl^a;+7tf*a;*     *        '  3a:»— 8xy+4y«*  ' 
^     a:^+8a?V— 4arV     ^     J^O^*— 7^+^_     ^      80gV--5a?'^+5(Ag 

'  a^—ci^y—xf^+if^'     '   4a;*— 23;*— 2a:+r  9aa;»— fl^a?+2a* 

-y    1— 2a?+2a:'+2a;»— 3a?*      g    a;^— 2a?*— a;*+5a:*— 4ar+l 
l-ar+2a:»+a?»+3a?*  *        '       a?*— a;»— 3a?«+5a?— 2     * 
g    a;»+2a?«+2a?     ^^         10a;*— 54a?'+87a?— 45 

a?»+4a?     '        '    5a?*— 36a?"+87a;»— 90a?+54* 
11     (2a^+ 5^+ 2)(^+ Sa:*— a?+ 3)      •„      b^—^^—l 

'  (a?»+6a:*+lla?+6)(2a^-a?-l)'        *   a?»-a?*-«+r 
13    3(a?»-y«)-5a?y(a?-y)+y»  8^-29«y-21 

'  3(a:'+y»)+a?y(a?+y)— 5y«'        *  213?^— 29x*+8' 
15    tfy + (g^— y)a?-Kg— a)a;'+a* 
'  a^«+(fl6+y)a?+(a— 3)a;»+a;»' 
jg  a«(y-<^)-a^(2y +ag-(;») + y(& + (?) 
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•   «*— (2a+i>c«+(2ii6+a«)— a»y 
jQ     (g»—  1  )jg»  +  {2i^+ay + 2gg+ 1 
'    (tf— 1)V— 2(<»— 1>»— 2«r— r 

IV. 

Find  by  inspection  the  liigliest  common  divisor  of  the  numerator 
and  denominator  of  each  of  the  following  fractions,  and  reduce  thenk 
to  their  simplest  form : — 

ar*— y*         '        '  fl«+a*^— a— i* 
^    a»+y+c'+2ii6+2«?+2^       -    a*  +  y 4.|J—a^— gg— 5g 

'  «*— a»^-tfy+y'      '*  ;c*-jp»y-a^y«+y'' 

'    (fl+f)(fl— c)— ^(2<?+*)'        ■    4«f«+7r«+24arf+42r«' 

10  ^(^+y')+^(^+y)    11  (i-^y)(i+^)-(^"y:>+y) 
■  «*(:p*-y')+^(«'-*')'      ■         (i+^)*+(*-y)' 

9j^-8iry-&r-2y      ,.    (g+&)«-(g+ir)» 
&c*-4;r»-ary*-2y'*        '  (fl+i)«-(J+e)'' 

,5     (gr+^y)«-(a-&)(x4-g)(gar4-^)4-(a--  h^xt 
'    («r-*y)»-.(a+i)(x+£)(iw-.6y)  +  (a+4)««' 

V. 
Find  the  respectiTe  sums  of  the  following  examples : — 

1.    — I— — .      2.  6jr+ — - — .       3.  -J.--— I .    4,  — Lj+-. 

he       ^    he  .  ae  .  db       .        a  h 


s^y^i  a^h^e  2«-24^2*-2« 

8.   -^+-^      9.  -1.+-L.     10.  ??H^+?f=!f, 


^+2y^x— 2y  (rd{c+dx)  ah^ae^bc 

,-     fl— J    tf— a    i— <?     •«         x^y  x+y 

^^-  "ir+"5r+ir-  '     ?=iy+?+«*+-ry+y*- 

19    ^'-h^ry+y*    x'-jy+y* 
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VI. 
Find  the  respective  dijQPerences  of  the  following  examples  :— 

5^7 '         "4  ■"  5  '      '  2x        5F"  ■      *      Sx  127"  ' 

«  a^        a    a         ac         *t1  1         q    (f^-{-h    a — h 

a — b  0     o{o+€)  5?— 3     x— 4  a — b     a+b 

9.   -?^ ?!1-.   10.  lUf-^+f.  11.     "'         *' 


bx+c     ox — c  a — b     a+b  x — a    x — b 

,2 ^ ^-  j3    Sxj2x5xUx) 

{x—aXa^b)     (x— JX6— a)'        '    2       Il3"^ll"*"l2j' 

a:— y  x+ij 

VII. 
Verify  the  correctness  of  the  results  expressed  by  the  following 
equivalents : — 

2  2         12  2     i 

3  "^6"     4     ""4  13""     5      ) 


30 


3a— 43     2«— 5— c     15a— 4c     a+34i  , 

7  3        ^       12  84 

4    h  [  ^_(fi+e-a){c^-a'^b)  \   ■  J  ^_(3-f  g-a)(a+3-g)  I 
'I  2a6  J         I  2a€  f 

=  a+b+c. 

g     (a+a+o)(a'+y+g^)_  f  3+g    g+^  ,  g+^  I     (f'+b^+c' 
abe  \abc)  abc      ' 

g    (a+3)(a«+a'-c«)     (3+c)(y+g'-a«)     (g+a)(g»+g»-3») 
oi  "*"  3c  ca 

=  2(a+3+0- 

^     (y+c«)-a«     (c+a)«-y     (a+3)'-c» 

23c        ■*■       2ac       "*"       2a3 

(a+3+g)(2a3+2ac+23c— g*— 6-- c*) 

*  2dbc 

g    y+gi^g«    <j^,g«-3»    g»+y,g« 

3(?        ■"      ac       ''"       ab 

^  a3c 

o    (a+3)(a+c)  ,  (3+a)(3+c)  ,  (c+a)(c+3)     (a+3)(3+c)(c+a) 
a»         "^         6«         "«■         c»         *"  «3c 

"^+ — w? — • 

IQ      ml  J 1     _       gg+l  .gv    1       1  1  3c+X 

§5 


IG 


W   J  ^c  ^^    h{cd+c+d)'        ^  X  +y  +%    x$fx+ax+dz 

vm. 

End  the  following  products : — 

2*— 3y        2y  I*    yJ        l<»^*) 

,     jx    «    «)       /2      31         .        x{a-x)  a{a+x) 

\  4""5  +  6  J        I  3i~4i  )  *       ■  «'+2«*+a:»''  «'-2<»x+*'" 

*•  ?Zy  ><  ay(a:-y)»"  ?=^  "^  «'+*'y'+y** 

7.     {l_^+.:.__^jx(l+*). 


Besolve  the  following  expresdons  into  their  constituent  simple  and 
-quadratic  factors : — 

-     («^+a»+y)'-(g'-aft+y)«       2    1     a'+y-'^ 
*•  4(<?+J»)  '  2«i 

*•   —25? ^-  (H^*'+T)'-      "*•     (a-J-*)' 

»•   a-«+«-rf  1     2(aJ+«-rf)      j" 

X. 

Dotermme  the  following  quotients :— 

y'-9.y+3     ^      Jcfi    .  _g_ 
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'     a  +  2b   '  2h*+ab'      '  x^^2bx+b^  *    x^b  ' 


11. 


13.  ( ^±?y+?  u  /  _x_+£±y  I . 

(  x+y   \f/  J    •    I  x-k-y^  y     i 

a— 3 — c 

XI. 

Perform  the  following  divisions  and  verify  the  results  :— 

L  x^4- 1- — k-  Dv  — L-.     2. 8a'*+ — --  by  a:— — . 

3  ^6^9     "^  2^3  (7  ar»      "^  x 

3     f*     ar"^      11^     61ar 1_  bv  —     ^— - 

2""12'"  72  ■*"144     12     ^    2  "*"  4  ""3' 

4.   ^_4^+!!^^^-.^+27  by  ^-.+3. 

4  8  4  4  '^2 

5     -?f!!_i^     7t^^49c^  ,     3tf»    2a^__?« 
16i*""263*"'"20**     64i«     ^   43"*"53«'"8fr*' 

6.   ?y.lZ^+£^-12:^/  by  ^fV^^+B^n/. 

5  40  2  5  4 

(^^x*        la*    x")         I  «^a;  f      "^  a^ar 

8.  a«+^+«*+i^+a»+i+2  by  <i»+i-+a+l. 
0^  ^  a*  fl*         tf 

XTL 

1.  Divide  l+2a?  by  1— a?and  l+x  by  1— 2a?,  each  to  five  terms, 
and  write  the  20th  terms  of  the  quotient. 

2.  Divide  l+5a;  by  2+da?  to  five  terms  and  write  the  16th  term. 

3.  Divide  a — x  by  0+^  to  four  terms  of  the  quotient,  and  write  the 
general  term.  Shew  also  that  if  the  sum  of  any  two  oonsecutive  terms 
of  the  quotient  be  divided  by  their  difference,  the  quotient  will  be  the 
same  as  a—x  divided  by  a+x. 

4.  Shew  that  J±f  =  J_(!L=^+(f:^_(fl^+&c., 

and  ±tf = i_*r?4.(i=:fl*_(*=f)*!+,  &c. 

x+b  X    ^      3^  a^ 

5.  Divide  a-\-bx  by  e^ix  to  five  terms  of  the  quotient  and  write 
the  nth  term. 
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6.  Verify  the  truth  of  the  following  diyisions  :— 

a+hx    a    {a^^¥)x    {<^^l^)aa^    {a*^h')aV      . 

h+ax'^b^      i-      +       3»        *■        5*        + 

a+hx     1     1— a;^  h     l^x^  5«     1— d5»  5'      - 
— —  — 4. . . — +  cfcc. 

ax+b    X       a^   'a^    a?"    a*       a?*     «* 
bx+a     ^^(y-gs)     (y^a^)5_(y~g«)y  ,   ^^ 
ax+b"  a        a^x  c^x'  a^a^ 

And  shew  that  the  sum  divided  by  the  difference  of  any  two  con- 

secutive  terms  of  the  quotients  gives  ■=- in  the  first,  and  -"^IZ-  in  the 

b+ax  ax+b  . 

last  two  quotients. 

7.  Divide  1  by  \—x+x^  and  by  a^^x+X^  proceeding  to  six  terms 
in  the  quotient  and  obtaining  two  different  results,  in  one  of  which 
the  powers  of  x  continually  increase  and  in  the  other  decrease.  Which 
of  these  will  give  the  true  value  when  ar  =  3  ? 

xni. 

Verify  the  correctness  of  the  following  identities  :— 

1  a:4-<>  x^a  2{3!^+a^+2ab)x 
'    {x^a){x^b)'^{x+a){x+b)''  Xx'-^-a^a^^b^' 

2  b  +  \\x+\^Xi_  3  _  25g»+26;p--l 
(2— 5a:— 3a;«)*      (2— Sar— 3a^)*  ~  (2— 5a:— 3a;»)** 

8+6a:»— 7a:*_  Z+Ax—bx^  42a:*— 13a:»— 64a:»-Hla:+7 

(5— 3a?— 7a:^y     (5— 3a:— 7a:>)»"'  (5— 8a:— 7ar»)* 


8. 


4    ^^a^+ax{^^^)y+a^^ax{:^+^)  ^  2a(^^.,,^+a4). 

,     Za+2x    3a— 2a:        16a^  8a: 

3rt— 2a:""35+2i'"9a*— 4a;' ~  3tf+2S' 


6. 
7. 


1 1__  1  2a:+3 

2a;— 1     2«+l^l— 2a:^4a;*— r 
1    _       1  a: 4-3     __  a-+3 

a:—  1     2(a:+ 1  )^2(ar»+ 1 )  "  a;^—  1 


g     5  _i 2.      1        24       1         2a:— 3       1 

2'a:+l     lO'ar— 1~6  *2a:+3""2a:+3'T^' 
9      g+^         g— ^        2(g«a:+^V)     4(o*ar^— &y) 


10. 


2a:+15_  _2 I8(2a:+15) 

2a:— 3     4a:»  +  9-    2a:+8"     4a:*— 81 


y      «+y'*"y'— a:'y*y+«' 


13. 


1 4_  9  g* 

2(a:+l)     a:+2+2(a?+3)'     +l)(a:+2)(a:+3)' 
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14.  1  .         2x         .  1  2 


15.    1       ^-2^      ,  1   l±f  ,  1  _1 1 

2g      1 2  1 

'    "(:r-2)(a?-3)+(;r-lX2~2r)+(x-l)(:r-2)"^* 
17  ^~5        ^      2(a?— 4)  a?— 3 

(;r-4)(x-.3)     (i:-3)(ar-5)+(«-5)(z-4) 
2_ 

(a:~3)(«~4')(J^' 

18.   l+-i-4._L_  .  _l 3 

«^^-2^(ar~l)«"^4:(^~2)"'x(a;-l)(a-3) 

2a:*— 10j?'+ll:c«^-2a?— 3 

^(^-)V-2)(^-3)    • 

19  ^       _       1  1         ,        1 

2(a?-3)     6(a:-2)""2(ar-4)+6(ar-6) 
1 


(j.-2)(ar-.3)(^~4)(«-5)- 

XTV. 

Verify  the  correctness  of  the  following  expressions : — 

^-  |^±S±|?.x(64«i'-729J«)x??=?*-i??±3*i(2?)^T(^ 
4<;?— 6aJ+9J»     ^  ''     2a+3J-  2<i-3i 

2.   i  -iL. ,  ^___2*y_  I  X  i  ^+8^+1 1  _*+y 
4.    j?_yi  /_L_._Ll^*   2 

(y    « J  ■  (  *-y'^*+y  J   *  y    »' 

5.    J     1+^  1-^     {    .   (     1  1     )      i_^ 

I  l-a:+x'+l+«+x>J    •  \  l-x+T+ii~ 

<  *+y  ^y  i       I      y        a;+y  J 
7.    i  g+a?*— X  l  ^  /  a+x    a—x  )  _   2ax 
\  a—x    a+x  )   '  \  «— x"'"a+«  J      a*+*"' 

\        a—x )       \        a+x  J        I  <»•+«»  j      «'+*• 

J,    i    1    ,    2 L_i^_?y 5{^+y)y 

U+y''"ar-y     3x-y )    '  tf'—9x'~      4(3«-y)(««-y')' 

10.    il-L  ±  l^;*  J_l___L__  =1 

I  «  +«  +y  /  •    (  i  +y  /     y{xifz+x+z) 

XV. 
Sbew  the  conectneBs  of  fhe  following  aggregates : — 

1.    l\  x{x+l){x+2)+x{x-l){x-2)  } +?(«-l)(«+l)*-«». 
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2     i;_i 1  ^-2    _    x+2     I 1_ 

'   eXx^l     x+l^a^—x+l     a^+x+l)      afi^l 

13       1  2        1  9       1  1    9ar— 18 

'    10'(«— 3)»"l6'(a;— 3)«"^600*a:— 3"*"500"  a^+1 

«'+«+l 

(«    J/c'*"(<»    ojb'^ih    e)a      b\a    c) 


=  4+^ 


a 


^     a     u     w  ,  V     v.v 


XVI. 
Verify  the  aocnracgr  of  ihe  Mlowing  equivalent  ezpreasions 

1  2(5i:i)~2(a+J)"*"a»-«' /  ■    i 

2.  aJc+(*+e)(c+»)(«+>)  =  <»M«+*+<')  {  ^+ j+^  } ' 

„    2ajf+ix    1(«    *i    f  ft  ■  y  I  j.2^^— gy 
■~2jr'~2 1  J+a  r  t  y+i  J  ^     2«y     • 

f«-i  j-i  c-i)^fi  1  n    __^£_, 

*•    ")  -r'+~J~+"r  /  '  \i+~b~o)  ~bc+ae-ab 

2abe—(ab+ac+bd) 
~       be+ac — ab 

G  1,  i.i___JL_^<f±*K*±^(f±£l 

aTh'^e    a+h+e        abe{a+b+e) 

if—aex+{<u!—b''+be)^—b<af    a+bx 

'   a*+aix+(ae—<^+be)x'+<^»^  ~  a+ex ' 
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-^         a*b+b^c+(^a         a—c    h—a     c^b  <^+l^-\-<^ 


(a+b){b+cXe+a)     a+b    b+c     e+a~     {a+bXb+c){c+a) 
a*+a^^+b*     a+b      a—b        J 2ah{a'+b^) 

•     U-^+<.-fl+a-i  J    -(ft— ij)«+(<?-.fl)3+(a-6)*' 
(fl-fty+(ft-.^)«+(,,^)3        2  2         2^ 

(a-ft)(ft-<?)(c?-a)      ■*"«-*  "♦■ft-ij'^c-a      * 
14.   g(^+g~g)     %+g~3)  ,  g(g+3— g) 

ft<?  "•  flk?         "•  oft 

^  (a+ 3)(ft  +g)(g+o)— (a»+y +c»+2gftg) 

15        g-(^+g)  y(c+g) o»(<i+ft) 

16         (fl+<^)^g  (ft+rf)gg  (g+<g)g> 

■(«-ft)(a-c)'^(ft— tf)(ft«<?)+(c-a)(g-ft) "  *• 

<,«+«ft— 5c— c*  "^  Ji+ftej— (ja— a«  +  c»+m— aft— ft*  -"• 

18.   g^+y— g'     y+c'-g'     ^+^II*!+6 
aft       "*"        ft(?       "**        rfl 

19     ^'^^—C^'^+g^^+g*^— 1)     abc^ia+c) 
bcd'-{b+d)  b7'-'l~ 

=  a  ^,^{^+^c)(be-l)--b(c+a) 
^  (ft(ji-ft-rf)(ft(?— 1)     • 

20.    il     1     1     U^     i^+h+c+d)^ 
ia^b^e^df  abed 

1  <w^    ftg  /  '  (  ftrf     tfg  J     I  c(^     ab) 


XVII. 
Beduce  to  their  siniplest  forms : — 

1 L_  . I       ,1 

{a'^b){a^ey(b''a){b'^c)  "*"  (c-ft)(c«a) 

(fl-ft)(a— <?)"*"(ft-.a)(ft-c)+(c-a)(g-ft)' 
o  a— ft  ft — (T  g— <i 

"    (*+^)(c+^"^(^+a)(«+^"^(e»+i)(ft+e?)' 

4  tf+^         ,         3  +  g  g+g 

(ft— g)(g— fl) +(g-fl)(a— ft)  +  (illftXftZ^* 
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e  ab  ,  be  ,  ea 

^'    71 X7T— r^^ 


(^b^c){e'^ay{e'-a){a'''by(a^b){b'^e) 

•  (a-j)(rt-r)"*'(*-a)(6-<:)"''(tf-tf)(c=^ 

(&-,)»  (,^a)»  (a-3)« 

•  ((r-a)(a-J)"^(fl-i)(i-c)"^(i-c)(tf-a)' 

•  (a_j)(rt-c)"*"(5-(?)(J-a)"^((?-a)((?-*)" 

fl«(,-3)  y(^^c)  ^(*-a) 

(a+a)(tf+^)'*"(*+^X^+i)"^(^+«)(c+*)" 

'   (a+b){i+c)+(bT~c){J+a) 
n        g+ft — g  i+c — a  c+a — b 

13     {^+(^){l'^^c)     (l-hbc){l+ab)     (l+ac){l-^hc) 

'     '(a-:i)((?-(i)"+  (fl-J)(3-f)  +  {b—cXe-d)  ' 

14  aV+^)(g+o.y(^+g)(^+<i).c(c+g)(g+3) 

•  (a-J)(a-c)""*"  (J-r)(i-a)  "*"  (tf-a)(c-5)  ' 
■    '(a-i)(a-cr)  +'(*-(?")(*-«)  +  ((r-tf)(c-J)  * 

xvni. 

Beduce  to  their  simplest  forms  the  expressions : — 
^  a — 4  b — c  c — a 

{z^a){X'-by{z^b){X'^cy{X'-a){x'-e)' 
rt  x+e  x+b  x  +  a 


^     (a;+ft)(ar+g)     (jr4-o)(x+g)     (a?+fl)(a:+^) 
(a-i)(a-c)"*"  (*-tf)(i-r)+  ((j-a)((r-i)' 

(tf—*)(a-c)"^  (*-(?)(*—«)■*'  (c— aXc-5)' 

he{x—a)'  ca{x^by  ah^x—cf 

g     (j?— g)(y— g)(g— g)  ^  (a;— 3)(y~^)(g~3)    (j?— gXy~<;)(a— g) 

o  ahx  acy  bez 

(or— 6y)(«x— «)^(Jy— «p)(Jy— «)     («—  ax){ci—by) 
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XIX. 

Determine  the  aggregates  of — 

•   a(«— i)(rt— (?)^*(i— (?)(i-^)"*^c(c— a)(c— 6)' 
^^  J<?  fltf  fl3 

3  1         ^        .  1  . 1 

a*  J»  c« 

^'    (^^6Xa-c)(a;-a)+(6-a)(J-c)(a:-6")+((?-a)((j~iXii:7)' 
a«  i'  e5» 


6.  - — i\/""-\?rr\+n — \Ta —         \+ 


(a-^)(a-c)(i+c)^(J-c)(i-fl)(a+c)"^(c-a)(tf-J)(J+a)' 

y  b+e—a  c+a-^b  a+6~g 

•   (6+<.)(e.-o)(a-i)+(^+^)(i::::i)(iZ:;p)+(o4.6)(J--ej)(<.-.a)* 
8     1 ,  1  .  J_ 


Find  the  simplest  forms  of  the  following  expressions:— 

,          «               b               e 
1,  ._ J. , 

b+c — a    <?+« — b     a+b^c 


a+b+c    a^  b-^c^  b-^e-^a^  e^a—b ' 

3-  /.X7:r)c^r^r-^-.,..    i.^.    .^+ 


^     a{b  +  e)      h{eJra)     c{a+h) 


'I        aft       *"       ft<7        J     (tf+c— ft     a+ft+<j/* 

a»^(6_g)»    y_(g_^)»    ^,(^_3)a 

•    (ft+c)«-tf»'*'(c+fl)»-ft*"^(a+ft)^-<J»' 
a«_(^^g)«    y^(g_g)»    <^-(fl-.6)« 

10    /  ft+g~^<»     g+<i— 2ft     g+ft— 2<?\    /      ft— g  g— g 

a-ft      ) 
tf4-ft— 2c  I  * 


2e 


"*"'--hft 
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XXL 

Yeiify  the  equivalent  expressions-^ 
.        a  h  a  b 


a+h     a — b    a — b    a+b 

a%b^^<^)-^alf{2^+be^d')+b^(b+c)    a(b^e)-^b' 
a\b+cy-^ab{2b^+3bc+(^)+b\b+ej  '^a(b+c)^b^* 
(^a+b+d)(a+b)'^e{e+d)     a+h—c 
(a+^+rf)(«+fl^)— c(i+c)  ~"  a— c+d' 
^     <^(a— 6)(6— c)+6(a— iQ(g— rf)     6--(^ 

'   (a-c)(<^-rf)+(*-^)(<^-a)  +  (5-'6)(*-0  "  *-<^' 

7.  (g'+yg)(y+^)-(fl^+<g)'  ^  _g 

2 

^     (26— c— g)»->(2c— g— ^)»      9(3— c) 

(c--«)3— (tf_6)*         ~i+^— 2a* 
,Q    fl»(y— <?«)+y(<?«— o»)+g»(g»-y)     ag+cg+g6 
•      t^h^o)+¥{c^a)+<H,a-^b)    "    a+b+e  ' 

(ctf— y)(g6— c«)+(a3-c«)(fe-g')+(3g-g^)(gg-y) 

**  a6+iw+6tf 


IS. 
14. 


{(g— l>p— (6—  1  )y  }  (aa?— ^)— (g— ftya?y     _g(a>-l)a?— 3(i— 1)// 
|(a-l)a?-.(i-Tjy}(ay-^i4;)-(a-'i)^:ry*=     6(a-l)«+a(*-l)y 

(2a:-y-8y+(2y~g-ar)»+(2:=-^-yy 


(y-2y+(8-^)'+(^-y)* 

(;r+y+g)»+(s-y)«+(^-sy+(y-xy 

^+y'+-' 

jg     yg'(g»-y)+rg'(a«-r)+g'y(y--ff') 
Jg(c— 6)+ca(g— c)+a3(6— a) 

(tf«^y)t4,(y-c8)»+(c»-g«y 

-    (a-3)«+(5-r)»+(<?— «)»   ' 
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XXTT. 

Eeduce  to  their  simplest  forms — 

1      /  1  .    20        180       420       280  |     f^ 20        18( 


180       420 


2     «— 3 


1/    (*+*)  4?  — g         «*—«')• 

-•    ^+4)  2(«-«)"''2(«+a)~^'+a)  J  ' 
(x+y)(l-;»y)         a<l-y')+y(l-;0 

(l-xy)*-(*+y)*~(l-«')(l-y')-4«y' 

H-*"''(l+*)(l+*'r(l+a;Xl+a«)(l+«')' 
g     (gy— tie)*— (gg— ty>     (gy— &r)*+(aa:— iy). 

(<»+«)(y-^)     "*■     (<»-*)(y+*)'    ' 
7    ^+^+y'  / 1,1  \  .  y'+ys+8«  /  i    i  \ 

W        1  i+P  i  +^V 1  y+i  / 

■r+aa+a*  /I     1  ) 

I  x+y    j^'-xf^  x^y  )       \  x^y  )       I  x^-y^y    x  ) 

(  a^bx'^b—ax  j  "^  (  a--hx''h—ax  ) 
10.  {ai-l-(a-i>g}« 


{a4-l-(a-6)«}»-{a-*-(ai-l>|» 

{ad— l-(g— i>c}' 

•  (1— gJ){l+g«-i-(g— *)«}— (g— 6){g+6+(gi+l)a:}* 
J  J     (»+»(g^+y-e')     (i+g)(i'+(!'-g>)    (g+o)(g'+<'-a') 
gj  "*"  J«  '*'  go  ' 

14      Jf(5±2y^    (ar+y)V  (  ^  f  (a:-2y)'x  .  (ag-y)V  \. 
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i«      f  (x-2yyx  .  (2x-y)V  \   .   J  (x+-iy)'a;    (2£+y)V  ) 

*®-  1  (x+y)»  +  (x+y)'  /  •  1  {x-t,y  -  (x-!/y  i 

xxni. 

1.  If  t  =  a+b+c+d; 

-men -_+-j-+   ^  +  ^   -)a+4+<;+rf/ 

2.  If»-«+i+«+d+  ....  tow  terms, 

then  shall -^ — i-— — i— ^+  ....   =n— 1. 
«         «  « 

3.  lia?—yz  =  a\  y'-ar  =  i*,  s'— xy-c*, 

find  the  Talue  of  ^?±*V+^  jn  terms  of  a,  h,  e. 

x+y+s 

4.  If  «=*=£,  y-t;f,«=—;  then«y*+*+y+s  =  0. 

o  0  « 

5.  If  y+z+K  =  «u;,  s+«+*  =  iy,  n+«+y  =  «>  «+y+»-'<^«; 
then  shaU  _^+^+-l^+^  =  1. 

6.  n«=?^.J=yri,*=«-^; 

^+y      y+*      -+* 

.,    .  l+a     1+*     l+tf     , 
prove  that  — - — ^  .  — -i—  =  1. 

^  1— a    1—5     1— tf 

7.  If  ?(a-c)+*(c^-a)+?(a-5)»0; 

a?  y  « 

then  -(«-y)+^(«-«)+-(y-«)-0. 
a  6  ( 

8.  K2«  =  a+ft+c, 

then  shall .^ h-  =  -7 w IT; \* 

then  shall  («+5-c)(«+c?— 3)(i+tf— a)  =  0. 

10.  If  tf^+^g  .  y+gg    gjM  ^  1^  ^^  j^  ^  teing  each  greater  than  0 ; 

a'  —  be    b^-ca^t^—ab 

XT.         1.   11  «'  6'  <^  8 

then  shall -l -4- ,^ —  i  =■  —  •:?• 

1 1 .  If  (g«-6c)(6"  -  fl<?)(c»  -  06)  -  0, 
ihen8haUi.l.i  =  ?!+S+^. 


XXIV. 


1.  Find  the  difference  of  -1_+   *   .l-I- and  -T-^.   "    +--!l-, 
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aad  ascertaia  if  the  value  of  the  difference  is  dependent  on  the  value^ 
of  :f. 

2.  nxy2  =  l,  then  {l+x+y'-')''+{l+z+x-')-'+{l+i/+z-')-' =  1. 

3.  If  a^{b+c)x,  h  =  {c+a)f/f  c  =  {a+b)z; 
then  1 — zy — ys — zx — 2ary3  =  0. 

4   If  r-'^+^'"^  then  «+^^     (a-5+g)^+4fl5 

shew  that  (»-«)>-  (y  -  6)*  =  i». 

7.  Ifx+y+.  =  0;  then  <y'-'')^y(^-^)^«(^-y'),o. 

8.  If  -/?—_    *^    =-  — -;  shew  that  either  number  is  equal  ta 

3+a;     <s?+y     6     (^ 

^JT  ~  iy ' 

9.  Of  the  fractions  (?^±*X£M    (£±£)L»+£)    (f+Wf), 

a^+(rc2      '        ac+hd      '        ad-^be    • 

if  any  two  be  equal,  the  third  is  equal  to  either  of  them,  and  each 
to  —  1  :  a,  3,  c,  being  unequal  quantities. 

10    If  (^^ + ac'—hc){hc  -f  ac^db)     (ab + ae'—bc){ab + be —ac) 

ab+bc — 00  ~  bc+ac — ab 

Ja6+bc-a,)(bc+ae-ab)    tt^n  shaU  a  =  J  -  c. 
ab+ac—bc 

11.  Shew  that  for  all  values  of  x,  the  sum  of  these  two  expressions 
(x-ay  (x-b)*  jx-cY  , 

{a—h){a—c)'^{b-e){b-a)'^{e-a){e-h)' 

{ «4j+i }  (--)+  { ii+ii }  (--*) 

+  \  "^^H 7-  f  (^""Oj  ^  equal  to  a  0on«ft»i^  negative  quantity; 

supposing  a,  3,  c  constant  and  x  variable. 

12.  Determine  the  value  of  the  fraction  -JIIz_jt?  when  a?=  —  1. 

«»+3a?'— 2 

13.  What  value  of  a?  will  cause  both  the  numerator  and  the  denomi- 
nator of  the  fraction  ^^"^^^^^^tl^"^^!^^  to  vanish,  and  what  i» 

9**— 21a?'a+22ara'— 8a» 

the  true  value  of  the  fraction  in  that  case  ? 

14.  Reduce  _^f^Jf^^^^t}^  ^  to  the  form  of  a  continued  frao- 
tion,  and  verify  the  truth  of  the  result  by  reversing  the  process. 
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XXV. 

1.  Which  is  the  greater  fraction, —-t--  or   —  —  ? 

1  — a-         1  — a 

2.  Shew  that  ^4.--  is  always  greater  than  .-u  — 

0*      or  b  ^  a 

3.  Ifm  he  less  than  n,  then  shall -in — be  greater  than,  equal  to,  or 

ie^s  than  -^~  -,  according  as  a  is  greater  than,  equal  to,  or  less  than  h. 

4.  If  -.  and  -  be  any  two  fractions,  and  m,  n  be  any  integral  num- 
0         d 

bers;  shew  that  _ -X^  is  intermediate  in  value  between  ^  and  - . 

mh-^-nd  0         d 

5.  Which  is  the  greater  fraction  — H.-^  or  -^?__5  ? 

6.  Prove  that  is  always  less  than .--- ,  if  &  be  inter- 

mediate  in  value  to  a  and  c, 

1  X 

7.  What  are  the  integral  values  of  x^  if  -'{x+2)+-  be  less  than 

~(a:+4)+3,  but  greater  than  i(x+l)+i? 

2  2 

8.  If  x+-  be  greater  than  3  :  then  shall  x^+.t  >  3. 

X  X' 

9.  Shew  that  the  sum  of  every  fraction  and  its  reciprocal  is  equal 

-to,  or  greater  than  2,  and  that  ?4-— l- -f^-i.-4.->6. 

b  *  e  *  d    b  ^  a^  c 

10.  If  a,  b,  <?  be  unequal,  then  a\b+c)+b\a+c)+(^(a+b)>  6abc, 

11.  If  a,  byche  three  quantities  in  order  of  magnitude, 

,    „  rt    5    e?     b    a    e 

then  shall  -+  +t>-+y+". 
0  *  a    b     c    b     a 

12.  Shew thatr-i — +    .  ^    i+tt — ^    ^?^  - 

13.  If  a,  bf  c  be  such  that  the  sum  of  any  two  of  them  is  greater 

than  the  third :  shew  that=-; 4.—, =4-  -——. —  >  3. 

bJ^c^a^  e-^-a-'b^  a+o— c 

XXVI. 

1.  Iffl+  ^  =  1  andr+i=l,  theni+i=l. 

b  a  0 

2.  If  a — —  =  b — 4-1  *^®^  ®*c^  ^3  equal  to  f — ?-. 

a  b  c 

3.  If  a-^ab  =  1  and  b — be  —  2,  then  c  =  — H — 

1  —2a 
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5.  If  .- — 14.- .  =  0,  prove  that    — -t-+- ,  =  0. 

6.  If'V=l  and  ?+?  =  !,  then  ?^i  =  -.l. 

7.  If  j:  - -—L- ,  then  shall = . 

l+ez  l+x     l+e     1+2 

8.  Ifyr.^+^^  and  s  =  ?+^;  then  shaU  ar  =  ^±^,  provided  that 

c+dx  c-^-tty  c-\'dz 

h^j^(^^ad+hc  =  0. 

9.  If  ""'IrA^^^^Zi'X  then  1+^  =  1+1-;  and  conversely. 

a — d         h — d  a     h     c     d 

10.  If  (a8+*2)^  =  l,  then  shall  — ^+_iL-  =  (a+i)(a»+^'). 

1 — ox     l-Jf-ax 

11.  If  ory  =  ah{a  +  h)  and  a?^— a^+y»  =  a»+ J», 

■""*•' {Hi  {H}-»- 

12.  If  ^=^,3', »xd ?!=?!.  15, aim  .i»n^=^.tl 

a—h      %  h—c      X  c-^a      y 

13.  If     ^"^^     ^     "^r^^  „  then  a+i  =  (?+rf,  and  each  fraction 

a — h — c+rf    a — J+<? — a 

is  equal  to  4(a  +  A+<?+^). 

14.  If  i/?.-l-^l--».-U-IV4»theii  shall  each-A. 

^(s^yj      yM«     sj      '^Xy^x)  xy% 

15.  K  -£-+_JL  j.-J-  =  0,  then  ar+y +s  =  0. 

a—h    h—ee — a 

16.  If  _i I Li l-  =  0;  shew  that  ar  =  y  =  s. 

X — y     y — 3^^s — a 

17.  If  -£-  =:=  JL- ::,  -5-  ;  then  shall  ax+hy+ct  =  0. 

18.  If  a5+eT^+&tf  =  0,  then  -J_4._L    . -^-^  =  0. 

a' — d<7  •  tr — ac  '  r — ab 

19.  If -^  =  a, -JL.«i, 


2 


y+a      '  ar+a       '  x-^y 

then  shall =  - — ?? ? — —. 

fl(  1  --be)     b{  1  — <K?)  ~  c{  I  —a*) 

20.  If  ^^y:^  ^  ,  y+^"^   ^    ^+^-y  ,  then  a  =  ^  =  .. 
ax-{'by — (s     oy+f2 — awf     ax-\-cz — by 

21.  Shew  that  if  {y±5 .  ?±£+^Lhy  I  =«, 

{     X  y  z     ) 

and  i  — ^+— f^+— ^  >  =6,  thenfl3=»9,  if  a:+y+s  =  0. 
I  y+«     »+a?^a:-l-y  j 


EESULTS,  HINTS,  ETC.,  FOR  THE  EXERCISES  ON  COMMON 
MEASURES  AND  COMMON  MULTIPLES. 

J. 

1.  See  Section  V.,  Art.  2,  pp.  1,  2. 

8.  The  numbers  12  and  6  ;  4  and  18  ;  2  and  36,  respectively  fulfil  the  conditions. 

9.  x*  +  l2x*  +  i9z^  +  S2x  +  i8. 

II. 

The  following  are  the  highest  common  divisors  : — 

1.  Sx  +  1.     2.  x—1,     3.  x—1.     4.  ar— y.     5.  x—a.     6.  x^  +  2x.     7.  3a;«  — 2. 

8.  A'»+3a;'+3x  +  l.     9.  sc-l.     10.  x  +  2.     11.  jc'-l.     12.  x-a. 

13.  xy  +  ab.     14.  x'-l.     15.  1-ax,     16.  a;  +  a  +  6.     17.  a  +  6  +  c.     18.  {x-l)-. 

Note. — In  the  examples  numbered  2,  3,  5,  9, 11, 14, 15, 18,  the  highest  common 
divisors  may  be  found  by  inspection.    See  Section  IV.,  Art  13,  p.  24. 

III. 
The  following  arc  the  least  common  multiples : — 
1.  n(n-l){n-2){n-'i)a*-^x*.     2.  12x*-41z»+25j;«  +  16ic-12. 
3.  a(a;+a)(a-a)«(x«+a«).     4.  3iB"-lla;» -8x'»  +  42a:»  +  19a;« -47a;-30. 
6.  (2a*  +  3a»6  +  3a«6'+3aft«  +  26'»)(a»  +  3a*6+a«6«+a«6»  +  3aM  +  65). 
6.  (a«+aa:  +  a;*)(a»-a:»).     7.  x^-1^*.     8.  (8a;-l)(4j;-l)(7x-2). 

9.  (a?«-y*)(x*+x»y«+y*).     10.  a:*  +  10jc«  +  35a;*  +  50aj  +  24. 

11.  36(a«  +  6»)(a«-6»)(a-6)«.(a  +  6).     12.  x{x  +  l){x^-\-l)(x^ -x  +  1). 
13.  a;(a:  +  l)(a;»+a;  +  l)(a;*-l).     14.  (2x-3)(3x-2)(4a+l)(6a;  +  4). 
15.  See  Exercises  XIX.,  No.  4,  p.  35. 

IV. 

1.  a»Sy  the  highest  common  divisor  is  a;*  -ix+Z,  and  the  fraction  in  its  lowest 

.           '    X  —  4c 
terms  is . 

x-5 

2.  It  maybe  shewn  that  x*+y*+z^» -Sxyz,  and  a!»+y»+2*=7a5yi;(ya;--ar'). 
The  truth  of  this  may  be  verified  if  a;B2,  y  »3,  2=  -5. 

3.  At  the  third  step  of  the  process  for  finding  the  highest  common  divisor  of  the 
two  quantities,  it  appears  that  the  question  is  reduced  to  ascertaining  if  a"'*  -  &"~« 
is  divisible  by  a'  +  aft  +  d*. 

4.  It  is  sufficient  to  remark  that  the  quotient  of  an  odd  number  divided  by  an 
odd  number  is  an  odd  number,  and  the  sum  of  two  odd  numbers  is  an  even  number. 

5.  It  is  possible,  that  when  numerical  values  are  assigned  to  the  symbols  of  two 
algebraical  expressions,  and  the  greatest  common  measure  of  these  numbers  be 
found,  the  result  may  not  be  the  same  as  that  found  by  assigning  the  same  numerical 
values  to  the  symbols  of  the  highest  common  divisor.  This  may  arise  either  from 
the  relation  of  the  numbers,  or  from  the  introduction  or  removal  of  factors  in  the 
process  of  finding  the  highest  common  divisors.  ^ 

In  the  fint  example,  the  highest  common  divisor  is  as*  +a;  +  l.  When  4  is  sub- 
stituted for  z  in  the  two  given  expressions,  their  values  become  231  and  899,  and  the 
greatest  common  measure  of  these  two  numbers  is  21 .  And  when  4  is  substituted 
for  X  in  2*  +X+1,  the  highest  common  divisor,  the  result  is  21,  which  is  the  same 
as  the  greatest  common  measure  of  the  two  numbers  found  by  the  same  sahstitntion. 

In  the  second  example,  the  highest  common  divisor  is  3^+  4a.  When  4  is  sub- 
stituted for  X  and  1  for  a,  the  two  expressions  become  48  and  192,  and  their  greatest 
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common  measure  is  48.  But  when  these  substitations  are  made  for  x  and  a  in 
Sx  +  4a,  the  highest  common  divisor,  the  result  is  16  for  the  greatest  common  measure 
which  is  ditforent  from  48.  The  reason  of  this  discrepancy  arises  from  the  fact  that 
in  the  algebraical  process,  factors  have  been  rejected  which  are  common  measures 
of  the  corresponding  arithmetical  expressions. 

6.  As  the  common  divisor  is  a  quadratic  factor,  the  remainder  will  be  of  the 
formjxB+9,  and  must  be  equal  to  zero.  And  aa  a;  is  not  zero,  there  must  be  p^o 
and  q^o,  from  which  the  required  condition  will  be  determined. 

Note. — The  second  remainder  in  the  process  is  bcx*  +  (c»  +6«  -  a*)a5+ &c,  which  i^  ^ 

equal  to  icja;*  +1-1 — l£-.a!+ 1).     If  m  be  put  for  ^  ^  .  "^  ,  the  rest  of  the  pro 

be  be  « 

cess  may  be  considerably  simplified. 

7.  The  common  divisor  is  of  the  form  z  +  b,  and  the  remainder  does  not  contain 
X,  This  remainder  made  equal  to  zero,  when  reduced,  will  give  the  required 
condition. 

8.  Let  J^  and  — ^—  denote  the  two  decimals,  and  suppose  r  to  be  the  greatest 
common  measure  of  jp  and  q. 

Then  2>— — ,andif» — ^^  .  ,  .'.  --« v = — •1*'  • 

10«'  rlO"+«  M    10- '^      pq        pq 

9.  The  highest  common  divisor  is  a  quadratic  factor  of  the  form  as*  '¥px-\-q  if  a> 
'  and  a*  are  prime  to  each  other. 

10.  If  scs +  00! +6  be  divided  by  x+c,  the  quotient  is  a;  +  (a-c)  and  the  remainder 
6  -  (a  -  c)c «0,  and  b^c(a  -  c). 

If  x*+7nx+a  be  also  divided  by  x+c,  the  quotient  is  X'^(m-e)  and  th& 
remainder  a  -  e{m  -  c)  =  0. 

The  product  of  a;*  +  ox  +  6  and  x-^im-e)  will  be  the  least  common  multiple.  If 
e(a  -  c)  be  substituted  for  &,  the  required  form  will  be  determined. 

11.  If  each  expression  be  divided  by  x-^-q,  the  remainders  will  not  contain  x.  If 
each  be  made  equal  to  zero,  a  value  of  q  may  be  found  for  each  expression,  and  by 
equating  these  values  of  $,  the  required  condition  will  be  determined. 


EESULTS,  HINTS,  ETC.,  FOR  THE  EXEECISES  ON  THE 

ALGEBRAIC  FRACTIONS. 

I. 

1.  See  Section  Y.,  Art  2,  p.  8. 

2.  Let  ^  be  a  fraction  in  which  a  is  prime  to  b.    If  possible  let  the  fraction  - 
be  equivalent  to  the  fraction  3,  having  its  terms  respectfyely  less  than  a  and  b. 

Then,  since  ^wm^  ,\  ^^e,  tJiA.  ad  \b  divisible  by  h.    Since  b  is  prime  to  a,  (2  must 

1>e  divisible  by  b. 

This  is  impossible,  for  d  is  less  than  b. 

3.  For  since  t=^  ;  •  *•  ^"■5- »  hence  be  is  divisible  by  d.   But  as  (i  is  prime  to c. 


xespectively  equimultiples  of  c  and  d. 


must  be  divisible  by  d.     Let  ^-m,  then  b^md,  and  a*  — smc  ;  or  a  and  &ar» 

d  d 


\ 
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4.  The fiactionfL±^> ?,  if  6>a;  and  ?±5<-,  if  h<a. 
b+x    b  b+x    b 

The  fraction l:i^<^,  if  6>a;  and  ^^>~,  if  b<a. 
b-x     b  b-x     b 

6.  Let  ->-,  iii.eaa.ad>  be.  and  aJ— Joj  .•.  a(b'\-d)  >  b{a'\-e)f 
b    d 

and  .-.  ^>^^  ;  aimilarly,  1<^^. 

Hence  ^ — i  is  greater  than  %  bat  less  than  ^,  consequently  £z£  lies  between 

?  and  t. 
b         d 

It  may  be  added  here,  that  the  fraction  formed  of  the  snms  of  the  nnmerators 

and.  the  sums  of  the  denominators  of  three,  four,  or  more  unequal  fractions  is  always 

intermediate  in  value  between  the  greatest  and  least  of  these  fractions. 

6.  For  let  ?  and  -^  ^  ^^  fractions  in  their  lowest  terms,  of  which  x  a  factor  in 
b        dx 

the  denominator  of  one  is  not  contained  in  b  the  denominator  of  the  other. 

K-  a      e     adx-^cb 
ow  -•+-  —  n := — . 

b~'dx        bdx 

And  if  -+—  be  an  integer, 
b    dx 

then  — llL=i£-  must  also  be  an  integer,  which  cannot  be  the  case,  unless  cb  be 
bdx 

divisible  by  bdx,  that  is,  unless  cb  be  divisible  by  each  of  the  factors  of  bdx. 

But  b  and  c  are  each  prime  to  z. 

Hence  cb  cannot  be  divisible  by  « ; 

• ' .  -4-  ^  cannot  be  an  integer. 
b^dx 

8.  See  Art.  8,  p.  9. 

9.  Let?  be  the  fraction,  then    |  M}'- j  | } '-  j  ^{'-S  [?-^]  . 

«.dol.no«alyl|_?|*i,le«than{|j'_jij'by3i?_||. 

10.  (a«+6«)(c'+rf«)-(flkJ+W)'  +  (flMZ-5c)». 

11.  The  expression  is  equivalent  to  as' + 2a; +8,  which  will  be  integral  for  all 
integral  values  of  «.    If  «*+y*+2*  be  divided  by  aj+y+«,  there  is  a  remainder 

-8ys(y+3). 

II. 

1.  5.     2.-1^.     8.  -0958103.    i.  +i.     6.  --.     6.  5^.     8.    ^^ 


8  180  a  77  (24)> 

i-and— .    10.   '86918  .  .  •  . 
6a  4a 

IlL 

«  The  H.  C.  D.  is  x+Z  Lowest  terms 


flj-1 


2    x+a 

8    x-2y 


•««         ••■ 


I  •  •         •■ 


x+1 

8a;»(a'-faa?-t-a*) 

7a*{x+a) 

2x  +  Sy 

8»-2y' 
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4  H.  C 

.  D. 

ia         x-^y        Lowest  terms 

5 

2aj-l 

•••     «•• 

6 

(8aj«-2fl«+a«)a 

^•«     ■•• 

7 

l-2ar+3«» 

B 

aj«-8x«  +  8aj-l 

•••     ••• 

9 

a;(a;«  +  2a;+2) 

•■«     >>.• 

10 

aj-3 

•  • •     ••• 

11 

m 

(a;+2)(«+3)(2a;  +  l) 

••■     *•• 

12 

aj-1 

•••     ■•• 

13 

8aj-2T/ 

•••     ••• 

U 

x-1 

•••     ■•• 

15 

x+a 

•••     ••• 

15 

{b+e){a-b) 

•••     ••• 

17 

«-a 

••■     ••• 

18 

(a-l)a;+l 

•«•     ••• 

x*-y* 
{6x'l)x^ 
2Jt»-l 

5ax(2g+g) 
dx+2a 

l-JB' 


1+x+x* 

g+2  _ 

a5*+aj-l* 
1 

««-2x+2' 

10a;»-24a:+15 


6a:«-21aj«  +  24x-18 

aj«-l* 
&B«+a5«+a;+l 
i^-Ti 

S{x*  +x^  +x  +  l)x*  -21{x^  -hx  +  l) 
21(a;«+a;+l)aj*-8(z»+a;«+z  +  l)' 

aft-oc  — 6* 


a{ab  +  <iC'-b^) 
8x-(a  +  26) 


x'^-'{a  +  b)x+ab 

(tt*+g  +  l)z*  +  (ttH-l)g~l 
(a-l)«iB«-(a  +  l)a;-l    ' 

Note  to  14.  If  the  namerator  be  subtracted  from  the  denominator,  then  the 
remainder  is  21(z'-l)-21(a;-l)j!» -8(a:*-l)  of  which  each  term  is  divisible  by 
x-l. 

Note  to  16.  If  the  factor  &+C  be  remored  from  the  numerator  and  the  denomi- 
nator, the  highest  common  divisor  of  the  resulting  numerator  and  denominator  will 
be  found  to  be  a  -  6.     This  will  be  found  to  be  the  shorter  process. 


ly. 


1  H.  C.  D.  aH\b,ah(a-b),X''y  Simplest  form  ^,   5L1.J,  ^,  gM;^M^^ 

nUy      o  +  O    a  x-y 


2 

•  »• 

««-y«                ...    . 

3 

*  *9 

a+&                  ...    . 

4 

•  ■• 

a'\'b'{-c                ...     . 

5 

•  •  • 

a> 

+ft« 

+c*-o5-ac-5c   ...    . 

6 

•  •  • 

a*-6»                 

7 

•  •  • 

aj»-y«                  ...     . 

x-y 

aj»+y»' 

2a-'b 

a«-l' 

fl+6+c 

a  -  6  -  c* 

1 

a+6 
aj'-y' 
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8H.  CD.  a+6+c       Simplest  form  a  +  b-c 

a-'b-c 


9    2+6 


8fic+6mn 


4ad'7ra 

10    ay+bx  ax-i-hy 

11    1+yz 


•    ■         •  I 


OJJ- 

1+a; 


« 


19  AJ./J  a»  +  c* 

A<i<      •••      •••  vr  u y  . , 

(a  +  rfK6  +  c) 

13    8a!-2  J^ZlL. 

2x«-y« 

14    a+b+c-i-d         a^b-e-d 

a-b—c+a 

15    «+y  M(y+g)+afe{g-g) 

h^iy+z)-ab{x-z) 

V. 

1     ???ora+?f       2.  ^^^"^,      3    541g       ^    a6+flM?  +  6c 
21  21'  7  '504  '         abc       ' 

-.    ayz-k'bxx-{-cxif      g,    a*b*+a*c'*-\-b*c'^       ^    \       ^    x*+a« 
jrys  o^c  2  a:«-a* 

9.   _2^±i_     10.  2(?«:^4£l)      ,,    oM^M      12    ^^ 
a;«  +  4a;-21  9*»-4a«  a6 

13.    _«*-2aa;-Hft*      ^4^  x*-xy-\-2y*      ^^    a  +  bx 
(a;  -  a)(aj  -  6) '        '       a;«-4y«     '        '  e  +  dx 

16.  ^±^1+^    17.  0.    18.  ?£L 19.    <^''*+y*>, 

VI. 

n     2x      o        «  Q       4a; -13      ^    2x+l       -         a5        ^      a 

85               20  10a;                 fix                 a-b           6+e 

7              ^  fi     4a6          g    (m - n)ate - (m -f n)ac     -^    o*-2ac-fft« 

(a;-3)(x-4)  a»-M         '              b*x^-e*      ,     '        '       a«— 6« 

(x-a)(x-6)       '        *    (x-a)(x-ft)(a-6)  *        '   "166' 
j^-    x*-xy*-t-2y» 

VII. 

The  eztmples  under  this  number  offer  no  difficnlties.  For  the  redaction  of  the 
continned  fnctions  in  Ex.  10  reference  may  be  made  to  the  note,  pp.  5,  6  of  Sect.  IX. 
of  the  Elementary  Arithmetic,  where  the  redaction  of  a  continaed  namerical  fraction 
is  folly  explained. 

VIII. 

1.   ^•  +  ^'.      2.  ?!?+2  +  ?i      8.   -ii.      4.  _^^      6.  5l±l^\ 
4xy-6y«  bx         ay  72a  a«-««  xy-y» 

«.  Elz^LhJj!.    7.  1.     8.'  2(x+y).     ».  ^,    ^'''      ,    . 
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18  ^  108  9 

11.  x*.8226^*+|a:.-^«+|a.      12.  ^IzJ^. 
1225        6         7S5         S  a^+ab-^b* 

IX. 

1.  06. 

2.  l_2l±^lz£!    2oft"a«-6*-fc»    c« -(«-&)*    (<!-fo-6)(C"a-f &) 

2a6       "  2a6  "       2a6        "  2a* 

-    (a— 6+c)fa-ft— tf) 

iab 
4    T  _<»*-(&  +  c)»_,_(g+6-fc)(tt~ft-c)_|_tt"ft— c     2(64-c) 
(a  +  6+c)«  "    "       ia-^b-k'e)^       "   "a'H6+c"a+6+c 

w.    £ — . 

'  45»c«-(a»-6« -<;•)» "(26c+a'-6»-c»)(2&;-a«+6«+c«) 

_       (a+6)'{(o4-ft)«-c«}         _  {a-^b)(a  +  b+e){a-hb-c) 

^{o«-(ft-c)«}'{(6+c)«-a»}'°(»+*-«)(«-*+<^)(*+«+«)(*+«-«) 

g+ft 

"(a-6+c)(6+c-a)* 
7.  <*•.    8.  o  +  6-c-(i. 

g    {a'\'b+c-d)(a-hb+d—c){a+e+d-'b)[b  +  e-hd''a) 

i{ab+ed)* 

^°'   ^'\ M~  S    "r"*" 2^6— i-P"" 258^"]- 

Substitute  for  x*,  and  the  reduced  expression  is—* 

(a + ft+c+(i)(g  +  6-c~rf)(a+c--6-rf)(6-t-c-a"<f) 

4{ab-cd)* 


1.  11    2.  -?.     3.  l!tll?.     4.   ?^ .    6.  *(a«-a6  +  6«)a5. 

S2  6  6  a;«-aa;  +  a»  ^ 

6.       ^^    ■     7.   od.     8.  ^1±^.     9.  1!>±£\     10.    <±lf)!.     11.    (^±I?>1 
o«-6«  X  8(c+a;)  (o+«)»  x«-y» 

12.   (^'-y')*,     13.  1.     14.  (a-J-c)*. 

XI. 
The  following  are  the  respectire  quotients :«- 

1.   2x«+l.     2.  ?-?!•.     8.  ^.5+1,      4.  2^*.6a:«+?+9. 
8  aa;  884  2  4 

^.  ?^-?^*+:?fL.     6.  ?5l-2»«y.     7.  5!-^-?^+^+8.    8.  a»-l. 
46      66*    86*  2  o«     a      «     »•  o» 

XI!. 

1.  l  +  8a;+8a;«+8«»+8«*-f  .  .  .  .  H&i'»+  ••  . . 

1  +  3a;+«a;«+12aj«  +  24aj»  4  .  .  .  .  +3.2»».aj»»+  .... 
41    1^7aj    21««^63aj»    189x*  .7.8»*.aj'» 

2  4        8         16         82  2>« 
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8.   1-  — +^t_-±t_+ 

a*     a»      a* 

O.     —  + + T  7 T  •  •  •  +  ■ ■ — r  •  •  •  • 

c  c*  c*  c*  c» 

7.  1 +«-«•- «*+«•+«' -«»-«*<>+ 

1^1      1      1.1.1 
X*    X*    a*    «•    »•    sc* 

XIII. 
The  operations  under  this  number  involye  no  difficulties. 

XIV. 
The  multiplications  and  dirisioBs  contain  no  anomalies  which  require  remark. 

XV. 

The  exercises  under  this  number  require  no  remarks. 

XVI. 

The  first  eleren  examples  under  this  number  offer  no  difficulties. 
12.  In  this  example  it  may  be  shewn  that 

2  •  2  2 


(b -€){€"  a)    {c-a){a-b)     {a-b){b-c) 

17.  Each  fraction  may  be  simplified  as  the  first, 
(g-ft)'-(ft-c)*  ^  (g-ft-hft-c)(a-ft-5  +  c)  ^  {a-c)(a  +  C--2&)  ^  a  +  c--2& 
a»+aA-ftc-c*  (a«--c«)  +  fc(o-c)  (a-c)(a  +  c  +  6)       o  +  6  +  c' 

18.  The  shortest  method  here  is  to  reduce  each  expression  to  the  same  identical 
form. 

ab  be  ac 

ab  be  cie 

^{a+b+e)(a+b-c)Ab+c+a){b+e-a){e-\-a-\-b}{e+a-b) 
ab  be  OG  * 

{      cuf  be  ae      ) 

^(a  +  b+e){2ae+2bc-\-2ab-a^  -b^—e^) 

abe 

Next  J4a..(a+5-c)*|.  144^1} 

-  [4aJ-(a+5)«+2(a  +  6)c-.c«]  .  |  ^^^  | 

_{2ae+2ab-{'2be-a*  -b*  -e^){a  +  b  +  c) 

ahc 

XVII. 

1.  0.      2.  0.      8.  0.      4.  0.      6.   -1.      6.  i.      7.   +3.      8.  a+6+c.      9.  0. 

10.   0.     11.   - — — 12.  0.       13.  1.      14.  a«+6«+c«+a<j+ad+ftc. 

(6-c)(a-6) 

15    g*(«+ft)(g+c)    o»(g'  +  (ft+c)g+&?)_    »  i  T  .     2{b+e)a     \ 

'     (a-6)(a-c)  ■     a»-(ft+c)+Ac  J       (a-6)(a-c)}* 

Similarly  ^(^^fK^+f)  .j.  { i+.  2(«+c)&    ) 
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and  g'(g-f«)(c  +  5),  ,  I  J    ^2(a  +  6)c_   ) 
(c-a){c-b)  \        {e-a)[c-b)S 

Then     ^(^  +  <^)^*   -   ^(a  +  c)b*  ^    2    n6  +  c)«^     (a+c)6M 
(a— 6}(o— c)    (a-6)(6-c)^a-6l    a-c  6-c     i 

^2    J  {b^  -  e^)a^  -  {a*  -  e^)b* 
a-b\  (a-c)(6-c)  ' 

"a-d'l  (a_c)(6-c)  J' 

2{anHa+b)-e^a^-hb*)(a+b)} 
"*  (a— c)(6-c) 

^^^  2{a»&M«  +  &)-c^(a*+&*)(«+^)}^  2(o  +  5)c* 

(a-c)(6— c)  (c-a)(c-6) 

"  (e-a){c-b)  ' 

2(a  +  6)  { c^  -  (g*  +  5^)c'  +  a»&*  } 
(c-aXc-b) 
^2{a  +  b){e^-a^){e^-b^) 
"  (c-a)(c-6)  ' 

-2(rt  +  6)(6+c)(<r+a). 
And  the  sum  of  the  three  fractions  is  a»  +  6'  +c*  +  2(a+6)(6+c)(c+a). 

XVIII. 

1.0.     2.f'-<f\^'+'''>.      8.0.     4.1. 
(a:— tt)(ic— o)(x— c) 

5    First    ^~g  \x—b_x—a  )      x—e(  — g(a— &)  +  (a'— ft*)— c(«-&)  > 
a-ft(o— c     6— c)*°a— ftl  (a— c)(ft-c)  / 

—  (x— c)(a;— g— ft  +  c) 
(g-c)(ft— c) 
Next  (^^^M^~^)  _ (g-c)(g-g-ft  +  c) 
(c-o)(c-6)  (g-c)(6-c) 

a;'-(g  +  ft)x+gft-{g»-(g  +  ft)a?+(g  +  ft)c-c'} 

(g  -  c)(ft  -  c) 
_^c*-(g  +  ft)c+gft_., 
(g  -  c){b  -  c) 
6.  1.      7.  aj«.      8.  (a;-g)  +  (y-ft)  +  (a-c). 

10.     <^'-'^>y   . 


XIX. 
1.    — r-«      2.    —-'■      8.  ,  .■■      . . . -.      4. 


gAc"       '   gftc"       '   {x+a){x+b)(x+c)'       *   {x  -  a)(x  -  b){x  -  c) 
5  »*  e  (a  +  ft+c)» 

{a+x){b+x){e+x)        '   (a+ft)(ft+c)(c  +  g)' 
7.  Sometimes  by  separating  each  fraction  into  two  parts,  the  process  may  be 
simplified. 

ft+c-g  b-hc a 

(6+c){c-g)(g-ft)*(6+c)(c-o)(g-ft)"(ft+c)(c-g)(g-ft) 

1  g 

"  (c  -  g)(g  -  6) "  (ft + c)(c  -  g)(g  -  ft)' 


Similarly 
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e+a^b  1 


(e+a){a-b)(b-c)    (a-b){b-e)    (c+a)(a-6)(6-c)* 


and-      *  +  ^-^        -         ^  ' 


(a+6)(6-c)(c-a)    (6-c)(c— a)    (a+6)(6-cKc-o) ' 

Then, , i ^+-. jl- — .+,,;  ~,  -  ~-0.    Sec.  XVII.     Er.  1. 

And  the  aggregate  of 


a  b 

+ 


-a)\ 


{{b+e){e-a){a'-b)    {c-\-a){a-b){b-e)    {a+b){b-c){c-a) 
will  be  found  to  be     c(a;+fl^  +  &'-c')     . 

8.  Add  the  first  two  fractions^  next  the  other  two,  and  the  som  of  the  results  is 


zero. 


XX. 

J        ft»  +  (g+c)6»-(a-fc)»6-(a-c)^(g+c) 

(6+c-o)(a  +  6-c)(c+a— 6) 
2    8<^ftc g  1  4    ^ 

-  2(a  +  6  +  c)a6c  >.      4(6-c)      -     4(a«-c»)      ^    i 

O.      .,  , ,  , .  , ; :.        0»  -         ■■        / .  »       Oa    X» 

(6+c-a)(c+a-6)(a  +  6-c)  a+6-c  ac 

jj    (d+o-c)(g+c-ft)(6+c-o) 

(a  +  6+c)* 
10.  Lety-=6+c-2a-(c-o)-(a-5) 
«-c+o- 2i-(a-6)  -  (6  -  c) 
as-.a+6"-2c=(6-c)-(c-c) 
.'.  a!+y+«=0, 

also  c-g^^-^r".  d^c-^+^-y  a-J.^il^Ilf?. 
2  2  2 

g^^a4-6-2c    ft4-c--2a    c  +  a--2d_     2jb      _^      2y     j.      2' 


a-6  6— c  c— a       y+z—x    x  +  z-y    x  +  y— »* 

2a;        2v        2z  « 

-2a;     -2y     -2z 

Similarly    — ; — --  +  ; ^+- ^r*-«— +  -:r-^+-7r-"'— 8- 

^  a+b—2c    b+c-2a    c  +  a-26      2x        2y        23 

Hence  the  product  of  the  quantities  «  —  3x— 3»  +  9. 

XXI. 

.    {a-\'b+d){a-hb)''€{e+d)_{a  +  b)*^c*+{a+b-e)d 

_(a  +  ft  +  c)(a+ft-c)  +  (a  +  ft— c)rf 
(a  +  rf+(;)(a+d-c)  +  (a+d— c)6 

_(a  +  ft— c)(a  +  ft+c+rf)_g+6— c 
(a  +  rf— c)(a+rf+c+6)    a-c+d' 

8.  The  ft«5«on  when  reduced  i.  2aMl+«'+i'+c*). 

4(l+a"  +  6»+c«) 

9.  By  means   of  the  formula  a;"-y»"(jB— y){a:«+ay+y«),  the  expression  i» 

(6+c— 2a)(a»  +  6«4-c« -aft— ac— 6c) 
10.  By  inspection  it  may  be  seen  that  b—e  is  a  common  factor  of  the  numeratot 
and  denominator.     When  tilts  factor  is  removed,  the  fraction  is 
(t+t)a'-(6'+te+e'W«4-t't«    „^  jt,  y^^„^  ^^^^^ ^^i^, ie a> - (4 + «)a + a». 
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11.  After  redacing  and  arrsnging  the  qnautities  aocoiding  to  the  deaoending 
powers  of  a,  the  highest  common  divisor  will  be  found  to  be 

a»-(6+c)a  +  (6«-Jc+c»). 
Here     {a^+cd){a^  +b^-e^  'd*)-{ac  +  bd){a^  "b^  +e*  "d^) 
(a«+6»-c«-d«)(a«-6»+c«-da)  +  4(aA+crf)(ac+W) 

{ae-\-bd+ae+bd){b^-e*)  +  {ah+cd-ac—bd){a^-d^) T 

""{(a»-d»)  +  (6*-c«)}.{(a»-d«)-(6»-c>)}  +  4(a'6c+6»ad+c«ad+rf«ftc) 

(a  +  rf)(ft  +  c)(6«-c«)  +  (g-d)(ft-c)(a^-d«) 
■'(a«-rf«)«-(6*-c'»)«  +  4arf(6«+c«)  +  46c(o«+d») 

(g+<^(ft~c){(ft+c)(6-fc)-h(a-<0(a-rf)}  ' 

(a«-d«)*-(6«-c«)»  +  {a+d)«(6+«)*-(ft-c)'(a-fl0' 
-       («+ d){b-e),{{b+e)*  +  {a-dj*} 
{(a+cO'-(6-c)'}.{(6+c)*  +  (a-d)«} 

_     (a+rf)(6-c) 

15.  The  first  expression  may  be  an^anged  in  the  form 

(c»-y)|a*-(c«+y)g«+yc»}_^(c+5)(c-ft)(a«-y)(g«-c«) 

(<:-6){a«-(c+6)a  +  ftc}      "  (a-6)(a-c) 

»(c+5)(a+6)(a+c). 
The  second  in  the  same  manner. 

-  8(6  -  c)*!"  +  8(6«  -  c^)a  -  86c(*  -  c) 
..(6  +  c){a<-(y+cV-f6^}_(5-Hc)(a«-6i)(a«-c«),.^^..  ^^.^^> 
(i(9_(5^(;)a  +  6c  {a—b){a—c) 

16.  The  given  expression  when  redaced  to  an  improper  fraction  becomes 

(l-fffl<  +  n«)(a;-a)«+(l-fm*+n«)(y-6)*  +  (l+w*+nV~{z+w(a;-a)-fn(y-6)}* 

l+m*  +  na 
and  when  the  terms  of  the  numerator  are  expanded,  they  are 

(1  +  ms  +  n^){x  -  a)^=ix  -  a)» + m'(aj  -  o)i + w^aj  -  a)i, 
(l+mS  +  n«)(y~6)s=(y-6)«+m«(y-6)*  +  n«(y-6)», 
(1  +  m' + ii«)s»=28 + m«2» + n25», 
-  {2+in(a;— o) +n(y-6)}«= -2!«- 2«w(a;- a)  - 2iw(y- 6) - wH(a5-a)« 

-  2mn(a;  -  a)(y  -  6)  -  n«(y  -  6)«. 
Here  z'-s',  m*(x  -  a)*  -  m*(aj  -  a)*,  »*(y  -  6)' -  n'(y  -  6»)  disappear,  and  the  re- 
maining nine  terms  may  be  arranged  as  follows  : — 

{x — a)*  -  2mz{x  -  o) + nM= {x-a— mz)*, 

(y— 6)'— 2nc(y — 6) + n*2«= (y  -  6 — n2)i, 

n*(x — ?0*  -  2»in(x — o)(y — 6)  +  iii'(y — 6)*=  {  n(aj — a)  —  w(y — 6) }  -. 

Hence  the  given  expression  becomes  by  substitution 

(g—fwg— gy+(y—ng— 6)*+ {n(g—a)—m(y— 6)}  . 

l+m'+fH 

XXII. 

(a;+l)(x+2)(»+8)(z+4)  J  x*-rt*  J 

7.  i{ca;+y)«  +  (y+2)»  +  (a:+«)»-2(a;»+y«+s*)}.     See  Ex.  12,  p.  80,  Sec.  IV. 

g        g(g  +  2y)  g     o6(l-g«)      -Q    (l--a«)(l  +  6«)  +  2aMg~6)J? 

•  ««  +  4a:y-2y»'       *   2(6«-o»)a?*        *        (l-a»)(l-6«)(l-««)     ' 
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11.  2(a+5+c).      12.   1,     18.  , ^^^ -.     H.  ?^^V+1^ 

16.  ?^^±i4±^.  i6.^-y 

XXIII. 

1  and  2  offer  no  difficulties. 

3.  a'x«aj»  - zyz,  6*y —y*  - xyz,  eH^z*  -  3j!y  ; 

.•.  a*«  +  6»y  +  c*2>-a:»+y*+z*— 8xy2-B(aj+y+a)(x«  +  y*+z'— a^— ar«-y») 

x  +  y  +  c 

4.  Shew  that  xj/z  and  x-hy+z  are  equal  witli  contrary  signs. 

5.  Add  X  to  each  side  of  y+z+tt»ax,  then  z+y-i-z+U'^{a+l)Xf 

1                  X 
and s .    Similarly  for  each  of  the  other  three  expressions. 

a+1    x+y-i-z  +  u* 

6.  Sinceo—— H^,  .'.ox  +  ay =x-y,  and  (l+a)y=s{l— a)» 

x  +  y 

.•.?-l±^  ;  sinularly  y-l±5.  and  f  «1±£. 
y    1-a  2    1—6  X    1— c 

Whence  i±«.l±*.l±£-?.y.f-l. 
1— a  1—6  1— c    y  z  X 

7.  Multiply  by  xyjz,  and  aimge  the  terms  so  that  x,  y,  z  may  be  inclnded  in 
brackets  in  the  same  manner  as  a,  6,  c  in  the  given  expression. 

8.  The  sum  of  the  numerators  of  the  four  fractions  when  reduced  to  a  common 
denominator  is  is*  —Z{a-\-b-{-c)8^  ■{-2{ab-\-ac+bc)8'-abc,  which  when  reduced  and  the 
9ub6titution  for  s  made,  the  result  is  a6e. 

9.  The  given  expression  can  be  put  under  the  form 

6«+c»-a«     -  ,  c«+a«-6»  ,  -  ,  a«+6«-c*     ,     ^ 

26c        '^'^       2ac       -^^+—2^ ^"^' 

or  (6-c)'-«*     (g-l'«)«-ft'.(g-6)«~c'_Q 
2be       "^        2ac  2ab 

"Whence  a(6— c+a).(6— c-a)4-6(c+a+6)(c+o— 6)+c(a-6+c)(a— 6— c) 

-(a+c-6).{c(a-6-c)+J(c+a+ft)-o(&-c+a)}, 
-(a+c-6).{6*-(a-.c)«}-(a+c-6X*+«-<?)(*+c-a)-0. 

10.  First  add  the  three  fractions,  then  as  the  sum  is  equal  to  unity,  the  nmnerator 
of  the  sum  is  equal  to  the  common  denominator. 

^^hence  there  results  a*  +  6»  +c"  - 8a6c— 0,  and  a»  +  6»  +c»  ^^Zabe^ 

or  (a + 6  +  cXo«  +  6« +c«  -  a6  -  oc  -  6c) —0. 
Taking  o+6+ff—O,  then  a*+6«-c«« -2a6,  a«+c"-6»» -2ac, 

and  6* +6*  ~  a*  »  -  26e. 

^VTience  _«-!_+ _il_+^_£!_=  ^1  j  ^'  +^+£l  | 
6«+c«-o*    a«+c*-6«     a«+6*-c«         2  (  6c    oc    o6  > 

lfa*+b*+e*  I 

""2I ^ }• 

^_1  Sahe^_Z 

"     2'  a6c      ^2' 

11.  Hcre(a»-6c)(6'-ac)(c«-a6)-0, 

or  a«6«c«  -6»c»  -a»c»  +a6c*  -o«6«  +6*ac+a*6c-a»6"5««-0, 
.•.  a«6*+a»c*  +  6»c»=a6c*+ii«6*+6«»*, 

and  dividing  these  equals  by  a«6»c%  thew  xwalts  i+l  +i-.5l±il±£!. 

•  a«    6»    c»        a«6«c« 
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The  Btudent  may  try  to  resolv©  a^+a»c*+&M— 066(0"+ 6»+c») 

and  a'6*+&^+aV+o(c(aS+5*+(^+2a6c),  each  into  three  factors. 

XXIV. 

1.  ThBdiffei^ncela  8(ar-o)(x--6)(x--c)  ^^3^ 

{x—a){z-b){z-c) 

2.  Hereruz-*!  and  y——  anddS"--, 

•  XX  y 

1.1.1  1  a?  a»      ^^+*+g^-| 

^^^"^  l+^+l'^l+s+i     l+y+>."l+«+*3'*'l+*+a»'*"l+«+ac""l+a?+« 

3.  The  anbatitations  for  z,  y,  2  being  made,  the  expression  becomes 
^  _         06  6c  Qg  2o6c 

U4-c)(6+c)"'(a+(r)(o+6)"'(6+c)(o4-6)"'(a-h6)(6+c)(c+a)' 
which  when  reduced  gives  the  required  result 

4.  Only  requires  the  substitutions  to  be  made  for  x  and  y, 

5.  The  truth  of  this  may  be  directly  shewn  by  simply  substituting  for  x  and  y 
their  values  in  terms  of  a  and  6. 

Or  indirectly,  by  assuming  the  result  as  true,  namely,  ^'H-yay'+a^  then 
si;«-^«=x-.y  Bndx*  +  zy+y*=l,  and  if  for  xandy  their  values  be  substituted, 
the  sum  be  equal  to  unity,  and  the  truth  is  proved. 

a    r.    »    o« +  206  +  66*     ^,    ,     o*  +  2o6-369 
i(o+6)       '  ^  4(0-6)       ' 

then  (x  -  o)» +(y  -  6)«=l?ifL±5)!^=6« . 
V        I  TM,      I        i6(a+6)« 

7.  The  given  expression  is  reducible  to  (x + y + 2)  (xy + xs + ^) = 0. 

8.  First,  ^ — ?=-i — £  or  -^!^=--iL-..  whence o<fa(rf+y)=M&+a5) 

6+x    6    o+y    o        6(6+x)    o(a+y) 

and  h^qf  -  ad^x=^xy{ad  -  be),  then  dividing  these  equals  by  bdxy 
,    6c    cut    xyjad-bc)    a    c 
dx    hy"     bdxy      ""6    5* 

9.  Ifa6+e(2,oc  +  6<2,  o(i+6cbe  denoted  byjp,  q,  r  respectively,  it  may  be  easily 
shewn  from  the  equality  of  the  first  and  second  fractions,  that  p+q+r==0.  The 
same  condition  may  be  found  from  the  equality  of  the  second  and  third  fractions, 

whence  £±£=l±r^i±r==.l. 
r  q         q 

10.  Let 06 +ac- 6c— p,  6c+oc-o6=g,  o6+6c-oc=r, 

then  ^^?L^^ ,  whence  v=g  and  g=r, 
r      q      p 

and  restoring  the  values,  of  j?,  y,  r,  06  +  oc  -  6c=6c+ oc  -  06, . '.  a^e, 

6c+oc-o6=a6+6c-oc,  .*.  c=6,  hence  a=6=c. 

11.  The  sum  of  these  six  fractions  may  be  put  under  the  form  of 

(g-o)(x+o-6"C)    (x-6)(x+6-o~c)     (g-c)(g+c-o~6) 
(o-6)(o-c)       **""    (6-c)(6'-o)       "*■       (c-o){c-6)       ' 

and  their  sum  is  Z —  +  \^+  ;f"       or  - 2  a  constant  negative  quantity. 

(c-o)(c-6)  a  T.  J 

XXV. 

1.  -JtfL  is  greater  or  less  than  llt£  according  oa  1 +a*  is  greater  or  less 
l-a»  1-0 

thaa(l+a)*. 

2.  S^that(a-6)*>0. 
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3.  See  Elementaiy  Anthmetic,  p.  13,  Sect  IX.,  Exercises  YIIL  9-12. 

5.  The  former  is  greater  or  less  than  the  latter,  aocording  as  x'  is  greater  or  less 
than  2^^. 

6.  -i-  is  less  than ^L — .  if  {a  +  h)(b+e)  be  less  than  2ft(a+c)  or  if  ac-k-b* 

a+c  {a+b)ib+c) 

be  less  than  ah+bc,  or  if  (a  -  b^c  be  less  than  (a  -  b)bf  that  is  if  c  be  less  than  b,  and 

a  -  6  be  poeitiYe  or  a  greater  than  b. 

7.  SB  .may  have  any  integral  value  between  1  and  7. 

8.  If  a;+?.>8,  thena;«  +  2>8a5andl+-?>?,.-.  A>?_1, 

X  Z*      X  x'^     X 

anda;«>3x-2,  .-.  ««  +  — >3(a;+l-l),  but  a;+l>2.\  a;«  +  -?.>8. 

X*  X  X  X* 

9.  If  a>6thena-6>0anda«-2a&+6«>0,  .•.  o*  +  6«>2a6,  and-+->2. 

b    a 

10.  Let  the  expression  a'(6  +  c)  +  6*(a+c)+c'(a+6)  or  its  equivalent 

ab(a  +  b)  +  ae(a  +  c) + be(jb  +  c)  be  divided  by  abc, 

then  ?  +  ?+?+? +^  +  ^  is  the  quotient,  and  ?+^>  2,  ?  +  ^->  2,  ?+l>  2, 
c     c     b    b    a    a  b    a         e     a         e    a 

.'.  ?+^  +  ^+-  +  -+->6,  ora5(a  +  &)+ac(a+c)  +  6c(6  +  c)>6aftc 
c     c     b     b    a    a 

11.  Since  a>b,  b>e,  and  a>c  .',  a-6>0,  6-c>0,  and  a  -  c  >  0, 

.•.(a-W-c)(a-c)>0,andii:iMzfH±z£)>o, 

wlience?-?  +  *-?f?-*>0,and?+*+?>i+?+?. 
c    a    a    b     b    c  c    a    b     a    b    e 

12.  Let  6  +  c-a«aj,  c  +  a-b^^y,  a  +  6— c=2; 

by  substitution  _  +  -  ^.  i  ^       ^ 


X    y     z^  x-i-y  +  z 
But  aj*  +y*  >  2xy,  y«  +  z*  >  2y2,  a:«  +  2*  >  2a»  ;  and  x^z  +  y«2>  2jryr, 
y»«  +  z*x  >  ixyz,  x^y  +  2*y  >  2iy2,  also  Zxyz ^Zxyz.    Hence  by  addition 
x"y  +  ary  *  +  a:*2  +  a»*  +  y ««  +  yz'^  +  Sajyz  >  9a:y«, 

or  (aj  +  y  +  2)(ary  +  a3  +  i/2;)>9aw2,  whence  5^i^i^> — ? — , 

a:y2  ic  +  y  +  a 


X    y    z     x  +  y-i-z 
18.  Let  ft  +  c-a=a^  c  +  a-6-»y,  a  +  ft-c—a;  then  a  +  b  +  e^x  +  y+z, 

and  2a-y  +  2,  2&-Bic  +  2,  2c—x  +  y. 

Hence  j_?_  +  —*      +  __£ ^  }  IHL!+^*+fi±if  { . 

5  +  c-a    c  +  o-o    a  +  6-c     2  '    sc         y  2     ) 

Suppose  a:,  y,  2  in  order  of  magnitude,  and  shew  the  aggregate  to  be  greater 

than  8. 


XXVL 

1.  Here  a=-^  and  a  •■. — ,  .*.  -^-=s from  which  the  required  expres- 

b  1-c  b       1-e 

lion  may  be  found. 

2.  Let  a  -  — =6  -  ^—P  >  then  a*  -  5e"*2Nz  and  &•  -  ae^pb, 

a  b 

,',  (a«-ft«)  +  c(a-6)"-(rt-61p  andi?=a+6  +  c 

Bota-5£-ft-^,  .-.  a-6-5?.^,  from  which  a+5=-e^,.-.j?=c-f5. 

a  0  a     b  e  c  . 
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3.  Equate  the  values  of  b  from  each  of  the  given  expeessiong. 

•  b'  —  a' 

4.  Here  aa:+a'=te+t',  bx+h^-=-cx  +  <f''y  from  the  first  a;=^-.^, 

a  —  o 

from  the  second,  x=- — -  ;  equate  these  values  of  on, 

b-c 

5.  Smce.^+£zi=0,  then  ^=,^,  and  (a-6)(l  +  «0=(l  +  a6)(ci-c), 

l  +  ab    l  +  cd  l  +  ab    1+ed 

.•.  a  +  abe-d-abc^b  +  bad-c-cadt  or  a(l  +  bc)-d(l  +  b€)^b(l  +  ad)-c{l  +  ad), 

or(a-<i)aH-ic)=(J-e)(l+<«i).  .-.  ,^=^.  «<i  17^+^="' 

6  2     c  a;  a     c-z 

ai>c~  c-j'jr        a  z  i       x)         z  c 

7.  First  l—a;=l  —  - = — -.- = — rm — * 

1  +  ez         1+w  \-\-ez 

next  l+a;=l  +  --; — = — r— — 

1+ez  1+es  1  +  cs 

Thirdly,  by  dividing  the  former  by  the  latter, =- — -. 

8.  If  the  value  of  y  be  substituted  for  y  in  2=? — -^ ,  and  the  expression 

c+dy 

reduced,  and  divided  by  5+c,  the  following  result  will  be  obtained  : 

/rf2-fff[±^Wa-(£l±^;inwhichif^'=-6^^ 

\  b  +  c  /  b  +  c  b+c  6+c 

the  provision  will  hold  good. 

9.  Here  £!i5j:£l=^!i^il,  clearing  from  fractions  by  multiplying  each  side 

a-d  b-d 

by  (a-d)(6-d),  thena*{6«-(c+rf)6  +  cd}=;6«{a«-(c+(0a+cd}, 

whence  (c + d){b  -  a)ah=cd{b*  -  a«), 

{e+d)ab—cd{b  +  a),  dividing  by  6  -  a, 

«d  (£+^=?^(*  +  5> ,  dividing  l^  abed, 
abed  abed 

or-+-=-+-. 
d    c     a     b 

The  converse  requires  only  the  reversion  of  the  steps. 

10.  6'«*=l-a*a;*=(l+aa;)(l-aa5),  a«a;«=l-6*a;»=(l  +  6j;)(l-fc:), 

V  b*       1-ax        J      6*       b  +  dbx 

whence = — -— ,  and = — -, 

l  +  ax       jc*  1  +  aa:        x* 

and  J^=l±^,  and  -£!_=?LZ^, 
l-6aj       x^    '  l-bx        x^     ' 

therefore  -^  +_Jl!L=^=(a+6)(a«  +  6«). 

11.  ?=(f±M  y^(i±^   ftTid  ^_y.,(«+^)(^^-«y) . 

a         y     *  b         X  a    b  xy 

x_(a  +  b)a    y__{a  +  b)b    ^^  x _y_{a  +  b){ax-by) , 
b         y      '  a         X  b    a  xy 

'     }--?l     }^    y)  _(a  +  6)»{a^>(a;«+y«)-(o»+6«)gy} 
la    b)*  lb" a)  a;V 

Bttt^*''^'^y*=^*"°f'*'^.'.aft(g'+y«)-(a«+ft')gy=»afeey»a5a?y«0. 
fljy  ab 
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12.  !(£!--Jfl)=«.6.  ^y'-^U-c.  then  ^^^Z^+^^Ll^^a-c 

xy  yz  xy  yz 

or  l^(^-^=a-c.  whence  ^Z5=« 

13.  Pat  each  fraction  equal  to|i,  then  2p=3a+(,  and  2j9=c+d  v. 

14.  Let  each  expression  be  denoted  by  j», 

then  «!i+:fissiy^xxp,  ^+^^x^yzpt  x9+'i/^=z*xypf 

and2(x«+yi+2^)«iwyi(a^+y»+s»)  .•.^=-^ 

15.  aj=-  }(Q^-%^(^-^)g|    y^_  i(h'-c)x^(b-e)z) 

C    b-c        c-a        a-b  J 

17.  Let  - — =j?,  then  zs=  (6- c)j7  and  ax=a(6-c}p, 

b  —  c 

similarly  by=b{c-a)p,  e2=c{a-b)p. 
Hence  by  addition  ax+by+ ez^p{ab -ac-\-bc-ab  +  ac~  6c)=0. 

Otherwise, —=iLli^f    h^jc-f^)^    es__{a-b)c    ,   ax-^hy  +  cz_   0    _^ 
y        c-o   '   y       c-a  *    y       c-a  '*  *  y  c-a 

18.  Since  o6+a<j+6c=0,  .*.  a^-bc=a'^+ab+a4:. 

Hence  _L_+_i_+_L.=_l_.  j  1+1+1 1  =_1_.2LL^!+»5=o. 
os-ftc    6*-ac    c*-ab    a+b+c  la     b     c)     a+b  +  e         abc 

19.  Here  a*c=- -^- -.  and  a-ahc^^-^-^f±y}''^% 

(a + y)(y + z){z + «)  (a; + y)(a; + 2)(y + z) 

.        1      -._(g+y)(g+g)(y+g)and      ^     __(g+y)(a?+2)(y+g)^ 
''a(l-6c)  a^'(x+y+^)  a(l-&c)  x-vy-Vz 

By  a  similar  process  _-iL_.  and  ,^  '    ~  may  be  shewn  equal  to  the  same 
^  ^  b{l-ac)         c{l-ah)      '  ^ 

quantity. 
20.     °'+y-»        y+»-»    ...H±yz5=^±Mz5  add  1  to  each  and  reduce 

to  improper  fractions,  then  — ^ — =- — -^^ — ,  and  ^"^^"^   =  ^ 

y+a-fl!    by+cz-ax  by+cz-ax     b 

amukrly  -£±ir£_=l ,  «,d  _£±^2f_  =1 . 
ax+cz-by    a  ax+by-cz     c 

Otherwise  let  the  reciprocals  of  each  =Pf 

then  ax+by-ez^p{x+y-z)  ^  then  adding  the  first  and  second ;  next  the  first  and 

hy+ez-ax^p{y+z-x)>^biidi  and,  lastly,  the  second  and  third,  and  ths 

ax-i-ez-by^pix+z-y) )  resultsare,  j7«&,j7»a,|)"BC^  anda«i6aie. 
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The  XTniversity  Edition  of  Euclid's  Elements  was  first  published 
in  1845,  and  the  first  School  Edition  in  1846.  Both  Editions  have 
been  enlarged  and  improved  from  time  to  time,  and  the  total  sales  of 
copies  of  the  work  up  to  the  present  year  amount  to  a  number  very 
considerably  above  half-a-million. 

In  the  year  1853,  the  Council  of  Education  at  Calcutta  were  pleased 
to  order  the  introduction  of  these  Editions  of  Euclid's  Elements  into 
the  Schools  and  Colleges  under  their  control  in  Bengal. 

In  the  year  1860,  a  Translation  of  the  G^metrieal  Exercises  was 
made  into  the  German  Language,  by  Hans  H.  Yon  Aller,  with  a 
Preface  by  Dr.  Wittstein,  and  pmilished  at  Hanover. 

At  the  International  Exhibition  of  1862,  in  London,  a  Medal  was 
awarded  to  E.  Potts,  <<  For  the  Excellence  of  his  Works  on  Geometry." 
Jury  Awards^  Class  xxiz.,  p.  313. 

A  Medal,  as  an  award  of  merit,  was  conferred  on  Mr.  Potts's 
Educational  Works  by  the  Judges  at  the  International  Exhibition, 
Philadelphia,  1876. 

Critical  Remarks  on  the  Editions  of  Eaclid. 

"  In  my  opmion  Mr.  Potts  has  made  a  valnable  addition  to  Geometrical  literature  by 
his  Editions  of  Euclid's  Elements."— R^  WhewtlL  J) J).,  Master  of  Trinity  ColUge. 
Cambridge.     (1848.) 

" Mr.  Potts  has  donegreat serrice by  his  pnblished  works  in  promoting  the  stndy  of 
Geometrical  8cience."—B.  PhilpoU,  DJJ.,  Master  of  St.  Catharine^t  College.    (1848.) 

"  Mr.  Potts'  Editions  of  EueHcPt  Geoffietry  are  characterized  by  a  due  appreciation  of  the 
spirit  and  exactness  of  the  Greek  Geometry,  and  an  ao^naintance  with  its  history,  as  well 
as  by  a  knowledge  of  the  modem  extensions  of  the  Saence.  The  Elements  are  giren  in 
such  a  form  as  to  preserve  entirely  tiie  spirit  of  the  ancient  reasoning,  and  haying  been 
extensiyely  nsed  in  Colleges  and  Public  Schools,  cannot  fail  to  have  the  effect  of  keeping 
up  the  study  of  Geometrjr  in  its  ori|(inal  purity.'*— J^  CAa//if,  M.A.,  Plumian  Projessor 
of  Astronomy  and  Experimental  Phtlosopay  in  the  University  of  Cambridge.    (1848.) 

"Mr.  Potts'  Edition  of  Euclid  is  yeiy  generally  nsed  in  both  our  Uniyersities  ana  in 
GUI  Public  Schools ;  the  notes  which  are  appended  to  it  shew  cp:eat  research,  and  are 
admirably  calculated  to  introduce  a  student  to  a  thorough  knowledge  of  Greometrieal 
principles  and  methods.**— ^eor^s  Peacock^  D.D.,  Lowndtan  Professor  of  Matbematics 
tn  the  University  of  Cambridae,  and  Dean  of  Ely.    (1848.) 

"By  the  publication  of  these  wocks»  Mr.  rotts  has  done  yery  great  service  to  the 
canae  of  Geometrical  Science.  I  have  adopted  Mr.  Potts'  work  as  the  text-book  for  my 
own  Lectures  in  Geometiy,  and  I  belieye  that  it  is  recommended  by  all  the  Mathematical 
TtatoxB  aitd  Professors  in  this  Uniyeni^.''— 12.  WaUoer,  MA.^  F.JC^.,  Reader  in  Experi- 
menial  Philosophy  in  the  University.  andTutor  qf  Wadham  CoUege,  Oxford.    (1848.) 

"  When  the  greater  Portion  of  this  Part  of  the  Course  waa  printed,  and  had  for  some 
time  been  in  use  in  the  Aoaden^,  b  new  Editum  of  BaclidVi  jSlements,  by  Mr.  Eobert 
PottBy  M  JL,  of  Trinity  College,  dunbridge^  which  is  likely  to  supersede  most  othersi  to 


the  extent^  at  least,  of  the  Six  Books,  was  published.  From  the  manner  of  arranjnng  the 
DemoDstiations,  this  edition  has  the  advantages  of  the  STmholical  form,  and  it  is  at  the 
aame  time  free  nom  the  manifold  objections  to  which  that  form  is  open.  The  duodecimo 
edition  of  this  Work,  comprising  onl]^  the  first  Six  Books  of  Enclid,  with  Deductions  from 
them,  having  been  introduced  at  tliis  Institution  as  a  text  book,  now  renders  any  other 
Treatise  on  Plane  Geometry  mmeoeasaiy  in  our  course  of  Mathematics.**— Pre/hcs  to 
DetcripUve  Geomeirv,  ^,for  tht  XJwt  of  the  Rojfol  Military  Academy  j  hy  S.  Hunter  Christie, 
Ji.A.,  oj  THnUy  CoUege.  Cambridge,  late  Secretary  of  the  Row!  Society,  ^.,  Profeuor  of 
Mathematia  in  the  Royal  Military  Aeademv,  Woolwieh.    (184/.) 

**  Mr.  Potts,  by  the  publication  of  his  Edition  of  Euclid,  with  its  most  valuable  notes 
and  problems,  and  the  solutions  and  commentaries,  has  recalled  the  attention  of 
IBnghshmen  to  the  subject :— first  in  his  own  and  the  Sister  Universities,  then  in  the  public 
schools,  and,  finally,  in  most  Scholastic  Establishments  in  the  Country .-^His  Euclid  is  oae 
of  our  own  text-books  in  the  Royal  Military  Academy,  and  we  fiiitf  its  arrangements  and 
additions  exceedingly  conducive  to  the  acquisition  of  a  thorough  understanding  of  the 
subject  by  the  Gentlemen  Cadets.**— 7\  S,  Jjaviee,  Profeeeor  of  Mathenuuiet  in  the  Royal 
MitUmry  Academy,  Wooltoich.    (1848.[ 

*<  The  Edition  of  the  Elements  of  Euclid  which  Mr.  Potts  has  published,  is  confessedly 
the  best  which  has  yet  appeared.**— JoAn  Phillips  Bigman,  MJL^  F,R.8^  laU  Fellow  and 
Tutor  qf  THnity  College,  Cambridge,    (1848.) 

**  Mr.  Pbtts  has  lately  published  an  Edition  of  Euclid's  Elements  qf  Geometry,  which  he 
has  illnstrated  with  a  collection  of  Examples.  I  consider  that  he  has  performed  his  tadc 
with  great  care  and  judgment,  and  that  the  work  seems  to  bid  fair  to  possessa  larger  share 
of  popular  favour  than  any  edition  of  Euclid  yet  pnbUshed."— J2.  Buston,  BJ),,  Fellow  and 
Tutor  of  Enmanud  College,    (1848.) 

**  I  consider  Mr.  Potts*  Edition  of  Euclid  to  be  a  most  valuable  addition  to  our  Cambridge 
Mathematical  literature,  and  especially  to  the  department  of  G^metir ;  and  look  to  it  as 
A  great  help  towards  keeping  up.  and  indeed  reviving,  the  true  spirit  and  feeling  for 
Geometry,  which  of  late  years  had  been  too  much  neglected  among  us." — W.  Williamson, 
BJD^  Fellow  and  Tutor  oj  Clare  Collepe.    (1848.) 

*'  I  believe  there  is  a  general  opinion  in  this  university  that  the  Principles  of  Euclid 
Attd  Elementary  Geometry  cannot  possibly  be  presented  to  the  mind  of  a  commencing 
student  in  a  better  form,  nor  be  accompanied  by  a  more  judicious  selection  of  problems, 
with  hints  for  their  solution,  than  occurs  in  the  pages  of  Mr.  Potts*  publications.  By 
combining  sjinmetry  of  arrangement  with  simphcity  of  language,  ana  by  restoring  the 
ayllogism  to  its  plain  and  simple  form,  so  as  to  make  an  introduction  to  Geometry  serve  at 
the  same  time  as  an  exercise  in  logic  (an  advantage  which  has  beoi  quite  lost  sight  of  in 
many  of  the  abbreviated  editions  with  which  this  university  had  previously  been  deluged), 
I  consider  that  Mr.  Potts  has  done  good  service  to  the  cause  of  education.** — J.  Power, 
MjL.,  Fellow  of  Clare  College,  and  University  lAbrarian,    (1848.) 

'*  Mr.  Potts  has  maintainea  the  text  of  Simson,  and  secured  the  very  spirit  of  Euclid*s 
Oeometry,  by  means  which  are  simply  mechanicu.  It  consists  in  printine  the  syllogism 
in  a  separate  paragraph,  and  the  members  of  it  in  separate  subdivisions,  each,  for  the  most 
part,  occupyipip  a  single  line.  The  divisions  of  a  proposition  are  therefore  seen  at  once 
without  lequinng  an  instant's  thought.  Were  this  the  only  advantage  of  Mr.  Potts' 
Edition,  the  great  convenience  which  it  affords  in  tuition  would  give  it  a  daim  to  become 
the  Geometrical  text-book  of  England.  This,  however,  is  not  its  only  merit." — Philosophical 
Magazine,  January,  1848. 

"  If  we  may  judee  from  the  solutions  we  have  sketched  of  a  few  of  them  [the  Geo- 
metrical Exensaesj,  we  should  be  led  to  consider  them  admirably  adapted  to  improve 
the  taste  as  weU  as  the  skill  of  the  Student.  As  a  series  of  judicious  exercises,  indeed, 
we  do  not  think  there  exists  one  at  all  comparable  to  it  in  our  language — viewed  either 
in  reference  to  the  student  or  teacher. — Mechanic^  Maaazine,  No.  1175. 

*'The  'Hints'  are  not  to  be  understood  as  propositions  worked  out  at  length,  in  the 
manner  of  Bland's  Problems,  or  like  those  worthless  things  called  *  Keys,*  as  g^erally 
'  forged  and  filed,' — mere  books  for  the  dull  and  the  lazy.  In  some  cases  references  only 
are  made  to  the  Propositions  on  which  a  solution  depends;  in  others,  we  have  a  step  or 
two  of  tiie  process  indicated ;  in  one  case  the  analysis  is  briefly  given  to  find  the  construc- 
tion or  demonstration ;  in  another  case  the  reverse  of  this.  Ocoisionally,  though  seldom, 
the  entire  process  is  given  as  a  model ;  but  most  commonly,  just  so  much  is  suggested  aa 
will  enable  a  student  of  average  ability  to  complete  the  whole  solution— in  short,  just  so 
much  (and  no  more)  assistance  is  afforded  as  would,  and  must  be,  afforded  by  a  tutor  to 
his  pupiL  Mr.  Potts  appears  to  us  to  have  hit  the  '  golden  mean '  of  Geometrical  tutor- 
eibip." --Mechanics*  Magazine,  No.  1270. 

**  We  can  most  conscientiously  recommend  it  [The  School  Edition]  to  our  own  younser 
leaders,  as  the  best  edition  of  the  best  book  on  Geometry  with  which  we  are  acquainted.*— 
Mechaics*  Magazine,  No.  1227. 
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INVOLUTION  AND   EVOLUTION, 
AND    SURD   NUMBERS. 

Art.  I.  The  words  Inyolution  and  Evolution  are  used  in  various 
senses,  according  to  the  subjects  respecting  which  they  are  employed. 

In  this  part  of  mathematical  science,  the  word  Involution  is  em- 
ployed to  denote  the  process  by  which  the  powers  of  quantities  are 
expressed  or  determined ;  and  Evolutum  is  the  reverse  process,  by 
which  the  roots  of  quantities  are  expressed  or  determined. 

The  word  power  is  used  to  denote  the  product  of  two  or  more  equal 
numbers  or  quantities ;  and  the  word  root  denotes  the  reverse  of  that 
denoted  by  the  word  power. 

The  second  power  of  any  number  or  quantity  is  the  product  of  two 
equal  numbers  or  quantities ;  and  conversely,  the  second  root  of  any 
number  or  quantity  is  that  number  or  quantity  of  which  the  second 
power  wiU  produce  the  given  number  or  quantity. 

The  second  power  of  a  number  is  also  named  the  square*  of  that 
number,  because  the  product  of  the  two  equal  numbers  which  express 
the  number  of  lineal  units  in  the  adjacent  sides  of  a  square,  denotes 
the  number  of  square  units  in  the  area  of  the  square. 

In  the  same  manner,  the  third  power  of  any  number  or  quantify  is 
the  product  of  three  equal  numbers  or  quantities ;  and  the  third  root 
of  any  number  or  quantity  is  that  number  or  quantity  of  which  the 
third  power  is  equal  to  the  given  number  or  quantity. 

The  third  power  of  any  given  number  is  also  called  the  cube  of 
that  number,  because  the  product  of  the  three  equal  numbers  which 
express  the  number  of  lineal  units  in  the  three  adjacent  edges  of  a 
cube,  will  denote  the  number  of  cubic  units  contained  in  the  volume 
of  the  cube ;  and  the  third  root  of  any  given  number  is  called  the 
cube  root,  because  if  a  given  number  denote  the  number  of  cubic 
units  in  the  volume  of  a  cube,  the  cube  root  of  the  given  number  will 
denote  the  number  of  lineal  units  in  one  of  the  edges  of  the  cube. 

As  the  second  and  third  powers  of  any  quantity  a  have  been 
assumed  to  be  denoted  by  t?  and  a*,  so  the  second  and  third  roots  by 
a  consistent  analogy  will  be  denoted  by  <^  and  a\. 

*The  words  "square"  and  "cube"  are  the  names  of  geometrical  forms  of  a 
enifiM^  and  a  volume — modes  of  continued  quantity,  and  cannot  with  strict  pro- 
priety be  applied  to  numbers.  The  proper  analogous  terms  to  the  geometrical 
Barnes  square  and  cabe  are  the  eectmd  power  and  third  power  of  numbers.  But  as 
the  same  words  are  applied  both  to  the  geometrioal  figures  and  the  products  of  two 
and  of  three  equal  numbers^  it  is  necwBaiy  that  the  distinction  should  be  understood. 


2.  To  find  a  ruU  for  the  formation  of  the  equaro  of  any  aiyehraical 

polynomial. 

Here(a+5)«  =  a«+2a5+5«, 

{a+h+ey^a^+h'+i^+2ah+2ae+2h€, 
(^a+h+e+<r)'^  =  a^+h^+c^+cP+2ab+2ao+2ad+2be+2hd+2cd, 
(a+b+e+d-^-ey  =  a^+2a{h+e+d+$), 

^h*+2h{c+d+e), 
+^+2c{d+e\ 
+d*+2dc+e^, 
:=a*+l^+i^+d^+i^+2ab+2ae+2ad+2ae+2he+2hd 
+2h»+2ed+2ce+2de. 
And  80  on,  whatever  may  be  the  number  of  terms. 

Hence,  it  appears  that  the  square  of  any  polynomial  consists  of 
the  sum  of  the  squares  of  each  term  and  twice  the  product  of  all  the 
terms  taken  two  and  two. 

If  there  be  n  terms  in  the  polynomial  the  rule  may  be  thus  ex- 
pressed:— 

Square  the  first  term,  and  take  the  product  of  twice  the  first  term 
and  the  sum  of  the  remaining  »—  1  terms. 

Next  square  the  second  term,  and  take  the  product  of  twice  the 
second  term  and  the  sum  of  the  remaining  »—  2  terms. 
And  so  on  to  the  square  of  the  last  two  of  the  n  terms. 
Since  {a±hy  =  <f±2ah+h\  it  is  obvious  that  4xd'xh*T:{±2ahy, 
-ov  the  square  of  every  binomial  consists  of  three  terms,  such  that  four 
times  the  product  of  the  first  and  third  is  equal  to  the  square  of  the 
second  term.  And,  conversely,  if  four  times  the  product  of  two  terms 
of  a  trinomial  be  equal  to  the  square  of  the  remaining  term,  the  tti- 
-nomial  is  a  complete  square.* 

3.  JSoery  positive  quantity  hae  two  equal  square  roots^  one  positive  and 
the  other  negative. 

Since  the  square  of  +a,  or  (+«)•  =  +a  x  +a  =  +a\ 
and  the  square  of  —a,  or  (— «)'  =  —  a  x  —a  «  +a'. 
Hence,  conversely, 

the  square  root  of  •\-a\  or  {(+«)•}*  =  (+«)*  =  +(h 

•  If  in  (o+6)*-a«  +  2ai  +  5»,  2a  be  written  for  a  and  1  for  5,  then 
(2a + 1)*  «  4a*  +  4a + 1 »  4a(a + 1)  + 1»  which  expresses  the  theorem. 

The  square  of  the  sum  of  any  two  consecatiTe  nomhers  is  eqnal  to  font  times 
their  product  increased  by  nnity. 

This  theorem  will  be  found  useful  in  finding  the  squares  of  the  odd  natural 
numbers,  by  dividing  the  numbers  into  two  parts  whose  difference  is  uni^,  as  for 
instances : — 

(19)« -4x10x0  +  1 -860  +  l  =  8«l,        (28)«  =  4.12.11 +  1-628 +  1=^629,  Ac. 

And  if  in  a*-^'— (a+&)(a-^,  a+-l  be  put  for  a  and  a  for  (,  then 
>(a+l)'-a*8a*+2a^+l— a'-2a+l,  which  expressed  in  words  is,  The  difference 
of  the  squares  of  two  consecutive  numbers  is  equal  to  twice  the  smaller  number 
increased  by  unity. 


and  the  square  root  of  +a*,  or  {(  —a)*}*  =  (— «)*  =  — «i 
.  • .  the  square  root  of  a'  or  («')*  —  ±a. 

In  the  same  manner,  if  there  be  more  terms  than  one, 
The  square  of  a—h,  or  (a— 3)'  =  a'—  2ai+^, 
and  the  square  of  3  —a,  or  (3— a)*  =  i*— 2fli+i'. 

Hence,  conversely,  the  square  root  ofa^^2ab+h'^  isa^h  and  ^— a, 
or  {a*^2ah+hy  =  ±(a— 3). 

It  will  be  manifest  from  these  condusionB  that  a  negative 
quantity,  as  —a*,  cannot  have  a  square  root.  The  square  root,  how* 
ever,  of  a  negative  quantity  admits  of  expressum,  but  not  of  determi- 
nation^  the  negative  sig^  indicating  the  extraction  impossible  to  be 
performed.  The  square  root  of  — a'  may  be  expressed  in  the  forms 
(  —  ««)» and  a(— 1)*,  or  s/—c^  and  «>/— 1.  The  expression  (— o^)*  has 
no  intellegible  meaning  until  it  has  been  restored  to  — a'  by  the 
process  of  involution.  When  the  data  of  a  problem  are  incompatible 
with  each  other,  the  quessita  will  always  involve  this  expression ;  and, 
conversely,  when  this  form  of  expression  appears  in  the  solution,  the 
data  of  the  problem  are  incompatible  with  each  other. 

The  square  root  of  a  negative  quantity  has  been  named  an  imagi- 
nary or  impossible  quantity,  and  when  such  an  expression  occurs  in  the 
solution  of  a  problem,  it  indicates  that  the  problem  is  impossible  imder 
the  proposed  conditions.  As  for  instance  if  it  be  proposed  to  divide 
12  into  two  parts  such  that  their  product  shall  be  40.  If  x  denote 
one  part,  then  12— a?  will  denote  the  other  part,  and:r(12-d;)a40.  The 
solution  of  this  equation  gives  6+  >J—^  and  6—  J—^  for  the  two 
parts  of  12 ;  and  these  parts  satisfy  the  equation,  for  their  sum  is  12, 
and  their  product  is  40.  But  if  the  problem  itself  be  considered,  it  will 
be  seen  that  12  can  be  divided  six  ways  into  two  parts;  namely,  1  and 
11,  2  and  10,  3  and  9,  4  and  8,  5  and  7,  6  and  6;  the  respective 
products  of  these  parts  are  11,  20,  27,  32,  35,  36;  and  36  is  the 
greatest  possible  of  all  the  products.  It  is  therefore  dear  that  12 
cannot  be  divided  into  two  integral  numbers  whose  product  shall  be 
40,  and  this  is  indicated  in  the  results  obtained  from  the  equation. 
It  has  also  been  judiciously  remarked  with  respect  to  impossible  ex- 
pressions that  "  these  symbols,  although  the  parts  of  them  are  in- 
capable of  being  numerically  computed,  yet,  without  the  violation  of 
perspicuity  or  logical  accuracy,  may  be  employed  in  calculation,  since 
their  origin  and  derivation,  and  consequently  what  they  represent, 
are  known."  * 

.  -  II _    _  I  III  I  -  — 

*  In  the  second  section  of  the  first  chapter  of  the  Y^a  Ganita,  the  author 
states : — "  The  square  of  an  affirmative  or  of  a  negative  quantity  is  affirmative,  and 
the  root  of  an  affirmative  quantity  is  twofold,  positive  and  negative.  There  Ib  no 
sqnan  root  of  a  negative  quantity,  for  it  is  not  a  square."  One  of  the  commentators 
has  given  the  following  note  on  the  text :  "  For,  if  it  be  maintained  that  a  native 
quantity  may  be  a  square,  it  must  be  shewn  what  it  can  be  the  square  of.    17ow  it 


4.  Prop.  Every  9qut^4  mmber  ends  in  ih$  figures  1,  4,  5,  6,  9,  or  00. 
For  every  number  ends  in  1,  2,  3, 4,  6,  6,  7,  8,  9,  or  0.    And  their 

squares  end  in  1,  4,  9,  6,  5,  6,  9,  4,  1,  or  00  respeciiyely.  Therefore 
every  square  number  ends  in  1,  4,  5,  6,  9,  or  00.  It  also  follows  that 
every  number  ending  in  2,  3|  7,  8,  0,  or  an  odd  number  of  ciphers^ 
cannot  be  a  square  number. 

The  converse  of  the  proposition,  however,  is  not  always  true,  for 
there  are  other  numbers  besides  square  numbers  which  end  in  the 
figures  1,  4,  5,  6,  9,  or  00. 

5.  In  the  -series  of  the  natural  numbers,  the  square  numbers  occur  at  in- 
ternals in  the  series,  and  the  other  numbers  between  the  successive  square 
numbers  occur  in  groups,  each  consisting  of  two,  four,  six,  Sfc,  numbers 
between  the  first  and  second  square  numbers^  the  second  and  thirds  the  third 
and  fourth,  ifc,  respectively. 

The  squares  of  the  first  ten  natural  numbers  are  1,  4,  9,  16,  25, 
36,  49,  64,  81,  100;  and  the  square  roots  of  these  are  respectively 
1,  2,  3,  4,  5,  6|  7,  8,  9,  10.  Hence  in  the  first  hundred  natural 
numbers  there  are  ten  square  numbers,  and  ninety  which  are  not 
square  numbers. 

And  farther,  it  will  appear  on  examination  that  between  the 
square  numbers  1  and  4  there  are  two  numbers  not  square  numbers ; 
between  4  and  9,  four  numbers;  between  9  and  16,  six  numbers; 
between  16  and  25,  eight  numbers ;  and  so  on,  each  saocessive  group 
containing  two  more  than  the  preceding.* 

6.  J^  an  integral  number  consist  of  1,2,  3,  ifc,  digits,  its  square  or 
second  power  will  consist  of  1  or  2,  S  or  4,  5  or  6,  ^c,  digits  respectively, 
and  generally  if  a  number  consist  of  n  digits  its  square  will  consist  of  2m—  1 
or  2n  digits. 

Since  the  squares  of  1,  10,  100,  1,000,  &c.,  the  least  numbers 
composed  of  1,  2,  3,  4,  &c.,  digits,  are  1,  100,  10,000,  1,000,000,  &c.» 
respectively,  it  follows  that 

The  square  of  a  number  of  1  digit  may  consist  of  1  or  2  digits. 
„  „  2  digits  „  3  or  4  digits. 

„  „  3  digits  „  5  or  6  digits. 

And  so  on,  and  generally. 

The  square  of  a  number  of  n  digits  will  consist  of  2n— 1  or  2n 
digits.    For  since  the  square  of  every  number  of  n  digits  is  less  than 

cannot  be  the  sqoare  of  an  affinnative  quantity,  for  a  square  is  the  product  of  the 
moltiplication  of  two  like  quantities,  and  if  an  affinnative  one  be  multiplied  by  an 
affirmative  one,  the  product  is  affirmative.  Kor  can  it  be  the  square  of  a  negative 
quantity,  for  a  negative  quantity  also,  multiplied  by  a  negative  one,  is  positive. 
Therefoie  we  do  not  perceive  any  quantity  such  as  that  its  square  can  be  negative.*' 

*The  process  of  deducing  the  law  of  a  seriei^  or  the  general  form  of  any 
algsbnical  expression,  fimm  the  eonrideration  of  particular  cases^  is  usually  called 


10",  but  not  less  than  10*"^ ;  the  square  of  a  number  of  n  digits  is  less 
than  10^1  but  not  less  than  10^~^.  But  10*"  is  the  least  number  which 
consists  of  2n+l  digits,  and  10^"' the  least  number  of  2n— 1  digits. 
Hence  the  square  of  eyeiy  number  of  n  digits  will  consist  of  less  than 
2n+l  digits,  but  of  not  less  than  2»— 1  digits,  and  consequently  will 
consist  of  2n  - 1  or  2n  digits.* 

Conversely.  If  an  integral  number  consist  of  2n— 1  or  2n  di^ts, 
its  square  root  will  consist  of  n  digits.  Hence,  if  a  point  be  placed  over 
every  second  digit  beginning  at  the  unit's  place,  the  number  of  points 
will  indicate  the  number  of  digits  in  the  square  root  of  the  number. 

Also  since  the  square  of  a  decimal  of  n  places  will  consist  of  2n 
places,  it  follows  conyersely  that  the  square  root  of  a  decimal  of  2» 
places  will  consist  of  n  places  of  figures. 

If,  however,  the  given  decimal  whose  square  root  is  required  con- 
sist of  2n— 1,  or  of  an  odd  number  of  places,  it  will  be  necessary  to 
annex  a  cipher  to  the  right-hand  figure  of  the  given  decimali  in  order 
that  the  number  of  places  may  be  2n,  a  multiple  of  2. 

7.  2h  explain  the  process  of  finding  the  square  root  of  a  given  quantity. 

First.  Let  the  given  root,  a+h^  consist  of  two  terms.  Then,  since 
the  square  of  a+b  is  a'-{-2ad-{-3'.t 

Conversely,  the  square  root  of  a^+2ah+i^  is  a+b ;  and  the  object  is 
to  find  how  a+b  may  be  derived  from  (^+2ab+b^. 

It  is  obvious  that  a,  the  first  term,  is  the  square  root  of  a*,  the  first 
term  of  the  given  square. 

If  a'  be  subtracted  from  a*+2ab+h*y  there  remains  +2ab+l^,  from 
which  to  find  ^,  the  second  term  of  the  root. 

Nowb  is  contained  +2a+btimea  in  -t-2d^-f-^ ;  hence  b,  the  second 
tenn  of  the  root,  is  found  by  dividing  the  first  term,  -{-2a5,  of  the  new 
dividend  by  2a,  or  twice  the  first  term  of  the  root. 

Increase  this  divisor  2a  by  +b,  the  second  term  of  the  root,  and 
multiply  the  divisor  so  increased  by  the  second  term  of  the  root,  and 
subtract  the  product  from  the  new  dividend,  and  the  remainder  is  zero. 

*  It  maybe  noted  that  10%  10^  10*,  10',  .  .  .  10"-^  denote  the  least  num- 
bers which  consist  of  1,  2,  8,  4,  ...  .  n  digits,  respectiTely  ;  and  10^—1,  10^-1, 
10*  - 1,  .  .  .  .  10*  - 1,  or  99,  999,  9,999,  &c.,  denote  the  greatest  numbers  which 
consist  of  1,  2,  8,  4,  .  •  •  •  fi  digits  respectiydly. 

t  This  expression  is  geometrically  illustrated  by  the  diagram  in  Enc.  II.  4. 

If  the  lines  AC,  CB  contain  a,  b  linear  units  respecttvely,  then  AB  contains 
a-^b  units,  and  ABED,  the  square  on  the  line  AB,  is  made  up  of  the  parts  ACGH, 
CBKO,  HOFD,  OKEF. 

Here  ABED  is  denoted  by  (a+ ()*,  HQFD  by  a*,  CBKG  by  h\  ACOH  l>y  aJb, 
OKEFhyab. 

If  the  line  be  divided  into  three  parts  a,  b,  e, 

then(a+6+c)»=a«+6«+c«+2a5+2ac+2ic 
may  be  similarly  illustrated  by  describing  a  square  on  the  whole  line  and  drawing 
the  neoessaxy  lines  through  the  points  of  division,  as  in  the  disgram  to  Enc  II.  4. 


But  if  there  be  a  remainder,  the  given  number  is  not  a  square 
number^  and  its  exact  square  root  cannot  be  expressed  by  any  number 
whatever. 

Continued  approximations,  however,  can  be  made  to  the  square  root 
of  any  such  number,  by  annexing  periods  of  ciphers  as  decimals  to  the 
given  number,  and  continuing  the  extraction  to  any  number  of 
decimals  required. 

The  square  root  of  a  fraction  is  found  by  dividing  the  square  root  of 
the  numerator  by  the  square  root  of  the  denominator. 

When  the  numerator  and  denominator  are  square  numbers,  the 
quotient  of  these  square  roots  is  the  exact  square  root  of  the  fraction. 

But  when  the  numerator  and  denominator  are  not  square  numbers, 
the  given  fraction  can  be  reduced  to  a  decimal,  and  by  extracting  the 
square  root  of  this  decimal,  an  approximation  to  the  square  root  of  the 
fraction  can  be  determined  to  any  required  degree  of  accuracy. 

The  4th,  8ih,  16th,  and  generally  the  2"th  roots  of  any  numbers 
can  be  found  by  means  of  the  square  root ;  as  the  fourth  root  of  a 
number  is  the  square  root  of  the  square  root  of  that  number ;  and 
the  eighth  root  is  the  square  root  of  the  square  root  of  the  square 
root  of  the  number,  and  so  on  for  other  roots. 

8.  The  cube  of  a  poiiiive  quantity  is  poiitive^  and  the  cube  of  a  negative 
quantity  is  negative  ;  cmd  conversely,  the  cube  root  of  a  positive  quantity  is 
positive,  and  the  cube  root  of  a  negative  quantity  is  negative. 

For  (+»)'=  +ax+ax  +a  =  +a»; 

and  (— «)•=— <»x— ax  —»=.—«•. 

That  is,  ^e  cube  of  +a  is  a',  and  the  cube  of  —a  is  —a*. 
Conversely  (+«*)*=  +a;  and  (—«•)*=  —a. 

Also  (a  -  by  =  a*  -  3«*6 + 3a6»— i', 

and  (i— a)«  =  A»— 3J»a+3ia«-a»-  — (a«-  Sa^b+Sa^^b*), 
and  it  is  obvious  that  {b — a)'  is  not  equal  to  (a— &)'  in  the  same 
manner  as  (b-^aY  was  shewn  to  be  equal  to  (a— d)'. 

The  cube  of  a+b  may  be  put  into  the  form  c^+b^+Sab{a+b),  and 
the  cube  of  a-^b  into  the  form  (^—i^—3ab{a—b). 

Also  since  {a+by^<^+3a^+3ab^+b\ 

it  appears  that  Sa'b  x  3a&' »  9  x  o*^. 

Or  when  four  quantities  are  equal  to  the  cube  of  a  binomial,  the 
product  of  the  second  and  third  terms  is  equal  to  nine  times  the 
product  of  the  first  and  f otirth. 

The  cubes  of  a+b+c,  a+b+e+d,  Ac,  may  be  found  in  the  same 
manner  as  the  squares  of  a+b+e,  a+b+e+d,  ice. 

9.  I»  the  series  of  the  cube  numbers  each  ends  in  one  of  the  nine  digits  or 
in  three  ciphers. 

For  every  number  ends  in  1,  2,  3,  4,  5,  6,  7,  8,  9,  or  0.  The  cubea 
of  the  first  ten  natural  numbers  are 

1,  8,  27,  64,  125,  216,  343,  512,  729,  1000, 
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it  will  be  seen  tliat  every  cube  number  ends  in  the  figures 

1,  8,  7,  4,  5,  6,  3,  2,  9,  or  000 ; 
that  is,  every  cube  number  ends  in  one  of  the  nine  digits  or  in  three 
eiphersj  and  it  is  obvious  that  any  number  ending  in  one  or  two 
ciphers  cannot  be  a  cube  number.* 

10.  In  the  series  of  natural  numbers,  the  cube  numbers  occur  at  intervals, 
4md  the  other  numbers  between  the  successive  cube  numbers  occur  in  groups, 
the  numbers  in  each  successive  group  being  connected  by  a  certain  law. 

Since  the  cubes  of  the  first  ten  natural  numbers  are 
1,  8,  27,  64,  125,  216,  348,  512,  729,  1000; 
it  will  be  foxmd  on  inspection,  between  the  first  and  second,  the  second 
and  third,  and  the  successive  cube  numbers,  that  the  groups  of  other 
numbers  wiH  contain  6,  18,  36,  60,  90, 126, 168,216,  272,  &c.,  numbers 
respectively.  And  the  successive  differences  of  the  numbers  in  each 
group  being  12,  18,  24,  30,  36,  42,  48,  56,  &c.,  indicate  the  law  of  the 
successive  groups. 

11,  Jf  an  integral  number  consist  of  I,  2,  3,  4,  ifc,  digits,  its  cube  or 
third  power  will  consist  of  I,  2,  3;  or  4,  5,  6;  or  1,  S,  9,  Sfc,  digits 
respectively :  and  generaUg,  if  a  number  consist  of  n  digits,  its  cube  will 
consist  ofBn—2,  Sn^l,  or  dn  digits. 

Since  the  cubes  of  1,  10,  100,  1000,  &c.,  the  least  numbers  com- 
posed of  1,  2,  3,  4,  &c.,  digits,  are  1,  1,000,  1,000,000,  1,000,000,000, 
&c.,  respectively,  it  appears  that — 

The  cube  of  a  nimiber  of  1  digit  may  consist  of  1,  2  or  3  digits, 

„  „  2  digits  „  4,  5  or  6       „ 

„  „  3  digits  ,,.  7,  8  or  9       „ 

And  generally  the  cube  of  a  number  of  n  digits  will  consist  of 
dn-2,  3n— 1,  or  3n  digits.    For  every  number  of  n  digits  is  less  than 

*  "  Cubic  nnmbers  ending  In  1,  2,  8,  4,  6,  6,  7,  S,  9,  or  0  followed  by  1 
hare  their  roots  ending  in  7,  4,  1,  8,  5,  2,  9,  6,  8,  or  0  followed  by  1. 
Cnbe  numbers  ending  in  1,  2,  3,  4,  5,  6,  7,  8,  9,  or  0  followed  by  3 
have  their  roots  ending  in  1,  4,  7,  0,  3,  6,  9,  2,  5,  or  8  followed  by  7. 
Cnbe  nnmbers  ending  in  1,  2,  3,  4,  5,  6,  7,  8,  9,  or  0  followed  by  7 
have  their  roots  ending  in  7,  0,  8,  6,  9,  2,  5,  8,  1,  or  4  followed  by  3. 
Cube  numbers  ending  in  1,  2»  8,  4,  5,  6,  7,  8,  9,  or  0  followed  by  9 
have  their  roots  ending  in  8,  0,  7,  4,  1,  8,  5,  2,  9,  or  6  followed  by  9. 
Hence  every  cubic  number  ending  in  11  has  71  aa  the  ending  of  its  cube  root ; 
and  eveiy  cubic  number  ending  in  21  has  41  for  the  last  two  figures  of  its  cube  root, 
and  so  on. 

Also  it  may  be  seen  that  the  last  two  figures  of  any  cubic  number  ending  in 
1,  8,  7,  or  9  may  be  known  if  the  figure  before  1,  8,  7.  or  9  be  also  known.  For 
instance,  the  cube  root  of  the  cubic  number  185,193  may  be  known  to  be  67, 
because  all  cubic  numbers  ending  in  98  have  their  roots  ending  in  57.  Thus  we 
may  know  the  cube  root  of  the  cubic  number  3,869,893  by  knowing  only  3,  ....  93. 
The  first  figure  of  the  root  must  be  1  and  the  next  two  57."  This  note  is  Uihen  firom 
the  Analyst,  Vol.  L,p.  75. 
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10*,  but  not  less  than  10*'^ ;  the  cube  of  a  number  of  n  digits  is  less 
than  10**,  but  not  less  than  10*"^*.  But  10"*  is  the  least  number 
which  consists  of  Sn+l  digits,  and  10**"^  is  the  least  number  which 
consists  of  dii-2  digits.  Hence  the  cube  of  a  number  of  n  digits 
will  consist  of  less  than  Sn+l  digits,  but  of  not  less  than  dn— 2 
digits,  and  consequently  must  consist  of  dn— 2,  Sn— 1,  or  3n  digits. 

Conyersely,  if  an  integral  number  consist  of  3n— 2,  3n— 1,  or  Bn 
digits,  its  cube  root  will  consist  of  »  digits. 

Hence  if  a  point  be  placed  oyer  every  third  digit  of  a  number 
beginning  at  the  unit's  place,  the  number  of  points  will  indicate  the 
number  of  digits  in  the  cube  root  of  the  number. 

And  since  the  cube  of  a  decimal  of  n  places  will  consist  of  Sn 
places ;  it  follows  conversely  that  the  cube  root  of  a  decimal  of  Sn 
places  will  consist  of  n  places  of  figures. 

If  a  given  decimal  whose  cube  root  is  required  consist  of  Sn  —  2  or 
3n— 1  places,  it  will  be  necessary  to  annex  two  ciphers  or  one  to  the 
right-hand  digit  of  the  decimal,  in  order  that  the  number  of  places 
may  be  3n,  a  multiple  of  3. 

12.  To  explain  the  process  for  finding  the  cube  root  of  a  given  qmntity. 

First  suppose  the  root  to  consist  of  two  terms,  0+^- 

Since  the  cube  of  a^h  is  a^+3a'i+3a&'+^. 

Conversely,  the  cube  root  of  a'+3<^i+S<ii'+5*  is  a+J,  and  it  is 
required  to  be  shewn  how  a+^  may  be  deduced  from 

0*4. 8a«J  4.30*'+^. 

The  first  term  of  the  root  is  0,  the  cube  root  of  a?  the  first  term  of 
the    given    cube,    and    from    this    subtracting    o*,    there    remains 

3a*i  +  30J*+6». 

The  second  term  of  the  root  is  h,  a  factor  of  30^6+30^*+^';  and 
if  the  first  term,  Ba\  be  divided  by  30',  three  times  the  square  of  the 
first  term  of  the  root,  the  second  term  h  is  obtained. 

•  And  if  the  sum  of  three  times  the  square  of  the  first  term  multi- 
plied by  the  second,  three  times  the  first  multiplied  by  the  square  of 
the  second,  and  the  cube  of  the  third  term,  be  subtracted  from 
30^6+3a3'+^',  the  whole  cube  of  a+^  has  been  subtracted,  and  a+6, 
the  cube  root,  is  determined.* 

*  The  following  proceas  may  b«  in  some  instances  found  more  commodious  when 
several  terms  of  the  root  are  required  : — 

For  example.     Find  the  cube  root  of  x«  +  ^^  +  Z^x*  +  4S3a;*  + 1 55«>  +  144fl;+ 64. 
a:«  +  »x»+89aj*  +  488a!»  +  165a;*  +  144a;+64(a;«+8«+4 

^ 

8x^)9aj* 


(05' +  8a;)»  «x«  +  9a:»  +  27«*  +  27x* 

8«*)12x* 


(««  +  aa;+ 4)» -«•  +  9a;«  +  89a*  +  483a;»  +  166a;«  + 144*+ 64 


IL 
The  process  may  be  thus  exhibited — 


3xoxJ*=        +3aJ« 

5«-  +*» 


} 


3a'3+3<i5*+i*. 
0 

If  the  root  consiBt  of  three  terms  a+h+e,  then  since  the  cube  of 
a+b+e  is  (<»+i)«+3(a+3)V+8(a+iy+(j»,  the  first  two  terms  of  the 
root  being  already  found,  the  third  term  is  found  by  dividing  the  first 
term  of  the  next  dividend  by  3(a+&)\  or  three  times  the  square  of 
the  first  two  terms  of  the  root,  and  then  proceeding  in  the  same 
manner  as  before. 

The  process  stands  thus : — 

{a+by+S{a+bye+3{a+hy+^(a+b 
{a+by 

8  X  {a+by  =  S{a+by)  Z{a+bye+S{a+by+<* 


8x(fl+^)*X(?  =  3(a+5)*tf 
3x(«+5)xo'=  +8(a+*y 

«»= +^ 

S{a+byc+S{a+by+(^ 


And  the  same  process  is  repeated  if  there  be  more  than  three 
terms  in  the  cube  root  of  the  given  quantity. 

This  process  can  be  applied  to  find  the  cube  root  of  numbers. 

If  ttf  b  be  the  digits  of  a  number,  then  the  number  is  denoted  by 
lOa+b,  and  the  cube  of  lOa+b  is  I000^+S00a^b+Z0ab*+1^,  and  the 
process  of  finding  the  cube  root  is  thus  exhibited. 

1000a*+300a**+80fl5*+^(10a+i 
lOOOo* 

8  x  (lOay  =  300a«)300a«I+80fly+y 

8x(10fl)«x^=  S00a*b 

8x(10a)x5»=  +30«J« 

800g*3+30fly+3» 
'  0 

If  a  =  8,  *  =  4,  then  (30+4)»  =  27000 +  10800+ 1440+64,  and  the 
process  is  thus  exhibited : — 
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27000+10800+1440+64(30+4  89304(34 

27000  27 


3  x(30)«  =  2700)10800+1440+64 

3x(30)«x4  =    10800 

8x  30    X4«=  +1440 

4*  =  +64 


10800+1440+64 


3x3*  =  27)12304 

3x3»x4=108      \ 

3x3  X4*=    144    [ 

4«=        64) 

12304 

0  0 

And  in  a  similar  manner  if  the  root  consist  of  three  digits,  the  first 
two  digits  haying  been  determined,  the  third  is  found  by  taking  for 
the  next  divisor  three  times  the  square  of  the  root  already  determinedi 
as  in  the  following  process  of  finding  the  cube  root  of 

1000(30+4)«+300(30+4)»5+80(30+4)25+125 
or  41063625,  which  is  the  cube  of  300+40+5,  a  number  of  three 
digits. 

41063625(345 
27 

3x3- =  27)14063 


3x3«x4=108 
3x3x4»=  144 
4»«       64 


12304 


3  x(34)«=  3468)1759625 

3x(34)«x5  =  17340 
3x34x5'«  2550 
5>»    125 

1759625 


0 

The  process  for  finding  the  cube  root  of  numbers  may  be  ex- 
pressed by  the  following  rule : — 

1.  Divide  the  number  into  periods  by  placing  a  point  over  every 
third  figure,  beginning  at  the  place  of  units. 

2.  Find  the  greatest  number  the  cube  of  which  is  less  than  the 
number  of  the  last  period  on  the  left ;  this  number  will  be  the  first 
figure  of  the  root. 

3.  Subtract  the  cube  of  this  number  from  the  last  period,  and  to 
the  remainder  annex  the  next  period  for  a  dividend. 

4.  Divide  this  number  (omitting  the  last  two  figures)  by  three 
times  the  square  of  the  first  figure  of  the  root,  the  quotient  will  be  the 
second  figure. 

5.  Then  subtract  from  this  dividend  the  aumof  the  three  following 
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proilucts,  namely,  three  times  the  square  of  the  first  multiplied  by  the 
second  figure  of  the  root,  three  times  the  first  multiplied  by  the  square 
of  the  second,  and  l&e  cube  of  the  second ;  placing  the  unit's  figure  of 
the  second  product  one  place  to  the  right  of  the  first,  and  that  of  the 
third  product  one  place  to  the  right  of  the  second. 

6.  To  the  remainder  annex  the  third  period  for  a  new  dividend. 

7.  To  find  the  third  figure  of  the  root,  take  three  times  the  square 
of  the  root  already  found  for  a  new  trial  divisori  and  proceed  as  in 
finding  the  second  figure  of  the  root.  The  fourth  and  other  figures  of 
the  root  are  found  in  the  same  manner,  taking  for  each  suocessivo 
trial  divisor  three  times  the  square  of  the  root  abready  found. 

If  there  be  a  remainder  after  the  integral  part  of  the  root  has  been 
obtained,  the  process  may  be  continued,  and  a  nearer  approximation 
to  the  true  value  of  the  root  may  be  obtained  by  annexing  periods  of 
decimals,  and  continuing  the  operation  for  any  reqiured  number  of 
decimal  places  in  the  root. 

The  cube  root  of  a  fraction  is  found  by  extracting  the  cube  root  of 
the  numerator  and  denominator ;  but  if  the  numerator  and  denomina- 
tor be  not  cubic  numbers,  it  will  be  found  more  convenient  to  reduce 
the  fraction  to  a  decimal,  and  extract  the  cube  root  of  the  decimal. 

The  9th,  27th,  81st,  and  generally  the  d"th  roots  of  numbers  can 
be  found  by  means  of  the  cube  root. 

Also  the  6ih,  12th,  ISth,  and  generally  the  2'*.3"th  roots  can  be 
determined  by  the  square  and  cube  roots. 

13.  The  square  roots  of  the  numbers  which  are  not  complete 
squares  have  been  named  surd  numbers. 

The  square  roots  of  the  numbers  2  and  3|  which  lie  between  1  and 
4,  are  each  greater  than  1  but  less  than  2 ;  as  also  the  square  roots 
of  5,  6,  7,  8,  which  lie  between  4  and  9,  are  each  greater  than  2  but 
less  than  3 ;  and  a  similar  remark  applies  to  all  the  numbers  which 
lie  between  any  two  consecutive  square  numbers.  The  square  roots 
of  these  numbers  can  be  denoted,  but  cannot  be  exactly  expressed  by 
any  definite  number  integral  or  fractional.  Approximate  values  of 
the  square  roots  of  these  nimibers  can  be  determined  to  any  required 
degree  of  accuracy.* 

The  cube  root  of  numbers  which  are  not  cubic  numbers,  are  also 

*  The  square  root  of  any  incomplete  square  uumber  may  be  continued  to  any 
assigned  number  of  places  of  decimals,  and  each  successive  decimal  figure  obtained 
in  the  root  gives  a  nearer  approximation  to  the  true  value  of  the  root. 

For  example.    Let  the  square  root  of  2  be  extracted  to  ten  places  of  decimals. 
The  square  root  of  2  or  2^-1  '4142185628 

If  1*4,  1*41,  1-414,  1-4142,  1*41421,  1*414218,  &c.,  be  respectively  taken  for  the 
square  root  of  2,  the  successive  differences  of  these  numbers  are  '01,  *004,  '0002, 
'0001,  '000008,  ftc.,  which  successively  decrease,  and  shew  that  each  succeeding 
approximation  to  the  square  root  of  2  is  nearer  to  the  true  value  than  each  of  those 
which  precede  it 
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called  sturd  numbers,  and  the  cube  roots  of  all  numbers  which  lie 
between  the  succesaiTe  cubic  numbers,  may  be  denoted^  but  cannot  be 
vacify  exprsued  by  any  numbers  whatever.  The  cube  roots  of  the 
numbers  2,  3,  4,  5,  6,  7,  which  lie  between  1  and  8,  are  each  greater 
ban  1  but  less  than  two ;  and  approximate  values  of  the  cube  roots 
of  these  numbers  can  be  obtained  to  any  required  degree  of  accuracy. 
And  so  of  all  the  niunbers  which  lie  between  the  consecutive  cubic 
numbers. 

The  sum  or  difference  of  quadratic  surd  numbers  may  be  expressed 
by  connecting  them  by  means  of  the  signs  of  addition  and  subtraction ; 
but  if  they  can  be  reduced  so  as  to  involve  the  same  surd  number,  the 
sum  or  difference  can  be  expressed  as  a  single  quantity.* 

In  the  same  manner  the  sum  or  difference  of  cubic  surd  numbers 
can  be  expressed. 

The  product  or  quotient  of  two  quadratic  surd  numbers  is  obtained 
by  multiplying  or  dividing  the  numbers,  and  retaining  the  common 
index.  And  the  product  or  quotient  of  two  cubic  surd  numbers  is 
expressed  in  the  same  manner. 

If  the  indices  of  the  surd  numbers  be  different,  the  indices  must 
be  reduced  to  the  same  denominator  before  the  operations  can  be 
performed.f 

The  powers  or  roots  of  surd  numbers  are  expressed,  the  former  by 
multiplying,  the  latter  by  dividing  the  index  of  the  surd  number  by 
the  index  of  the  required  power  or  root.^ 

I       -T-  -m      — I--IM  ■  J  ,  — 

*  To  find  the  sam  and  difference  of  ^7  and  2>/5. 

Here  the  sum  is  8^/7  +  2>/6  and  the  diflRerence  is  8>/7  -  2>/5. 

To  find  the  som  and  difference  of  <s/75  and  <s/48. 

H«e  ^/76=^/(25x8)-^/25x^/8= V8, 

and  ^/48-^/(16x8)=>/16x^/3- V8, 
.".  ^/76  +  ^/48=6^/8  +  V8-9^/8,  and  ^/75-^/48-6^/8-4v/8-^/3. 
t  Find  the  product  and  quotient  of  &yi5  and  2>/5. 
Here8^/15x2^/5=»6^/76•V(25x8)==6^/26x^/8==6x5x^/8=80^/8, 

and  8>/ltH-2s/6=ib^5=f>/8. 

Find  the  product  and  quotient  of  >/18  and  ^12. 
Here>/18={18)*=(18)*=(18»)*-(5882)*, 

and  -{/12=(12)*-(12)»=(12»)l=a44)*. 
Then^/18xyl2=(6882)*x(144)*-(5882xl44)*=(889808)*, 

and  ^18-4^12=^.}  «M*. 

X  Find  the  second  poirer  and  the  second  root  of  2y/6. 
Here(2v^5)>-(2x6»)«=2«x6=20, 

and  (2  x  >/6)*  -  (2  X  6»)*=2»X  5»=44x  6»= (20)i 
Find  the  third  power  and  the  third  root  of  4-^7. 

Here  (4;^7)»=(4x7i)«-4»x7=448, 

and  (4y7)*=(4x7»»=4*x7*=45x7*-(4»x7)»=(448)*. 
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14.  If  an  equation  consist  parihj  of  rational  and  partly  of  quadratic  surd 
qwsntifieSf  as  x-{- .^y^a+^/hy  then  the  rational  parts  on  each  side  are 
equal,  as  also  the  irrational  parts. 

If  X  be  not  equal  to  a,  suppose  x^a±^m,  then  a±w+>/y  =  fl+>/3, 
and  ±m-{-<^y»  v^&,  or  the  sum  or  difference  of  a  rational  and 
irrational  quantity  is  equal  to  a  rational  quantity,  which  is  im- 
possible ;  and  therefore  ^  »  0  and  s/y  »  >/  3. 

This  property  can  be  applied  in  some  cases  to  find  the  square  root 
of  a  binomial  when  one  or  both  of  its  terms  contains  quadratic  surds. 

Let  a-f  >/&  denote  the  given  binomial,  and  let  a;+  »Jy  its  square  root. 

Then  ar+>/y=  ->/(«+  <s/3) 

and  x*-\-2xy/y+y-a+y/b,  by  squaring  each  side, 

.'.  a^+y  =  a,  and  2a7>/y» ->/3,  and  «*— 2a?^/y+y«a— >/3, 

.•.  a?—  >/y  « ->/(a—  >/3)  by  extracting  the  square  root, 

but  a?+>/y=  >/(«+>/^), 

If  a^—h  be  a  complete  square,  the  square  root  of  a+y/h  can  be 
expressed  in  the  form  of  ^+  ^/y. 

And  since  a^+y  =  a,  and  «*— y  =  >/  (fl^  -  3) ; 
. • .  2*'  =  a+^{a*-b),  and  «-  {  ''+>/0''-*)  J ', 

2y=.a-V(;'-g),  and  Vy=.  {  «-n/(«'-»)  |\ 

Since  a  is  the  sum  of  the  squares  of  the  two  terms  of  the 
binomial,  and  Jb  twice  the  product  of  these  terms ;  in  most  cases  the 
square  root  of  a  binomial  surd,  when  it  is  possible,  may  generally  be 
found  by  inspection. 

In  the  same  manner  may  be  found  the  square  root  of  an  im- 
possible expression,  which  will  always  involve  the  impossible- 
symbol^ — 1. 

Let  the  square  root  of  a+hy/^l  be  required. 


•  Find  the  aqnare  root  of  79+20v/3. 
Leta5^-^/y•^/(79  +  20v^8),  aj"+2xv^y+y-79+20^/3; 

/.  «'  +y=79,  and  2a^/y=20>/8,  «"  -  2ar>/y +y=79  -  20>/3» 
a?-V^y=^(79-20>/8),  bat  a;+>/y=>/(79  +  20v/3) ; 
.-.  a;«-y=^(6241-1200)  =  >/5041=7l. 
Hence  the  square  root  79  +  20>/8  can  be  expressed  in  the  form  z+y/y. 
Sincea;"+y=79anda«-y=71,  /.  2jj*=160,  .•.  aj«  =  75,  and  a;»>/76=5>/8;, 

and2y=8,  y=4,  and  ^/y-^/4=2,  .-.  >/(79  +  20^/8)=2  +  6>/3. 
By  a   ]ike   process   the   square  root  of   -6  +  12^/-l   will  be  fouod  to  htt 
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Assume  ^+^=  >/(a+J>/  — 1),  then  a^+2«y+y*=<»+iv^— 1^ 
anda;'+y*  =  fl,  2ary  =  i^— 1,  .•.  «*— 2d!y+y*  =  tf— i>/— 1, 
anda?— y=>/(a— ^V— 1),  but«+y=  >/(a+J>/— 1), 

and  if  a'+3*  be  a  complete  sqnare,  the  square  root  of  a+by/-^!  can 
be  expressed  in  the  form  required.  ' 

But  since  «*+y*  =  a,  and  a^— y*  =  >/  («'+ J*),  i 

a**  =  a+  >/ (a'+y),  and  *  =  {  «+>/ (^^i!)  | \  ^ 

-2y'  =  -«+^(a'+i«),  and  y=  {?=5^^^+*!)|!v_l. 

15.  It  has  been  already  pointed  out  that  d^  has  been  assumed  to 
denote  the  product  of  n  quantities  each  equal  to  a,  and  the  expression 
a*  is  named  the  nth  power  of  0. 

So  conversely,  the  expression  0"  by  a  consistent  analogy  has  been 

assumed  to  denote  the  reverse  process  of  that  denoted  by  a*,  or  the 

nth  root  of  a. 

By  assuming  the  principle  of  indices  to  be  generally  true, 

I      1      I      I 

The  nth  power  of  0"  =  a"xa*x«*  ...  to  n  factors. 

111.    ..««-_- 

r=0*  or  tf 
Since  0*  is  such  a  quantity,  which  when  raised  to  the  nth  power, 

produces  a,  it  follows  that  a"  is  a  proper  and  consistent  expression  for 
the  nth  root  of  a. 

Also  the  expression  a*  will  properly  and  consistently  denote  the 

^nth  power  of  the  nth  root  of  a,  or  the  nth  root  of  the  mth  power  of  «, 

1  2 

and  the  expression  may  be  written  in  the  form  (<^)"  or  (^)*.* 

It  has  also  been  shewn  that  a*.  «•  =  (!*+•,  and  a*-5-«*  =  tf''*^,  when 
tn  and  n  are  integers. 

The  same  forms  of  exponential  expressions  are  also  true  when  the 

*  The  truth  of  this  may  be  otherwise  exhibited  i^ 

If  (o^)"  «a',  in  which  x  is  unlmown* 

By  raismg  each  side  of  this  equality  to  the  nth  power, 

then  a^sa'V  .*.  nxwmtn,  andsB-*?, 

n 


17 

indices  are  fractionsi  namely^  0"X0*  =  a*  «,  and  a*-f-a*  =  «■""••  ^ 

For  «"  =  «■•  =  {«"'}■«,  and  <^  =  a-«={a-«}"',  ' 

-      ?      ?  J 
And  so  may  be  ahewn  a"-T- «•  =  a"  ». 

16.  T%^  M7^  a»i  o(^  powers  of  a  positive  quantity  are  positive  ;  and 
the  even  powere  of  a  negative  quantity  are  positive,  and  the  odd  powers 
negative. 

Fop  (+a)«  =:+»•,  (+a)*=+fl»,  (+fl)*=+a^  &c. 

Generally  (+a)»*  =  (+«•)-  =  +««",  and  ( +«)«*+*  =  +a^  a  =  ^-a^+S 
or  any  power,  odd  or  even,  of  a  positive  quantiiy  is  positive. 

Again(— a)•=+a^  (— a)»  =  — o^,  (— a)*=+a*,  &<j. 

GeneraUy  (-«)»•  =  {(  -  a)^ }•  =  (+«•)•=  +a«-, 

and  (-i»)*'+»  =  (-«)»".( -a)  =  +a^-.(-^i»)  =  -a*"+», 
or,  the  even  powers  of  a  negative  quantity  are  positive,  and  the  odd 
powers  are  negative. 

17.  Th»  even  roots  of  a  positive  quantity  are  positive  and  negative,  and 
ike  odd  roots  of  a  positive  quantity  are  positive^  and  of  a  negative  quantity 
are  negative. 

For  the  2»th  power  of  +«*'  is  +a, 

1 

and  the  2nth  power  of  —a**  is  +a. 

L  1 

Hence,  converselyi  the  2»th  root  of  +« is  +a'*  and  — a^* ; 

i  1 

that  is  (+!»)*■  =  ±a**. 

1 

Again,  the  (2n+l)th  power  of  +«'*+*  is  +«, 

and  the  (2«+l)th  power  of  — ii^+^  is  — «. 
HencOi  conversely,  the  (2ji+l)th  root  of  +» is  +a^^*, 
and  the  (2fi+l)th  root  of  — «  is  -a**+*; 

thati8{+a}»*+*  =  +a'-+S  and  {— a}«-+*  =  -.a^-+^ 

18.  ^n^  even  roots  of  negative  quantities  are  impossible  expressions. 
For  the  2nth  root  of  — o^  cannot  be  +a  or  —a. 

But  since  -  a**  =  +»*•  x  — 1, 
the  2nth  root  of  ^a^  may  be  thus  expressed : 

{-o^-y^zz  {+tf«-x -1}^=  {+a*')"^  x(-l)*'=  ±a(-iy'* 

♦  Tofind(+v^-l)-and(->/-l)'. 
First,  the  nth  power  of  +<s/— 1, 
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An  exponential  quantity  is  raised  to  any  power  by  multiplying  the 
exponent  of  the  quantity  by  that  of  the  power ;  and  conversely,  any 
root  of  an  exponential  quantity  is  extracted  by  dividing  the  exponent 
of  the  quantity  by  that  of  the  root. 

For  (a")*  =  ar.a"^  =  a»-,  (a-)»  =  a''.ar.ar  «  «*",  (d-)*  =  a*-,  &c. 
And  generally  (a")"  =  a*.<r,a'' ....  to  n  factors, 

Or  the  nth  power  of  0"  is  a**",  and  is  found  by  multiplying  m,  the 
exponent  of  the  quantity,  by  n,  the  exponent  of  the  power. 
In  the  same  manner,  (a")*  =  a**.    Hence  (a")" » (a*)". 

Conversely,  (tf"")«  =  (oi)""  =  «•=»■•. 

Or  the  nth  root  of  a"^  is  a",  and  is  found  by  dividing  mn,  the  ex- 
ponent of  the  quantity,  by  n,  the  exponent  of  the  root. 

Also  it  may  be  shewn  that  (a"')~"  =  «~^,  and  («"■)""  =  (a~")~". 

Any  pifwer  of  the  product,  and  of  the  quotient  of  two  quantities 
is  equal   to  the  product  and   quotient  reepectively  of  the  powers  of  the 

quantities;  that  is,  (a5)"  =  fl"5"  and  |  ?  >    =^. 

Also  any  root  of  the  product,  and  of  the  quotient  of  two  quantities 

is  equal  to  the  product  and  the  quotient  respectively  of  the  roots  of 

1 

the  quantities ;  that  is,  {aby  =  o"i«,  and  ^  z  v  ■  =  ^ , 

(+>/-l)«=(-i)*.(-i)»=(-i)»+M-i)*=-3. 

&c.,  Ac.    Hence  tJiey  recur  after  the  4th  power. 
Generally,  since  every  integral  nomber  is  of  the  form  4m,  4m +1,  4m +2,  4m +  3, 

(  +  v^-l)«-+«=(^/-l)«r(>/-l)«=+lX-l=.-l. 
(+>/-l)*-+»-(^-l)^-+V-l--lX>/-l-->/-l, 
Hence  when  n  is  of  the  forms  4m  and  4m+2,  (+>/— 1)*— ±1* 

and  when  n  is  of  the  forms  4m+l  and  4m+8,  ( +>/  - 1)"=  ±>/  - 1. 
In  a  similar  way  may  be  foond  the  forms  of  the  nth  powers  of  -  />/  - 1. 
(-• -l)*--[{-(-l)»}*]--{ +(-!)•  }—(  +  l)--+l. 

(-•-l)*-+«=(- •-!)<-.{ -(-1)*}'-+1.(-1)*-+1X-1--1. 
(-^_l)4-+»-(-|/-l)4«+Jx(-t/-l)--lx  -v^-l^  +  v'-l. 
Hence  when  n  is  of  the  form  4m  and  4m+  2,  ( -  )/  -  !)"»  ±1;  and  when  n  is 
of  the  form  4m+l,  and  4m+8,  ( -  •  -  !)"-+•  - 1, 


EXERCISES  ON  INVOLUTION,  EVOLUTION,  ETC. 

I. 
Extract  the  square  roots  of — 

1.  «'+12a?+36.         2.  a?«— 8^+16.         8.  4aV+4aia?+^'. 
4.  a^+ar^±2.        5.  z*+2ji^+Sx^+2x+1. 
6.  4a?*— 4ir»— 3iK»+2a?+l.         7.  :r*— 10ew:»+33r4V— 40a»:p+16a*, 

8.  49a?*+56:i;»3/+30ic"y'+8ary'+/. 

9.  fl'+2tf»64-3rt*i»+4fl»i»+3a'i*4-2ai*+J*. 

10.  a'+6a^+l3a«+14(j*+12a*+10tf«  +  5fl«+2a+l. 

11.  {(^— I)(ar— 2)  +  3}{(ar— 2)(:j:— 3)+4}+8a;'  +  55a?+I75. 

12.  iea'{a+h+c)+4abe{h+e)+4a\b*+<r')  +  l6a^e+hV. 

13.  3(3fl«— 2<ii+i»)(a'+3i«)+JX«+4i)l 

14.  ««(«— 53)(a-6)+i«(3a-J/-3«'3«. 

15.  4a^i'+(a»+i74-4fl6(a»+i«). 

16.  a*+h*-\-e*  +  d*+2a\b*+c^)+2h\&'+d'')+2c'{a^+d^), 

17.  (rt-5y  +  2(a*+3*)-2(a»+3»)(a»-J«). 

18.  4a(2a»— a«— l)+(2tf«+a'+l)'. 

19.  axlax+l){ax+2){ax+S)+l. 

20.  flV+*'— ^*)  +  2(ri+ft)(i+c)a<?+2aXa3+tf^+^c)+iV. 

21.  [a*+h^+e^y+2{(^+ao+hey—6(a^+h^+c'){ah+he+M)\ 

n. 

Extract  the  square  roots  of  the  following  numbers — 

1.  625,  2704,  65536,  425104,  6589489,  58553104,  152399025. 

2.  -25,  -0025,  -000025,  2500,  250000,  10,  -1,  -01,  -COl,  -0001, 
•000001. 

3.  -025,  520,  -121,  1-2101,  4-9,  -049,  490,  -9,  101,  -144,  -9,  54. 

4.  Ih  20i,  12i,  7A,  498J,  UHH' 

5.  h  2J,  14.  17J,  Irhsf  H- 

6.  1-64,  1064,  1-0064,  100064,  1'000064,  1-0000064. 

7.  6-4,  0-64,  -064,  -0064,  -00064,  -000064,  6400064,  64,000064. 

8.  76212900,  -00762129,  7-62129,  762129,  7621-29,  76-2129. 

IIL 

1.  Shew  that  every  quantity  has  two  equal  square  roots,  one  posi- 
tive and  the  other  negative.  Eind  the  square  roots  of  a' — 2ah+h\  and 
shew  when  a  trinomial  of  this  form  is  a  complete  square,  that  four 
times  the  product  of  the  first  and  third  terms  is  equal  to  the  square  of 
the  second. 

2.  8hewih&t{a+h+cy^(^+h^+<?  +  2ab  +  2ae+2be:  and  from  this 
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result  deduce  the  squares  of  a+h  —  e,   a — 6+0   — a+h+e,  a — 6—^ 
respectively,  without  performing  the  operation  of  multiplication. 

3.  Write  down  the  algebraical  expression  for  the  product  of  the- 
square  root  of  the  sum  of  two  quantitieB  a  and  h,  and  the  cube  of  their 
sum;  add  calculate  its  value  to  seven  places  of  decimals  when  a  =  1. 
and  ^»2. 

4.  State  in  words  the  several  operations  to  be  performed  in  order- 
to  obtain  the  result  expressed  by  the  following  algebraical  expression,, 
and  find  its  value  when  a  »  ^  »  4. 

I     m+n    ) 

5.  If  flf*  arise  from  the  products  of  +a  x  +a,  and  — a  x  — <» ;  can  «*" 
be  considered  as  the  only  square  root  of  <i*  ? 

6.  Express  ^  »  i  M  in  words,  and  find  the  value  of  each  expres- 
sion separately,  when  a«225  and  h  =  25. 

7.  Extract  the  square  root  of  -—??f+--??+??f+?^,  and  explain 

^  9      21^49      6^14^16  ^ 

why,  if  the  terms  be  arranged  in  the  reverse  order,  and  the  root  bo 

then  extracted,  a  result  will  be  obtained  differing  only  in  the  sign  or 

the  whole  quantity  from  that  obtained  in  the  first  instance. 

ft.  Find  the  square  root  of  a^ — 2jry-f  4y'  in  terms  of  a  and  h,  where 
z^9<^+\2ah,  and  y  =  2h^+6ah. 

9.  Shew  that  the  square  root  of  (^— ;p"0*+(y— y~0*  is  »  rational. 

function  of  a  and  h,  if  a?  =  -<  ?4—  land  y  =  ??II-. 

IV. 

1.  What  relations  must  subsist  between  a,   h,  e  in  ord^  that 
a3^'\-hx-\-e  may  be  a  complete  square  ? 

2.  Shew  that  if  a; « =-5 — ,  then  a^a^+hx+e  is  a  perfect  square. 

3.  Affcer  performing  the  operation  for  the  extraction  of  the  square 
root,  finda  value  of  x  which  willmake  a^+^+\W-^Zx+Zl  aperfect. 
square  number. 

4.  Shew  that  a?*+2air'+^V+«*a?+<^  is  a  perfect  square  if 

(a«-y)«-4e?' 

5.  Find  the  values  of  a,  h,  and  e  which  will  make  the  expression 

af^Sa^'\'aji^+ha^+ea^'-44x+4  a  perfect  square. 

6.  IS  ai^+pa^+qx^+rx+s  be  a  perfect  square,  then  shall  H=i^*, 

y+8*»-4j',  SLudjf+Br^4pq. 

7.  aa^+2lxy+eif'+2dx+2ey+f  is  a  perfect  square  if  h^^ao,  ^^af^. 
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8.  If  aa^+ha^+i^  he  subtracted  from  {s^+2x+4)\  and  the  re* 
xnainder  be  a  perfect  square ;  deterzuine  the  values  of  a,  b,  and  e. 


V. 

1.  Find  the  number  of  which  1-4142  ...  is  the  approximate  square 
root. 

2.  Find  the  least  number  which  when  multiplied  into  850  will 
make  the  result  a  perfect  square. 

3.  Find  the  sum,  difference,  product,  and  quotient  of  V^+V'^ 
and  V9— V*4. 

4.  Shew  that  the  integral  part  of  the  square  root  of  111111  is  333 
with  a  remainder  222. 

5.  Shew  that  the  square  root  of  3  differs  from  If  by  less  than  5V- 

6.  Xhe  difference  between  two  square  integral  numbers  is  equal  to 
the  sum  of  their  square  roots^  together  with  twice  the  sum  of  all  the 
intermediate  numbers  between  those  square  roots. 

7.  Shew  whether  the  square  root  of  any  integer  which  is  not  a 
perfect  square  number  can  be  expressed  by  means  of  an  integer  and  a 
rational  fraction. 

8.  Explain  why  no  integer  or  terminating  decimal  can  have  a 
recurring  decimal  for  its  square  root.  In  what  case  can  a  recurring 
decimal  have  such  a  root?    Give  an  example. 

9.  In  extracting  the  square  root  of  any  number,  if  more  than  half 
of  the  required  number  of  digits  be  obtained  by  extraction,  the 
remaining  digits  may  be  found  by  division  :  and  determine  the  limit 
which  the  remainder  cannot  exceed  after  any  step  of  the  process. 

YI. 

1.  Shew  that  every  square  number  ends  in  1,  4,  5,  6,  9  or  00,  and 
that  the  fourth  powers  of  all  numbers  prime  to  2  and  5  end  in  unity. 

2.  The  square  of  10129  is  102596641 ;  find  the  square  of  101293 
without  going  through  the  operation  of  the  multiplication. 

3.  Write  an  algebraical  expression  by  means  of  which  it  may  be 
shewn  how  to  find  a  series  of  square  numbers,  each  of  which  shall  be 
the  sum  of  two  square  numbers. 

4.  If  the  difference  of  any  two  numbers  be  imity,  the  difference  of 
their  squares  is  equal  to  the  sum  of  the  two  nximbers. 

5.  The  difference  of  the  squares  of  a  number  composed  of  two 
digits  and  the  number  formed  by  reversing  these  digits,  is  equal  to 
99  times  the  difference  of  the  squares  of  the  digits. 

6.  Shew  that  the  square  of  every  odd  number  diminished  by  unity 
is  divisible  by  8,  as  also  thct  difference  of  the  squares  of  any  two  odd 
numbers. 
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7.  In  any  square  number  4  is  the  only  digit  'which  can  occupy 
both  the  place  of  units  and  of  tens. 

8.  Shew  that  any  odd  square  number  when  divided  by  4  will  leave 
unity  for  the  remainder.  Is  this  property  true  of  any  other  than 
square  numbers  ? 

9.  Prove  that  if  any  number  which  is  a  perfect  square  be  divided 
by  3  it  can  never  leave  2  for  a  remainder. 

10.  If  the  last  digit  but  one  in  a  perfect  square  be  an  odd  number, 
the  last  digit  must  be  6. 

1 1 .  Every  square  number  is  divisible  by  5,  or  becomes  so  when 
increased  or  diminished  by  1. 

12.  If  a  number  end  in  5,  shew  that  the  last  two  digits  of  the 
square  of  the  number  are  25,  and  the  number  composed  of  the  re- 
maining digits  is  equal  to  the  product  of  two  consecutive  numbers. 

13.  A  number  consisting  of  four  digits  of  which  the  two  middle 
ones  are  zeros ;  prove  that  the  difference  of  the  squares  of  the  number 
and  of  the  number  formed  by  reversing  the  digits  is  equal  to  999999 
times  the  difference  of  the  squares  of  the  extreme  digits. 

14.  If  two  numbers  are  equidistant  from  25,  the  square  of  the 
greater  exceeds  the  square  of  the  less  by  as  many  hundreds  as  the 
number  itself  exceeds  25  ;  also  if  two  numbers  be  equidistant  from  50, 
the  square  of  the  greater  exceeds  that  of  the  less  by  twice  as  many 
hundreds  as  the  number  itself  exceeds  50.  Shew  how  to  apply  these 
properties  in  readily  finding  the  squares  of  all  numbers  from  13  to  100. 

vn. 

1.  Shew  that  the  product  of  the  sum  of  any  two  square  numbers 
by  the  sum  of  two  other  square  numbers  can  always  be  expressed  by 
the  sum  of  two  square  numbers  {Diophantui). 

2.  If  the  product  of  any  four  consecutive  natural  numbers  be 
increased  by  unity,  and  the  product  of  any  four  consecutive  odd 
numbers  be  increased  by  16,  the  sums  are  square  numbers. 

3.  If  any  three  consecutive  whole  numbers  be  taken,  prove  that  the 
sum  of  the  squares  of  the  greatest  and  least  is  greater  by  2  than  twice 
the  square  of  the  middle  nimiber. 

4.  If  there  be  three  numbers,  one  of  which  is  the  sum  of  the  other 
two ;  twice  the  sum  of  their  fourth  powers  is  a  square  number. 

5.  Of  any  six  consecutive  numbers,  the  first  being  odd,  the  difference 
between  the  sum  of  the  squares  of  the  even  and  odd  numbers  is  equal 
to  three  times  the  sum  of  the  third  and  fourth  numbers. 

6.  Shew  that  the  product  of  six  consecutive  numbers  cannot  be  a 
complete  square. 

7.  11  a,  h,  c  be  integers  and  tf+h^^'f^,  then  ahc  is  always  divisible 
by  60. 
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8.  In  how  many  ways  can  (t^— fl?)(a;*— 3*)(y*— o')(2^-<P)  be  ex- 
pressed in  the  f onn  of  the  difiEerence  of  two  squares  ? 

Yin. 

1.  If  the  diagonal  of  a  square  be  80  feet,  what  is  the  length  of  a 
side,  and  if  30  feet  be  the  length  of  a  side,  what  is  the  length  of  the 
diagonal? 

2.  If  the  adjacent  sides  of  a  rectangular  parallelogram  be  970*25 
and  250*4  yards,  what  is  the  side  of  the  equivalent  square  ? 

3.  If  the  perimeters  of  a  square  and  of  a  rectangle  be  16  feet;  how 
much  longer  is  the  diagonal  of  the  rectangle  than  that  of  the  square, 
supposing  the  longer  side  of  the  rectangle  to  be  one  foot  more  than  a 
side  of  the  square  ? 

4.  Determine  the  area  and  the  side  of  that  square  which  shall  bo 
equal  to  that  of  the  sum  of  the  areas  of  three  squares  whose  sides  are 
3,  4,  5  feet  respectively. 

5.  One  side  of  a  right-angled  triangle  is  4  inches,  and  the  other 
aide  is  as  much  less  than  4  inches  as  the  hypotenuse  exceeds  4  inches ; 
find  the  hypotenuse  and  the  other  side. 

6.  A  side  of  a  square  is  found  to  be  10  feet,  and  if  the  length  made 
by  error  of  measurement  be  one-tenth  of  an  inch  too  much  or  too  little ; 
within  what  limits  can  the  area  of  the  square  be  considered  known  ? 

7.  If  unity  represent  a  line  of  any  given  length,  by  help  of  the 
forty-seventh  proposition  of  the  first  book  of  Euclid  represent  by  linea 
the  square  roots  of  the  first  ten  natural  numbers. 

8.  Shew  that  if  n^+l  denote  the  hypothenuse  and  a*— 1  the  base,, 
then  2a  will  denote  the  perpendicular  of  a  right-angled  triangle ;  and 
hence  may  be  found  a  series  of  right-angled  triangles  whose  sides  ar» 
integers  or  rational  fractions. 

9.  The  adjacent  sides  of  a  rectangular  parallelogram  are  respec- 
tively  equal  to  the  hypotenuses  of  two  right-angled  triangles,  whose 
sides  are  commensurable  with  the  unit  of  linear  measurement ;  prove 
that  its  area  will  be  commensurable  or  incommensurable  with  the  cor- 
responding xmit  of  square  measurement  according  as  its  sides  are  or 
are  not  commensurable  with  each  other. 


IX. 

1.  The  area  of  a  rectangular  field  whose  length  is  three  times  it& 
breadth,  is  6  acres  960  yards  ;  find  its  perimeter  and  the  diagonal. 

2.  The  length  of  a  room  is  twice  its  breadth,  and  the  area  i» 
1,152  square  feet ;  what  is  its  length  ? 

3.  If  a  square  garden  with  its  pathway  contain  an  acre  of  land^ 
what  would  be  the  width  of  the  pathway  if  it  be  made  (1)  half-way 

§6 
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round,  (2)  completely  round  the  garden,  supposing  the  pathway  oocu- 
pies  one  eighth  of  the  space  ? 

4.  Two  persons  start  from  the  place  where  two  roads  meet  at 
right  angles  to  each  other,  one  walks  3  miles  an  hour  and  the  other  4 ; 
how  far  distant  are  they  from  each  other  2  hours  and  46  minutes  after 
they  started? 

5.  Find  the  length  of  a  footpath  which  crosses  diagonally  a  rec- 
tangular field  143  yards  long  and  116  broad. 

X. 

Determine  the  cube  roots  of  the  following  expressions — 

1.  «»-3a»+3a— 1.        2.  «»+a?-*+3(«+ar-*). 

8.  <^-3(i»+5a»— 3a-l.        4.  (3a— <i*)«+(l— Stf")*. 

6.  (i*«»-J»y«-3<iaay(tfj?— Jy).         6.  So*— 36flf*J*+54a»3*— 275\ 

7.  «•— 6fl»+16tf*— 20<i*+15fl*-6ii+l. 

8.  27a«— 108ii*a?+171tf*;c*-136«»«»+57aV-12fl«»+««. 

9.  8««-36«*+66a?*-63a:"+33a:'— 9a?+l.  10.   «*--?+12-6«». 

^0 


n.  ?!-     , 

8     27a* 


7?+3?-2-    ^^'  r-?-M  ^«+?  / +^- 


XI. 

Eind  the  cube  roots  of  the  following  numbers — 

1.  262144,  531441,  1953125,  3048625,  4492125,  5177717. 

2.  15625,140608,  1677216,277167808,16915218263,448048351808. 

3.  -064,  -000064,  -009261,  -000405224,  -000830584,  -000027270901. 

4.  1-01,  9-6,  -4,  -04,  -004,  211,  3-43,  888,  9-04,  1-912,10-001. 

5.  1-030301,  884-736,  9393-931,  40353607,  700-227072,  738763-264 

6.  2,  7,  10,  100,  3'14159,  each  to  three  places  of  decimals. 

7.  h  h  h  H>  H*  lOOOj,  2if ,  |. 

XII. 

1.  The  second  differences  of  the  cubes  of  the  natural  numbers 
form  a  series  of  numbers  whose  differences  are  a  constant  number. 
What  is  that  number  ? 

2.  The  cube  root  of  every  number  greater  than  3  is  greater  than 
the  fourth  root  of  the  number  increased  by  imity. 

8.  Prove  that  no  number,  the  sum  of  whose  digits  is  6,  can  be 
either  a  perfect  square,  a  perfect  cube,  or  the  difference  between  two 
perfect  cubes. 

4.  The  cube  of  every  odd  number  greater  than  unity  can  be  ex- 
pressed in  two  different  ways  by  the  difference  between  two  numbers 
which  are  perfect  squares. 
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5.  Shew  that  the  cube  root  of  an  exact  cube  containing  four,  five 
or  aix  figures  can  be  determined  by  inspection,  by  taking  the  cube 
root  of  the  first  figure,  or  of  the  first  two  or  three  figures,  and  observ- 
ing with  what  two  figures  the  number  ends. 

6.  Shew  that  the  cube  root  of  a  number  not  a  complete  cube  cannot 
be  represented  by  any  rational  fraction,  and  if  it  be  reduced  to  a 
decimal  the  latter  cannot  have  a  recurring  period. 

7.  When  will  the  cube  root  of  a  recurring  decimal  be  a  recurring 
decimal  ?    Give  examples. 

8.  Find  the  fourth  root  of  -00028561,  the  sixth  root  of 
•000004826809,  and  the  ninth  root  of  -000000010604499373. 

xin. 

1.  Every  integral  number  consisting  of  n  digits  has  3n,  Sn— 1,  or 
3n— 2  digits  in  its  cube. 

2.  The  dijBTerence  of  the  cube  of  the  sum  of  any  three  numbers, 
and  the  sum  of  the  cubes  of  the  numbers,  is  always  exactly  divisible 
by  the  sum  of  any  two  of  the  numbers. 

3.  If  two  numbers  differ  by  a  unit,  their  product,  together  with 
the  sum  of  their  squares,  is  equal  to  the  difference  of  the  cubes  of  the 
two  numbers. 

4.  Shew  that  any  cube  number  when  divided  by  4  or  by  7  cannot 
leave  2  for  a  remainder. 

5.  Shew  that  the  product  of  any  three  consecutive  numbers  in- 
creased by  the  second  number  is  always  a  perfect  cube  number. 

6.  The  sum  of  the  cubes  of  two  integral  numbers  increased  by 
imity  is  greater  than  three  times  their  product. 

7.  Decompose  15750  into  its  prime  factors,  and  find  the  number 
into  which  it  must  be  multiplied  to  make  it  a  perfect  cube. 

8.  Determine  an  algebraical  expression  by  which  a  series  of  cube 
numbers  can  be  found,  each  of  which  shall  be  the  sum  of  three  cube 
ntunbers. 

XIV. 

1.  If  the  edge  of  a  cube  be  four  lineal  inches,  what  is  the  number 
of  square  inches  in  its  surface,  and  the  number  of  cubic  inches  in  its 
volume  ? 

2.  If  the  volume  of  a  cube  contain  1,000  cubic  inches,  find  its 
surface,  the  length  of  one  of  its  edges,  the  diagonal  of  one  of  its  faces, 
and  the  diagonal  of  the  cube  itself. 

3.  If  the  edge  of  a  cube  be  12-75  inches,  what  is  the  length  of  the 
edge  of  another  cube  which  is  twice  the  magnitude  of  the  first  ? 

4.  The  diagonal  of  a  cube  is  one  foot  longer  than  each  of  the 
edges ;  what  is  the  content  of  the  cube  in  inches  ? 
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5.  What  is  the  yolume  of  a  cube  whose  diagonal  is  12  lineal 
inches?  and  what  is  the  diagonal  of  a  cube  whose  yolmne  is  12  oubio 
inches? 

6.  If  the  surface  of  a  cube  be  50  square  inches,  what  is  its  volume? 
and  if  the  volume  be  50  cubic  inches,  wiiat  is  the  surface? 

7.  The  three  conterminous  edges  of  a  rectangular  parallelopiped 
are  36,  75,  and  80  inches  respectively ;  find  the  side  of  a  cube  whidi 
shall  be  of  the  same  capacity. 

8.  What  is  the  content  of  that  cube,  the  surfiuse  of  which  is  900 
square  feet  54  inches  ? 

9.  How  many  cubes  having  the  area  of  one  side  2^  square  inches, 
are  equivalent  to  that  cube,  an  edge  of  which  is  36  inches  ? 

10.  Having  given  a  cube  whose  side  is  100  inches ;  find  (within  the 
tenth  of  on  inch)  the  side  of  a  cube  whose  magnitude  is  double  of  the 
former  cube.    Why  cannot  the  problem  be  solved  exactly  ? 

11.  Find  the  length  of  the  edge  of  a  cube  whose  volume  shall  be 
equal  to  three  cubes  whose  surfaces  are  respectively  2y400|  5,400,  and 
15,000  square  inches. 

12.  If  the  lengths  of  the  edges  of  three  cubes  be  a»  b,  a-k-h ;  shew 


XV. 


1.  What  must  be  the  dimensions  of  a  chest  whose  length  is  double 
its  breath,  and  ths  breadth  double  its  depth,  thai  its  content  may  be 
a  miUion  cubic  inches  ? 

2.  Thejeontent  of  a  cube  is  1,012,199,273,930,125  cabiafeet;  how 
many  square  yards  of  canvas  would  be  required  to  cover  it?  ' 

3.  The  internal  surface  of  the  bottom  of  a  box  one  foot  deep,  oon- 
tains  eight  square  feet ;  find  the  edge  of  a  cubical  box  of  the  same 
content. 

4.  The  breadth  of  a  room  is  twice  its  height,  and  half  its  length ; 
and  the  content  is  4,096  cubic  feet;  find  the  dimensions  of  the 
room. 

5.  The  area  of  floor  of  a  room  is  768  square  feet,  that  of  each  of 
the  two  opposite  walls  576  square  feet,  and  that  of  each  of  the  other 
two  walls  432  feet ;  find  the  height  and  content  of  the  room. 

6.  What  must  be  the  length  of  the  side  of  a  square  cistern  four 
feet  deep,  in  order  that  it  may  contain  5,000  gallons  of  water,  suppos- 
ing a  gallon  to  contain  272*274  cubic  inches? 

7.  If  a  cubic  foot  of  water  weigh  1,000  ounces ;  find  the  dimensions 
of  a  cubical  tank  what  shall  contain  a  ton  of  water. 

8.  If  the  external  edge  of  a  cubical  chest  be  a  inches,  and  the  chest 
be  composed  of  boards  m  inches  thick ;  find  the  difference  between  the 
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external  and  internal  surfaces  of  the  chest,  and  the  content  of  the 
boards  of  which  it  is  composed. 

9.  Find  the  length  of  the  edge  of  a  cubical  block  of  ooal  which 
weighs  17  tons  12  cwt.,  if  a  cubic  foot  of  coal  weigh  77  pounds. 

10.  The  cost  of  a  cubic  mass  of  metal  is  £8,584  18s.  7d.  at  £4  3s.  4d. 
a  cubio  inch ;  what  is  the  area  of  one  face  of  the  mass  ? 

11.  A  hollow  cubical  box  made  of  material  1^  inches  thick  has  an 
interior  capacity  of  50*dd3  cubic  feet ;  determine  the  length  of  the 
outside  edge  of  the  box. 

12.  A  cubical  box  a  inches  deep  is  filled  with  layers  of  spherical 
balls,  each  one  inch  in  diameter ;  find  the  number  contained  in  the 
box,  and  what  portion  of  space  in  the  box  is  vacant.  Find  also  what 
portions  of  the  space  would  be  vacant,  (1)  when  each  of  the  balls  is 
half  an  inch,  and  (2)  when  one-third  of  an  inch  in  diameter. 

XVI. 
Heduco  the  following  expressions  to  their  simplest  forms: — 

1.  ar^x<r'\       2.  a'^--r-«"—.       3.  «— -T-«r+». 

4.  a"^x<r-'xa»-".         5.  »*-»  x  tf-^-r-fl^.         6.  a^xtT^xa''. 

7.  «»--r<l'""".  8.  tf—'-H*---  9.     (±«)*"-r-(±fl)~*"- 

10.  («-"»)".         11.  («—)-•.  12.  (fl**)— .  13.  («-")•. 

14.  {oT)^.  15.  (tf-*)^.         16.  (tf-ft")S  X  (rf-*-)-. 

17.  (tf-"5»)^  X  («-i-")^\         18.  (a-J-"p  X  (a— ^•)i 

19    iWr^*--^*'-         20  IWTLJ*         21    '(^)">^ 
22.  {(<r)— }* X  {(»-*")*" }"'^   23.  [ a^a^T^  j ^=+i X (a"+ V )i. 

xvn. 

Verify  the  correctness  of  the  following  equivalents :— - 
1.  {-• ^.(-i)«.(-c)-}»-{^J*. 

2.  M-»*)»-H-»»(-«^»}*=  -«y. 

5.  {(«i»).(a«»)». («»«)». (oi')»}>  =  (««.i»»)A. 

6.  {  (ai»)J .  («»i)» .  («f*)» .  («'»">)»}  -  [pF .  *")»• 

I  27.a''a:-»  /   "a^a+xy' 
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xvm. 

Find  the  following  products : — 

1.  {a+h^y.        2.  (a»-i»)'-        3.  (a» +**)(«* -**)• 

4.  (a»+a*+J*)(a*-a»**+**)-         5-  («*+^)"-        «•  (fl>-^)'. 

7.  (a»+i*)(al-a»6»+y).        8.  (a»-6»)(a.+«*J»+M). 

9.  {a*+i^»+H){al'-Ml+hl).         10.  (a:*-2a:4+3)(«»+2«l+3). 

11.  («l+fl*+alM+tf»+a»5:+*S)(a»-*»). 

12.  (a?+2y»+3a»)(«-2y»+3«»).         13.  (al+8a»M+9il)(a»-8i*). 
14.  (arl— 3«»+6-3«-*+a?-i)«. 


Determine  the  following  quotients,  and  verify  the  truth  of  them : — 
1.  a—h  by  a*+6».  2.  «»-.*•  by  a«-R  8.  ««+*« by  fl+2»a»i»+». 
4.  tf»+i»byfl»+R  5.  of— Mby«»+J*.  6.  8tf»-4iilM+Mby(tfl— M)«^ 
7.  arl-  31^4- 90^—31  by  a?— 3.  8.  arl+yl— «1— 2a?ly»  by  arl-yl+sK 
9.  4rJ-«»y*+a;ly— ay  +a?y— y*  by  aj'+fy+y*. 

10.  «»—«*+*«  by  a— 3»«»i*+i.     11.  ar!— 4a?l+12«*-9bya?l— 2*1+8. 

12.  ar*+l  by  «*— 2»a?+l.       18.  2«»— 6a?+6  by  21p+2I+1. 

14.  a?'— ylbyar* — y*. 

Divide  «*— y^  by  a?— y,  and  a?— y  by  a;* — y*,  and  from  the  results 
infer  the  quotient  of  a^—f^  divided  by  x^—y^. 


Verify  the  following  equivalent  expressions : — 

1.  (ar— 2*«»+l)(a?+2*a;»+l)  =  aj»+l. 

2.  (a«+2W4-«^(a«  -  2»aar+a:*)  =  a*+af^. 

3.  (a^+3»:r+l)(a;*-3*a:+l)(ar-2»ar»+l)(a:+2»x»+l)  =  ««+l. 

4.  (a;»+2*a?+l)(a:*-2»ar+l)(^-2»ar-l)(«»+2*«-l) 

=  «•- 4aj»+2a?*— 4««+ 1. 
6.  (a?— l){ar+(l  — ^/3)}.{a?+(l-^/3)}  =  «»+a;«-4*+2. 

6.  {^+i(l+V5>+l}.{«»+i(l-VS)+l}  =^*+3a^+l. 

7.  (a?+ V2— N/8)(a?— V2— ^/3)(a?4•  N/2+V8)(ar-  n/2+V8) 

XXI. 
Extract  the  square  roots  of 
1.  «•— 2af5+8a?— 2a^+l.      2.  a?*+«»— 2arJ-2arl+2a:*+l. 

3.  (a.*)«-4(a-jy3».         4.  J+J.^^V^'-L 

16     6      4  ^9^3  ^4  4^3         8^ 

7.  (*^l)(*+2W+l)+2.       8.  f+f+?-.?!(^+S!3. 

y    2     a:         «y 

9.  (2«»«?l4-iV+2a»^*»+o«"+2Jc*arl+c»a?. 

10.  l+ar  to  four  terms.      11.  1  +x+a^  to  five  terma 

12.  i^+ah+i^  to  four  terms. 


r* 
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Extract  the  cube  roots  of 

1.  ^•-3fl«5»+3a*— W. 

2.  «»+3«5— 5j;f+3«»— 1. 

3.  a!^+l5x^+^^+20z\+ej^+15x+l. 

4.  (I— «»)— 24a:(l+j?)— 9ar*(l+«+^). 
^.  t^+a^f  to  three  terms. 

6.  (l+2«»)(l+16a?»— 8ar)(l-2a?»). 


Verify  the  truth  of  the  following  identical  expressions :  — 

1.  (arl—l+ar-i)(arl+ 1 +«-*)  =  a:»+a?-»+l. 

2.  (2ar4-y-*)(2y+ar-»)  =  (2a;y+a?-*5r*)*. 

=  «•-  14;«*y+49j?y*— 36y\ 

4.  {(l+x)(l-.*)»-(l-*)(l+^)»}»-{(l-ar)*-l}« 

=  a:»{2(I-a;»)»-.l}. 

5.  {xff+2x{xy^a^yy+{xt/^2x{xy^x'y}  =  (2;r*— a^)*. 

6.  {2r»+2(a^-y*)»}*-{2^-2(ar*-y*)»}*  =  2(a;*-y«)*. 

7.  (a»+5*-e»)(a»+3»  +  e»)+(a»-5*-c»)(«»-i*+c»)  =  2(a+J+0- 
«.  {W»+(fl<?)*+(W)*+(aO*}.{W*-(«^)»-(W)*+W} 

=  (a-il)(i-c). 
9.  (fl»+a*J»)»+(J«+iV)*  =  (a»+3«)l. 

11.  (a?+aaM)*  +  (^'+ J««i)*  =  (tft+M)l. 

12.  {(a4-6)»  +  (a-5)l}(tf+J)l-{(fl+i)J-(a-i)l}(a-J)l  =  2(a'+J»). 

XXIV. 
Find  the  values  of  the  following  expressions : — 
I-  {(«*+y*)*+«}-{(^+y7-»}»  ▼^ott  x-4,  y  ^5,  «  =  6. 

2.  (1— ;p)»+{l— a:+(l  +  ^)*}*,  whena?=r?|. 
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3.  a:"-2a:*+a?+18,  whenar=:2+>/— 5. 

4.  {a?*  +  2a^+3a;»  +  2j?+5}»,  when  «*+a?-f  1=0. 

5.  ^+y+(^— ary+y*)*,  whenar=>/2+l  andy=»>/2— 1. 

a»-23(fl»— A*) 
7  ^+^       .       1-^         when  a;- ^^ 

8.  ?^+f±?',  when  a?  =  2+N/3  and  y  =  2-^/8. 

9.  ^+^^+/when^  =  4±j    and   y=v^l:il. 
10.   (^+^7+(^-^')*    ^i,enx-'f«»4-lV 
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wUeu  z  =  ii. 


XXV. 
Beduoe  the  following  expressions  to  their  simplest  forms : — 

42x1— 48y^a!'+36yart— 5a?yl 

•  36a?}— 48aryi+3Ta?»y*-5y*  * 
jB»— 2a?-l 

•  «»— 2ar«-6«— 3— 2iF(a?+l)(«+l>* 
a-»— Sar+Ca:*  - 1  )(a:»— 4)i— 2 

•  «»— 3a:+(a:«— 1)(«*— 4)i+2' 

^     2(fl'+2»)-7tfS^i(g»+2^i)+15fl»5^  ^    ;r--2^yi+2i^yf-y 

2(a«— 5)+6a»W(i^+2W)— 15fl»ii  '  '         «— 2a7lyi+y       ' 

XXVI. 

Verify  the  ooireotness  of  the  following  equivalenis : — 

2.   ^     i  a^+y  .  ^— y  I  *  _^y*(^+y')* 

^+y      (a?  y     /  a:+y 

3     _?L-h/ J^-- ^l*=  -^ 

1 — 1^ — i'^x 8^;f — /  "^• 

(g»+ar»)*+(fl«-a;')*      f  «*_.  (*     a» 

g   (a?+y)a?*   (f^i^y   (^+y)y*  I  (^— y)^   ^IjJl 

y»       ""       a;*       "      a;4      "T-      ^      =y4+a?»* 
7         Jg*      .       ^       .       g      _a?+3a;*+3a:*  1 

(l+«)r  (l+^)t"*"(l+ar)l         (l+af)«      '  (l+a?)^ 
g     ^/2— 1        a;+l       .  i/2+l        a?+l       _,ar^-h2a;»+2x+l 

2s/2  V+2*a?+l"*"   2^2  V— 2*;p+l  a^+1 

^        K1  +  n/5>p+2      ,      K^-V^5)ar-2     ,a;»+2a:»-f  (l+2^/5> 
'   a^-i(l  +  'v/5)a?+l"^a;«-i(l-V^5)x+I        «*-«»+ar«-a;+l 

10   f±ix/illil*x/fl-LlLif±il* 

ar-1      I  a:+l  /        (  ar+1  i        )  ar-1  J  ' 

11      /i^*Z.l*v/«+*  tl^(g-ar)l^(^+a?)V 
l(a«-a;»yi         li+Jj    ^(J+^i     (a»-a:«)V 
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-  {-(i5:-^:)'}-{'Ml^-i?a'}- 

15.  {^a-^hy+iah}K{{a+hf-iah}\  |  ^^'  -  3ab  J  "*  =  a--5». 

16.     — ;— s-i= ■ ?. 

(l-a:»)*     (1-^)*     {l-x'f 

xxvn. 

1.  For  what  reason  is  the  negative  sign  necessary  for  distinguish- 
iiig  algebraical  from  arithmeticaZ  calculation  ?  and  how  does  the  algebrai- 
cal representation  of  impossible  quantities  result  necessarily  from  this 
use  of  the  negative  sign  ? 

2.  Is  it  always  possible  to  express  the  sum  of  the  squares  of  two 
algebraical  expressions  in  the  form  of  the  product  of  a  sum  and 
difference  ? 

3.  Shew  that  in  the  addition,  subtraction,  multiplication,  an«l 
division  of  quantities  of  the  form  a-h^>/— ly  aiid  also  in  the  involu- 
tion and  evolution  of  such  quantities,  the  results  will  always  be  of  the 
form-4±-5s/— 1. 

Express  ^t!'^""!  ^^  ^+1^"]  in  this  form. 

4.  Explain  why  the  introduction  of  imaginary  expressions  does  not 
vitiate  a  process  of  algebraical  reasoning. 

5.  Shew  that  {>/— 1}**  will  have  four  different  values  according 

to  the  forms  of  the  number  m,  and  exhibit  the  values  of  (l  +  >/^3)** 

L  I. 

6.  Shew  that  (—a)*»»x(—i)*»  is  always  an  impossible  expression, 

1  I 

and  ( — 0)4»+sx  ('&)«•»+>  is  always  a  possible  expression,  when  m  is 

any  integral  number. 

7.  Are  the  quantities  \J—ax  i/—l,  and  \J^ax  y— J,  rational  or 
irrational  ? 

8.  Shew  the  absurdity  of  the  following  reasoning : — 

9.  Point  out  the  fallacy  in  the  statement 

V(-1)X  >/(-!)  =  ^/{(-l)x(-l)}  =  ^/+l  =  l. 


=ll^^3.andof±l^>^; 
inferences  may  be  deduced  from  the  results  of  the  operation  ?    She v 


10.  Find  the  third  power  of  ~  "/ ~  ,  and  of  "^"^-^"^ ;  what 
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alBo  that  -^+y-^  is  the  receprocal  of  ~^~^^,  and   '*'^+/~^ 

2  2  2 

of 

11.  Shew  that  any  power  of  a  cube  root  of  unity,  is  itself  a  cube> 
root  of  unity.     Exemplify  this  property  in  the  fourth  and  fifth  powers.. 

12.  Is  the  following  argument  legitimate?    If  a*=l  and  &®=1  r 
therefore  a*  =  5^,  and  consequently  a  =  h, 

13.  Establish  the  equalities,  in  which  «  is  an  imaginary  cube  root 
of  unity, 

=  — (y+«— 2ar)(«+d?— 2y)(a:+y— as) 


xxvni. 

Verify  the  correctness  of  the  following  expressions : — 

1.  >/(-«')V(-**) ab, 

and  V(— «')V(— ^)V(— ^  =  — «*^n/— 1. 

2.  <y(-<i»).V(-^)  =  +a3,  and  V(-«»).-y(-a»).V(-0= -tf*^- 

3.  {->/(-2V-3)}*  =  -12. 

4.  {a+h^  -  l)(<i— iv'— 1)  =  («+2*fl*a»+i)(<i-  2*a»i*  +  i). 

5.  (fl«+5V-l)(fl'-*V-l)  =  («'+2*flJ+^)(tf»-2»a3+J«). 

6.  (fl+3 V  — l)(c+<?V— 1)(^— ^V  - 1)(«— *>/  -  1) 

7.  (ar-V2— V— 3Xar-V2+>/-3)(x+V2-v'— 3) 

(a?+^/2+v'— 3)=«*+23r+25. 

8.  (l+^/—l)•±(l—^/—l)•  =  0  and  4-^-1. 

9.  V(16+30>/-l)+v'(16-30V-l)  =  10. 

10.  V{«+*>/-l}  +  V{«-^>/-l}  =  V{2fl+2V(fl^+3«)}. 

11.  (a+Js/-l)'±(a-5V-l)»  =  2fl(a»-3i»),  and  25(3<^-i«)v'-l. 


XXIX. 

1.  _J^+^  =  a+3^-l. 

a»-(i-^-i)a'^+(i^^--i>y+y^^i 

a-^3^— 1     a4.^^— 1     2(g'--y) 
•   a+3>/— l"^a— 3s/— 1""  a*+h*   ' 
^     l  +  2>/— 1     l+2s/  — 1      ,  8v^— 1 
l+2>/— 1     1—2^—1""-       5       * 
g     1+0  -  >/2),/-l      l-(f  ^^2)s/-l  ^ 

l-(i_^2)>/-l'^l+(l  +  V2)>/-l      ^ 
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XXX. 

1.  If  «=  — l+2v'— 1,  find  the  numerical  yalue  of  a?*— 12*. 

2.  If  a+3V— 1  =  («— iv'— l)(«+y>/  -  1),  what  are  x  and  y? 

8.  If.  =  i(-l+v-8), 

shew  that  (<i+«i+aV)(a+a*i+«k?)  =  a'+5'+c»-a3-<w-itf.    . 

4.  Ifa  =  i(— 1  +  V— 8)and3  =  j(-.l— ^/— 3);  shew  that 

(«+y+«)(«+«y+ite)(«+3y+««)  =  a:»+y»+z*— 3icy2. 

6.  If  .=  1+^^^,  then  ••+«*+««+ 1  =0. 

6.  If  «  =  J(l+^-3),  and /8  =  J(1— 1^-3),  express 
(l+«)*+(l+8)*  in  the  simplest  fonn. 

Find  the  sums  and  differences  of  the  following  surd  numbers  :— 
1.    V27  and  ^48.  2.  14>/147  and  13s/75. 

3.  iyi80and  ^405.  4.  iv^50  and  |n/72. 

6.  8^/f  and  JVtV-  6-  ^V A  and  4^/f . 

7.  iC^500  and  v^l08.  8.  1^/40  and  C^185. 

9.  2^81  and  7^3.  10.  3^^  and  4^72. 
11.  |v^500  and  iv'lOS.  12.  f  C^f  and  W^^- 
13.    ^12  and  ^21.  14.    ^12  and  ^20. 

Determine  the  products  and  quotients  of  the  following  surds : — 
1.   V448  and  v^ll2.  2.  4v^8  and  3^/6. 

3.  12>/200  and  13^/150.        4.  iV>/108  and  is/ 16. 

5.  71  and  VA-  6.  J>/}  and  f  >/i. 

7.  9V8  and  Z^b.  8.  4v^72  and  13v^2. 

9.  12v^l8  and  \Jb2(}.  10.  i-^20  and  ^^5. 

IL  i J^J  and  i^^.  12.  ^C^^iy  and  ^^J. 

18.  i-^^e  and  | v^l8.  14.  ^-C^f  and  |  v'J. 

15.  z;/^  and  4^72.  16.  3^/2  and  2^3. 

17.  5s/3  and  1^/18.  18.  ^v^6  and  |>/18. 
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xxxin. 

Find  the  second,  third,  fourth,  and  fifth  powers  of  the  following 
quantities : — 

1.    J3.  2.  5s/3.  8.    <yi2. 

4.  i>/5.  6.  |>/7.  6,  3s/8. 

7.  8  VS.  8.  i«/6.  9.  5^5. 

10.  2±>/8.         11.    J2±^Z.       12.  5V2+3>/3. 


Extract  the  square  roots  and  the  cube  roots  of  the  following 
expressions  J2,  JS,  5v^5,  5^/27,  */2,  3^8,  25^/125;  and  the  square 
roots  of  12+6s/3,  2+V3,  85-l2>/C,  — 5  +  12V-1. 


Beduce  to  their  simplest  form  the  following  surd  quantities  :- 

1.  8>/l47— 3^/75— 8>/i. 

2.  8s/J-i>/12+4V27-2s/A. 

3.  (15+19^/2— 2V'3— 12^/6)4-(3+^/2+2v'3). 

4.  (^/2+^/8)(^/3+^/5)(^/5  +  ^/2). 
6.  (9  +  2>/8+2s/5+2s/16)*. 

6.  V(2+V3)-s/(2->/3). 

7.  {3>/3+2>/6}»— {3>/3— 2>/fi}». 

8.  7  •/54+9  •/260+ V2+2  •/128. 

9.  V192— VSl— V16+V*28. 

10.  V24+VB1  +  VV. 

11.  (>/5+2)*+(s/5— 2)». 

12.  {(10-4)«+(14-81)«}». 

13.  (96)»  X  (243)*  X  (76)*  X  (3)A. 

XXXYL 

Yorify  the  correctness  of  the  following  oquiyalent<«  :^ 

3^3-2^:4  V2+  V»    72 

*•    iv2=I/   -^^+^-       *•  12+73/   =1+73- 

9.   i^|±i^2  =  10  nearly.       10.   -Jb^,     ^  . 
V3— ^/2  -^  7^+37^-10 
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I 8>/2+2>/3— v^80 

V2+v^3+v^5"  12 

1  3>/2+2>/3+>/30 


12. 
13. 


2. 


V2+V3— V5""  12 

14  l  +  >/2  >/2+v^6+>/12 

'    1— >/2+v^3"  4 

,g     (5'12)>+(03375)1     1 
•        (80)i-(-0I)i      ""2" 

XXXVII. 

Verify  the  correctness  of  the  following  equivalents: — 
.      ^/245+^/75     V245->/75^g^ 
V5— v^3    "^    V6+V3 

6^2>/2— >/(ll--6>/2)  _  11— 6>/2 

2^/(ll+6^/2)— 3— V2""         7 

3.    -T-=^^? 5/L_.  =2^/6-l. 

^'     ^2+V(2  +  n/3)^>/2-V(2-V3) 

xxxvm. 

1.  Arrange  in  order  of  magnitude  2^,  3i,  4\,  5i,  6^,  without  extract- 
ing the  roots. 

..Fi.d...,..«-o,^.i^»,(|)',(|)',(?)', 

8~t,  7i,  (*637)i,  each  to  four  places  of  decimals. 

3.  Which  is  the  greater  in  each  pair  of  the  following  expressions  ? 

»/4or  X/5:  2»  or  81:  8»/2or2>/3: 

(6»)l  or  (5»)i  or  6«*:    ^7  or  2  */3 : 

lor    {?iS   ^^or^: 
2  (3/^/2         V5 

4.  Which  is  the  greater  (1)  V10+n/7  or  ^19+^/3 ; 

(2)    J2+^T0T  V3+V5;  (3)    ^5+>/14or  ^3+3>/2? 
(4)    ^6— >/5or  ^8— V7?  C5)2i+5»or3? 

5.  Can  the  three  lines  whose  lengths  are  3>/3|  5>/5,  7>/7  be  tho 
sides  of  the  triangle  ? 
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6.  If  a  denote  tbe  lengih  of  the  edge  of  eadi  of  the  five  reginlar 
solids,  shew  that  (1)  the  surface  of  the  tetrahedron  is  i^>/3 :  (2)  of 
the  hexahedron  or  cube  is  6a* :  (8)  of  the  octahedron  2<^v^3 :  (4)  of 
the  dodecahedron  15a'>/{l+|>/5}:  and  of  the  ioosahedron  5a* ^Z. 

And  (1)  the  volume  of  the  tetrahedron  is  -^.o*:  (2)  of  the  hexahe- 
dron  or  cube,  a*:  (3)  of  the  octahedron  .^.«*:  (4)  of  the  dodecahe- 
dron-^.{47 +2^/5}».fl»:  (5)  of  the  ioosahedron -L-ir+Sv'Sj^a'. 

2i^2  Di^2 

XXXIX. 

1.  If  (fl'+y)*+a  =  hx,  find  x — a?~*  and  a?+«~'  in  terms  of  a  and  J. 

then  wn+  ^(m'~4)(fi*--4)  =  2(ay +^'y'). 

3.  If  <?  =  a>/T^+  h^  1  —a*, 

then  shall  (fl+*+<?)(fl+3— c)(a+<?— 5)(a+<?— a)  =  4a«5V, 

4.  If  {ay^-i^^^yz,  and  (flic*— o^)*  =  «y,  then  shall  (as*— a')*  =  aa- 

5.  If  ar(a»  -  y«)»+y(ii»— «»)» = a»,  then  «>+y»  =  «*. 

6.  nic»+y»-fl»,  then  (ar+y+fl)*  =  2(««+y»+rf). 

7.  Ifar»+y*+a»  =  a*, 

then  64aa;y«  =  {2(fl«+a^+y*+«»)- (a +a?+y +«)«}». 

8.  Shew  that  {a+**+c*+rf»}*  can  be  found  in  the  form  «*+y*+«*, 
when  the  condition  2a{hcdy  =  he+hd+ed  is  satisfied. 

9.  Ifa:-{r+(r«+^)»}»+{r-(r«+j»)*}i; 

then  shall  ^+3^«-  2r  -  0. 

10.  Shew  that  aa^+hi/^+es?^{a^+h^+e^)\  when  (u^  =  h^  =  c^, 

andari+y-*+i-*-l. 

1 1 .  If  *5 + yl+gl  =  0,  then  shaU  (x+y+z)* «  27aryjBr. 

12.  IfiP*+y*+«»»:0,  then(a^+y*+«»-2«y-2«s— 2y»)« 

-  l2Sxyz{z+y+z). 


l+«*:, 


1.  If  a;"— «"»=:y,  express  i^^-.  in  terms  of  y. 

2.  Express  with  negative  indices 

3.  If/3- /b::?  I*  then  shall  l:=i?« ^ . 

^     ll+n'  l+/i    l  +  >/(l-0 

4.  If  fl(5-<.)«-.c(J+0'-0,  then  |.^±^-1. 

6.Shewthat   {  j^-^lfM  N  <  ^  T  ^^^  ^-^- 

I  (a— a:)(*— a:)  J        (  a  — A»  j 
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6.  if(^'+l)(y+l)^(o'+l)(^^l)    then  Bhall  ^l  ^  ^<'-^. 

{«*+!)*  {ed+iy      '  "^  """^  ^"^  ab+l       tf-3 

7.  Shev  that , l+ax+by ^^^^  cannot  be  equal  to  -4-1, 

unless  a»^  and  hz=ff;  a,  h,  x^  y  being  positive  quantities. 

B.  Shew  that  the  two  expressions  a?— y  and  ^1— ?— >/l — y*  fulfil 
tlie  condition,  that  the  difference  of  their  squares  is  divisible  by  the 
sum  of  their  squares. 

9.  If  yz+xz+xy  =  1,  prove  that 


JC 


10.  If  «"+y'+«»+24ry»=l  ;  prove  that 

(l){(l-y»)(l-^)}*+{(l-«»)(l^^)}»+{(l-x»)(l-y»)}» 

=<l+a:)+y(l+«)+«(l+y). 
^  ^  ll+ar  1+yi   ll+y  1+3 J  ^  I  1+s  l+xf 


XLL. 

1.  Shew  that  it  is  not  an  arbitrary  assumption  to  espress  the  nth 

1 

root  of  a  by  the  symbol  0*,  if  a"  be  assumed  to  denote  the  nth  power 
of  a. 

2.  If  a  denote  any  quantify  numerically  greater  than  h,  does  it 
follow  that  (±a)*  is  always  algebraically  greater  than  (±3)*?  If 
not,  specify  ike  exception  or  exceptions. 

3.  Shew  that  if  any  number  a  be  greater  than  Xy  a+—ia  greater 

^an,  and  a+ is  less  than  the  square  root  of  if+x. 

2tf+l 

4.  Is  (a?+l)*  always  greater  than  «•+*  ? 

5.  Which  is  the  greater  («+«)(«»+^)»,  or  («+3)(«*+a*)»,  sup. 
posing  a,  h,  xio  be  integral  positive  quantities  ? 

6.  Shew  that  t^+M  is  greater  or  less  than  ah^+M,  according  as 
^  is  greater  or  less  than  h. 

7.  If  a(l— 5*)»+5(l-<i«)*  be  less  than  unity,  then  «?+*•  shall  be 
greater  than  unity. 

8.  If  a,  h,  e,  be  unequal  numbers,  prove  that  a^h+e  is  greater 
-than  {dby+{aey+(hey. 

9.  If   x-a+hf    and   y^c+d,   which    is   the    greater    {xyy    or 

10.  If  Xf  y,  »  be  positive  quantities,  any  two  of  which  are  together 
greater  than  the  third,  then  any  two  of  the  three  quantities 
{2(y'+«^)-«'}»,  {2(«»+«»)-y*}*,  {2(«»+y«)-«*}»,  are  together 
^preater  than  flie  third. 
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11.  If  (a+>/5)*  =  a?,»+yi»,  and  (<?+>/rf)*««i»+y,»;  shew  that 

{ae+  ^  (a»J+c*ft-  5i) )  *  =  (^i^j +yiyj)*+(a?iyi— 3?iyi)*. 

12.  Shew  that  ^^^fT^^+^j^';:^'^  is  less  than  ^,  unless  f  =  !!±J. 

13.  If  a  he  gi  eater  than  h^  and  h  he  greater  than  e^ 

Shew  that  {^}*+{-}*+{^}*iB  never  less  than  fl*+5*+(5*. 

XTiTT. 

1.  Shew  that  j  —  I  "^'  X  I  ^  I  "^'  =  ;j;(.i-.)\ 

2.  Simplify  )  a"  }         ,     (  «  "      f    ,  and  {  (a")    |    . 

J-      I4I  J. 

8.  Shew  that  (ar*" +!?'")"■= a?"  ■(^-"+«»-")—, 

and  «*•— 1  >  2ii(«"+»— «^>). 

■•Hi  •■t-« 

4.  Shew  that  '/_  '^^^    =  — — 

a:  ■   —a?  *       «"+«" 

6.  Determine  when  the  divisions  -?=— r,   — =^?r-i  ^  "",,1  aro  ro* 

spectivelj  possihle,  without  remainders. 

6.  Shew  that  a"— 3*  and  a"— d  have  a  common  divisor,  when  m 
and  n  denote  integral  numhers. 

7.  Write  the  middle  term  of  the  quotients  in  the  division  of 

1      1 

a"— 3*  by  a*— i",  m  and  it  being  one  or  both  even  numbers. 

1 

8.  If  (10,000)':=  10,  then  a?  =  4,  andif  3«  =  9*,  then  a?  =  8"*. 

9.  If  0?' =  «•,  then  shall  j?l'  =  «*~*,  and  if  a?  =  2e,  then* =2. 

tun 
(  A-l_A  \ 
10. 


a+h  \  "-- . 


tat  •  -t^ 


EESULTS,    HINTS,    ETC.,    FOE    THE    EXERCISES    ON 
INVOLUTION,  EVOLUTION,  AND  SURD  NUMBERS. 

L 

The  square  roots  are  as  follows : — 

1.  x+6.        2.  aj-4.        3.  2x-hb.        4.  x±arK        6.  «■+«+!. 

6.  2ar*-a;-l.        7.  aj*-6aaj+4a«.        8.  7x^  +  4xy-\-y*. 

9,a*+a*b+ab*+b:        10.  a*+8a*+2a*+a+l.     8a»  +  2a*  +  2  +  l. 
11.  aj»  +  16.        12.  ia^  +  2(ab+ac  +  bc).        13.  8a«-o6+66«. 
14.  a*-Sab+b\        16.  a«+2aJ+6*.         16.  o«+6«+c«+(i«. 

17.  This  ezpression  when  reduced  will  be  found  to  be  not  a  complete  square,  and 
the  square  root  of  it  may  be  continued  to  any  number  of  tenns. 

18.  2a»+a«  +  2a-l.        10.  a«aj«+8a«+l.        20.  a*+ab+ae+bc 

II. 

1.  25,  52,  256,  652,  2567,  7652,  12845. 

2.  -5,  -05,  -0025,  50,  500,  8-16227 .  .  .,  -31622  .  .  .,  -1,  -03162. . .,  '01,  "001. 

3.  15811...,  22-8085...,  -84785. ..,  11,  2-2185. ..,  22  1359. . .,  -94868..., 
10049 . . .,  -37960 .  . .,  -91049  . .  .,  -7385 . .  . 

^.  U.  4i,  3i,  2J,  22i,  m. 

5.  6324...,  1-632...,  1*2247...,  4-1982...,  1-0039...,  1.8257... 

6.  1-2806.  ..,  1-0315..  .,  1*0031. . .,  1-0003. . .,  1*00003 . . .,  1-000003. .. 

7.  2-5298  . . .,  -8,  -2529  . . .,  -08,  '02529 .  . .,  -008,  8*000003 . . .,  8-0000003 . . . 

8.  8730,  -0873,  2-7606. . .,  27606  . . .,  87*3,  8-73. 

III. 
1.  See  Art.  3,  2. 

6.  The  quotient  of  the  square  roots  of  two  numbers  is  equal  to  the  square  root 
of  the  quotient  of  the  same  two  numbers. 

7.  The  square  roots  are --^—^  and  ^4.^--  found   by   performing   the   two 

^  8    7    4  4    7    8 

operations.    The  results  may  be  expressed  ^y^^l^-^-TC* 

8.  On   making  the  substitutions  for  x  and  y,  the  expression  becomes 
61a^  +  108a*d  + 108a«5*  +  48a5'  +  166^  of  which  the  square  root  is  9a>  +  6a6+4d>. 


IV. 

2.  On  making  the  substitution  and  reducing 


am*-bmn-¥aen* 
6n*  -  2amn 


3.  After  the  extraction  of  the  root,  the  remainder,  being  made  equal  to  zero,  gives 
two  values  of  a^  8  and  1.  These  values  when  substituted  for  a;  in  the  given  expres- 
sion give  5776  and  64,  both  square  numbers. 

4.  Extract  the  square  root  and  put  the  remainder  equal  to  zero. 

8.  The  diflference  is  «•  +  6aj»  +  (12  -  a)aj»  +  (56  - &)a;»  +  (96  -  e)x*  +  96* + 64.  It 
is  obvious  that  x*,  fix*,  and  64  are  tiie  first,  second,  and  last  terms  of  the  square. 
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Suppose  i?  to  be  the  coefficient  of  the  third  term, 

then  35«  +  6a;«  +  (12  -a)*  +  (56  -  b)x*  +  (96  -c)»«  +9ea;+64=(a;«  +aB«  +i«j+8)«, 
and  when  the  latter  is  expanded,  they  become  two  identical  expressions,  and  the  co- 
eflUcients  of  corresponding  powers  of  a;  are  equal,  from  which  may  be  found 

p=.6f  a=  -  9,  d—  -  i,  and  c=  - 12. 


V. 

1.  The  nnmber  is  2. 

2.  Here  850=2.5*.  17.     The  multiplier  required  is  2.17. 

8.  The  sum  is  2^/*9  :  the  difference  2^/'4  :  the  product  '5,  and  the  quotient  5. 

7.  If  possible,  let  >/JV'«Ba+^,  p  and  q  being  prime  to  each  other, 

theni^=««+?^+?!;  r.^^N^a-^?^, 
q       q*         q*  q 

and  ^  ^qN"  a^q -  2ap,  an  integer. 

But  since  p  is  prime  toq;  .'.  also  p*  is  prime  to  c^,  -^  is  a  fraction  in  its  lowest 

terms ;  but  ^  is  an  integer,  which  is  absurd. 
9 
It  therefore  follows  that  it  is  not  possible  to  express  the  square  root  of  an  incomplete 

squsre  in  the  form  a+^. 

9 

8.  When  the  numerator  and  denominator  of  the  fraction  which  produces  a  re- 
curring decimal  are  square  numbers,  the  square  root  of  the  fraction  will  produce  a 
recurring  decimal, 

^         •^9    8 

9.  Let  JV'be  the  given  number  whose  square  root  consists  of  271+1  digits  ;  p  the 
nnmber  composed  of  the  first  n+1  digits  found  by  extraction,  q  the  number  remain- 
ing of  n  digits. 

Then  iV-(i?.  10"+g)««|>«  .  10«»+2. 10".  j>.  q+q^  ; 
.-.  N-pK  10**^2. 10*. pq+q*  I 
.  N-p^W         I  X  9 
2.10«.p      *     2'l0"p* 
Kowi\r— j:)*.10*"  is  the  remainder  after  the  first  n+1  digits  of  the  root  have 
been  found  by  extraction,  and  2/).  10**  is  twice  the  portion  of  the  root  found. 

And  since  q  consists  of  n  digits  and  10*  of  n+1  digits,  .*.  -^  is  less  than  1 ; 

aho  ?  is  less  than  1,  torp  consists  of  n+1  digits. 
P 

Hence  .*.  ^,JL  .  ?  is  less  than  1,  and  may  be  omitted,  as  it  will  not  cause  an 
2  10"   y 

eiTor  of  unity  in  the  result ;  •*.  .= — i--i =q,  the  number  composed  of  the  re- 

2,p.l(y* 

maining  n  digits. 

If  I?  denote  the  nearest  square  root  of  K,  r  the  remainder,  then  iV—p*  +r,  but 

iVis  less  than  (p+1)"  ;  .*.  p^  +r  is  less  than  j>*  +  2p+l,  and  r  is  less  than  2p+l ; 

that  is,  the  remainder  after  any  step  in  the  extraction  of  the  square  root  is  alwaya 

less  than  twice  the  root  foxmd  incr^tfed  by  unity. 
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VI. 

1.  See  Art.  4. 

2.  (101293)' =(101290  +  8)*  -(101290)«  +  2 X 101290 X  3  +  8«. 
a.  By  Euc  I.  47.     3«  +4*  -6«.     Multiply  these  equals  by  aj«. 

.*.  (8a;)*  +  (4aj)*  —(Sa:)*,  in  which  x  may  any  number  whatever. 

6.  If  aj  be  any  number,  2aj + 1  is  an  odd  number.    And  (2a; + 1) •  -  4a;'  +  4a; + 1 ; 

.•.  (2a;  +  l)«-l=4a;«  +  4a;=4a<a;+l); 
Imt  since  a;  is  an  odd,  a;+ 1  is  an  even  number ; 

.'.  (2a;+l)«  - 1  is  divisible  by  8. 
8.  (2a;+.l)«=4(a;« +a:)  + 1.    If  a;=l,  2,  8,  &o.,  it  will  be  found  that  other  numbers 
besides  odd  square  numbers  when  divided  by  4  have  unity  for  their  remainders. 

12.  If  6  be  the  last  digit  of  a  number,  and  a  denote  the  number  composed  of  the 
other  digits,  then  lOa+5  is  the  number,  and  the  square  of  10a+  5=100(a*  +a)-|-25, 
of  which  100(a«  +a)  ends  in  two  ciphers.  Also  100(a'  +a)=100a(a+l)  is  the  pro- 
duct of  two  consecutive  numbers. 

13.  Let  X  the  digit  in  the  place  of  units,  y  in  that  of  thousands, 

shew  (10>y+a;)«-(10*a;+y)*  =  (10«-l)(y«-a;«),  and  exemplify  ite  truth  with  each 
^f  the  nine  digits. 

VII. 

1.  If  a,  5  be  any  two  numbers,  and  e,  d  other  two  ;  shew  that  {a*-¥b^)(e*+d^) 
may  be  expressed  in  two  ways  as  the  sum  of  two  squares. 

See  Section  IV.,  p.  80  ;  X.,  Ex.  8. 

2.  If  4;^  a;+l,  2+2,  a; +8  denote  four  consecutive  numbers, 

thena<aj+l)(a;+2)(a;+8)+l=(«*  +  8a;+l)«. 
And  if  2a;-fl,   2dB+8,  2j;-f5,   2a;+7  denote  any  four  consecutive  odd  numbers, 
then  (2a;+l)(2a;+8)(2a;+6)(2a;+7)  +  16=(4a;«+16a;+ll)«.    These  may  be  verified 
by  taking  for  x  any  number  whatever. 

7.  The  least  numbers  which  satisfy  the  condition  a'+i*s>e*  aie  8,  4,  6  and 
3*  4. 4* =5*.  Ani  as  8,  4,  6  are  prime  to  each  other,  their  least  common  multiple  is 
60,  which  will  always  be  a  divisor  of  abc,  when  a=3a;,  b='ix,  c^bx,  x  being  any 
integral  number  whatever. 

8.  See  Section  IV.,  p.  80 ;  X.,  Ex.  4. 


VIII. 

1.  If  the  diagonal  be  80  feet,  then  >/450  is  the  length  of  a  side  ;  and  if  80  be 
the  side,  then  ^^1800  is  the  diagonal. 

2.  Side  of  the  equivalent  square  is  ^/(970 -25x250*4). 

4.  If  a,  b  denote  the  lineal  units  in  the  sides  of  a  right-angled  triangle,  and  c 
those  in  the  hypotenuse,  then  a*  +&'=e*.  The  area  of  the  required  square  is  50 
square  feet,  and  the  side  is  5>/2  lineal  feet.  By  a  similar  process  a  square  may  be 
found  equal  to  any  number  of  squares. 

IX. 

1.  If  a;  denote  the  breadth,  then  3a;  is  the  length,  and  8a$*a80,000,  the  area  of 
the  field,  a;>  alO,000,  a;-100,  the  breadth. 

3.  If  a;  be  the  side  of  the  garden  when  the  path  goes  half  way  round,  then 
4840-a;'«605,  anda;»>/42d5,  and  >/ 4840- ^/4285- width  of  path.  If  the  path- 
way go  completely  round  the  garden,  then  (^4840  -  2ac)'  >■  area  of  gaideui  and 
4840  -i  area  of  the  path  and  garden ; 
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.-.  4810-(>/4840-2x)>>-  area  of  path, 

-i  of  4840 ; 
.-.  (>/4840-2a;)«-4285, 
and  >/4840-2a;«*>/42d5, 

22-1/ 4840 -^/4285, 
a;i-i(^/4840-^/4285)  the  width  of  the  path. 

X. 

The  cube  roots  are  the  following  :— 

1.  a-1.  2.  x-hz-K  8.  a«-o-l.  4.  a«  +  l.  6.  ox-&y. 

6.  2a»-8&».  7.  o«-2a+l.  8.  8a»-4aa;+aj».  9.  2i«-3a:+l. 

10.  aj«-?.  11.  --A-  12.  ?-l-^. 

X  2     3a'  ha 

XI. 

The  following  are  the  cnbe  roots  of  the  numbers  :  — 

1.  64,  81,  125,  145,  165,  173. 

2.  25,  62,  256,  652,  2567,  7652. 
8.  -4,  -04,  -21,  -074,  -094,  -0301. 

4.1-0038...,    2-124...,    '7368...,    -3419...,    -16874...,    2-38..., 
1-508. . . ,  2*070 . . . ,  2-088 . . .  ,  1*241 . . . ,  2*155  . . . 
6.  1-01,  9*6,  21  1,  8-43,  8*88,  904. 

6.  1-269,  1-912,  2  164,  4*641,  1-464. 

7.  -793...,  -956...,  -650...,  1*5.  1-498...,   10-102...,  IJ,    '8733... 

XII. 
2.  Shew  that  x^  is  greater  than  (x+ 1)^. 

See  note,  p.  14,  Section  X. 
6.  See  p.  9,  Art  9,  note. 

6.  See  v.,  Ex.  7. 

7.  See  v.,  Ex.  8. 

8.  The  fourth,  sixth,  and  ninth  roots  of  the  given  numbers  are  each  '13. 

XIII. 

1.  See  Art.  11. 

2.  If  a,  ^,  c  be  any  three  numbers,  then  shew  that 

(a+6+c)»-(o«+6»  +  c»)=8(a  +  &)(ft  +  c)(c+rf). 
8.  (a;+l)«+a<a;+l)  +  aj*s=(«+l)»-a:». 

6.  Let  SB,  a;+ 1,  x+ 2  denote  any  three  consecutive  numbers,  then 

«(aj+l)(«+2)  +  («+l)=:(a!+l)»;  also  («-l)(»-2)(a;-3)  +  («-2)=(a;-2)«. 

6.  If  a,  i  be  the  numbers,  shew  that  a'  +  (*  + 1  is  greater  then  Zah,    See  Ex.  18, 
p.  46,  Section  lY. 

7.  The  number  expressed  by  its  prime  factors  is  2.8*.6'.7,  and  the  required 
multiplier  is  2*.8. 7*. 

8.  Here3>+4*+6*»6*;  multiply  these  equals  by  a;* ;  then 

(3a;)*+(4a;)*  +  (6a:)>»(6x)*,  in  which  x  may  be  taken  equal  to  1,  2,  3,  4,  &c  Also, 
since  6«+(20)«  +  (36)»=(S8)« ;  then  (6ic)«  +  (20x)«+(36ar)»-(88aj)«,  and  x  maybe 
fractional  as  well  as  integral. 
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XIV. 

1.  96  square  inches  in  its  snrface,  216  cnbic  inches  in  its  yolame. 

2.  The  edge  of  the  cube  is  10  inches,  its  surface  is  600  square  inches,  the  diagonal 
of  one  of  the  faces  10^2,  the  diagonal  of  the  cube  10>/d  inches. 

4.  The  content  is  i(>/8  + 1)  cubic  inches. 

7.  The  cube  root  of  the  number  which  expresses  the  content  of  the  parallelopiped 
win  be  the  edge  of  the  equivalent  cube. 

11.  Find  first  the  content  of  the  three  cnbej,  and  the  cube  root  of  their  sum  will 
be  th<^  edge  of  the  cube  required. 

XV. 

1.  The  dimensions  are  50,  100,  200  inches  respectively. 

2.  The  cube  root  of  the  content  gives  the  length  of  an  edge  of  the  cube,  and  6 
times  the  square  of  this  number  will  give  the  number  of  square  yards. 

4.  The  length,  breadth,  and  height  are  respectively  32,  16,  and  8  feet 

5.  The  height  is  9  feet,  and  the  length  and  breadth  are  respectively  82  and  24 
feet. 


6.  The  length  of  a  side  is  f  1551???.  }*  feet. 
^*  (16X1728) 


7.  The  length,  breadth,  and  depth  are  respectively  (Hi^  feet. 

8.  Difference  between  external  and  internal  surfiEices  is  2im{a+m)  square  inches, 
and  content  of  the  boards  of  which  the  chest  is  composed  is  2m(3a'  -6a9i»+4m') 
cubic  inches. 

9.  The  length  of  the  edge  is  8  feet. 

10.  The  quotient  arising  from  the  division  of  £8,584  18s.  7d.  by  £4  8s.  4d.  gives 
the  number  of  cubic  inches  of  the  mass.  The  cube  root  of  this  number  gives  the 
lineal  inches  in  the  edge  of  the  cube. 

12.  The  balls  are  supposed  to  be  in  la3rers  so  that  the  diameters  of  the  balls  where 
they  touch  one  another  are  in  vertical  and  horizontal  straight  lines.  And  the  num- 
ber of  balls  which  can  be  packed  in  the  box  is  equal  to  the  number  of  cubes  which 
also  could  be  packed  in  the  box,  if  the  .edge  of  each  cube  be  equal  to  the  diameter 
of  each  balL  The  portion  of  vacant  space  in  the  box  is  the  difference  between  the 
content  of  the  cubes  and  the  content  of  the  balls. 

The  content  of  a  sphere  is  two-thirds  of  its  circumscribing  cylinder,  or  if  r 
denote  the  radius  of  sphere,  then  the  content  of  the  sphere 

«?X{2»r»)  or  i^,  where »«8-14159 . . . 
8  3 

If  the  ballB  be  each  m  inches  in  diameter  the  vacant  space  will  be  expressed  by 
a.{..-^.!^|=a.«.(l-f). 

In  the  question,  suppose  the  edge  of  the  box  25  inches,  and  find  the  vacant 
spaces  in  the  three  cases,  when  the  baUs  are  one  inch,  half  an  inch,  and  one-third 
of  an  inch  in  diameter. 

XVI. 
1.  a^.        2.  o**.        8.  <r-«-.        4a'.        6.  «««-«iH^.         6.  a\        7.  a-+-. 


8.  o*—"-».        9.  ±a'"».        10.  «-■«.        11.  a"*.        12.  a—«.        18.  a 


»*+•< 


14.  a  " .         15.  a-.        16.  o«  .  6  ""  •         17.  a  "  .  &  "  . 
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19 ^S-r- .  20.  J^*— ).         21.  a"~-  '  d"  • ' 

22.  a"«v.        23.  a  -^"+"^  .        24.  a  '^"+--^  ' 

XVII. 
These  exerciaes  require  no  remark. 

XVIII, 

Theee  products  differ  from  the  exercises  in  Section  IT.  in  this  circumstance — ^that 
the  indices  of  the  quantities  here  are  fractional  and  not  integral. 

XIX. 
The  same  remark  applies  to  these  exercises. 

XX. 

These  exercises  require  no  remarks. 

XXI. 

1.  x-«*  +  l.         2.iB«-a»t  +  l.         8.  a-2a»6i-5.         4.  ??-l.-i:?. 

5.^^^A.  6.1^^  +  !^  7.  «+2W-l.         8.  ?|-i+l^.  ' 

4      3     2  2       3  ^     2^    sA 

9.  a»»*  +  6»+cy.    30.  1+?.^+^+  &0.      11.  l  +  '+?^-?^+?f^+,  &o. 

2     8      16  2^  8       16      128 

12.  a+-+-; ___-+, &C. 

2     8a     16a« 

XXII. 
1.  a-W.  2.  aj+a:*— 1.  6.  x  +  2^  +  1.  4.  l-8«*-x. 

6.  a+^ -^+,  &C.        6.  1— 4«. 

3a«     9a« 

XXIII. 

The  verification  of  these  expressions  inyolves  the  same  operations  as  in  p.  33, 
^Seotion  IV.,  the  only  difference  being  that  in  these  examples  the  indices  are  frac* 
tional  and  not  integral. 

XXIV. 
1.  5.      2.  1}.      8.  a;(aj-l)«+18-0.      4.  ±2.      5.  6  +  2s/2.        6.  ^. 

7.  Whenx=^^^  (2  +  ^8)*=L!Vi.  and       1+^      ,      l-»     ^2(3>V8) 

2  '  '      ^    '         ^2    •  l  +  (l+x)»^l  +  (l-a;)*  3 

8.  V5.        9.  8.        10.  «*+l-Kl  +  2^'-15«^y         11.  (C/8-l)a> 

6  4a«  ^2 

XXV. 

These  exerdses  are  reduced  in  the  same  maimer  as  those  in  pp.  13,  14  ia 
'Section  V. 
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1.   ±zA^         2.  ~^±1-  4. x^-2x-l 

x*r^5x^               x^+x-l                   x*-2x^-6x-Z-2x(z+l){xTT}i 
^ (j;+l)(a;^-g-l) g^-g-l 

(a;+l)(««-8aj-8)-2a;(a;+l)(a:+l)*~»«-3a:-3-2a;(a;+l)r 
5    (a?*  -  8a; -  2)  +  (z*  ~  l)(a;«  -  4)*_(a!»  - l)(a?-2)+(g»  - l)(g«  -■  4)* 
•   (a;»-8«+2)+(«» -!)(«•- 4)i    (»•  -  l)(i  +  2)  +  [x*  -  l){x^  -"4)* 
^(g«-3)(g-2)t.{(g-2)H(g-f2)i}      ra;-2  1  * 
(a;«-lXa;+2>.  {(a:+2j4  +  (a;-2)»}""  |  x+2  )   ' 
y^   g;-2g*y*-f2a?ty»~y    (a*-y*)(a^+gM:-g*y*j^l) 

«    (g4-g)*  +  (g-a;)*    a+(a«-a;*)*  aj  o     *• .    ,»-i    , 

''•   (»+«)*-(•-«)» 5 =a-(a«-.a5«)r         ^-  *    +"*        +^- 

XXVI. 
Thfl  yerification  of  these  equiyalents  is  effected  by  exactly  the  aame  proceeses  aft 
those  in  p.  24.,  Section  Y.,  the  only  difference  being  in  the  fractional  indices. 
In  Example  18,  one  side  of  the  equivalent  is  omitted.    It  should  be 

2ah-{  (l-a*)(l-M)|* 
l  +  6»+a'(l-6«) 

XXVI  I. 

1.  See  Sect.  IV.,  Art.  3,  and  notes  pp.  2,  8 ;  and  in  this  Section  VI.,  Art.  3^ 
and  notes  pp.  3,  4. 

„    2-t>8v^-l     2  +  3v^-l     4-5v^-l     23    2t/-l 
4  +  6v^-l"4-|.5>/-l'^4-6i/-l"~4l'*'~li 

g  +  fty^  — 1    a  +  ftj/-!     c-fltt/-l     ac  +  bd    jbc-ad)}/  —l 
e+d)/  -l^e+di/^  "l^c-d^  -l^c^+d*^       c«+d» 

4.  See  Art.  8,  pp.  2,  3. 

5.  See  Art  18,  and  note  pp.  17|  18. 

11  1  1 

6.  First  (-a)*-X(- ft)*"=(aX-iyx (6X-1)^* 

-i  11         1 

='a^".(-l)**.5*"(-l)»* 

-  -+1 

«(ai)*'.  (..!)*•  *» 

1  1 

-(aJ)*'.(-l)*'*. 

Hence  the  product  involves  ( - 1)*",  an  even  root  of  -1,  which  U  an  imjioasible- 
expression. 

Next  (-rt)*"+»x(-ft)**+*=(ax  -l)**+*x(6x  -l)*"^ 

=(»'"+■  .  ( -  l)*-+«x6^"+* .  ( - 1)*''+« 
1  1 


=(aJ)*"+'.(-l)^+» 

=  (aJ)*''+«  .  ( - 1)^-+«=  -  (aJ)*-+«. 

Hence  the  product  involving  an  odd  root  of  - 1  which  is  always  possible  and: 
eqnalto  -1. 
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1+   /  —  3 
10.  The  third  poirer  of  — irr>i — r  ia  + 1 ;  hence  this  esrpressioii  exhibits  the  two 

symbolic  cube  roots  of  +1.    And  the  third  power  of        "^^ is  - 1,  and  the 

2 

expression  gives  the  two  symbolie  cube  roots  of  ^1. 

And    -l  +  ^-8_-^^^-8^-^-t/"8  2 


2         '"-l-v^-S     -l-V-3 

XXVIII. 

The  first  eight  examples  offer  no  difficulty  beyond  the  exact  performance  of  the 
operations  indicated. 

9.  This  may  be  shown  in  two  ways:  by  extracting  the  square  roots  of  each 
quantity  and  taking  the  sum  of  the  results,  and  by  squaring  each  side  of  the  ex- 
pression, and  showing  that  the  result  when  reduced  is  82  +  68=100,  an  obvious 
identity. 

XXIX. 

The  first  five  examples  require  no  remark.. 
6.  The  expression  may  be  put  into  the  form 

y-aV-l     y-2aV-l     2g-yt/-l    (a?~yt/--l)(y+a;y~l 

y-2aV-l^y+2V-l^  sc-yV^-l  ^       >/{a:«+y«)v^ -1 
y-V-1     (2g-y^/-l)(y+a^/>-l) 

'"y  +  2V-l  N/(a:«+y»)>/-l 


-(2x-yV 


-1)    %/(«•+ y')  ■">/(«• +y*) 


XXX. 

1.  «*-12ar=(-l  +  2>/-l)*-12(-l+2V-I)=5. 

2.  x=5!::|:,  y=-^. 

XXXI. 
1.  The  sum  is  7>/3 ;  the  difference  >/d.        2.  168>/3 ;  SSys. 

8.  15>/5 ;  8>/6.  4.  Wv'a ;  Wv'Z. 

6.  Hl/lO;  «l/10.  6.  (2±t/6V3. 

7.  8^4 ;  2^4.  8.  hXJh ;  V5. 

9.  IS-yS  ;  VS.  10.  8V9  ;  V9. 

11.  HV4 ;  AV*.  12.  AV18 ;  AV18. 

13.  5>/3;  >/3.  14.  2(>/6±>/8). 

XXXII. 

1.  Product  is  224  ;  quotient  2.        2.  48 v^  3 ;  |^/3. 
3.  15600>/3  ;  Av^3.  4.  A^/3 ;  ^^/3, 

7.  64>/10;  VIO.  8.  104V18 ;  AV3C. 

9.  24V1170 ;  AVU^O.  10.  IVIOO ;  IV*. 

11.  iVi6 ;  AVioo.  12.  tHV5  ;  t^. 

13.  V* ;  i  V».  K.  W* ;  «V8. 

16.  24V8 ;  J V«.  16.  6V72 ;  JV^^S. 

17.  9 V12 ;  VV9«.  18.  V288 ;  iV238. 


47 

XXXIII. 

1.  8,  8^/3,  9,  WZ.  2.  76,  876^/8,  5C25,  28125^8. 

8.  12,  24t/8, 144,  288^/8.  4.  J,  f  v/5,  «,  J4t/6. 

«•  V.  »>/7,  Wi  -Wf^-v/y.  «.  72,  144^/2,  676,  1152^2. 

7.  9V9,  81,  248VS,  729V».  8.  i\/39,  J,  ^V«»  ttn/SC 

9.  25V26,  625,  8125V6,  16626V25. 

10.  7±4>/8,  26±16^/3,  97±66^/8,  862±209>/8. 

11.  6±2>/6,  ll^/2±9^/3,  49120^/6,  109|/2±89t/8. 

12.  77+80^/6,  665v^2  +  68V3,  11829  +  4620>/6,  98226^/2+ 80187 1/ 8. 

XXXIV. 

{V'2}*=»(2»)»=2*  or  V2 :  {•2}*={2*}*=2*  or  V2. 

(6|/5)*=(5.6»)»«6*.6»=(6«6)*=(126)*  or  V125, 

(6>/6)*=(6.6»)*=5».6*=(6«.6)*=(126)*,  or  !^V25. 
The  square  roots  of  the  last  four  examples  can  be  found  as  the  example  in  the 
note,  p.  16.    The  roots  are  respectirely 

8  +  1/8,  ^^-,  8v^8-2>/2,  2  +  8>/-l. 

XXXV. 

1.  Here8t/147«8t/(49x8)=8x7|/8=21v'8 

-8v'76=-3|/(26x8)=-8x6|/8=-16|/8 
-8|/i»-8|/4»-8xiv^8=-i/8 

.-.  8t/147-8t/76-8i/i=(2l-16-l)i/8=6t^8. 

2.  ¥•».        8-  18  + 20^/2- 12>/6.        4.  8V2+7V3+6V6  +  2V80. 
5.  1  + v8  + V6.    See  XXXIX.  8,  p.  86.        6.  V^. 

7.  2V8.        8.  76V2.        9.  V8  +  2V2.        10.  -VV^. 
11.  Let  (V6+2)»+(V6-2)»=a^  and  put  (V6+2)»=a,  (V6-2)»=6, 

thena;»a+d, 
anda;*»(a+6)»=a»  +  6*  +  8aJ(o+6), 

bnt  a'  +('='2V6»  and  8a6=8, 
.'.  a;«=s2V6  +  8a:,  anda;'-8a;=2\/6. 
To  find  the  value  of  x  requires  the  solution  of  a  cubic  equation. 
12.  17-69.        13.  90. 

XXXVI. 

Since  (V^+V^KV*- V^)=*-*>   "id  (aV«+^Vy)(<*V*-^Vy)*=**^— ^'yj 

it  is  obvious  that  ^Ja-^^Jh  may  be  made  rational  by  multiplying  it  by  V<>  ~  V^  > 
and  \Ja  -  y/b  by  multiplying  it  by  *ija  +  y/b. 

Similarly  for  the  factors  asjx+ b\Jy  and  a\Jx-  b^Jy. 
When  there  are  three  terms,  V<^+V^+ V^ 
since  {(V»+ V*)  +  V^}  •  {( V*+ V*)  -  V^} =(\/« + V*)* —c^ifi  +  6 - c)  +  2 V«*» 
and{(a  +  ft-c)  +  2aVft}.{(a+ft-c)-2V«*}=(o+*-c)«-4a*. 

And  two  factors  will  be  required  in  general  to  render  such  a  denominator  a 
rational  quantity. 

1    8-6V2    8-6V2    3  +  2V2    24+V2-20_.  .     .p 
'   8-2V2"*8"2V2^3+2V2'"       9-8  ^ 

16.  H,ie(6.12)*=|^,j*=^^ 


(.3375)5-  !  ^"  i  »= 


48  "^ 

15  3 


10.10*    2.10* 
2x10     20 


(80)J=(8.10)»=2.10*=  ^^,  -^^, 

The  given  expression  by  these  sabstitntions 

lOM        2)       19   1     1 


becomes 


^\«-' 


2   19""2 


XXXVII. 
1.  These  redactions  offer  no  difficulty,  as 
1     yg^g  +  V^ft    V245-V75    7V5+5V8    7V5-6V8 

50  +  I2V16    50-12V15 
-  2         "*■         2 


XXXVIII. 

1.  The  expressions  2^  8^  4^  6^  6^  are  respectively  equivalent  to  (2*<>)^ 

(3")^,  (4*»A  (6'»)*,  (6»<>)»^;  and  by  expanding  the  powers  2»«,  8«o,  4»»,  6*», 
6^®v  their  numerical  values  will  be  known  and  the  given  expressions  can  be 
arranged  in  the  order  of  magnitude. 

2.  2,^JL^sf^^^\/^ 


V8    v3    V3       3 

2V3    W3^V2    yg^wft 
V2'*V2     V2""    2       ^ 

(J)*=C6)*=V«. 

(D'-©'-(.'«l)'-©'-'^- 

*        8*    16V2    V2     82 


V12 
8 


7»={7n*or{7»}*. 
.  .  ,     C87  ^1     f  1  >l       1        11 

The  extractions  and  divisions  in  each  example  are  to  be  carried  out  to  four 
places  of  decimals. 

8.  f/i  is  greater  or  less  than  V^- 

According  as  4^  „  „  6^ 

,,  4*  „  „  5*,  raising  each  to  the  12th  power. 

•»  256  „  M  125, 

but  256  is  greater  than  125, 
.-.  also  V^  ^  greater  than  V5. 
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Similarly  2*  is  less  than  8*. 

d\/2  is  greater  than  2V3. 

(5«)^  is  less  than  (5*)^ 

and  because  (6*)* =5*= 6**", 

and  6>*=5>»- 

therefore  (5')^  is  greater  than  5*  « 


V7  is  greater  than  2\/Z. 
1 
2 


(2\l 


^L-  is  greater  than  ^^. 
V2  V5 

4.  Here  V^O  +  V7  is  greater  or  less  than  V^^  +  V^' 

According  as  17  +  2V70  „  „        22  +  2V^7,  by  squaring  each  side. 

2V70  „  „        6 +2V57,  subtracting  17. 

,»  280  „  „        26  +  20V57  +  228, 

but  280  is  obviously  less  than  25  +  20  V57  +  228, 
.-.  V10  +  V7  is  less  than  V'19+v^8. 

(2)  1/2  +  1/7  is  greater  than  ^3  + •/ 5. 

(3)  |/5  + 1/14  is  greater  than  ^3+3|/2. 

(4)  i/S- V'S  is  greater  than  1/8- V'7. 

{I)  2^  +  5^  is  less  than  8. 

5.  If  every  two  of  the  three  lines  be  greater  than  the  third,  a  triangle  can  be 
formed  with  the  three  lines. 

6.  It  is  obvious  that  if  the  sides  of  the  equilateral  triangle,  the  square,  the 
pentagOD,  be  given  in  magnitude,  the  areas  of  liiese  regular  figures  can  be  deter- 
mined, and  consequently  the  surikces  of  each  of  the  five  regular  solids. 

The  sur&ce  of  the  tetrahedron  is  equal  to  the  area  of  four  equal  and  equilateral 
triangles. 

The  surface  of  the  hexahedron  is  tiie  area  of  six  equal  squares. 

The  surfiMse  of  the  octahedron  is  equal  to  the  areas  of  eight  equal  and  equilateral 
triangles. 

The  sur&ce  of  the  dodecahedron  is  equal  to  the  area  of  twelve  equal  equilateral 
and  equiangular  pentagons. 

The  surface  of  the  icosahedron  is  equal  to  the  area  of  twenty  equal  and  equilateral 
triangles. 

A  sphere  can  be  inscribed  within,  and  another  circumscribed  about,  each  of 
the  five  regular  solids,  in  tiie  same  manner  as  a  circle  can  be  inscribed  within  and 
another  circumscribed  about  each  of  the  plane  r^^olar  figures,  the  equilateral 
triangle,  the  square,  the  pentagon. 

Suppose  a  sphere  described  about  a  regular  tetrahedron,  the  surface  of  the  sphere 
will  pass  through  the  four  points  of  the  trihedral  angles  of  the  tetrahedron.  If 
lines  be  supposed  to  be  drawn  from  these  points  to  the  centre  of  the  circumscribing 
sphere,  these  lines  will  be  each  equal  to  the  radius  of  the  sphere.  Hence  the 
tetrahedron  may  be  conceived  to  be  divided  into  four  equal  triangular  pyramids, 
whose  common  vertices  are  at  the  centre  of  the  sphere,  the  three  edges  of  each,  radii 
of  the  sphere,  and  their  four  bases  the  equilateral  triangles  which  make  up  the 
surface  of  the  tetrahedron. 

Since  the  content  of  any  pyramid  is  equal  to  one-third  of  the  content  of  a  prism 
on  the  same  base  and  of  the  same  altitude,  the  contents  of  the  four  equal  pyramids 
can  be  found,  and  the  content,  or  yolimie,  of  the  tetrahedron  determined. 

In  a  similar  manner  it  may  be  shown  that : — 


so 

The  Yoloine  of  the  hexahedron  is  equal  to  the  Tolnmee  of  six  equal  pyramids 
whose  bases  are  equal  squares. 

The  Yolume  of  the  octahedron  is  equal  to  the  yolumes  of  eight  equal  pyramids 
whose  bases  are  equal  equilateral  triangles. 

The  volume  of  the  dodecahedron  is  equal  to  the  volumes  of  twelve  equal  pyramids 
whose  bases  are  equal  equilateral  and  equiangular  pentagons. 

The  volume  of  the  ioosahedron  is  equal  to  the  volumes  of  twenty  equal  pyramids 
whose  bases  are  equal  equilateral  triangle^ 

XXXI X. 

l.«-;.-i=^.*+^«=?<5l±^. 
a  a 

8.  Sineec=6(l-5«)»+ft(l-a*)*; 

.-.  c-a(l-6»)»=Ml -*•)*. 

c«+a«-ft««2a<Kl-6«)», 
c*+a*  +  b*  +2a*c«-2*V  -  2a**«=4a*c»  -  4a«6V  ; 

See  Section  lY.,  XIII.,  Ex.  10,  p.  82. 

5.  Since aj(a«-y«)»+y(a«-jB«)*-o«, 

a5(a«  -](*)*«  a*  -y(a' —«*)*,  by  squaring  each  side, 
then  x*a*  -  z*y^=a*  -  2a*y(a*  -«•)*+ a*y*  -  z^y\ 
and  2y(a*  - z*)^  aa*  -  {z^  - y*),  squaring  again ; 
.-.  4y«a«  -  iy*z*  -a*  -  2a«{a;«  -  y»)  +  («»  - y«)S 

whence  a*  -  2o*(aj«  +  y*)  +  (x«  +  y«)  -0 

.".  a«-(a;*  +  y«)— Oand»«+y»-a«. 

6.  Since  sB*+y*-oV  «»+2^-o»-»0, 

and  x+y+a+2a^y^— 2d^x^  -  2aV*0 
as + y + a — 2(a*a^ + a»y»  -  flB»y*) 

(jB+y +a)»  —  4(aaj+ay +a^+2fla:*y*  -  2aw*y*  -  2ya*2^) 

»4  I  <£±lL:f5)!  +  o(«+y)+fl(a-«-y)+a(«+y-»  | 

-(«+y-a)'+a»(x+y)-2(ar«+y*+a«). 
The  truth  of  this  also  may  be  verified  by  numerical  examples^  as,  for  instanoeb 
when(16)»+(25)»-(81)». 

8.  lf(a+ft*+<J»+<^)»-a»+y«+«», 

Then  a+M+c*+d»=«+y+2+2(«y)*+2(«)»+2(y«)*, 
and  a;+y+s=sa,  2(xy)**&^  2(a»)^atf^,  2(y2)*»dt. 
Hence  2(a;y)*.2(2»)i.2(yz)*=Mdi,  ot  6xyg^{bed)^  and  a:+y+2<-a» 

.*.  2a(ftcci)isl(tey2(a;+y+s). 
Bnt^xyx^  4«=c^  iyz=d, .',  5c+6rf+orf—16(««y2J+y»a»+a«SBy)-.16ajy»(a5+y+s). 

Hence,  therefore,  2a(bcd^^szbGi-bdi-c(L 

9.  Let  {r+(r«+g«)»}»=a,{r-(r«+g«)»}i=6; 

then«»=(a+6)«=a»  +  6»+8a6(a+6)a=ar-8(pj; 
.'.  ««+8ga5— ar=0. 
10.  Find  y  and  s  in  terms  of  x,  and  substitute  these  values  in  ar*'  +y~*+s~-'al, 
whence  x  is  known,  and  y,  s  by  substitution.    Lastly,  substitute  these  values  of 
«,  y,  « in  ««•  +fty«  +c«*. 

XL. 

4.  Since  a(J-c)*-c(J+c)"=c; 

.    a    (6-K?)«    ^d  a*    5+c 
c    (ft-c)'  c*    6-e 
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b-e       c*  b-e       c*  e    ak-^ek         b  a*-c»      • 

5.  In  the  yerij&catioiiy  when  x*=^ab  is  fonnd, 

(a+a;)(6+a;)    2a^+(a-t-6)o>6*      2atft*-fa-f6       (a*+W)« 


*  '  ((a-a:)(6-a;))         I  -(a*-W)«  (         U»-wi' 

6.  Express  the  products  of  the  factors  in  the  numerators  of  the  two  fractions,  as 
the  sums  of  two  so  uares,  and  l  +  i±Z^=.l  +  i£Z^. 

7.  Suppose  l+ax+by  _^, 

"then(l+aaj+6y)«=:(l+d«  +  6«)(l+aj«+y«),whence(a-a;)«  +  (d-y)«+(flry-&c)«=rO. 

8.  The  quotient  is  >/(l  -a:«)v^(l  -  y •)  -  zy. 

9.  From  gy+a3  +  yz=l,  a;=l±y?,  and  H.a;«=(y^-^)*  +(^-y»)*  ; 

also  iz+yy=^ll^]l\  ...  X  j  ^^i^'j  *.x{.+y). 

Simikrly  y  j(l+^')(l-f-a^«)  p^y(^-H,),ands{  (Ltf  K\^-y')  }U(x.fy). 

10.  Since  aj«+y«+2«  +  2ay2=l,  2ajy2+2«=l-a;«-y%  and  adding  a;*y*  to  these 
^uals,  x^y^  +  2an/z+z*='l  -z*  -y*  +x^y*,  or  (l-a:'Xl— y')='(«+«y)'. 
Similarly  (l-y*)(l-«»)=(«+y2)«  and  (1 -««)(! -a»)=(y+«)«. 


XLI. 

1.  See  Art  15,  p.  16.  2.  See  Art  16,  p.  17. 

5.  The  former  is  the  greater  or  the  less,  according  as  a;*  is  greater  or  less  than  ab. 

6.  Here  al + aid  is  greater  or  less  than  ah^  +  ^  according  as  a^a+ b)  is  greater  or 
less  than  6i(a  +  &). 

7.  Since  o(l  -  d«)* + b{l  -a«)*  <1,  then  o(l  -  J*)*  <1  -  6(1  -  a«)*, 

and  a»  -o«6"  <1  -26(1  -  o»)«+**  -  a*6,  or  26(1 -a«)*  <{b*  -a«)  + 1, 
also  46«-4a«J«<(J«-a«)«+2(6«-o«)  +  l,  whence  (6«+a»)»-2(6»+o»)  +  l>  0  ; 

.-.  6«+a«-l>Oando«+6«>l. 

8.  Leta>&,  &>e,  thena9-2ad+6'>0,  and  a*  +2ab+b*> iab ; 

.\  a+b>  2(a6)»,  similarly  6 + c>  2(6c)»,  a + c>  2 (ac)» ; 
.-.  2{a  +  b  +  c)>  2{(a6)«  +  (6c)»  +  (ac)U,  and  a+6+c>(aJ)»  +  (ftc)»+(ae)l. 

In  a  similar  way  may  be  shewn  that  a+b+e+d>  i{<ibed)^. 

For  a  +  6>  2(aJ)*,  c+d>  2(aO*  ; 
.-.  a+6+c+d>2{(a5)»+(c(i>»)}>4{(a6)»(crf)»}4>4(o6crf)*. 

9.  Sinc6a;=a+5,  andy=se+d^ 

.-.  a:y=(a+6)(c+rf)=:(o»c»+&»i»)«+(aW»-ftW)«  ; 
consequently  zy>  (oW + 6*d*)*,  and  a!*y*>  aM + iW*t 
10.  If  the  sum  of  first  and  third  expressions  be  taken  to  be  greater  than  the 
second,  the  sum  of  the  squares  of  the  first  and  third  will  also  be  greater  than  the 
square  of  the  second.    From  this  inequality  may  be  deduced  that 

2x^y*  +  2**2*  +  2y«2*  -  «*  -  y*  —  a*  is  greater  than  zero ; 
and  as  this  expression  is  homogeneous,  like  expressions  may  be  deduced  by  assuming 
the  sum  of  the  first  and  second  greater  than  the  third,  and  the  sum  of  the  second 
and  third  greater  than  the  first    See  Section  lY.,  XIIL  £x.  10,  p.  82. 
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(a«  +  6«)(x«+y*)  2* 

Then  (»•  +6*)(a;»  +y«)>  2ai(a:«  -  y«)  +  2icy(a»  -6«), 

and  (a«  -  2a5  +  6« )a:«  +  (o«  +  2a* + 6«)y«>  2iBy(a«  -  ft») ; 
.-.  (a-6)»a;«-2(a-6)(a+6)a^+(a+6)«y»>0. 

.•.  {a-b)x-{a  +  h)y>0;    (a-6)a;>(a+%;  and ->i±|. 

y     aj— 0 

XLII. 


■■+•  ll+M 


•+^j^_»(J-^ 


x'-z'        z'^-aT         xXx'-iTS  «• 


•— • 


5.    ^^-\ ^(a*)"±(^)"-,g:±y!   ^hich ia of  the  fonns  Section  IV.,  Art  IS,  p.  22:. 
11  11         x^ry 

a^±^     {a')±{ir) 

a''»±li^^{arrMt^r_J^^ir     j^^^  ^f  ^^  required  forma,  except  when  m=u^ 
o-±6*        (a")±(6')        x±y  ^ 

«!!±^.     If!?«?=r;then?::±i'.?:±2!:. 
af±lff  p     q  aP±b9     x±y 

-  i  i 

Here  a"— af  and  a^—a^  have  a  conunon  diviaor  when  fit  and  n  an  odd  or  eyen- 
numbers. 

7.  Let  fl»-6"=(a") -(&■)=«- y; 


1        1 


then  a»  -  6"=(a")**— (ft*)*"™*""— y"*^  and  the  given  ezpreasionfl  are  reduced  to  tlie 

1      1 

forma  a- i  and  a" - &** . 

a      z     9  X       M 

9.  Since  a?=a*,  .*.  a=a:',  .-.  i=j?"\  andi^*'~* 

■••ifr-{'-:f'-^'"' 

When  35=2?,  then  2*=2r,  .'.  z=s2, 
10.  Since.,  j^j^,  .•-M^i=^.and.-={|±|}^. 

Then     "•-^:   .^--fa^-U  «'-^'   .  j  (g±^)— +  (i±-^)=^  K 

2(o«  +  6»)'  U-6{        'I        \a-V  i 

_  o»-ft«        fi±*]^    2(a*+6*) 

_a«-6*      Ja+b\^_a+b     ]a+h\^_  \  a+b\^ 
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EQUATIONS. 

Thb  investigation  of  the  properties  of  equations  and  the  methods  of 
the  solution  constitute  one  of  the  most  important  portions  of  the  scienee 
of  Algebra.  An  equation  has  been  defined  to  be  the  equality  of  two 
algebraical  expressions,  denoting  some  relation  between  the  known  and 
unknown  quantity  or  quantities  involved  in  the  equation.  The  expres- 
sions '^ known  quantities"  and  ''unknown  quantities"  are  terms  em- 
ployed in  equations ;  the  former  denoting  those  which  are  supposed  to 
be  known  or  assignable,  and  the  latter  those  which  are  to  be  determined. 
The  unknown  quantities  are  always  dependent  for  their  values  on  the 
known  quantities  involved  in  the  equations,  and  the  solution  of  equations 
is  simply  confined  to  determine  ^'  the  unknown  quantities  "  in  terms  of 
''the  known  quantities." 

By  means  of  the  notations  assumed  to  designate  known  and  unknown 
quantities,  it  is  always  possible  to  distinguish  what  is  given  from  what 
is  required,  or  in  other  words  the  data  and  qunsita  of  a  problem. 

By  the  solution  of  an  equation  or  a  set  of  equations,  is  meant  the 
process  whereby  the  value  or  values  of  the  unknown  quantity  or  quan- 
tities can  be  determined  in  terms  of  the  known  quantities. 

An  equation  may  involve  one  unknown  quantity,  or  more  than  one; 
and  all  equations  may  be  separated  into  two  general  classes,  detemUncUe 
equationB  and  indeterminate  equatians;  the  former  dass  including  equa- 
tions which  admit  of  a  limited  number  of  values  of  the  unknown 
quantities,  and  the  latter  an  unlimited  number. 

Equations  both  determinate  and  indeterminate  may  not  admit  of 
any  intelligible  solution.  This  arises  from  some  inconsistent  relations 
either  in  the  data  or  in  the  quesita,  or  in  both  of  them,  and  will  always 
become  manifest  in  the  results  of  the  solution. 

Every  single  equation  expresses  a  condition — some  specific  relation 
between  the  known  and  unknown  quantities,  and  the  number  of  given 
independent  equations  may  be  equal  to,  greater  ihany  or  less  than  the 
number  of  the  unknown  quantities  involved. 

When  the  number  of  given  independent  equations  is  equal  to  the 
number  of  the  unknown  quantities  involved  in  the  equations,  the  equa- 
tions are  determinate,  or  limited  to  certain  single  values  of  the  unknown 
quantitiea  If  there  be  two  independent  equations,  each  involving  two 
unknown  quantities,  in  this  case  two  unknown  quantities  are  to  be 
determined  subject  to  two  independent  conditions.  Between  the  two 
given  equations  one  of  the  unknown  quantities  can  be  eliminated,  and  a 
third  equation  is  found  involving  only  one  unknown,  quantity,  which 
can  be  determined  in  terms  of  the  known  quantities.  The  other  un- 
known quantity  is  also  determined  by  substituting  in  either  of  the  given 
equations  the  value  of  that  already  determined.     Hence  it  appears 


that  two  independent  equations  involving  two  unknown  quantities  are 
sufficient  to  determine  the  values  of  the  two  unknown  quantities. 

7ji  the  same  manner,  if  there  be  three  independent  equations  in- 
volving three  unknown  quantities;  the  first  unknown  quantity  cao 
be  eliminated  between  the  first  and  second  equations,  also  between, 
the  first  and  tliiixl  or  second  and  third  equations;  and  thus  are 
derived  two  equations,  each  involving  two  unknown  quantities,  which 
case  has  been  considered.  Henoe  it  is  manifest  that  three  independent 
equations  involving  three  unkoowz^  quantities^  are  su^^ent  to  determine 
the  three  unknown  quantities. 

When  the  number  (^  equatipns  is  greater  than  the  number  of  un- 
known quantities;  if  some  of  the  equations  can  be  derived  from  others 
80  that  the  number  of  independent  equations  is  really  equal  to  the 
number  of  unknown  quantities,  the  equations  admit  of  a  definite  solu*- 
tion.  If,  however^  all  ^the  equations  are  independefni^  they  may  ezpresa 
incompatible  conditions,  and  eveiy  set  of  the  equations,  equal  to  ^e  num^ 
bar  of  unknown  quantities  involved,  will  give  different  sets  of  solutions. 

If  the  number  of  independent  equations  be  less  than  the  number  of 
unknowA  quantities,  the'  gi^ven  conditions  are-  insufficient  to  determine 
the  unknown  quantities,  and  thc^y  will  therefore  be  indeUrminaU. 

Equations  may  also,  be ,  divided  into  different  orders.  An  equation 
of  the  first,  secon4,ithirdf  fourth,  &c.,  order,  is. said  to  be  of  one,  two» 
three,  four,  &c.,  dip^iensions,  according  as  the  highest  power  of  the^ 
unknown  quantity  or  .quantities  involved  is  the  first,  second,  thirds 
fourth,  &c.,  power. 

Equations  4)f  the'  fii^,  :Order,'  which  involve  when  reduced  only  the 
first  power  of  the  unknown  quantity,  are  named  simj^e  equations. 

Equations  which  iizyolv)»  the  second  power  of  the  unknown  quantity^ 
with  or  without  the  first  power,  are.  named  quadratic  equations. 

Equations  which  involve  the  third  power,  with  or  without  inferior 
powers  of  the  .unknowii-,  quantity  or  quantities,  are  .  named  cufaie 
equations. 

Equations  which  involve  the  fourth  power  of  the  unknown  quantity 
0r;quantities,,  withfor^e^ithout  inferior  powers^  are  named  biquadratic 
equations. 

And  equations-  which  involve  higher  powers  of  the  unknown 
quantity,  ar^  rUamed  aocordiDg  to  the  index  <^.  the  highest  power 
of  the  unknown  qu^^iifij^  involved  in  the  equations. 

Any  process^  whereby  any  quantity  commoia^  tq  two  or  mo^  equa- 
tio^is,  can  be  made  to  disappear  in  the  resulting  .equation,  or  equations, 
is  cidled  ^  the  eUminatiox^  <^  that  quantity.'' 

The  elimination  of  quantities  from  equations  is  an  important  process 
essential  in.theao^ul^ion  of  all  equations  which  involve  more  than  one 
imknown  qu«itity.  .  ' 

When  there  are  two  independent  equations  with   two  unknown 
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quantities,  x  and  y ;  if  one  of  them,  a?,  be  eliminated,  the  resulting  equa- 
tion will  involve  only  y,  the  other  unknown  quantity. 

When  there  are  three  independent  equations  with  three  unknown 
quantities,  x,  y,  z ;  any  one  of  them,  x,  can  be  eliminated  between  the 
11  rst  and  second,  the  first  and  third,  and  between  the  second  and  third 
equations ;  and  each  of  the  three  resulting  equations  involves  y  and  z. 
As  the  values  ofx,y,z  in  the  given  equations  are  determinate^  it  follows 
that  the  values  of  y  and  z  are  the  same  in  each  of  these  last  three 
eqiiations,  and  any  one  of  these  equations  is  derivable  from  the  other 
two,  and  consequently  that  there  are  only  two  independent  equationa 
resulting  from  the  elimination. 

Also  from  the  two  equations  involving  y  and  z,  if  y,  one  of  them,  he^ 
eliminated,  the  final  equation  will  involve  »,  one  unknown  quantity^ 
And  this  final  equation  may  involve  the  first,  second,  third,  &c.,  powers 
of  z,  depending  on  the  powers  of  x,  y,  z,  the  unknown  quantities  in  the 
original  equations. 

If  there  be  four  independent  equations,  involving  four  unknown 
quantities,  by  the  successive  elimination  of  one  of  them,  a  final  equation 
will  at  length  be  obtained  involving  only  one  unknown  quantity. 

When  two  equations  involve  two  unknown  quantities,  x  and  y ;  if 
when  y  is  changed  into  x  and  x  into  y  in  the  two  equations,  they  i*etain 
the  same  form,  they  are  called  simiUtaneotis  equations,  from  the  mutual 
interchange  of  the  two  unknown  quantities. 

Also  when  there  are  three  equations  and  three  unknown  quantities,. 
X,  y,  z;  if  after  the  mutual  interchange  of  these  quantities  in  the  three 
equations,  they  retain  the  same  form,  they  also  are  simultaneoua 
equations. 

The  value  of  the  unknown  quantity  in  an  equation  is  named  the 
root  of  the  equation.  To  solve  an  equation  is  to  determine  its  root  or 
roots,  U  there  be  more  than  one.  It  is  always  possible  to  ascertain 
^whether  the  root  found  by  any  process  is  the  true  value  of  the  unknown 
quantity,  as  this  quantity  when  substituted  in  the  given  equation  for 
the  unknown  quantity  always  reduces  the  equation  to  an  identity,  or  to 
the  form  0  =  0,  if  aU  the  terms  are  brought  to  one  side  of  the  equation. 
And  this  value  of  the  unknown  quantity  is  said  "  to  satisfy  the  equa- 
tion," as  3  satisfies  the  equation 'Sj^-1'7  ==^2  i  f^^  when  3  is  substituted 
for  X,  both  sides  of  the  equation  become  identical  in  value,  thus 
15-f  7  =  22  or  22  =  22.  And  when  3  is  substituted  for  x  in  the  equa- 
tion «•— 6ar+6«0,  it  becomes  9— 15-i-6  =  0  or  0  =  0. 

And  it  is  important  to  remark  that  this  is  the  criterion  by  which  it 
is  known  that  the  true  root  of  fm  equatipn  has  been  determined.  In 
problems  proposed  for  solution  by  means  of  equations  the  first  step  is  to 
consider  the  nature  of  the  question,  and  to  discriminate  accurately  what 
is  given,  and  what  is  required  to  be  found,  and  to  reject  every  condition 


or  circumstance  which  has  no  necessaxy  connection  or  relation  to  the 
result  required. 

The  next  step  is  to  assume  letters  to  denote  the  data  and  qusesita 
of  the  problem,  taking  care  to  avoid  ambiguity  or  contradiction  in  the 
assumptions. 

After  this  designation  of  the  known  and  unknown  quantities,  the 
problem  must,  with  the  aid  of  eymbols  of  operation,  be  translated  into 
algebraical  language ;  that  is,  the  conditions  of  the  problem  must  be 
denoted  hy  equations,  making  no  distinction  between  the  known  and 
unknown  quantities;  and  when  this  is  effected  it  will  then  appear 
whether  the  problem  is  determinate  or  indeterminate. 

Having  formed  the  equations,  the  last  process  consists  in  their  solution. 
It  will  be  found  that  some  methods  are  more  operose  and  tedious  than 
others.  The  most  direct  and  simple  methods  of  solution  are  to  be  pre- 
ferred when  such  are  possible ;  but  these  are  not  always  subject  to  any 
general  rule,  but  rather  depend  on  the  skill  which  is  acquired  by 
experience. 

In  the  solution  of  equations  involving  more  than  one  unknown 
quantity,  it  will  sometimes  be  found  that  they  are  so  involved  that  they 
cannot  eksily  be  separated  by  any  of  the  ordinary  methods.  In  such 
cases  some  artifice  is  generally  possible,  by  means  of  which  the  equations 
may  become  simplified  and  their  solution  rendered  practicable.  It  is 
impossible  to  lay  down  any  rules  for  the  employment  of  artifices  in  the 
solution  of  equations.  The  manner  in  which  the  unknown  quantities 
are  involved  only  can  suggest  what  artifices  are  possible  for  rendering 
the  equations  more  easy  of  solution.  Instead  of  assuming  single  letters 
to  denote  unknown  quantities,  it  will  be  found  convenient  in  some  cases 
to  assume  for  them  the  sum  and  difference  of  the  two  unknown  quanti- 
ties, in  others  the  product  and  the  quotient^  Ac 

All  homogeneous  equations  of '  two  unknown  quantities  may  be 
simplified  by  assuming  for  one  of  them  some  unknown  multiple  of  the 
other,  and  making  the  substitution  in  the  two  equations.  By  this 
means  both  of  the  unknown  quantities  can  be  eliminated,  and  the 
resulting  equation  will  involve  only  the  quantity  which  denotes  the 
unknown  multiple. 

The  same  method  can  be  extended  to  equations  involving  three  or 
more  than  three  unknown  quantities. 

It  has  been  pointed  out  that  equations  proposed  for  solution  may  be 
deducible  from,  or  contradictory  to,  one  another.  In  the  former  case, 
in  the  attempted  solution,  some  quantity  may  be  found  equal  to  itself, 
and  in  the  latter  some  absurdity  will  follow,  as  a  greater  quantity  equal 
to  a  less.  And  this  dependency  or  inconsistenoj  of  equations  is  not 
•dwaya  obvious  until  the  identity  or  absurdity  appears  in  the  final  result 
of  the  operation. 


SIMPLE  EQUATTONS, 

Art.  1.  Simple  equationSy  or  eqnationB  of  the  first  degree,  may 
involye  one,  two,  three,  or  more  than  three  unknown  quantities. 

If  a  simple  equation  involve  only  one  unknown  quantity,  the 
equation  admits  of  only  one  value  of  that  quantity. 

The  solution  of  all  equations  in  general  will  be  found  to  depend  on 
the  axioms  stated  on  the  eighth  page  of  Section  lY. 

In  the  application  of  the  second  and  third  axioms  in  the  solution 
of  equatfons,  it  wiU  be  seen  that  if  an  equal  quantity  be  added  to  or 
subtracted  from  each  side  of  an  equation,  the  process  is  the  same  as 
simply  transposing  or  removing  the  quantity  from  one  side  to  the 
other  side  of  the  equation  with  its  algebraical  sign  changed ;  as  the 
addition  of  +  a  to  each  side  of  the  equation  mx-^a^hf  is  mx — a+a 
s^h+a;  and  is  equivalent  to  the  removal  of  —a  from  one  side  to  +a 
on  the  other,  as  fnx  =  h+a.  And  the  subtraction  of  +a  from  each  side 
of  the  equation  mx+a^h^  is  mx+a-^h'^h—a,  and  is  equivalent  to  the 
removal  of  -^a  from  one  side  to  ^a  on  the  other,  as  itm;  »  5— a.  Hence 
the  second  and  third  axioms  are  united  in  the  general  rule,  that  any 
quantity  may  be  transposed  from  one  side  to  the  other  side  of  an  equa- 
tion by  changing  its  sign.  By  the  application  of  this  rule  the  terms 
involving  the  unknown  and  kno¥m  quantities  can  be  separated  and 
placed  together,  the  former  on  one  side  and  the  latter  on  the  other 
side  of  the  equation ;  and  when  the  equation  is  reduced  to  the  form 
mx^e,hj  the  seventh  axiom  the  unknown  quantity  is  determined  to 

bea;»  — 
m 

And  by  this  axiom  an  equation  may  be  simplified  if  every  term  of 
it  contain  the  same  common  factor  which  does  not  involve  any 
unknown  quantity. 

Also  by  the  sixth  axiom  an  equation  may  be  cleared  from 
fractions  by  multiplying  each  aide  of  the  equation  by  the  denomi- 
nators of  the  fractions,  or  by  their  least  common  multiple,  as  the 

equation  — I-t*^  becomes  hx+ax^abo  by  multiplying  each  side  by  a 
a    0 

and  h,  the  denominators  of  the  fractions. 

And  farther,  the  signs  of  all  the  terms  of  an  equation  may  be 
changed,  as  the  process  is  equivalent  to  multiplying  the  terms  on  each 
side  by  —1. 

It  is  also  obvious  that  if  the  same  quantity  with  the  same  sign  be 
found  on  both  sides  of  an  equation,  it  maybe  removed  from  each  side. 

If  a  term  involving  the  unknown  quantity  in  an  equation  be 
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affected  with  a  fractional  index,  bj  means  of  the  eleventh  axiom  the 
fractional  index  can  be  reduced  to  an  integ^  index,  and  the  separa- 
tion of  the  known  and  unknown  quantities  become  possible,  as  if 
(mx+hy^e,  by  raising  each  side  of  the  equation  to  the  second  power, 
it  becomes  mx+h  =>  <^,  and  the  known  quantity  h  can  be  separated  from 
X  the  unknown  quantity. 

2.  To  soke  the  general  equations  a^x-^rh^y  =  «„  a^+h^  »  e^  inching  two 
unknoum  quantities,  or  to  find  the  values  of  x  and  y  which  satisfy  both 
equations. 

When  there  are  given  two  independent  equations  of  the  first 
degree  which  simultaneously  involve  two  unknown  quantities  x  and  y, 
it  is  obvious  that,  in  order  to  determine  the  value  of  one  of  them,  thero 
must  first  be  deduced  from  the  two  given  equations  an  equation  whicli 
shall  contain  only  one  of  the  unknown  quantities. 

There  are  three  methods  by  which  the  values  of  x  and  y  may  bo 
determined  from  these  equations,  a^jr+iiy  s^i,  a^+h^=^ef. 

First  method :  By  finding  the  value  of  one  of  the  unknown  quanti- 
ties in  terms  of  the  other  and  known  quantities,  from  one  equation, 
and  substituting  it  in  the  other  equation. 

Let  the  value  o£x  be  found  from  the  first  equation  a^+hiy==ei. 

By  transposing  h^y,  a^x^c^^h^y^  and  a?«  —^- — ,  then  substituting 
this  value  *  of  ;v  in  the  second  equation,  a^-^-h^  =  c^,  it  becomes 
-^ —  +^^'^^1  clearing  the  equation  from  fractions, 
a^i—ajbjy+aih^^aie^  and  by  transposition  {aj>f-^ajki)y  ^  aiC^—a^i^ 
and  .".  y  =  ^'f'"'  \*,  and  the  value  of  x  is  found  by  substituting  this 
value  of  y  in  either  of  the  two  given  equations. 

or  *-*4iII*4. 

And  these  values  of  x  and  y,  when  substituted  in  the  given  equations, 
satisfy  both  equations  by  reducing  each  to  an  identity. 

Thus  a,x+h^ -    aA-o^.   +"5A=^ 

afi^—ajt^ 

a^^i^aJfiCt+Oih^t^a^^ 
efit—a^i 


Second  method :  By  equating  the  values  of  the  same  unknown 
quantity  from  each  equation. 

From  the  first  equation,  flia?+6,y  =  ^i,  x  =  ^H— i?, 

From  the  second,  ^+^2^  — t^s,  x  =■  ^    ■  *^. 
Next  equating  these  values  of  x, 

Hi  O] 

Clearing  the  equation  from  fractions,  a^x  — ajlf^  ^  a^e^— afi^, 
and  {afi^  —  Oi^j)^  =  a^c^^cb^^  by  transposition, 

'  •  y — I — T' 

and  the  value  of  x  can  be  found  aa  before, 

Third  method :  By  equalising  the  coefficients  of  one  of  the  un- 
known quantities  in  each  equation,  and  then  eliminating  it  by  addition 
or  subtraction  of  the  equations. 

In  the  given  equations  a^x-^-h^y^Ci^  Of^-^-h^^Cf  if  aj,  a„  the  co- 
efficients of  X,  be  prime  to  each  other,  multiply  the  first  equation  by 
a^,  and  the  second  equation  by  a^^ 

then  a^a^+ajltiy  =  a^^,  and  aia^'\-aih^  »  c^e^. 

Next  add  or  subtract  these  equations  according  as  the  signs  of  the 
coefficients  of  x  are  either  one  positive  and  the  other  negative,  or  both 
posidve  or  both  negative,  and  the  resulting  equation  is 

...  y  =  ?!£ir^,   and  x^h^^zh^,  as  before. 

It  may  be  remarked  that  the  signs  of  the  terms  in  the  values  of 
X  and  y  appear  with  signs  contrary  to  the  terms  in  the  values  found 
by  the  other  methods.    This  circumstance  arises  from  subtracting  the' 
second  equation  from  the  first.    If  the  first  had  been  subtracted  from 
the  second,  the  signs  would  not  have  been  changed. 

The  values  of  x  and  y  are  of  the  same  value  in  both  instances,  as  a 
fraction  remains  unchanged  in  value  when  the  signs  of  every  term  of 
the  numerator  and  denominator  are  changed.  . 

Also,  if  the  known  quantities  involved  in  the  equations  be  positive 
or  negative  integers  or  fractions,  the  values  of  x  and  y  in  general  will 
be  either  integers  or  fractions  positive  or  negative.* 

*  The  values  of  x  and  y  in  two  simple  equations  when  redaoed  to  the  fonn 
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It  is  possible,  however,  that  the  relatioii  of  the  constants  in  the 

equations  to  each  other  may  be  such  that  the  Talues  of  x  and  y  may 

« 0     M        0 
assume  the  forms  of  -,    ~,  or  -. 

«     0        0 

If  the  values  of  one  of  the  unknown  quantities  assume  the  form  of 

A  M* 

-,  and  that  of  the  other  -  : 
0  0 

Let  the  value  of  x  assume  the  form  - ,  then  fromd?«  v^    ,, 

*j^i-"*i^  =  0>  anda|5,-fl,3i  =  0, 

c%     Of 

aIsoa.3.»^i}  and  ^«s~.    Hence  ^»^. 

Next  let  the  value  of  y  assume  the  form -,  then  from  y  «   ^f*""    ,* , 

«i^j— <h^i  =  0,  and  «i^— tfi^i  =  m, 
.•.  afif^a^i,  and  -  =  p;  also  <iiC|sm+<Vi)  ^^^  ~8  — 4.-. 

But  from  the  former  ^^b-,    •*•  -»  — +-»  which  is  impossible, 

Of    Cf  Cf    a^f    Ct 

if  m  have  a  definite  value,  therefore  the  given  equations  are  in- 
compatible, and  do  not  admit  of  any  definite  values  of  x  and  y. 

If,   however,  the  values  of  x  and  y  both  assume  the  form  of 

-,  then  ajC,— a^j«0,  Oi^,— Oj^isO,  and  Vi"" Vi  =  0, 

...  5^*t^  fi«%   {!„?«,   if5  =  n,  then?«  =  *»  =  5  =  is 

and  cbi  a  fui|,  5|  s  nb^^  ^^ »  n^^, 
which  shews  that  the  co-efficients  of  one  equation  are  respectively 
equimultiples  of  the  corresponding  coefficients  of  the  other.     Hence  it 
follows  that  one  of  the  equations  may  be  deduced  from  the  other,  and 
the  two  equations  do  not  express  two  independent  conditions.* 

aiX+&iV=Cj,  a,z+&cy=e,,  can  be  found  by  substitating  the  particolar  for  the 
general  yalnee  of  the  constants  in  the  values  of  x  and  y,  as,  for  example. 
To  find  the  values  of  x  and  y  in  the  equations  6x + 8y  •  81,  2as -  8y  aO. 


Generally  »-MlZ^,  y. 


a,c,— a,c, 


nerea,«5,  ii*8,  C|«81;  a,=2,  d,«-3,  c,«0. 

-15-16     -81        ^ 
0-62        -62      ., 
^     -16-16-81 
. *.  8  and  2  are  the  values  of  x  and  y  in  the  equations  6«+ 8y «81,  2a; -  8y"i0. 
*  The  subject  of  indeterminate  equations  arises  from  the  fact  of  some  problems 
lnYol?ing  more  unknoim  quantities  than  independent  conditions  to  determine  them. 


And  in  this  case  there  is  only  one  tndependmi  equation  inyolving 
two  unknown  quantities.  Hence  the  equation  is  indetenninate,  and 
admits  of  an  indefinite  number  of  solutions,  as  it  is  evident  that  for 
erery  value  of  d;  in  the  equation  there  will  always  be  some  corre- 
qK)nding  value  of  y. 

If  there  be  three  equations  involving  two  nnknown  quantities, 
and  if  one  of  the  equations  can  be  deduced  from  either  of  the  other 
two,  then  these  three  equations  become  only  two  independent  equa- 
tions involving  two  unknown  quantities. 

If  one  of  the  equations  be  deducible  from  either  or  both  of  the 
other  two,  the  three  equations  can  be  reduced  to  one  equation  Laving 
two  unknown  quantities,  and  is  therefore  indeterminate. 

I^  however,  all  the  three  equations  are  independent  of  each  other, 
they  may  express  conditions  incompatible  with  each  other,  or  be  contra- 
dictory. But  if  the  equations  be  taken  two  and  two  at  a  time,  the 
three  sets  may  admit  each  of  different  solutions  with  definite  values  of 
the  unknown  quantities. 

3.  To  9ok$  the  general  equatume  involving  three  unknown  quantities^ 

«i«+*iy+<^«=<^i  (1)>  «s«+*iy+^i8  =  <^  (2),  a^-\'l^+e^^d^  (8);  or 
to  find  the  values  ofx^y^z  which  will  satisfy  the  equatume. 

Here  any  one  of  the  three  unknown  quantities  can  be  eliminated 
between  any  two  of  the  three  equations. 

First,  eliminate  x  between  the  first  and  second  equations. ' 
Multiply  (1)  by  Og,  then  axa^'\'ajl>^y+a^z^a^i^ 
Multiply  (2)  by  a^         aiO^+ajh^+aiO^  =  aA, 

•••  («i^i— «i^t)y+(Vi— «i«i)«  =  «a<^i— ^<^  ty  subtraction, 
OT py+qz==rf  putting  j9,  q,  r  for  the  coefficients. 
Next,  eliminate  x  between  the  first  and  third  equations. 
Multiply  (1)  by  Hj,  then  a^a^+a^hjy+ti^z^a^if 

The  particular  problems  of  Diopbantas  are  characterised  by  their  simplicity  and 
neatness  of  eolation,  and  the  peculiar  skill  of  the  artifices  he  employs,  and  they 
afford  considerable  scope  for  exercising  the  ingenuity  and  sharpening  the  inventioD 
of  the  student. 

Bachet  and  Fermat,  in  the  seventeenth  century,  made  some  additions  to  the 
knowledge  of  this  subject  as  left  by  Diophantus.  Bachet  was  the  first  who  gave  a 
complete  method  of  solving  all  indeterminate  problems  of  the  first  degree.  Fermat 
devised  some  methods  for  the  solution  of  indeterminate  problems  above  the  first 
degree.  Diophantus  solved  a  problem  which  is  equivalent  to  that  of  finding  x  so 
that  a;*±l  ^lall  be  a  square  number.  Fermat  extended  it  to  that  of  finding  x 
so  that  ax*±b  shall  be  a  square  number,  a  and  b  being  some  constant  numbers. 

In  the  second  part  of  the  third  English  edition  of  Euler's  Algebra,  the  student 
will  find  the  subject  of  indeterminate  problems  very  amply  treated,  containing  some 
generalisations  of  the  Diophantine  problems  involving  higher  powers  than  the  first 
of  the  unknown  quantities. 

In  the  additions  of  M.  de  la  Orange  at  the  end  of  the  volume  will  be  found  the 
method  of  applying  continued  fractions  to  the  solution  of  indeterminate  problems. 
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Multiply  (3)  by  «i,  OiO^+Oib^+aie^  =  Ojd^ 

•••  («a^i— «i*s)y+(aj<^i— <»i^i)«  =  <^<^— »A,  by  subtraction, 
OTp'y+q'z=^f',  putting  y,  ^^  r',  for  tke  ooefiOLoients. 
Thirdly,  eliminate  x  between  the  second  and  third  equations. 
Multiply  (2)  by  a^  then  «^a^+<^ijy+fl,<?^  =  a^ 
Multiply  (3)  by  a„  then  a^»^+aj>jy+a^s^  =  ajl^ 

•••  («»*«- <»s*»)y+(«»<y|—«jCa)«  =  asC?i—«A,  by  subtraction, 
OTp''y+fz  =  f^',  putting  jp",  9",  ?'  for  the  coefficients. 
Hence  by  the  elimination  of  x  are  obtained  the  three  equaiionp, 
pif+yz  =  r,  p'y+^t  =  r',  p'y+fz  =  f, 
each  involving  two  of  the  unknown  quantities.     But  sinoe  the  given 
equations  are  determinate,  the  values  of  y  and  %  in  these  equations 
have  the  same  values,  and  any  one  of  the  equations  may  be  derived 
from  the  other  two.     Hence,  there  are  only  two  independent  equations 
from  which  the  values  of  y  and  s  can  be  determined. 
If  the  two  equations  Pif+^  =  rt  jpV + j^z  =  /  be  taken, 

thens=l^1^  and  y  =  i^^?!^, 
PS—P^  Pi—P9[ 

and  by  substituting  these  values  of  y  and  z  in  any  one  (the  first  of 

Jhe  given  equations),  the  value  of  x  will  also  be  determined, 
JP  _  (^i<',— Vi)(Vi  -  g|4i)— ( V»  -  h^^){c^,^e^i^) 

This  method  may  be  extended  for  the  solution  of  four  independent 
equations  involving  four  unknown  quantities.  And  generally,  in  a 
similar  way,  whatever  may  be  the  number  of  unknown  quantities, 
their  values  can  always  be  found,  provided  there  be  given  as  many 
independent  equations  as  there  are  unknown  quantities  involved  in 
them. 

The  values  of  ^,  y,  %  m  any  set  of  three  equations  of  the  first 
degree  can  be  determined  by  substituting  the  values  of  the  coefficients 
in  the  g^ven  equations  corresponding  to  those  in  the  general  equation. 

If  each  of  the  values  of  ^,  y,  z  in  the  solution  of  three  equations, 

assumes  the  form  of  -,  then,  as  in  Art.  2,  it  may  be  shewn 
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that-  =^=--1^  Bin, suppose:  ihsunh^fMit  h^^mhife^^tnei^df^mdi, 

and  -  «r  '"r"=3' ■"**»  suppose:  then  Og-nai,  &s  =  ^s>  ^»=w^>  <i  =  »^s> 

therefore  the  coefficients  of  the  second  equation  are  respectively  equi- 
multiples of  those  of  the  £br8t,  and  those  of  the  third  equimultiples  of 
those  of  the  second.  Hence  it  follows  that  the  second  and  third  equa- 
tions are  derivable  from  the  first,  and  there  is  only  one  independent 
equation  involving  three  unknown  quantities.  The  values  of  x,  y,  z 
are  therefore  indeterminate. 

This  conclusion  is  deduced  on  the  supposition  that  all  the  co- 
efficients involved  are  positive  or  negative  numbers.  If  any  of  them 
be  zero,  it  is  possible  that  although  the  general  forms  of  the  values  of 

the  imknown  quantities  may  assume  the  form  g,  the  real  values  of  the 

unknown  quantities  may  not  be  indeterminate. 

If  any  of  the  values  of  the  unknown  quantities  assume  the  form  of 

r-y  this  will  indicate  that  the  equations  are  inconsistent  with  one 

another. 

If  one  of  three  equations  involving  three  unknown  quantities  be 
derivable  &om  one  or  both  of  the  remaining  two  ;  then  there  are  only 
two  independent  equations  involving  three  unknown  quantities ;  and 
the  values  of  x,  y,  z  are  indeterminate. 

4.  To  solve  the  eqtuUions 

a^x+h^+CiZ^di,  chX+^9!/+c^^df,  a^+h^+e^n^d^, 
hy  the  method  a f  indeterminate  multipliers. 

Multiply  the  second  and  third  equations  hjp,  q  respectively. 

Then  the  three  equations  are 

aix+hiy+e^z  =  d^,  pa^+pb^+pe^  ^pd^,  qchf>^+qhiy+qc^  «  qd^, 
and  their  sum  is 

(«i  +pa^+q(h)^+ (*i  +pbt+qbt)y+(ci+pet+qcji)z  «  di+pd2+qd^. 

Suppose  the  multipliers  p,  q^  such  that  they  render  the  coefficients 
of  y  and  z  equal  to  zero,  then  hi+ph^+qb^ «  0,  ei+pe^+qc^  =  0. 

,^  Vi— *i^8         hiej^hgCi 

and  {ai+pat+qas)x=^di+pdi+qd^ , 

di+pd^+qd^ 

and  when  the  values  of  p  and  q  are  substituted,  the  value  of  x  is  deter- 
mined. 

By  a  similar  process  the  value  of  y  is  determined  by  making  the 
coefficients  of  x  and  z  equal  to  zero ;  and  z  is  also  determined  by  making 

the  coefficients  of  x  and  y  equal  to  zero.** 

_  —  ■     —  » 

•  Example.  aj  +  2y+2«12,  2a;— 6y  +  3s=2,  5a;+4y-22«7. 

Multiply  the  second  equation  by  p,  the  thixd  by  q,  and  add  the  three  equations, 
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5.  To  9ohe  the  itidetefrminaU  9quaium8  as-t^lff^Cf  and  ax^hy^e; 
limiting  the  eohUion  to  positive  integen. 

Since  the  solution  is  to  be  restricted  to  positive  integral  values  of 
X  and  y,  the  most  simple  mode  of  solution  is  to  determine  the  values 
of  X  and  y  in  terms  of  a  third  unknown  quantity,  and  then  to  ascertain 
within  what  limits  the  third  unknown  quantity  must  be  assumed  in 
order  to  determine  the  integral  yalues  of  x  and  y. 

As  X  and  y  are  to  be  both  positive  integers,  all  expressions  in- 
volving X  and  y  must  be  integral,  as  also  the  sum,  difference,  and 
product  of  two  such  expressions. 

Let  the  equation  ax-Y^y  =  0  be  taken. 

Here  tfa^Hi^i  which  is  required  to  be  an  integer. 

Let  fZ!!^  be  reduced,  so  that  the  coefficient  of  y  may  be  uniiy. 

Let  ^HiM  a,  jn— ny  +  ^  ""^y^  which  is  also  an  integer, 

.*. ^  must  be  an  integer,  in  which  »'  must  be  made  greater 

a 

or  less  by  uliity  than  a,  if  it  be  not  so. 

Also  ???  isan  integer,  .'J!!i±!^^i:^Jj^,  an  integer. 
n  a  a 

Suppose  — —  ^p^  some  unknown  integer. 

Then  y^ap^m'^  and  x^n^hp^  suppose,  by  substituting  the  value 
of  y  in  the  given  equation,  .ax-\-ly=-e. 

From  x-n^hp,  in  order  that  x  may  be  a  positive  integer,  p  wnut 

not  he  greater  than  -. 

0 

From  y  =  ap^mf^  in  order  that  y  may  be  a  positive  integer,  p  m^et 

not  he  less  than  — 

a 

Hence  the  number  of  solutions  in  positive  integers  can  be  known. 
By  proceeding  in  the  same  manner  to  solve  ax — hy^^e,  it  will  be 
found  that  the  values  of  x  and  y  will  assume  the  forms  of 

x^ap±.m,  y=^hp±.n. 


.•.{l  +  2p+6g)a;+(2-6p+4^)y+(l+8j>~2jy«-12+2p+7y. 
Eqiiate  to  zero  the  coefficients  of  y  and  z,  in  order  to  find  the  valnes  of  jp  tnd  g. 

2-«^+4^-0,  l  +  Zp'-^q^O.    Here  JP--4,  and9«-li«-6(. 

2 

"  l  +  2/>+6^  "1-8-27*  ■ -14-66" -69 
By  8  similar  proceas  may  be  found  y*3,  and  a*6. 
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From  x  =  ap±im,  in  order  that  x  may  be  positiTe,  p  must  not  be 

leu  than  ^. 
a 

From  y  =  hp±.n,  in  order  that  y  may  be  positive,  p  must  not  he  less 
than  =- ;  and  the  greater  of  these  two  values  of  p  will  give  the  least 

0 

positive  and  integral  values  of  x  and  y,  and  the  number  of  solutions 
in  positive  integers  is  unlimited.* 

6.  To  solve  the  general  independent  equation  ax'\-hy'\-cz  =  d,  limiting  the 
solution  to  positive  and  integral  values  of  x,  y,  s. 

By  transposing  one  of  the  terms,  as  ez,  the  equation  becomes 
ax  •\-hy  ~  d^csL.    Now  a;  and  y  cannot  be  less  than  imity,  and  c£— <?« 

must  be  a  positive  integer ;  it  follows  that  s  must  be  less  than  - .     Let 

0 

*  Find  all  the  positive  integral  valaes  of  x  and  y  in  the  equations  2x+8ya85, 
and2x-32^«85. 

First,  here2aj-86-3y,  .-.  »«?Lliy-17-y-Lzi=an  integer, 

A  A 

.*.  !(II— Ban  integer e^,  suppose;  thenyn2p  +  l, 

andx-?5z8y«?£:i&z3.i6-8p. 
2  2 

In  order  that  x  may  be  a  positive  integer,  from  d;— 16  -  3p,  it  is  obvioos  that  p 

most  not  be  greater  than  5. 

And  in  order  that  y  may  be  a  positive  integer,  from  y»2p+l^  p  must  not  be 

Unthan  0. 

Hence  p  may  be  0,  1,  2,  8,  4,  5 ;  and  the  equation  admits  of  the  following  six 

different  solutions  in  positive  integers. 

When;?-  0,        1,        2,        3,        4,        6. 

a-il6-8p-16,      13,      10,        7,        4,         1. 

y«2i>  +  l-     1,        3,        5,        7,        9,       11. 

Next,  2x-8y  =  35,  and  z - 5111^- 17 + y + ^^  -an  integer ; 

2  2 

.  •.  y—.  =  an  integer —i^jsuppose ;  then  y— 2/?  - 1, 
A 

anda:-?^y.?5±i^z8-3i,  +  16. 
2  2 

In  order  that  x  may  be  a  positive  integer,  from  a;»8p+16,  j9  must  not  be  less 
than  -5. 

In  order  that  y  may  be  a  positive  integer,  from  y«2p-l,  p  must  not  be  less 
than  +1. 

'  And  that  both  x  and  y  may  be  positive  integers,  it  is  obvious  that  p  must  not 
be  less  than  +1,  and  may  be  any  number  whatever.  Hence  the  equation 
22;-8y"*35  admits  of  an  unlimited  number  of  solutions  in  positive  integers,  the 
least  of  which  is  obtained  when  |7—  +1,  then  a;»19,  and  y—1,  and  the  series  of 
solutions  may  be  exhibited  to  any  extent. 

Wheni>-  1,        2,        8,        4,        6,        6,        7,        8,       9,      10,  &c. 

0-317  +  16-19,      22,      25,      28,      81,      84,      87,      40,      43,       46,  &c. 
y^2p-\^     1,        8,        5,        7,        9,       11,       13,       15,      17,       19,  &c. 
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a^cz^eff  then  ax+hy^tF^  an  equation,  the  solution  of  which  had^ 
been  determined  in  Art.  2. 

But  as  d  may  admit  of  more  values  than  one,  there  may  be 
several  equations  involving  x  and  y,  corresponding  to  the  number  of 
values  of  d.  And  for  every  value  of  %  there  will  be  corresponding 
values  of  x  and  y. 

The  given  equation  may  be  of  the  three  following  forms : — 
ax+hif+ai  =  d,  ax+hy — €%  =  d,  ax^hy-^ez^df 
or  ax'\'ly  =  d — «f,  ax  -ez^d—hy,  ax — hy  =  d+a. 

In  equations  of  the  first  form,  the  number  of  solutions  in  positive 
integers  is  limited. 

In  equations  of  the  second  and  third  form,  the  number  of  solutions 
in  positive  integers  is  unlimited.* 

7.  To  aohe  the  g&neral  independent  equations 

invoking  three  unknoum  guantitieSf  Umiting  the  solittUm  to  poeitive  integen. 
First  eliminate  %  between    the  two  given  equations,   and    the 

result  is  (<»itfa— «Vi)*+(*i^j  —  Vi)y  =  ^i""^<^> 

an  equation  of  the  form  ax±,hy  =  ^,  according  as  ^i^,— Vi  ^  positive  or 

negative. 

The  equations  ax+hy  =  c  and  ax — hy  =  e  have  been  considered  in 
Art.  2,  and  when  the  values  of  x  and  y  have  been  found,  the  corre- 
sponding values  of  %  may  be  determined  by  the  substitution  of  the 
values  of  x  and  y  in  either  of  the  g^ven  equations. 

If  the  elimination  of  z  from  the  two  g^ven  equations  give  an 
equation  of  the  form  aa?-|-&y  =10,  the  number  of  solutions  in  positive 
integers  is  limited ;  but  if  it  gives  an  equation  of  the  form  ax^hy  r=  e^ 
the  number  of  solutions  in  positive  integers  is  unlimited. 

*  £x.  Solve  the  equation  5x  +  0y+2O2s=187  in  pogitive  integezB. 

Here  5a; + 6y  « 187  -  202. 
Bat  X  and  y  cannot  be  each  less  than  unity,  and  z  must  not  be  greater  than  9. 
Hence  z  may  be  1,  2,  8,  4,  5,  6,  7,  8,  and  these  8  values  of  y  will  give  8  different 
equations  for  determining  the  values  of  x  and  y  corresponding  to  the  8  values  of  z. 

When  these  8  values  of  z  are  successively  substituted  in  the  given  equation,  the 
values  of  x  and  y  determined  in  each  case^  wUl  ba  thoie  which. comspond  to  the 
sevei'al  values  of  z. 

In  the  first  case,  when  ssl,  6x+6y»167,  «pd  this  equation  being  solved^ 
x=31  —  6p,  from  which  it  appears  that  p  must  not  be  greater  than  6. 

And  y*6p+2,  from  which  it  alao  appears  thatp  mufft  not  be  less  than  0. 
Hence  this  equation  to+6ysl67  admits  of  six  solutionS|  when  z— 1. 
P«  0,        1,        2,        8,        4,        6. 

a;»81-6p-81,      25,      19,      13,        7,        1. 
y-5p+2-    2,        7,      12,      17,      22,      27. 

»-  1,        1,        1,        1,        1,        1, 

The  rest  of  the  solutions  can  be  fonnd  in  the  same  manner,  when  s  is  2,  3,  4,  5^ 
S,  7,  or  8,  respectively. 


EXEBGISES. 

EQT7ATI0KS  OF  THE  FiBST  DeOBSS. 

I. 

Express  generally  in  words  at  length,  and  solve  each  of  the  follow- 
ing equations : — 

1.  ir=14— 6ar  7.  5«— 9  =  7a?+15. 

2.  2a?+a?  =  46+2a:.  8.  a;+7  =  8«— 9. 

3.  2a:+ll«7a:— 14.  9.  Sa?— 7  =  4 - 5a?. 

4.  3ar+14  =  9a:+22.  10.  2a?— 3ar— 2  =  0. 

6.  8a?— 5  - 13— 7a?.  11.  5a?— 7— 2a?=  10a:+8-2ar. 

6.  3a?-7  =  5a?+17.  12.  a?— 10+8  =  70— a?. 

n. 

• 

Solve  the  following  equations : — 

1.  3-76a?+-5  =  2-25+8. 

2.  •5a?-2  =  -25a?+-2a?— 1. 
8.  •5a?+-6a?— •8«-75a?+-26. 

4.  •15a:+l'575--875a?=0625. 

5.  •15a?+l-2— •875a:+-375  =  -0625«. 

6.  l-2ar— J(-18a?— 05)  =  •4a?+8-9. 

7.  •84a?- 7-6— 2-2a?- 10  =  0. 

in. 

Solve  the  following  equations,  and  verify  the  correctness  of  the 
results  in  each  case : — 

1.  (a?— 3)— 3(a?— 5)+5(a:— 7)  =  0. 

2.  2(a?-l)+3(a?— 2)+4(a?— 3)  =  0. 

3.  (a?+4)(a?+2)+(a?+8)(a:— 3)  =  2(a?+8)(a?+2). 

4.  (a?— 3)-  (3— a?)(a?+ 1)  =  (a?— 8)(l+a?)  +  (3— a?). 

5.  (4a:+2)a:+(4a;+l)a?  =  (2a?+l)(4a?— 2). 

6.  (a?— 5)(a?— 3)  -  (a?— 5)— (a?+7)(a?— 2)  =  0. 

7.  24a?— 12(48 -a?)  =  504. 

8.  (a;— 4)+3(a?— l)(a?— 2)  =  3(a?«— 2ar— 4). 

9.  (a?— l)(a?— 2)  =  a?'. 

10.  (a?— 9)(a?— 7)(a?— 1)  =  (a?— 2)(a?-4)(a?— 11). 

11.  (a?-3)(a?-4)=a;'-.5a?-8. 

12.  (a?+l)(a?+2)(a?+3)  =  (a?— l)(a?-2)(a?-3)+3(4a?-l)(a?+l). 

IV. 


1.   ^+?  =  30.  2.  1+3  =  1^-1.        3.  J-?=^.J. 

7^3  5^        3  2    a?    a?    2 


§7 
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2^3^4  2    ^    3    ^    4 

^     a:-l     2a:-l     3x-l      ,           .-    2ar-3  ,  3a;— 4  ,  4ar-5     , 
6.   - —  H -1.         7.. 1 =  1, 

23^4  23^4 

8.   i+l+±  =  !.  9.  ^+Zf +115-366  =  0. 

x^2x^Zx     3  4^16^  6 

2^3~46^  2  3  5 

12.   ?5Ti.?5Z.Ml.         13.  3x-5_-J-4  =  ^?+ll-l- 
5  9         15  4  3  12 

J.  2j;+5     2ar-5^  33?+l     3a?-l      ^^    33? -20     4ar-27  ,  ^  _  143 

•  ~3^"*"     5"*4'*"7"  '50     "16               150' 
16  7a?f3     8x+l_9a;-13     249- 9a:          ^    ^  ,    3-a:  ^      g^ 

•  "~F~         7      ■"       4      "       14      '  '     "*■     3          3(3-x)* 

18.    ?(7x-9)+?(9^-7)  =  l.         19.  5+l+a?(«-2)  =  (a;-l)». 

•  

V. 

,     X+I.S—2X    2+55,10— 2«_- 
1.  -3-+— 4--;^-+— 6— -"• 

x—2    2  3«— 2_l/62     5x+8) 

•  ~3~~3~'^~2tl5""     2      /■ 

,     7x+28     5a;-2(x-l)     8^-7(8H-4)_ 

8.    ____  -^  g  ^-0. 

^     3ar— 1     18— «    72     ll(a;— 3) 

7ar+8_9^— 12  _  9jg+l     29— 8a? 
^'      "8"    ~T6  TcT         20     • 


8.  f  _5=? 
2        3 


TI. 
,     «— 1     ,  .  1        o    2x— 1     14x— 21        «      42x  S5x 

1.  .   ,   =  14'-.        2. S  =  ,-i ni'         ^'  ~ 


x+l"       x'  2ar— 2     14«— 26  »»— 2     124?— 3 
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x+l     x+2 ^2(a+3)        .    a?+2     2— jg^      ac+17 
'   ar-l"*"ar— 2       x-S    '        '  x+l^x+d" x*+V2x+S5' 
ar— 2     ar-8_a?— 5     x^6       ^    6a;+13      3a?+5      23? 
i— 3     a:— 4'~4r— 6     ar-7'         '       15      ""5i"^2d~6' 
23?  ,    3x+50  _12£— 70        g     a?+l      g-1        a 
is"*"       30~  190~"'        '  ?^1     :?+i~^+l' 

10.    1^2^«.10.  =  0.       11.  ^i(?+^«2-^^^^^ 
16  2(2a;-l)-3(3a:-2) 

12    ^^+^+^^+1  _  2a:'+2^+l 
2i'+2ar+3       ~       «+l 

13.   2+1^  =  9-!^.     14.      1        l  =  i-i-. 
5a:- 7  a;+l  a;— 1     x    x    a:+2      » 

15  ^+2^+2     a?»+4ag+6^g'+6ar+12_a:'+8ar+20 

>r+l      "      ar+2      ""       a?+3  a?+4" 

16  ^^—^^     4a?+2     10-9a?     7ar— 5 

3a:+l   +2a:+7""  a?+l   "'■  a?+2 ' 


vn. 

1.  flar+J  =  c — a?.       2.  ax—hx^a-\-hx — h.       3.  ax—hx  =  cx — d. 

4.  (a;— tf)  =  (5— <l)ar.       5.  (a+*)(a— ar)  =  «(i— a:). 

6.  fl(i*— fla:)  =  ai'— 6(«'-- Ja?).       7.  ((ia?+<?)(te+ J)  =  (j?— ffar)(j'— Jar). 

8.  (tf+4?)(i+a?)  =  ((?+a;)(<l+a?). 

9.  (a:— aXar-*)— (ar+aXa?+*)+<i*  =  o. 

10.  ^+^  =  1.       11.  ?+*  =  !•       12.    *-l  =  a«-i«. 
a     6  a?    a;  6a;     oa? 

13.    *f_^  =  ?_^.       14.  ?=J-.        15.  ?£_*£^a+4. 
a      c    b     d  X    c — X  hx    ax 

16.  ?=*f_*=?f=l.      17.  ?+*?  =  £+£?.      18.  i+J,+^  =  o. 
ah  0  d  ax    ao     ox 

19.   ?f±*-^f±^=f .        20.  ^«+3c  =  ^*+.. 


& 


vin. 


1    ?+!?-L+!?       2   a?— fl— 3 _ g+^ 

a?+a+6  a?+c+rf    *        '  a—h    b—e     a-^c 

.     b       e        \        I        ,       I  1 

D.     —  = •         O.    ~y iT"r' 


hx 


x    a-^x  a{x-^h)     hiX'-c)    ai^x-^e) 

T       *   1          1  I  l_i_l       ft   x-^a.^x^Sb    a^x    tn-i  tu 
7.    _ —     ^-+-+j.     8.   — -H _.=  10fl+116. 

x-^a+b     c    a     0  o  5  2 

9.  f?±*+*£±f+?£±f =0.     10.  ?£z*+*f=£+f?r''=i. 

«  a  i  c  a  6 
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X — a      X — 0      X — c  tf+6  a— J 

-«     x^a  _  x—h         x^e  -.    mar— («+i)     war— (a+c) 

10,  —  I  I. aa  -     '  —   — — • 

m  ^     n  n  m 

17     g(g— <Q  .  <^(<»— ^)  -^  K^—d)     c{a^b) 
x+a        x+d        x+b        x+c 

18.  {a+xy+{b+xy+{c+xy=S{a+x)(h-^x)(c+x). 

19.  («+8)»— 3(ar+2)»+8(4f+l)»— a:»  =  a:+15. 

20.  U-  JL  _L  =1.        21.  (^+«)(^+^)^(^+^X^+^) 
a  +J  +c?  +x    d*  '      x+a+b  x+c+d 


1.  «»+2«(a?+16)».         2.  (5«)»+2  =  (6a?+10)». 

8.  {x+iy+{9x+7y^{32x)K     4.  {(a:-fl)*+2fli+a*}»  =  «-«+*. 

5.  {(«-l)(a?-2)}»+{(^-3)(a?-4)}»  =  2». 

6.  {a^+x{x^+ayy~a+x.      7.  ^^^+|=1J. 
8.  (9+;r)»+;r*«-4^.  9.         ^or-a  2.:-* 


X. 

1.  Find  the  two  numbers  whose  som  sliall  be  100,  and  whose 
difference  shall  be  10. 

2.  What  number  is  that  whose  third  part  exceeds  the  seyenth 
part  by  20? 

3.  What  value  of  x  will  make  the  difference  between  (2a;+4)(3ar+ 6) 
and  (3ar— 2)(2ir— 8)  equal  to  96  ? 

4.  What  number  is  that  to  which,  if  8  be  added,  one  fourth  of  the 
sum  is  equal  to  29  ? 

5.  The  difference  between  a  certain  number  and  its  defect  from 
17,  is  equal  to  3  times  its  defect  from  21 ;  find  the  number. 

6.  Diyide  240  into  two  parts,  such  that  one-fourth  of  one  of  them 
added  to  one-tenth  of  the  other  shall  be  equal  to  86. 

7.  Divide  the  number  144  into  three  such  parts,  that  one  half  of 
the  first,  one-third  of  the  second,  and  one-fourth  of  the  third,  shall  be 
equal  to  one  another. 

8.  Find  a  number  which,  when  trebled  and  diminished  by  3, 
exceeds  the  sum  of  its  fifth  and  seventh  parts  by  90. 

9.  Find  a  number  such  that  if  |  of  it  be  subtracted  from  20,  and 
fy  of  the  remainder  from  ^  of  the  original  number,  12  times  the  second 
remainder  shall  be  half  of  the  original  number. 


19 

10.  What  fraction  is  that  from  which  if  ^  be  subtracted,  the  result 
18  the  same  as  if  it  had  been  multiplied  by  ^g  ? 

11.  Find  a  number,  the  sum  of  whose  fifth  and  sixth  parts  exceeds 
the  difference  between  its  fourth  and  seventh  parts  by  109. 

12.  What  number  is  that,  to  the  half  of  whose  excess  above  3  if  a 
third  of  the  excess  of  90  above  the  required  number  be  added,  the 
sum  is  30  ? 

13.  Divide  the  number  a  into  three  parts,  which  shall  be  'Re- 
spectively equimultiples  of  the  numbers  m,  n,  p. 

14.  There  is  a  number  consisting  of  six  digits ;  the  digit  on  the 
left-hand  aide  is  1 ;  if  this  digit  be  removed  and  placed  on  the  right- 
hand  side,  the  new  number  is  three  times  the  original  number. 

15.  Divide  a  number  a  into  three  parts  so  that  the  second  may  be 
«i  times  the  first  and  the  third  n  times  the  second. 

16.  What  number  divided  by  7,  8,  9  respectively  leaves  the  re- 
mainders 1,  2,  3,  so  that  the  sum  of  the  three  quotients  shall  be  equal 
to  570? 

XI. 

1.  If  ^  be  a  years  old,  and  B,  b  years  at  any  given  epoch ;  when 
will  ^  be  n  times  as  old  as  ^  ? 

2.  A  is  40  years  older  than  B,  and  in  four  years  A  will  be  three 
times  the  age  of  B ;  what  are  their  respective  ages  ? 

3.  Thirty  years  ago  a  man  was  three  times  as  old  as  his  son,  whose 
jpresent  age  is  45  ;  how  old  is  his  father  ? 

4.  Two  years  ago,  A'b  age  was  three  times  ^'s  age ;  eighteen  years 
hence,  ^'s  age  will  be  twice  ^'s ;  find  their  present  ages. 

5.  In  the  year  1830  A*b  age  was  50  and  B's  35  ;  give  the  date  at 
which  A  is  twice  as  old  as  B. 

6.  A  and  B  shoot  by  turns  at  a  target.  A  puts  7  bullets  out  of  12 
into  the  bull's-eye,  and  B  puts  in  9  out  of  12 ;  between  them  they 
put  in  32  bullets;  how  many  shots  did  each  fire  ? 

xn. 

1.  A  sets  out  from  Cambridge  to  London  (51)^  miles)  at  the  rate  of 
8  miles  an  hour,  and  B  sets  out  at  the  same  time  from  London  to 
Cambridge  at  the  rate  of  9  miles  an  hour ;  at  what  distance  from  each 
place  will  they  meet  ? 

2.  The  two  sides  of  a  street  are  of  equal  length,  but  one  side 
contains  20  and  the  other  25  houses,  the  width  of  the  front  of  any 
house  on  one  side  being  5  feet  greater  than  that  of  any  house  on  the 
other ;  find  the  length  of  the  street. 

3.  A  starts  from  a  place  C  and  travels  to  another  J)  at  the  rate  of 
six  miles  an  hour ;  two  hours  afterwards  B  starts  also,  and  going  ten 
miles  an  hour  reaches  D  four  hours  before  A ;  find  the  distance  be- 
tween C  and  JD. 
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4.  Of  a  certain  dynasty,  one-third  of  the  kings  are  of  the  same 
name,  one-fourth  of  another,  one-eighth  of  a  third,  and  one-twelfth 
of  a  fourth,  and  there  are  five  besides ;  how  many  are  there  of  each 
name? 

5.  A  farmer  buys  a  sheep  for  p  pounds,  and  sells  h  of  them  at  a 
gain  of  m  per  cent. ;  at  what  rate  ought  he  to  sell  the  remainder  so 
as  to  gain  2m  per  cent,  on  the  whole  ? 

If  in  the  residt,  — h  be  substituted  for  +^i  state  the  question  to 
which  the  result  so  modified  will  be  the  solution. 

6.  At  a  certain  election,  1,255  persons  recorded  their  votes  for  the 
two  candidates,  and  thoBuccessful  candidate  was  elected  by  a  majority 
ef  125  votes ;  how  many  persons  voted  for  each  candidate  ? 

7.  If  a  garrison  of  1,000  men  having  provisions  for  30  days  be  re- 
inforced after  10  days,  and  then  the  provisions  were  exhausted  in  5 
days ;  find  the  number  of  men  in  the  reinforcement 

xm. 

1.  A  and  B  have  the  same  incomes.  Given  that  the  sum  of  money 
originally  invested  between  them  both  is  £49,000,  of  which  A  in- 
vested his  share  in  the  3^  per  cents,  at  84,  and  B  in  the  4  per  cents, 
at  par ;  find  the  sutm  each  invested,  and  their  common  income. 

2.  An  income  is  derived  from  the  proceeds  of  £4,550  at  a  certain 
rate  per  cent.,  and  of  £5,420  at  one  per  cent,  more  than  the  former, 
and  the  whole  annual  income  is  £453 ;  determine  the  rates. 

3.  If  £1,000  be  invested,  partly  in  3  per  cent,  stock  at  7^, 
and  partly  in  5  per  cent,  at  106| ;  how  much  must  be  invested  in  each 
kind  of  stock  that  the  whole  income  derived  may  be  £40  ? 

4.  On  a  certain  day  the  3  percent,  consols  were  ten  per  cent,  higher 
than  on  a  certain  other  day,  and  a  person  investing  in  them  on  the 
latter  day  received  6s.  8d.  per  cent,  more  annual  interest  than  a  persoa 
investing  in  them  on  the  former  day.  What  was  the  price  of  consols. 
on  each  day  ? 

5.  The  incomes  of  A  and  B  axe  in  the  ratio  of  3  to  2,  and  their 
expenditures  are  in  the  ratio  of  5  to  3,  and  each  saves  £1,000  a  year;, 
find  their  incomes. 

6.  Divide  p  pounds  among  A^  B,  C,  so  that  A  may  have  a  pounds 
morOi  and  B,  h  poimds  less  than  C, 

7.  In  a  piece  of  mechanism  there  are  two  wheels,  one  of  which  has 
15  and  the  other  36  teeth  which  work  into  each  other;  find  what 
number  of  revolutions  each  wheel  must  make  before  the  same  teeth 
come  in  contact. 

8.  A  purse  contains  a  certain  number  of  sovereigns,  three  times  as 
many  shillings,  and  five  times  as  many  pence,  and  the  whole  sum  ia 
£280  ;  find  how  many  sovereigns,  shillings,  and  pence  it  contains. 

9.  How  many  sovereigns  and  half-crowns  are  equal  to  £10,  so 
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that  the  number  of  half-crowns  may  be  equal  to  twice  the  number  of 
Bovereigns  ? 

10.  An  article  is  bought  and  then  sold  so  as  to  gain  5  per  cent.  If  it 
had  been  bought  at  5  per  cent,  less  and  sold  for  one  shilling  less,  10 
per  cent,  would  have  been  gained ;  find  the  cost  price. 

11.  If  from  a  sum  of  money  there  be  taken  £50  more  than  the 
half,  then  from  the  remainder  £30  more  than  the  fifth,  next  from  tho 
second  remainder  £20  more  than  the  fourth  part,  and  at  last  only  £10 
remains ;  what  was  the  original  sum  ? 

12.  A  person  after  paying  the  poor  rate  and  the  income  tax  of  seven 
pence  in  the  poimd,  had.  £486  remaining ;  the  poor  rate  amounted  to 
£22  10s.  more  than  the  income  tax ;  find  his  original  income,  and  the- 
number  of  pence  per  pound  in  the  poor  rate. 

XIV. 

1.  If  one  agent  can  produce  an  effect  e]  in  time  ^i,  and  another  agent 
the  effect  e^  in  time  t^t  in  what  time  can  both  together  produce  the 
effect  ^s  ? 

2.  If  a  men  or  h  boys  can  dig  m  acres  of  ground  in  n  days,  shew 
that  the  number  of  boys  whose  assistance  will  be  required  to  enable 
{a^p)  men  to  dig  (m+p)  acres  in  (n—p)  days  is  equal  to 

a  \       n^p  '  mf 

3.  A  and  B  could  do  a  piece  of  work  in  10  days,  B  and  C  in  15- 
days,  A  and  C  in  25  days ;  all  work  4  days,  when  A  leaves ;  B  and  6 
work  on  5  days,  when  B  leaves ;  in  how  many  days  will  C  finish  the- 
work? 

4.  A  hare  is  80  of  her  leaps  before  a  greyhound.  The  greyhound 
takes  two  leaps  for  every  three  of  the  hare ;  but  one  of  the  greyhound's 
leaps  is  equal  to  two  of  the  hare's.  How  many  leaps  will  the  hare 
have  taken  before  she  is  overtaken  by  the  greyhoimd  ? 

5.  The  rent  of  an  estate  in  one  year  was  greater  by  8  per  cent,  than 
it  was  in  the  preceding  year.  If  the  increased  rent  was  £1,890,  what 
was  the  rent  in  the  year  before  ?  What  would  have  been  the  result  if 
the  rent  had  been  lees  by  8  per  cent.  ? 

6.  A  cistern  is  supplied  by  the  pipes  A  and  B,  and  may  be  emptied 
by  the  pipe  C ;  when  A  alone  is  open,  it  is  filled  in  5  hours ;  when  A 
and  C  are  open,  it  is  filled  in  7|  hours ;  and  when  B  and  C  are  open 
it  is  filled  in  3  hours.  In  what  time  will  the  cistern  be  filled  when  A 
and  B  are  open,  and  C  closed  ? 

7.  A  cistern  has  three  pipes  A^  B,  C.  A  will  fill  it  in  m  ^ours,  and 
B  mn  hours,  and  C  will  empty  it  in  (7  hours.  The  cistern  being  empty, 
the  pipe  A  is  opened  at  a  certain  hour,  the  pipe  ^  at  an  interval  of 
one  hour,  and  the  pipe  C  at  an  interval  of  two  hours  after  the  first  pipe- 
was  opened.    In  what  times  will  the  cistern  be  either  full  or  empty  ? 
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8.  In  the  attempt  to  draw  up  a  regiment  in  a  solid  square,  it  was 
found  tbaty  placing  a  certain  number  of  men  in  the  side  of  the  square, 
there  were  39  men  oyer ;  but  on  extending  the  side  of  the  square  by 
one  man,  50  men  were  wanted  to  complete  the  squariB.  How  many 
men  did  the  regiment  contain  ? 

9.  If  a  cistern  be  filled  by  each  of  four  pipes  singly  in  a,  h,  c,  d  hours 
respectively ;  in  what  time  will  the  four  pipes  together  fill  the  cistern  ? 

10.  Explain  the  rule  which  is  called  **  ike  chain  rule,"  and  exem- 
plify its  use. 

XV. 

1.  Explain  what  is  meant  by  the  root  or  roots  of  an  equation,  and 
instance  it  in  the  equation  4x+2  =  Sx+S, 

2.  State  the  advantages  of  denoting  the  data  of  a  problem  by  the 
letters  a,  h,  c,  &c.,  and  the  qusesita  by  the  letters  s,  y,  x,  &c. 

3.  Explain  the  nature  of  the  following  equations,  and  g^ve  correct 
answers : — 

(3).  '  '  ' 


(2a?.-l)(2ar— 6)  ■"2a?— 5     2a;— 1 ' 

4.  If  a:— a  =  J(a:— i)  =  J(a?— tf)  =  i(a:— rf)  and  x  =  a+h+c+df  then 
8hall|«:=Ji  =  (j  =  -irf. 

5.  If   (i— c)(Jc+a;)j?  =  (<?— «)(«i+a?)y  =  (a— ft)(fl5+a?)r,    obtain    an 
equation  which  does  not  contain  x, 

6.  If  a+h+€  =  0,  find  the  value  x  in  order  that 

n     .     h  c       ^ 

+r^ — I — ^=0. 


a — X    b — X     e — x 

7.  Solve  the  equations  ^{m-(a;-ii)}^^{n-(a:-m)}  ^^^ 

^  p  a 

3{5_(ay-4)}  _  71{4-(ar-5)}     ^^^  ^^^ ^^^  ^ ^^  ^^ ^^^^^ ^£  ^j^^ 

71  "  3  ' 

a  and  h  be  equal,  x  may  have  any  value  whatever ;  but  that  if  a  and 
h  be  unequal,  x  has  only  one  and  the  same  value,  whatever  unequal 
values  a  and  h  may  have. 

8.  If  the  equations  ii,a?+^i»a^+&|  =  a,r+^s   be    simultaneous, 
shew  that  x  may  be  expressed  in  a  symmetrical  form  : 

9.  If  (a:—a)(a?+i)(a;—c)+(a?+a)(a?— *)(«+«) +(a?+a)(a;+6)(a?—e) 

=  3(a?— fl)(ar— ft)(ar— tf), 

then  shall  x  =  ^+^+^ 

a+b  +  c 

10.  In  the  product  of  {x+a)(x+b)(x+c),  the  coefficient  of  a^  vanishes, 

and  in  the  product  of  (a;— a)(a;+^)(^+^),  the  coefficient  of  x  vanishes. 
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4kiid  the  coofficient  of  x  in  the  former  is  that  of  j;'  in  the  latter ;  find  m 
in  terms  of  h  and  c. 

XVI. 

Solve  the  following  equations,  and  express  in  words  at  length  the 
first  four  of  them : 

1.  22r+3y  =  32,   3j:+2y  =  33.       2.  4x  +  5y  =  41,  4i/^5x  =  4. 

3.  12:c+13y  =  37,   17j;— 19y  =  15. 

4.  87ar— 72y  =  78,  78.r+14y  =  934. 

5.  ar— y  =  y+l,  ar+2=2(y— 2).       6.  3jc— 2y  =  l  =  3y— 4j:. 

7.  (a;+5)(y+7)  =  (a:+l)(y-9),  2a;+10  =  3y+l. 

8.  2y+3:c=16a^,  3y+2a;=  Hxy. 

9.  *+?=ll.   1+1  =  10.      10.3+1^,7.   l_i=io. 
79  92  X    If  X    y 

11.    3+4^1=5_4       12.  1+1-8.  i_-L-_l. 
X    y  X    y  Zx     by  9x     lOy 

xvn. 

1.  •08iF  =  -21y  =  -33,  •12a?+-7y  =  3-54. 

2.  a?+y=  18-73,  -564?+ 18-421y  =  763-4. 

3.  2x+-4y=l-2,  3-44?--02y  =  -01. 

4.  -3ar+'126y  =  3z-y,  3a:--5y-2-25y-3y. 

5.  •ly+-125:r  =  y— J?,  y— •5iF  =  -75j?y  — 3jc. 

6.  4;r+8y  =  2-4,  10-2«--06y  =  -03. 

xvni. 

1.  ^  =  9.?,  y  =  ll+f.     2.  4-  =  3,  -4.-1. 
2'  ^  3  4:+l  y+1     4 

g^2     y-3     3    y-2     jr-3     2 

'      3    "*■    4    "2'      3    ■"    4     ""3' 

4.   f+3y  =  39,   ?+3j?  =  31.       5.  7a:+^  =  99,    7y+?  =  51. 

6.   ^^  =  10,   ?i±^=12.      7:  y±5+y  =  8  =  ?^?+27. 
2  4  6        3  4 

3£-y    2£+y+l     g.^ZL^^g. 
3  5*6 

3^      6  2 

10.  ?±2y  .2:i2y^       ^-4y+l     a:+6yl^^ 

7^5*3  12 

11.  ?-12  =  y  +  8,    i±2^+?-8  =  ?yz:f+27. 
2  4       '       5    ^3  4 

12.  2ar+3y— ?  =  18,    3«+2y— 1  =  15. 

4  3 
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XIX. 


1      ^-y  _^    J^+y^]}        2    5:^  =  19     gx+y— 1     30 
a;-4y     2*  a?+8y~14'         *  a+y         '   x+2y+l     31' 

3     ^±5_?     2— g     4 

2+y~4'  2— y"3' 
.     24a;— 2y— g^     2a;— 19     3ry-l7y-3     3y+17 
25^=5       "*      2      '         ar— 18       ""       3      • 
^     2a;+y     9g— 7     8y4-9     4a;+5y     5a;— 3     3a— 19  8y— a: 

~^~         8~~~4  16~"'       3     ""      2       "        ~3 

6.   Z±?_?^:^  =  3y-5,    ^-5zy.!5Z:?^18-5^. 
5  4  ^'2^6 

7     4y^8a;+3|_7y2a;+21     1408^^       ^^^^^ 

16  18         ^-576       ^ 

«     7a;+6     4y— 9     «       13— a;     3y— a:     3af+4     5 

11    ^     3  2  5         2y  +  3     3 

o     ^«.o       tc  2     3(a;+y)     3a;    2  f     ,  13    '    ) 
9.   _+8y  =  16,-+^JX^._+_|x+--y}. 

10    4a;+8y-^8_^  _  4y+3a:— 2     18— a?    9x+y    8a?"-5  ,  ^ 
5  5  3""'    "T^  "     3 

11.  ^.??^  =  20-5?^,    y+l;;?.=30-I?=??. 

23  2      '    ^        18  3 

j2    3x+2y    &g— jy+1  ^     ,  y— 2a;     12a;+6y— 3  ^  ^ 
6  3  "^    10   '    6a;+12y— J 

XX. 

1.  »M;+y  -  a,  x-^my = i.    2.  ax—hy  =  «*,  hx^ay  =  R 
8.  (a— i)ic+(c— ^y^i^+j?,  (a+J)a?— ((?+d^y=i>-^. 
4.  aX'^hy^m^  cx'\'dy-n.    6.  ax+by  ^  c,  px  s:  qy, 

6.  a(a?-y)+i(a?+y)+(ja?— ^  =  rf,  «— y-1. 

7.  (a+a)a;+(i+%  =  rf,  (a-c)a;-(c-%  =  e. 

8.  ax+hy  =^  xy  =z  bx — ay,     9.  aa:y  =  r(3a;+ay)y  iafy  =  c(aa;— Jy). 

10.  f+y  ,,  '+!=,<.  11.  ?+*-c,  V-=«"- 

a^b      *  d^U  x^y         xTy 

12.  ax+by  =  a^b,'Ltl^  J.    13.   ?+^  =  l,  |.+ ^  ^?. 

^  'y+i     a  a^b        Sa^6b     3 

2a?    3y        2y^3a;  I  x^y  f       '^\x     yf 

XXI. 

1.  Find  two  numbers  sach  that  the  sum  of  twice  the  first  and  th» 
second  is  equal  to  17,  and  the  sum  of  three  times  the  second  and  th& 
first  is  equal  to  19. 

2.  Find  two.  numbers  such  that  half  of  the  first  and  three-fourtha 
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of  the  second  together  are  equal  to  the  difference  of  three  times  the 
first  and  the  secondy  and  this  difference  is  equal  to  11. 

3.  Two  digits,  which  form  a  number,  change  places  on  the  addition 
of  9,  and  the  sum  of  these  two  numbers  is  33 ;  find  the  number. 

4.  There  are  two  numbers,  each  consisting  of  three  figures.  If 
unity  be  added  to  the  sum  of  the  two  numbers  the  amount  is  1,000. 
If  the  smaller  number  be  written  as  a  decimal  fraction  after  the 
greater,  the  result  is  six  times  the  number  composed  of  the  greater 
number  written  as  a  decimal  fraction  after  the  smaller ;  find  the  two 
numbers. 

5.  If  the  less  of  two  numbers  be  divided  by  the  greater,  the 
quotient  is  *21  and  the  remainder  is  -04162.  If  the  greater  be  diyided 
by  the  less  the  quotient  is  4  and  the  remainder  -742 ;  find  the  numbers. 

6.  Find  two  numbers,  such  that  if  J  of  the  less  be  added  to  ^  of 
the  greater,  the  sum  will  be  7 ;  but  if  j  of  the  greater  be  taken  from 
the  less,  the  remainder  will  be  2. 

7.  Divide  the  number  208  into  two  parts  such  that  the  sum  of  one- 
quarter  of  the  greater  and  one-third  of  the  less  part  when  increased 
by  4  shall  be  equal  to  four  times  the  difference  of  the  parts. 

8.  There  is  a  fraction  such  that  if  5  be  added  to  its  numerator  the 
value  of  the  fraction  is  doubled,  and  if  4  be  taken  from  its  denomi- 
nator the  value  of  the  fraction  is  trebled ;  find  the  fraction. 

9.  Find  a  fraction  such  that  when  its  numerator  is  diminished  by 
unity,  two-thirds  of  it  is  equal  to  9 ;  and  when  the  denominator  is. 
dimhiished  by  unity,  one-seventh  of  this  shall  be  equal  to  2. 

10.  There  is  a  fraction  such  that  when  its  denominator  is  increased 
by  one  the  fraction  becomes  one,  but  when  the  numerator  is  increased 
by  1  the  fraction  becomes  i ;  find  the  fraction. 

11.  What  fraction  is  that  whose  numerator  being  doubled  and  the 
denominator  increased  by  7,  the  value  of  the  fraction  becomes  f  ,  but 
if  the  denominator  be  doubled  and  the  numerator  increased  by  2,  the 
value  becomes  }. 

12«  Solve  the  equations  OiX+h^y^Ciy  a^+h^  =  ei.    What  form  do 

a       h       6 

the  values  of  a?andy  take  when -i  =  ~  =  -,  and  what  does  it  indicate  ?* 

0,      Jj     c, 

XXTT. 

1.  A  sum  of  money  consists  of  half-crowns  and  sixpences,  and  is 
worth  as  many  shillings  as  there  are  pieces  of  money,  also  the  square 
of  the  number  of  sixpences  is  36  times  the  number  of  half-crowns ; 
find  the  sum  of  money. 

2.  On  a  division  of  the  House  of  Commons,  if  the  number  of 
members  for  the  motion  had  been  increased  by  40  from  the  other  side, 
the  question  would  have  been  carried  by  3  to  2 ;  but  if  those  against 
the  motion  had  received  sixty  of  the  other  party,  the  motion  would 
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Jiave  been  lost  by  2  to  1.     Did  the  motion  succeed,  and  how  many 
members  voted  on  the  question  ? 

3.  A  certain  number  of  men  do  a  piece  of  work  in  a  certain  num- 
ber of  days ;  had  there  been  4  men  more  they  would  have  finished 
the  work  in  8  days,  but  three  times  the  number  of  men  would  have 
finished  the  work  in  two  days  less  than  half  the  time  employed ;  re- 
quired the  number  of  men  actually  employed. 

4.  Show  how  £12  can  be  paid  by  means  of  guineas  and  moidores, 
uso  that  the  total  number  of  coins  which  pass  in  the  transaction  shall 
be  16. 

5.  A^B  annual  income  is  half  of  £^b,  and  B  spends  £60  a  year  more 
'than  A.  At  the  end  of  two  years  A  has  saved  £200,  and  B  £600. 
What  are  their  yearly  incomes  ? 

6.  A  pound  of  tea  and  three  pounds  of  sugar  cost  six  shillings ; 
but  if  sugar  were  to  rise  50  per  cent.,  and  tea  10  per  cent.,  they  would 
cost  seven  shillings.    What  were  the  prices  of  tea  and  sugar  ? 

7.  Two  plugs  are  opened  in  the  bottom  of  a  cistern  containing  192 
..gallons  of  water ;  after  three  hours  one  of  them  becomes  stopped,  and 
the  dstem  is  emptied  by  the  other  in  eleven  hours ;  had  six  hours 
-occurred  before  ihe  stoppage  it  would  only  have  required  six  hours 
more  to  empty  it.  How  many  gallons  will  each  plug-hole  discharge  in 
an  hour,  supposing  the  discharge  uniform  ? 


1.  «+y  =  5,  a:+«=:4,  y-|-«=:8. 

2.  «+y— «  =  8,  d?+«— y  =  9,  y+«— «=10. 

3.  2«-f3y=13,  5z+4z-26,  4y-|-3s  =  24. 

4.  x+lOO  =  y+z,  y-fl00  =  2a:4-2«,  «+100  =  3a?-|-3y. 

5.  «— y— «  =  6,  dy— 0?— s  =  12,  72-y-«  =  24. 
j6.  ar-l-y— «  =  8a?-f3y— 6i  =  3s— 4«— y=l. 

7.  6(2iF+3y)  =  ll(«+y),  Z{x+z)  =  5{x^%),  14(10y-3s) 

=  87(4y-.2«), 

8.  3«-|-2y— «  =  20,  2ar+3y-f6«  =  70,  «— y+62  =  41. 
U  ir+2y  +  38  =  17,  «+2a;+3y  =  12,  y+2«+8iP=18. 

10.  2»«-|-3»y  +  4'»=70,  5«iF+6V+7^  =  224,  8*«-f9»y+10'«  =  626. 

11.  2a:-|-3y— 8«-|-36  =  0,  7a:— 4y+8-8  =  0,  12aJ— 6y— 3«-hl0  =  f 

12.  ?.f|+*  =  62,   ?-!-?+*  =  47,   ?+?+!  =  88. 
2^3^4         '    8^4^6         '   4^6^6 

13.  l+l+f  =  10,  y-|-s+«  =  29,  y-f2a;-|-3«  =  62. 

2      o     4 

14.  y+f  =  41,  «+|  =  20i,  y+*=34. 

2  4  y 

16.  f+y+!=5i,  y+?.±=6i.  f4.f4.y=6u. 

3^^4^5       *'    3+4+10       ^'    3+6+6       " 
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16.  V4.  ---=2.  V=i 

jy       ary       2        y«         6         z% 


x+2y     5     2y+38     13'    3iF+4«     13' 

XXIV. 

« 

1.  aar+y  =  tf,  3y+s  =  a,  «8+a;  =  d. 

2.  c(a?+y)  =  a«,  c(«+«)  =  iy,  «+y+«  =  <?. 

3.  a(ar+=:fe,  i(y+<?)  =  «a,  i«:+atfy+aAi  =  0. 
4.  dry4-^^^^»  38-f^  =  tf9  6^+02  =  5. 
6.  a?+y+«  =  tf,  ia?+^+ife  =  0,  i'a?+fl'y+<f*«  =  0. 

6.  a;+«  =  y,  (a+J)a:+(3+tf)s  =  (a+c)y,  0d;i;4-^<'3(  =  l+o^. 

7.  ir+y+saO,  (a+i)a;+(a+c)y+(i+<?)«  =  0,  a6:r+<M!y+dcz=:  1^ 

8.  aa;-f^+^  =  ^»  iiF+tfy+a«  =  i',  cr+ay+&5  =  ^. 

9.  (i+c)r+(tf+£?)y+(a+i)2  =  j',  «+y+«=^,  i<saj+<wy+afe  =  r. 

10.  aX'\'hy+ez=ip,  a^x+h^y+tH^q^  c^x+i^y+fy  =  r, 

11.  ax+{h+e)y+{h^c)%  =  h,  ix+(e+a)ff+{e^a)z=zc, 

ex+{a+h)tf+(a^h)z  =  0. 

12.  aaj+<y +fti  =  ap+iy+«w  =  i«+ay+«  =  a^+i^+e^—Sabe, 

13.  ay  =  «(a?+y),  «s  =  *(a;+«),  »y  =  <«+y). 

14. =: = ,  _j._^-_l, 

X    y    y    %    %    X    X  *  y    z 

15.  xy  =  m(^ay+hx)y  y%=7i{ei+dy),  xz=p{ez+fx), 

16.  ax+ey+hz^a^+2h€f  ex+hy+ajt^h^+2€af  bx+ay+cz^(^+2ab.. 
.^    X    y    ah    X     z    ac    y    z     he 

ha     <^     c    a     0*     e  *  h     a' 

18.  f+y+?  *+y+?=?+y+*  1. 

a     h^e     h     e^  a     c  *  a    h 

19.  i±yj=f=?±£z:f=i±fzy =<,+}+,. 

J4-^  ^+<»         <*+* 

20.  f^±*y=?£±^=*j±^=«+y+«. 

OS  5y  ox 

21.  axyz+ayz+exz+hxy^o,  hxyz+eyz-^bzx+axy  =  Of 

exyz+hyz+axz+exy  =  o. 

XXV. 

Eliminate  x,  y,  %  from  the  following  equations : — 

1.  a?  =  fl(y+8),  y  =  h{x+z),  %^e{x+y), 

2.  (b+c)x+(e+a)y+{a+b)%^0,  {h--e)x+{c^a)y+{a--h)z^O^ 

and  a?"*+y^*+«"*  -  0. 

3.  ax+by+ez'^bx+ey+a%='cx+ay+b»^lf  yrhen  ai^+y^+z^^pK 

4.  *»«(a?— a)«^y— /8)-/m(a— 7);  m'n\x'^x)^ln'{y''-y) 

6.  iiF+«y+<W!-(M?+fly+J«  =  ai+*c+<ic,  af+y+«  =  «+^+c. 
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XXVI. 

1.  Determine  three  numbers  each  that  their  sum  shall  be  9,  the 
sum  of  the  first,  twice  the  second,  and  three  times  the  third  shall  be 
22,  and  the  sum  of  the  first,  four  times  the  second,  and  nine  times  the 
third  shall  be  58. 

2.  The  differences  between  the  first  and  second,  and  the  second 
and  third  digits  of  a  certain  number  are  equal*  If  the  number 
be  diyided  by  the  sum  of  the  digits  in  the  units  and  tens  place,  the 
quotient  is  107 ;  but  if  396  be  subtracted  from  the  number  its  digits 
-will  be  inverted.    What  is  the  number  ? 

3.  A  certain  number  of  three  digits  exceeds  the  sum  of  the  digits 
by  180.  If  the  digits  be  reversed  it  exceeds  the  smn  by  378 ;  but  if 
divided  by  the  sum  of  the  digits,  the  quotient  is  14  and  tiie  remainder 
is  11.     Find  the  number. 

4.  A  number  consisting  of  three  digits  is  equal  to  42  times  the 
sum  of  the  middle  and  left-hand  digits,  the  sum  of  the  digits  is  equal 
to  9,  and  the  right-hand  di^t  is  twice  the  sum  of  the  other  two. 
What  is  the  number  ? 

5.  The  sum  of  three  numbers  is  (i'+l)(;+l)^i  the  sum  of  the  two 
larger  is  equal  to  p  times  the  least,  and  the  sum  of  the  two  smaller  is 
q  times  the  greatest.    Find  the  numbers. 

6.  Divide  27  into  four  parts  such  that  the  first  increased  by  2,  the 
second  diminished  by  2,  the  third  multiplied  by  2,  and  the  fourth 
divided  by  2,  shall  give  equal  results. 

7.  To  find  four  numbers  such  that  the  sum  of  the  first,  second, 
and  third  shall  be  13 ;  the  sum  of  the  first,  second,  and  fourth,  15 ; 
the  sum  of  the  first,  third,  and  fourth,  18 ;  and,  lastly,  the  sum  of 
the  second,  third,  and  four^,  20. 

xxvn. 

1.  A  and  B  together  possess  £120,  B  and  C  £150,  and  C  and  A 
£140.    What  does  each  possess  ? 

2.  A  person  has  200  coins  consisting  of  guineas,  half-sovereigns, 
and  half-crowns ;  the  sums  of  money  in  guineas,  half-sovereigns,  and 
half-crowns  are  as  14,  8,  3.    Find  the  numbers  of  the  different  coins. 

3.  Handel's  last  oratorio,  "Jephtha,"  was  composed  in  the 
eighteenth  century.  The  first  and  last  digits  in  the  number  express- 
ing its  date  are  llie  same,  and  if  the  digits  be  inverted  the  number 
will  be  diminished  by  180.    Find  the  date. 

4.  A  sum  of  money  which  consists  of  shillings,  half-crowns,  and 
sixpences,  is  worth  as  many  shillings  as  there  are  pieces  of  money  \ 
it  is  also  worth  as  many  haJf -crowns  as  there  are  shillings ;  and  the 
number  of  sixpences  is  one  more  than  the  number  of  shillings.  Find, 
the  number  of  each  of  the  coins. 
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5.  If  three  persons,  A,  B,  C,  can  separately  perform  a  work  in  the 
times  tj,  t^,  t^  respectively ;  in  what  time  they  can  do  it  jointly  ?  and 
conversely,  if  they  can  do  it  jointly  in  time  t,  find  in  what  times 
they  can  do  it  separately.  Shew  also  that  (^i+^s+0  ~^^  ^^Q  never 
be  less  than  9,  if  ^  be  fixed,  and  when  it  is  equal  to  9,  ti^t^^ ^. 

6.  A  and  JB  can  complete  a  work  in  a  days,  A  and  G  in  b  days, 

and  B  can  do  p  times  as  much  as  (7  in  a  given  time ;  shew  that  B  andC 

(p — l)ah  h — pa  * 

<5an  complete  the  work  in  ^    ,  .w^_  v  days,  and  that  -4 must  do  ^_^  ^ 

times  as  much  as  C.    Why  cannot  p  be  greater  than  unity,  and  a 
greater  than  h  simultaneously,  and  consequently  this  result  negative  ? 

7.  The  effect  m  is  produced  by  the  action  of  the  agents  A  and  B 
together  in  the  time  a,  and  by  B  and  Q  together  in  the  time  hy  and  by 
C  and  A  together  in  the  time  c ;  in  what  time  can  each  separately, 
and  all  together  produce  the  same  efiect  ? 

8.  To  complete  a  certain  work  A  requires  m  times  as  long  a 
time  as  B  and  C  together,  B  requires  n  times  as  long  as  A  and  C 
together,  and  C  requires  p  times  as  long  as  A  and  B  together.  Explain 
the  nature  of  the  results  which  the  problem  admits.     Show  that 


111, 
+:ri-i+r-r-i=l. 


i»+l^»+l^i?+l 

xxvin. 

1.  Determine  the  relations  which  must  subsist  between  the  co- 
efficients of  three  equations  involving  three  imknown  quantities  in 
order  that  one  of  the  equations  may  be  derived  from  the  other  two. 

2.  Explain  the  meaning  of  the  equations 

when  the  values  of  a;,  y,  or  s  take  the  form  of-.     Also  shew  that  they 
•are  equivalent  to  two  independent  equations  when 

3.  If  <w:+Ciy+J,«  =  0,  <?i4r+Jy+a,s5  =  0,  6ia;+a,y+«;=0, 

shew  that  <Wi*+Wi'+<?^*  =  ai(?+2aiJi<?i, 
and  {ab^e^)[ea'-h^y  =  {he-a^\db-e^y  =  {hc^a^^){ac-'h^:?. 

4.  Find  the  condition  which  must  exist  in  order  that  the  equations 
^i^+^i^-^u  ^+b^  —  C2f  a^+h^^e^,  may  be  consistent;  and  shew 
that  under  this  condition  the  equations  aiic+hiy+eiZ  =  dif 

^2^ + ^2^ + ^s^ = <^f  c^  +hiy+e^  =  d^  are  inconsistent. 

5.  Explain  the  method  of  indeterminate  multipliers  for  the  solution 
of  linear  equations,  and  reduce  the  equations 

f?t]  fMj  0I3 

^■fg     y  +  /8      Z+y 

P   "  q    "    r  ' 
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ThenfihaU-  =  ^  =  '^  =  ^. 
I    Ji    4,    J, 

7.  Solve  the  eqiiatioMx+y+2=l,«+*y+«  =  —C«+*+'V 

and  ahew  that  «*x+*V+r*5=  Vx+iV+^-f- 

8.  Give  aaolatumof  the  equations  3r+4y-h5c  =  10, 

•tr+5y+&=12,  5x+6y+7£  =  14, 
and  point  oat  the  meaning  of  the  result. 

9.  Shew  that  the  foDoving  three  equations  are  inconsistent, 
27jr+3y+ 22  =  40,  x— y+s  =  3,  2r+4y— fc=12. 

10.  Prove  that  the  equations  — i — i — = — ^t+-»    — 1 — h-~^» 

^  x^y     s     a^b^c      x'y'i 

J      u      J 

—  J. — U-— Oy  are  equivalent  to  only  two  independent  equations  if 
X     y     s 

11.  The  system  of  equations  x'ii+ji^*4-yit*+::ii*sff, 
xji«+y>+/)*4.sJ«=*,x»*+yr+z(/+«)-=c,  is  incompatible,  if 

wm+nl+Im^Of  unless  la+mh+nc^O,  and  is  then  indetenninate. 


1.  Apply  the  method  of  indetenninate  multipliers  to  find  the  value- 
of  X  from  the  equationsy 

y+s+v  =  14,  2x+32+2»»33,  x+y+2a»18,  3x+2y+22  =  20. 

2.  Given«r+*y+«+*r  =  A,  fl*x+6V+f^+iPr  =  A*, 
«*x+**y+<*5+#*»  =  A»,  i^x+h*f+c*Z'['trc  =  h ,  find  x.  y,  s,  r. 

3.  Shew  that    the  five  equations,   2^X4— x.)  =  (l+^5Xx,-X4), 
2(x,-x,)  =  (1  +  ^5Xx,-x»),  2;x,-x,)  =  (1  +  ^5).:x,-x,), 

2(x4-x,)  =  (1  +  n/5)(x,  -  X,),  2(x,- X,)  =  (1+  ^/5)(x.-x0,  are  equivalent 
only  to  two  independent  relations  between  Xj,  x*,  x„  X4,  and  x,. 

4.  Eliminate  »,  x,  y,  s  between  the  equations 

y+s+«=«*,  s+«+x  =  ay,  »+x+y=rf3,  x+y+s  =  «te> 

5.  n  ^+^+C=2)+2«/,  B'['C+D=A+2a,  C+2)+^  =  J5+2*, 
2)+^+^«C+2r,  and^+^+C+2)=2x. 

then  shall  x=  ^{a+5+r+</}. 

6.  ny»-A-,  1=  A-,i,=_^,  <«-_L,     find     the    relation 

^     2^7  2^         2— s         2 -a 

between  i  and  x. 

7.  What  are  the  conditions  necessary  in  order  that  an  equation,  or 
a  series  of  equations,  may  give  definite  values  for  the  unknown 
quantities  contained  in  them  ? 

8.  How  many  equations  must  be  given  in  order  to  eliminate 
1,  2,  3,  .  .  .  n  unknown  quantities  between  them?  Explain  when  and 
how  such  elimination  is  possible. 
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9«  If  theM  tie  m+n  unknown  quantities  and  only  m  independent 
equations ;  ,then  n  of  the  unknown  quantities  can  be  considered  as 
pezfectlj  arbitrary  and  independent  in  value. 


Find  tbe  solutions  in  positiye  integers  of  tbe  equations  : — 

1.  2ic— 3y=l.      2.  7iF— 5y  =  l.     8.  35a;— 19y=»l. 

4.  19iF— 117y  =  ll.       6.  I7a:-19y  =  42.       6.  13«— 17y  =  54. 

7.  13;r+7y  =  141.       8.  9«+13y  =  200.       9.  lla:+13y  =  400. 
10.  9a;+13y=:2000.       11.  7ic+9y  =  653.       12.  lla:+6y=100. 
13.  30a?+43y  =  335.       14.  lU+l7y  =  248.       15.  32a;+lly  =  182. 
16.  17a?+23y  =  200.       17.  3079a?+2711y  =  37819000. 


Find  the  solutions  of  the  following  equations  in  positive  integers : — 

1.  3ar+7y+ 17^=100.     2.  6a?— 4y+7«=190. 

3.  17a;+23y+3«  =  200.       4.  17a:+19y+ 21^  =  400. 

5.  12a?+15y+20»=1001.       6.  7ar+9y+23«  =  999. 

7.  4ar+5y-14«  =  49.       8.  5iF+7y+ll«  =  224. 


XXXTI. 

Determine  the  solutions  in  positive  integers  of  the  following  equa- 
tions : — 

1.  a7+2y+3a  =  20  and  4x+5y+6«  =  47. 

2.  6:];+7y+4s  =  122  and  1  ld;+8y— 6s  » 145. 

3.  4a;+5y+7s=:560  and  9;r+25y— 49s  =»  250. 

4.  3a:+8y+9««656  andaf+5y+4»  =  272. 


xxxm. 

1 .  A  certain  number  when  divided  by  5  and  by  4  leaves  a  remainder 
of  unity  in  each  case,  but  when  divided  by  3  it  leaves  no  remainder ; 
what  is  the  number  ? 

2.  What  number  is  that  which  when  divided  by  4  leaves  a  re- 
mainder 3y  and  when  divided  by  9  leaves  a  remainder  4  ? 

3.  Determine  the  least  number  which  being  divided  by  3,  5,  7, 
tiie  remainders  shall  be  2,  4,  6  respectively. 

4.  Find  a  number  which  when  divided  by  6,  5,  4,  3,  %  shall  leave 
the  remainders  5,  4,  3,  %  1  respectively. 

5.  Can  an  integral  number  x  be  found  such  that  when  4,  5,  6  are 
respectively  taken  from  «,  2dr,  Zx^  and  the  remainders  divided  by 
7.  8.  9,  the  quotients  shall  be  integral  ?    If  possible,  shew  that  the 
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number    of   solutions   is    indefinite;   if  not  possible,    explain   the 

reason. 

6.  Divide  196  into  two  parts  such  that  the  greater  divided  by  7 
gives  a  remainder  5,  and  the  less  divided  by  5  gives  a  remainder  1. 

7.  Shew  that  (a?— a)(y— J)  +  (y— tf)(iP— *)  =  0  is  an  indeterminate 
equation  such  that  for  each  value  of  x  there  is  one,  and  only  one  value 
of  y,  and  trace  the  changes  in  the  value  of  y,  as  x  changes  from  aioh. 

8.  In  the  equation  ax±J>y^  ±<?,  if  a  and  h  have  a  common  divisor, 
which  is  not  also  a  divisor  of  <?,  the  solution  of  the  equation  is  impos- 
sible in  integers. 

9.  Shew  that  the  number  of  solutions  in  positive  integers  of  the 
equation  a:+y+«  =  »+«  is  i«(n+l). 

XXXIV. 

1.  The  sum  of  two  numbers  is  78,  one  of  them  is  divisible  by  5  and 
the  other  by  3 ;  how  many  pairs  of  numbers  satisfy  these  conditions  ? 

2.  Divide  1,000  into  two  parts,  such  that  one  shall  be  divisible  by 
7  and  the  other  by  11. 

3.  Find  all  the  numbers  of  two  digits  which  exceed  six  times  the 
left-hand  digit  by  38. 

4.  There  is  a  number  of  two  digits  which,  if  its  digits  be  reversed, 
becomes  less  by  1  than  its  half.    What  is  the  number  ? 

5.  Find  two  fractions  whose  denominators  are  prime  to  each  other, 

32 
(1)  when  their  sum,  (2)  when  their  difference  is  equal  to  v.. 

6.  Show  that  the  indeterminate  equation  49rp+63y  — 491,  can  have 
no  solution  in  which  both  x  and  y  are  integers. 

7.  Find  what  multiples  of  355  and  of  452  differ  from  one  another 
by  any  given  niimber. 

XXXV. 

1 .  Find  the  number  of  different  ways  in  which  a  substance  of  a 
ton  weight  may  be  weighed  by  weights  of  91b.  and  14lb. 

2.  Show  that  £20  can  be  paid  in  seven  different  ways  in  half- 
guineas  and  half-crowns. 

3.  In  how  many  ways  may  a  bHI  of  £1,000  be  paid  in  half-sove- 
reigns and  half-crowns  ? 

4.  A,  having  only  one  pound  notes,  owes  12s.  to  J9,  who  has  only 
seven  shilling  pieces.  What  is  the  least  number  which  A  and  B  must 
respectively  interchange  so  that  the  debt  may  be  discharged  ? 

5.  Supposing  a  sovereign  be  worth  25  francs,  and  a  napoleon 
worth  20  francs,  find  the  simplest  way  of  paying  a  debt  of  28  shillings 
by  giving  English  and  receiving  French  gold. 

6.  Find  a  sum  consisting  of  x  pounds  and  y  shillings,  the  double 
of  which  shall  be  y  pounds  and  x  filings. 
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7.  A  has  to  pay  B  the  sum  of  19s.  6d.,  having  only  12  half-crowns 
and  10  shillings,  while  B  has  4  half-crowns  and  8  shillings.  In  how 
many  ways  can  the  payment  be  effected  ? 

8.  If  the  8  per  cent,  consols  are  at  64  and  the  4  per  cents,  at  84 
in  how  many  ways  can  £3,480  sterling  be  invested  in  these  stocks  ? 
Which  is  most  advantageous  ?    Can  there  be  an  equal  number  of 
hundreds  of  each  stock  ? 

9.  If  capital  be  invested  in  the  4  per  cents  at  96,  and  in  the  5  per 
cents  at  105,  how  much  must  be  invested  in  each  stock  so  as  to  realise 
4|  per  cent,  on  the  capital  invested? 


!•  Determine  three  fractions  with  prime  denominators  whose  sum 

islJJ. 

2.  Find  three  fractions  whose  denominators  shall  be  6,  9, 18,  whose 
simi  shall  be  2},  and  the  difference  of  the  first  and  second  equal  to 
that  of  the  second  and  third. 

3.  In  150  coins  consisting  of  sovereigns,  half-crowns,  and  shillings, 
if  the  sum  represented  by  the  half-crowns  and  shillings  be  equal  to 
that  represented  by  the  sovereigns ;  find  the  numbers  of  the  coins. 

4.  Find  the  number  of  ways  in  which  the  sum  of  five  pounds  can 
be  paid  in  exactly  50  coins,  consisting  of  half-crowns,  florins,  and 
fourpenny  pieces. 

5.  Find  in  how  many  different  ways  the  sum  of  £6  168.  can  be 
paid  in  guineas,  crowns,  and  shillings,  so  that  the  number  of  coins 
used  shall  be  exactly  16;  and  in  each  case  determine  the  number  of 
guineas,  crowns,  and  shillings  respectively. 

6.  In  how  many  ways  can  a  year  be  made  up  of  12  months  of 
28,  30,  and  31  days? 

7.  Four  jewellers  possessing  respectively  8  rubies,  10  sapphires, 
100  pearls,  and  5  diamonds,  presented  each  from  his  own  stock,  one 
apiece  to  the  rest  in  token  of  regard  and  gratification  at  meeting ;  and 
they  thus  become  owners  of  stock  of  precisely  equal  value;  tell 
what  were  the  prices  of  their  gems  respectively.     ( VijonGanitaf  ch.  iv.) 

8.  The  horses  belonging  to  four  persons  respectively  are  5,  3,  6, 
and  8 ;  the  camels  appertaining  to  them  are  2,  7,  4,  and  1 ;  their 
mules  are  8,  2,  1,  and  3 ;  and  the  oxen  owned  by  them  are  7,  1,  2, 
and  1 ;  all  are  equally  rich ;  tell  the  rates  of  the  horses  and  the  rest. 
{Vija-Ganita,  ch.  vi.) 


BE8ULT8,  HINTS,  ETC.,  POE  THE  EXERCISES  ON 
EQUATIONS  OP  THE  PIEST  DEGEEK 

L 

1.  a;-- 2.  2.  «»46.        8.  a;=5.        4.  z^-^,        5.  «»{. 

6,  x^\2.        7.  a:=-12.     8.  a;-8.        9.  a;=V-        W.  ««-i 
11.  ^=  -8.     12.  «==8«. 

IL 

1.  x-^-2'6.        %  «=20.  8.  x=8.  4.  a;=2*086SL  ' 

5.  X-  -2.       «.  a;«=ll'636  ...      7.  «=-12i>411 .  . . 

III. 

1.  a? -^71.        2.  x=2|.        8.  a;=-8J.        4.  ar=8.        5.  £»-|w 
«.  a:=^2f.        7.  a:=30.        8.  aj=7.  9.  x=f.      10.  «»-.(. 

11.  ;c-iO.       12.  z=l|. 

IV. 

1.  a;=80.  2.  «=8|.             8.  a;=f.            4.  x=i}-  *•  **= ^• 

6,  x=^lfj.  7.  a:=l|f.          8.  x=H.          9.  «=120.  10.  aj=-3|. 
II.  x=^4|f  12.  x»2.  18.  a;=:7.  14.  a;^5.  18.  xa>7. 
16.  x^^^.  17.  aj=2J.  18.  «=i8ff  19.  z^^. 

V. 

1.  s;=»i.  2.  x^llf  8.  fl;=-)|f|.        4.  2=12}}.        6.  x»4. 

6.  aj=8t4.      7.  «=9^|Jr.        8.  a:=7.  9.  aj=8.  10.  «=ltti. 

11.  x^-3.     12.  x=\l, 

VL 

1.  a;:=  - 1.        2.  xs>4.        8.  sb^^^.        4.  2e=lf.        6.  x»7. 
0.  The  equation  may  be  rednced  to  the  form 

a:-8      (        aj-4)  x-O      C       x~7) 

or  J 1 I L^,«id         -1  -1 


x-a    aj-4    x-6    aj-7  (a;-3)(a;-4)    (a:-6)(jc-7) 

7.  a;-20.  8.  x=7H-  J>-  a=-^-  10.  x=-lJ4. 

a-2 

11.  x*-lf  12.  x=2.  18.  x=}f.  14.  x=2. 

15.  The  equation   U  x+l+_L--«-2— ?-=x+8+-^-«  +  4-.  * 


x+1  x+2  x+3  x+4 

16.  The  equation  Is  -4+-il-+2- J^=-9  +  -lL+7-  ^^ 


3x  +  l  2a:  +  7  x  +  1  «  +  2 

Whence  ill =_i? .  and  , ? -=, \ 

(8x  +  l)(2«+7)     (x  +  l)(x+2)'  (8a;  +  l)(2x+7)     (x+l)(x  +  2) 

VII. 
1.  «=.fL4.  2.  «-?Lzi.  8.  X-.    ^ 


a-1  a-26  ^+e-a 
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4,  a?—       .       .  0.  35=-—.  o.  X 


a-6  +  1  6  a«+6« 

7.  JB J^-^.       .  8.  X ^-^    .  9.   X-    -^,  . 

(rf+g)a+(c+|>)6  a+6-c— d  2(a+6) 

10.  aj--?L.  11.  «=a+6.  12.  a;-!.. 

18.  x-'^.  U.  x~J^.  16.  ii!-?fL:|5?, 

16.  X ^. 

17.  The  equation  is  an  identity  Hab'^hc;  if  not,  it  is  impoflsible. 

ifl    ^-  -1  10    ^    ac+W-6«  OA    ^     -(a«  +  2ak-6») 

a+6  (a— c)6  a-6 

VIII. 

1.  a;s=l. 

2.  (a  +  6)j;*(c+(2)a^  an  identity  if  a+b'^c-hd,  if  not,  what  explanation  can  be 
given? 

8    ^'  +  (<^  +  ^)'g+g^    a;*  +  (c+eQa;+cJ 
a5+a  +  6  a+c+rf       ' 

aj  +  o  +  6  a:+c+rf«'  *  *  oA-crf 

4.  a:- ■{a-b)(.b-c)d  5    ^__oJ_  j    x=^^2±£zb. 

(a— c).|a(6-c)  +  6(a-6)l  6+c  a 

7.   a:  =  — i :.  o.   ^= . 

ab-k-ae  +  bc  37 

a^6  +  6«c+c*a    '  '  a*b  +  b'*c-i-G*a 

11.  ^_(i'-c')fe+(e»-»')ac+(a«-i'H    „^^^_, 

(6  -  c)6c  +  (c  ''a)ac + (o  -  6)a6 
TO    •    3a'-6a6-3t«  ,«    ^    (a-ft+c)ft  ,.    ^    a+6+c+d 

IZ.    IC= .  IS.    X^' i-,  14.    X" • 

2(a  +  86)                                   2a— e  m-\-n 

15.  ^^(m'  +  n)6-(m^n)a  ^^   ^.^  ^^^   ^ «^-^    . 

m»— ?»-2»  a+6— c-d 

18.  The  equation  when  reduced  and  simplified  becomea 

a»+6«+c»-8a6c««-8{a«+6«+c«— o6-ac— 6c}«,  and 

a»+d»+c*-3g5c  _^Li^if 

8(a*+d»+c«-a6-ac-tc)"'  8 

6rf-a6 

(a  -  rf)6c 

IX. 

1.  x^O.  2.  a;»^.  8.  x^2.  4.  flss2a.  5.  s->3. 

6.  ««-?^.     7.  »--— .       8.   aj-204.         9.  aj--f^. 
4  108  a+6 

X. 

1.  Let  X  denote  one  number,  then  a; +  10  is  the  other,  and 

a;+a:+10»100  .*.  2a;—90,  anda;c*45  the  less,  and  2+10=55  the  greater. 
Otherwise,  if  x  denote  the  larger  number,  then  a;- 10  denotes  the  smaller, 
and  a;+x- 10 —100, . *.  2xsll0,  and  2=55  the  greater,  and  »- 10=45  the  less. 


19.  a; =3.  20.    « 
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2.  x-105.  8.  z^S.  4.  oselOS.  6.  «»60. 

6.  The  parte  are  80  and  160. 

7.  Here  )  of  the  first  part*}  of  the  second.^  }  of  the  third.  Let  2x  denote  th 
first  part,  then  Zz  U  the  second  part»  and  4z  the  third  part . '.  2a;+8as  +  4a;— 144. 

8   a;«90.        9.  The  original  nnmher  is  24.        10.  The  fraction  is -y. 
11.  The  nmnher  is  120.        12.  x^9.        18.  Let  mx,  nae^  |ia^  be  the  parts. 

14.  Let  X  denote  the  number  when  the  first  digit  is  remored,  then  100000 +« 
expresses  the  number ;  bat  lOsc +1  =  8  times  the  number  a  800000  +  8«. 

.  *.  7a;=209999,  and  2=42857  .'.  the  number  is  142857. 

15.  Theparteare ^ ,  52 — ,  !i—. 

l+m+ffin    1+m+ffifi    l+m+nm 

XI. 

1.  If  ^  be  supposed  older  than  B,  from  the  birth  of  B  they  advance  equally  in 
age,  and  it  is  obvious  that  A  may  become  x  times  as  old  as  S  some  years  after  the 
given  epoch,  or  some  years  be/ore  that  epoch.  Suppose  A  becomes  m  times  as  old 
as  B  in  a;  years  after  the  epoch. 

Then a+a;«:n(^+a;),  and  (»-l)«=a-ii6,  .•.aj=?-l5?; 

and  z  will  be  potiHve  or  negative  according  as  a-nd  is  positive  or  negative;  the 
former  refers  to  time  after,  the  latter  to  time  before  the  epoch. 

2.  x+44=8(«+4),  xsl6,  x+40«5d.        8.  The  father  is  76  years  of  age. 
4.  A'b  age  62,  B's  22. 

6.  x= — 20,  indicating  time  past,  A  was  therefore  twioe  as  old  as  1?  in  1880  -  20 
or  in  1810. 

6.  One  fired  14  shots,  the  other  18. 

XII. 

1.  They  meet  when  ^  has  travelled  29*^  miles  from  Gambridge,  and  whenj? 
has  travelled  26|{  miles  from  London. 

2.  500  feet        8.  90  miles. 

4.  8  of  the  first  dynasty,  6  of  the  second,  8  of  the  third,  and  2  of  the  fourth. 

6.  565  voted  for  one,  690  for  the  other. 

7.  After  10  days,  20  days'  provisbns  are  left.  If  x  be  the  reinforcement,  then 
20  days'  provisions  gives  5(x+ 1000)  rations ;  but  the  20  days'  provisions  would  have 
given  to  1000  men  20  x  1000  rations.    •  *.  5(x + 1000)»20  x  1000. 

XIIL 

1.  A  invested  £24,000  in  the  8j^  per  cents.,  and  B  25,000  in  the  4  per  cents. 

2.  Let  X  the  rate  on  £4,550,  then  l!5^+51??g±l)=458. 

100  100 

8.  Let  X  be  the  sum  invested  in  the  3  per  oents.,  then  ^    5(1000 --x)__^q^ 

*^  79|         106} 

4.  Consols  were  at  81-A- And  at  90. 

Q_      1 AAA      K 

5.  Let  Sx,  2x  denote  their  incomes,  then     .  ~        ~,  and  the  incomes  were 

2x~1000    8 

£6,000  and  £4,000. 

6.  Let  x-^s  share,  then  ^'s  share  is  ?±^±i;  ^st^t?;   CTe^'^'^. 

8  8  8 

8.  240  sovereigns,  720  shillings,  960  pence. 

9.  £8  and  10  half-crowns.        10.  CkMt  price  6s.  8d. 

11.  xa£2,200,  the  original  sum.        12.  £540  originsl  income. 
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XIV. 


1.  In  the  time  —^*hil^.    The  problem  may  be  extended  to  8,  4,  &c.,  agents. 

2.  Here  a  men  or  b  boys  dig  m  acres  in  n  days.    .  *.  1  man  digs  — ,    and    1    boy 

na 

digs  ^  acres  in  1  day.    .-.  (a-|>)  men  dig^i^Z^K^:!^   acres   in   {n-p)   days. 

Suppose  X  boys  are  wanted,  then  *  boys  dig  ^""PaP  ^^^^  j^  m(i»-i?)  days,  and 

no 

the  whole  is  (m+j?)  acres. 

.    m(a  ~  j>)(n-j?)    m(m  -p)x^^  ^^^  ^^  ^j^j^j^  a;  can  be  found. 
na  nb 

8.  (7  will  finish  the  portion  left  in  76  days.        4.  The  hare  takes  240  leaps. 

7.  Let  the  cistern  contain  a  gallons,  and  suppose  x  hours  the  time  required  when 

pipe  A  is  opened.    Then  in  x  hours  pipe  A  pours  in  ^  gallons,  pipe  B  pours  in 

in 

^^^"^  gallons,  and  pipe  C  pours  out  "^^""^  gallons. 

If  the  cistern  become  full,  then  gg^a(g-^)_g(^zj)=g. 

m         n  j7 

If  the  cistern  become  empty,  then  ^+?<!Li:ll-f5^£lAUo, 

m         n  p 

whence  a.^^^i}£z2^  in  the  former  case, 

and  x=    mp-2wm     .^  ^^  j^^^^  ^^^^ 
(m+n)/?— mn 
under  the  condition  that  in  both  cases  {m+p)  is  greater  than  mn ;  and  in  the  second 
also  that  p  is  greater  than  2». 

8.  1975  men.        9.  If  aj  be  the  number  of  hours,  «=  ^*^ 


abc  +  oM  +  acd+bcd 

10.  Tiie  chain  rule  is  applicable  to  questions  of  equivalents,  as  the  comparison  of 
the  standards  of  moneys,  weights,  and  measures  of  different  nations,  and  in  almost 
all  transactions  of  international  commerce  where  equivalents  are  considered. 

Questions  of  this  nature  may  always  be  moat  conyeniently  solyed  by  aid  of  this 
iu]e. 

For  instance.    If  there  be  three  different  kinds  of  merchandise,  such  that 
a  2  units  of  the  first  kind  is  equiralent  to  b^  of  the  second  kind, 
6,         „         second       „  „         c,     „     third      „ 

Cj         „         third  „  „         ©a     „     first        „ 

and  Up  be  the  ralue  of  an  unit  of  a,,  a^;  qot  d,,  &,  ;  r  of  C|,  e,  ; 
then  aj>^e^pgpr==a^b^eji)qr,  and  therefore  a^b^Ci^a^b^c^. 
Hence,  if  any  five  of  these  six  quantities  be  given,  the  sixth  may  be  found  by  a 
simple  equation. 

The  number  of  equivalents  may  be  extended  to  4,  5,  or  to  any  number  whatever. 
The  following  example  will  illustrate  the  rule  : — 

If  3  pounds  of  tea  be  worth  4  pounds  of  coffee,  and  15  pounds  of  coffee  be  equal 
to  37  pounds  of  sugar,  how  many  pounds  of  sugar  are  equal  in  value  to  180  pounds 
of  tea. 

Here  81b.  tea=41b.  coffee,  Then  8 x  15  xa;=4  x  37  x  180. 

151b.  coffee=371b.  sugar,  .-.  a^i^lll^ll??. 

3X15 

Lot  a;lb.  sugar»  1801b.  tea.  b.  5921b.  sugar. 
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XV. 

I.  See  page  8.        2.  See  page  1. 

4.  Here  aj-a=J(a8-ft),  aj-a=^(aj-c),  a;-o=aJ(aB-ci).  By  sobstitating  tbe 
valne  of  x,  6 +  c+<i=J(« +«+<*)»  ft+c+iJ«i(a+6+<i),  d+c+rf=4(a+&+c),  from 
these  equations  the  relations  may  be  found. 

6     (^-g)ftcp--(c~g)agg     (c-a)y-f  (6~c)p 
(c  -  a)aog  -  (a— 6)0^"  (a  -  6)r  -  (c  -  a)g' 

2{a6+oc+6c)  1+6+c 

XVI. 

1.  x=7,  y=6.       2.  a;s8fi,  y=5j|.       8.  05=2,  y=l.       4.  05=10,  y=ll. 

5.  The  equations  are  when  reduced,  z  -  2y=l,  x  -  2y»  —6.    Explain. 

6.  a;=5,  y=7.        7.  x=-8,  y=l.        8.  «==!,  y=J.        9.  a;=74if,  y=8|% 
10.  a:=i,  y=l.      11.  «=4,  y=16.       12.  aj«W»  y=-ny 

XVII. 

1.  aj=12,  y=8.        2.  a;=89'812.  . .,  y»58'542.  .  .        8.  a;='02,  y=2-9. 

4.  The  reduced  equations  are  '125y=  'Zx,  8a;s  -  '25y,    Explain  them. 

5.  a:=4,  y==6.        8..  «=pfi„,  y=|H^ 

XVIII. 

1.  a5»25,  y=12.  2.  aj=4,  y=15.  8.  a;=4K,  y=5ft- 

4.  »=9,  y=12.  6.  aj=14,  y=7.  6.  a;=12,  y=8. 

7.  aj:=-25H,  y=24J}.          8.  «=-77,  y=-87.  9.  a=21A,  y=27^r- 
10,  ««6,  y=«J.  11.  aj=60,  y=40.  12.  a;=|4^  y=W- 

XIX. 

1.  Incompatible  equations.    From  (1)  10y»a5,  from  (2)  8«=:74y. 

2.  ««*«,  y^ m-  8.  «=  -  4,  y»  -  2. 

4.  a;«21,  y=20.  6.  «=12A,  ^--2*. 

6.  The  equations  when  reduced  are  8x+56y»828,  49sB-8y=lll. 

7.  «=8ii,  y=18J. 

8.  The  reduced  equations  are  911a;  ~478ysl695,  9sB-10y=8. 

9.  ar=f^,  y=l|.  10.  ««4A,  y=WA. 

II.  x=l05..  y=7^.  12.  x=  -  «,  y=  -  atl, 

XX. 

1,    aSss .,     y=5 ^.  2,     a5=s ^    yea. 


m'+l  m«+l  a+d  a+6 

8.  x=i^,  v^^^%       4.  x=!=^,  y==^=^- 

a^  +  6p  o^+Z^p  26  2* 

(6-c)(a-c)    '  *^        (6-c)(c-a) 

8.  The  equatiflna  may  be  reduced  to  ^^^=^1,  and — ?sl, 

y    tf  y   ^ 

ana»aa-- ,  y*"— • 
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12    ^--(g-ft)(a+ft-l)  («-ft)(«+ft+l) 

2a  26  ' 

13.  x=8a,  y=-26. 
14    y-  9a' +  46*  9a«  +  46« 

6(3a<;+2W)'  *    6(8a<i-26c)' 
15.   The  equations  when  reduced  become  (a-e)y=6a;,  and  a'y—(b*'{-^)x.     Ex- 
plain the  meaning  of  them. 

XXI. 

1.  The  numbers  are  ^  and  4^ 

2.  The  numbers  are  3S  and  22. 

8.  Let  OS  be  the  digit  in  the  units,  ^  in  the  tens  place,  then  lOy +a;+9  »10z  +  j^, 
and2;+^ai33,  xwl,  y»2. 

4.  The  two  numbers  are  857  and  842. 

5.  The  numbers  required  are  5*678  and  1*234. 

6.  If  a;,  y,  denote  tiie  numbers,  xwt7,y^(L 

7.  The  parts  are  145 A,  and  62??. 

^  29  29 

8.  The  fraction  is  f. 

9.  The  fraction  is  ^. 

10.  If-  be  the  fraction,  the  equations  -^ai    £lL-a-inyea;«-3,  i/b-4. 

y  y+l  y      2^ 

11.  The  fraction  is  f. 

XXII. 

1.  The  sum  is  16  shillings. 

2.  375  members  yoted,  185  for,  190  against  the  motion. 

3.  Let  X  denote  the  number  of  men,  y  the  days,  and  w  the  work. 

Then  x  men  do  to  in  y  days,  and  •*.  1  man  does  -^  in  1  day, 

xy 

and  aj+4         „         8  „  „  .,    .  -    n 

also  8«  „         Jy-2    „  „  »  ,,*^  ^,    „ 


8a;(Jy-2) 


Hence  ii-     ^  ^ 


xy    8(35+4)    3a<iy-2) 
From  these  equations  x^S,  ^^12. 

4.  If  2  guineas  be  receiyed,  and  14  moidores  be  giyen,  the  difference  is  £12. 

5.  A*B  yearly  income  is  £260,  and  B'a  £520. 

6.  The  price  of  tea  was  5s.  and  of  sugar  4d.  per  pound. 

7.  One  discharges  8  gallons,  the  other  12  gallons  each  hour. 

xxin. 

1.  The  equations  are  aj+y-5  (1),  x+z^i  (2),  y+smS  (8). 
First  eliminate  x  between  equations  (1)  and  (2). 

a5+y«»5 

aj+2—4 

y-«-i  (4). 
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Kext  eliminate  x  between  (8)  and  (4), 

y+2»8  (8) 
y-z-1  (4) 


f-7 
.-.  «-}, 

andy*i8~2;-8-}s}, 
aleo  x->5— y«6-i«}. 

2.  By  adding  the  first  and  lecond  equationa,  2x->17;  the  first  and  third,  2y «18 ; 
the  second  and  third,  2z«19. 

3.  Eliminate  x  between  first  and  second  equations,  and  16y— 82*18.     Kext 
eliminate  y  between  this  and  the  third  equation,  and  s«4,  y»8,  a;»2. 

A    ^    ^00    ^,     -800     .     -200 

11     '    ^r^  11 

5.  x— 8,  y->8,  2^12.        6.  a!«9,  y»S,  2->4. 

7.  The  first  equation  gives  a;»4y,  the  seoond  x^iz^  and  the  third  y=4&    Ex- 
plain these  results. 

8.  a!=6,  y=6,  2=7.        9.  aj=l,  y=2,  «ss4. 

10.  a=87|,  y=-56J,  2=26^. 

11.  From  these  equations  eliminate  s,  and  the  resulting  equations  are 
58;b- 29^-29,  and  8dx- 17^-14. 

12.  aj«24,  y-60,  2-120.        18.  08-9,  y-8,  2-12. 
14.  aj-18,  y-32,  2=10.  16.  aj=2,  y=12,  s=10. 

16.  x=l,  y=-2,  2=8. 

17.  Inyert  the  equations  and  simplify,  and  as»|f,  y»if,  z^Sf-. 

xxiy. 

1.  aa;+y=sc(l),  5y+2=3a(2),  C2+»=6  (3). 
Eliminate  y  between  (1)  and  (2), 

abx-k-hy^hcy  multiplying  (1)  by  ft 
hy^z  »a  (2) 

.*.  abx-z  —be- a  (4)  by  snbtractioiL 
Next  eliminate  z  between  (8)  and  (4), 

a+x=b  (8) 
obex  -  ezs&e*  ~  ae,  multiplying  (4)  by  c 

{dbe-i-l)x^bc*  -  ac+h,  by  addition. 

.    ^^(C«  + 1)6-0! 


abc+l 

*^  abei-l 

'        oAc+l 
2.  T—  ^*      y_  c*      ^_  (a+c)(ft+c)c~(a+5+2c)c* 
oT?         Ff?  (a+6)(6+c) 


a«6*+6»c+a«c                a«6»+6»c+a»c  a«6«+6»c+a»c 

4.   «« ^^ ,   y= _ ,   s=s. 


2bc  2ae  2ab 

5    r—      ~ocd  -abd  abe 

{b-d^C'-df  ^    {b+d){c-df     ^{b-d^c-di 

e    .«__! v-_Ji_    y-       (g+c)(6-a) 

(a  +  6)(c-ay   '^    2o(c-6/         2a(c-6)(6+a){c-a)' 
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^'   *"(a-6)(a-c)*  ^"(a-6){6-c)'  *"(o-c)(6-c)' 

8.  EUxDinate  *,  then  ,.«'&'  +  ft*^;  +a-c^'a^h^h^c-^c^a  ^  ^^1^,1^  ^  ^^^ 

2/  may  be  found. 

9.  Eliminate  ar,  and  «-^!£z«J±r 

10.  EUminate  i,  and  g,<»»-(^ +&)?+*■. 

11.  By  adding  the  three  equations  and  dividing  by  a+5+e,  x+2y=l. 

12.  Hereaa;+£y+ft2""63;+^+aai,  and  (a-c)aj+(c-6)y+(6— aja—O. 

cx+6y+az»bB+ay+es»  and  (c— 6)aj+(6-o)y+(a— c)2-»0. 
By  eliminating  z,  y^i^-^)''(^'m-a)  .  ^^(a»+6«+e«-a6-ac~fe^^^ 

By  eliminating  y,  g=x(^-^)*"^^"^Hf  "^1 .  »=».    Hence  a!«y=z. 
Batax+cy+6s=a»+J»+c»-8a&J,  6aj+ay+a=a«+M+c»-3aftc, 

Adding  these  equations  (a + 6 + e)(a; + y + 2)»8(a* + 5*  +  e*  -  So^),  and 

18.  These  enuations  may  be  xednced  to 

-  +  -=1,  1+1=1,  l+lrsl.    Then  taking  the  sum  of  the  equations, 
X    y    a    X    z    h    y    z    e 

2    2    2    111 

X    y    z    a    0    e 

2    2      ^2 

X    y  a 


.  • 


2    111    ab+M'-he     .    .         2ai6 


s    i    c    a  a6e  a6+a«-&e 

a;.«n-»i«        2    111    ab+be-ae         ^         2abe 

Similarly        -—-+ — -r™ r •        y=-T — r • 

y    a    6    6  ode  ab+bc—ae 

2    11    1    ab-^he-ab  ^_      2abc 

aj™6    ©""a""       a6e       *  ae-i-bc-ab' 

14.  4r=3a,  y=86,  «=8c 

15.  The  equations  may  be  reduced  to  ?j..s~y  f +.»-,  f+^=-. 

a3ymysf»a;s|» 

16.  Add  the  equations,  and  (a+&+e)(a;+y+2)=>(a+&+e)*. 

''•  ''=2}?+6i-5?l'  ""al^+SJ-r-l'  •"aisJ+M-^l- 

18.  Eliminating  x,  and  then  from  the  resulting  equations  is  found  the  yalue  of 
.=  f?'>l+g«L+>;'*-f«(»+*+;))'^,  «,d in •  aiinibt  form  the ndne. of  « and 

y.     By  adding  the  given  equations  a;+y+s=:      ^^     . 

oo+oc+oe 

19.  a;+y-«=(6+c)(a+J+c),y+«-x=(c+o)(a+J+c),«+aj-y=(a+6){a  +  6+c), 
and  adding  these  equations  x+y +s=2{a+(+e)*. 

20.  Hereaa;+(y=>eii(«+y+s),  a«+cs=s&y(x+y+s),  (y+csaax(x+y+2). 

Hence  (a!+y+s-2Xaas4-6y+cs)=0,  ..•.  «+y+«=2,  ax+by+a^O, 
^^       9bc  %xc  y^       2gft 

oS+oc+i?        ai+ac+6c*        a^+oc—frc' 

21.  Dividing  each  equation  by  xys,  there  results^ 
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xyz              xyz  xjr^ 
Fr::^ni  wliieh  noj  Ik  found 

iU-a)*-(c*-iy(b* - 1)          ^_  (fc- o)« - (c« - 1:  6* - 1) 


y= 


1.  Add  oz;  iy,  o  to  Mdi  eqaation  nipaetn^. 

Then  (l+a>r=a(x+y+3),  (l^hy9=b{x-k^y-^z),  (l+c)*=c\'+y-f  :X 

.    1+ax    a    1+6  jf    h    1+a  x    a   «^  ^__*  (l+«>i^ r  ll+a>r 

l-t-6  y    6    1  +  c  z    c     1+e  s    e  a     1  +  6  a     1+e 

.   --..•^*<l+«)^    e  Cl+a)a:    .^  y+s     6  1+a    «  1+a 
a     1  +  6      a     1+c'  X       »l+6    al  +  c* 

*^  y+»    1    .    1     6  1+«,cl+a 
X      A       a    a  1+6    a  1+c 
whence  (l+a){(l+»k+a+«)i}=»a+iKl+«). 

Othmriae,  hoe  l.l^addltottchad^  andl±f  .!^±^^,  aimiUrW, 

ax  ax 

1+6    x+y+s    l+.c    x+y+».     .      a  6         c       , 

"1       T"'  "r"^i~'  •  TTi*rr6"*'rrc" 

2.  Fnxnthefint  two wuatians y«^^* ""^^  x-^^ll^.     Sabstitote   these 

Taloes  of  X  and  y  mx-*+y-*+ir-»=0,  and    ^  ~^   .   ^  ~^  +-=0, 

(a*-6r)z^|6«-ac)s^s 

.  *. + + — i — 4bO  it  the  Tesoltiiiff  eqnntion. 

a«-6c    6«-ac^c*~a6  — ^-h 

S.  Find  the  TBlnes  of  2^  y,  z  from  the  fint  thne  eqoations  and  aabstitnte  them  in 
thefooith. 


'  (iir-/»')x~'ir(i'-7)+(r»«-i«v  • 


5.  Find  the  Talaes  of  x,  y,  z  from  the  thxee  eqiiationa»  and  aahstitate  those  values 
in  the  third,  and  ndnoe^he  expteaiion  to  ita  aimpleat  fivm. 

XXVL 

1.  lfx^y,z  denote  the  nmnhers,  then  x=l,  y=»3,  s^5. 

2.  Lit  x^  y,  a  deaota  the  digiti  jn-tiie  plaQeof  hnadRda,  tana*  onits, 

then  10(h+10y+ieitf  tfie nmnte:    ay-y-v-'^^^^S&liSUl^^lO?, 

5c+y 

IMa+lOy+z-aM^lOOz+lOy+ft 

3.  The  nmnbar  ia  198.      4.  The  nombar  la  120. 

5.  x^(f»+l)ji,  2=»(9+l)»,  y={pq-l^     «.  Tliapartoan  4,  8,  3, 12. 

7.  Let  X,  y,  2^  «,  the  four  parts  x=:2,  y=4»  as7,  «s9. 

.    .  XXVII. 

1.  ^  haa  £55;  ^,  £ei{ ;  (7,  .£85.  . 

2.  Let  X,  y,  2  denote  the  gaiMaa»  half-aovereigna,  and  half-crowns  reapectlTrlr, 

thenx+y+»=200,g?=,^,  g.^.    «-5fc  y««0,  «-»0. 

8.  The  date  ia  1751. 
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4.  8  abillingB,  3  half-crowiu,  and  0  sixpences. 

5.  The  problem  gives  Is--  4.-  +-»  and  therefore 

Bat  -1  +^  is  greater  than  2.    .*.  ^1"^^+^  is  graater  than  9. 
t^    ti  t 

Andif'-l±fa±i«=9,    tlieni«+'j=2,  and}!' -M '=0,40.     .•.«,=<,-«». 

7.  Here ^4,  P,  effect  m  in  a  units  of  time, . '.  —  in  an  unit  of  time. 

a 


II    ^*  ^t  »f 


"1 


.-.  -4,  B,  ^together  do  -  }  ^+\+-  {  in  an  nnit  of  time. 
Let  At  B,  C  together  effect  m  in  as  nnits,  they  do  —  in  one  unit, 

X 

.*.  ~=B-  i  -4._.j._  \ ,  and  85=-- =-. 

a;     zia    h    e)  ab+ae+bc 

Next  suppose  A  does  m  in  a;  units,  ^9  in  y,  and  0  in  2» 

then  A,B,Cdo^,  ^  ^  respectiyely  in  an  unit 

»     y     z 

Then  ^+-^-,  ^4.-=,^,   _+-=--, 
xyayzbxze 

.„.  1    1    1    1    1    1    1    1    1 
xyayzbxze 
whence* 2ai£_^ 2afc_^   , &fa      ^ 

8.  Suppose  A  completes  the^yrork  in  x  days,  ^  in  y  days,  and  (7  in  z  day% 

Then  _+-=_,  _+-=3_,  _  +  -=£:, 
y2«a;2ya;yz 

and?+l  +  -«2i\   .-.  ^  =  — J'? .    SimihalyJL« "^ , 

X    y    z       X  '        m+\    xy+xz+yz  n+l^xy-^oes-i-yz 

and  — ^sa'    I   ■  T. ;,  .•, »--ffi   It    cs--g-: 2.=:1, 

j>+l    Qcy+xz+yz        m  +  1    n+1    p+1    «y-\-xz-i-yz 

'       xxvni. 

1.  This  msy  most  readily  be  eijfodted  b^  the  n^thod  of  indetetminate  multipliers. 

3.  By  eliminating  s  from  the  tot  and  seoo^id  eqnatbns^  ^fLll^^zl^ 

e^x+by    C|. 

and  1  between  the  second  and  third  equations,  £l£jL^~fLL, 

b^x+a^y    c, 

Kext  eliminate  x  and  y  from  these  two  equations, 

und  ?fhziil»=.?V:£i£l,  from  this  may  be  deduced; 
ee^^a^bj^      aj*— oc 

5.  See  Art  4,  p.  11. 

7.  First  eliminate  x  between  the  first  Mid  second  equations,  and  between  the 
second  and  third ;  next  eliminate  y  between  the  Tesulting  equatiooa,  and  the  ^-alue 
of  z  is  determined :  then  find  the  yalues  of  x  and  y.    Having  Umud  the  Ttdues  o 
OB^  y,  %  thfln  a*x+b*y+e*9  may  be  readily  shewn  equal  to  (a*a;+6*ff+s*2)*. 
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XXIX. 

4.  From  the  first  and  Mcond  equation,  yi^ .    ^; 

6+1 

from  the  aeoond  and  third  »-(^±2^=(i±i)?: 

c+1         c+1 

from  the  third  and  fourth.  i» -(£+!]!. ^!l±l)f. 

Substitate  in  the  first  equation, 

...  (g  +  Dg    (a-H)a?    (a+l)x  and-L.+JL+J !L.. 

6+1    ^   c+1    ^  d+1  '  6+K  c+l^d+1    a+1 

Otherwise,  ainoey +2+ «=ax,  add  a;  to  each  aide,  thena;+y+s+v=(l+a)aL 

And =s-—  ;   similarly  for  the  rest  of  the  equations:  then  taking 

aj+y+«+«    1+a  -m,  -^ 

1111 
the  snm,  there  resolts + — -  + +- — -=1. 

l+a^l+6^1+c^l+d 

6.  By  saccesslTe  substitntions  of  y,  s^  it,  in  terms  of  x,  it  will  be  found  that  x^L 

7.  See  pp.  1,  2. 


See  the  two  examples  solved  in  the  note,  page  18* 

The  general  values  of  x  and  y  in  terms  of  a  third  unknown  quantity,  p,  axe  hers 
given,  from  which  the  numerical  values  of  x  and  y  can  be  found. 

1.  x=s8p— 2,  y =2/1  r- 1.    Here p  must  not  be  less  than  unity. 

2.  aj-6p-2,  y=7p-8.  8.  aj-19p+6,  y— 8^-19. 
4.  x-117p+66,  y-11^+9.         5.  ««-19p-2i  y-17j>-4. 
6.  x=17p+12,  y-18/>+6.          7.  a!-7j>-l,  y«-22-18ii. 
8.  x-28-18p,  y=fl!p-4.             9.  x*i84-18p,  y-lli)+2. 

10.  x=228-18p,  y-9p-4.         11.  x'-92-7p,  y-7p+l. 
12.  »-6p,  y-20-llj>.  18.  x -148^+4,  y-6-8C>p. 

14.  X-21-17P,  y-llp+1.        16.  y-84-lli»,  x-lli»-6. 
16.  x-17i)+6,  y-6-28;).  17.  x-7000,   y=6000  is  one  solution  of  the 

equation.    Any  number  can  readily  be  found  when  one  is  known. 

XXXI. 

1.  8x+7y+17«=100,  then  8x+7y«100~17«.  In  order  that  100  -  17s  may  be 
positive,  z  must  not  be  greater  than  6. 

If  2  be  taken  equal  to  1,  2,  8,  4,  5,  then  will  arise  the  following  five  different 
equations:  8x+7y=88,  8x+7y=«66,  8x+7y=49,  8«+7y=82,  8x+7y=15. 
And  from  these  equations  the  values  of  x  and  y  may  be  determined. 

2.  dx-4y+7«=190,  6x  -  4y=*190  -  7s.  In  order  that  190  -  7s  may  be  a  positive 
integer,  z  must  be  an  even  number  less  than  27.  And  by  substituting  for  s,  1,  2,  8, 
Ac,  there  will  be  found  18  values  of  190 -  7s,  to  each  of  which  6x -  4y  may  be  made 
equsL    Bach  of  these  equations  will  give  an  unlimited  number  of  solutions. 

XXXII. 

1.  «+2y+8«=20,  4x+6y+6«=47. 

By  eliminating  x,  y +2«=11,  and  y=ll-2«. 

It  is  obvious  that »  must  not  be  grsater  than  6. 

When«=»  1»        2,        8,        4,        6. 

then   y=ll-2«=«  9,        7,        6»        8,        1. 

and     x»20-2y+8s»-l»        0,        1,        2,        8. 
nenoe  the  equations  admit  of  only  three  solutions  in  positive  integers 
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2.  eaj+7y+4«=122,  ll»+8y-(te=145. 

Eliminate  z,  40z+37y=656, 

from  which  y=8  -  iOp,  aj=87p + 9. 

Here  p  must  not  be  greater  nor  less  than  0, 

and  a;»0,  y—S,  z^Z,  or  the  eqaations  admit  of  only  one  solution  in  positive  integers. 

3  and  4  require  no  remarks. 

XXXIIL 

1.  Let »  be  the  number,  then  ^I- ,  ^-7—>  %  "^  integers. 

6  4       8 

If  -->!?»  then  x=Zp;  substitute  this  in  ^^,  then  ?£zl  is  an  integer,  also 
8  5  5 

^       is  an  integer,  but  ^  is  an  integer,  .  *.  £Z_  is  an  integer.     Let  ^Z^=q, 
5  5  0  '5 

X     1 

then  p=5q+2.    Hence  a;  at  8(5^+2).     Substitute  this  value  of  a;  in   — — ,  then 

4 

■'<7  +  o-l  ^^  loq  +  o  ^  ^^  integer,  .'.    ^        is  an  inti^er,  but  -^  is  an  integer, 
4  4  4  4 

.-.  ^Z}.  is  an  integer.     Let  £l-l=sr,  .*.  g=4r+l,  .'.  aj-16g+6=16(4r+l)  +  e- 
4  4 

60r  +  21,  and  in  order  that  x  may  be  a  positive  integer,  r  may  be  0,  1,  2,  &c.    And 

the  least  value  of  xa21.    The  number  of  solutions  is  unlimited. 

2.  The  number  is  176. 

8.  The  least  number  ia  104,  and  the  number  of  solutions  is  unlimited. 

4.  If  a;  denote  the  number  required,  then   ^Z£,  ?— ,  ^Il5,  £Z«,  Ezi.     are 

^         '        •       66482 

integers  ;  the  least  value  of  x  may  be  obtained  by  the  same  process  as  above  in  the 
first  example,  and  will  be  found  to  be  69. 

6.  Let  a;,  y  be  the  two  numbers,  then  a;+y«Bl96, 

also  ^Lll  and  !!!Z_  are  integers.     Let  ^Z£=0,  and  iZzm^q, 
7  7  7  6 

then  a;»7p+6  and  y=5^+l,  .'.  «+y-7p+6  +  63'+l  =  196, 

and  7p+6q=190,  which  admits  of  5  solutions  in  ]^tive  integers. 

X-  40,     75,     110,     145,     180. 

y»156,  121,      86,      51,      16. 

8.  Let  awmp,  h^mqt  then  the  equation  €tx±hy=±e  becomes  mpx±mqy^±c, 

and  px±qy^=S,  but  m  is  not  a  divisor  of  0^ .'.  -^  is  an  irreducible  fraction. 
m  m 

XXXIV. 

1.  Let  5x,  By  be  the  numbers,  then  6a;+8y=78. 

2.  One  part  is  406,  and  the  other  694. 

8.  If  a;  be  the  digit  in  the  place  of  tens^  y  in  that  of  units,  then  10ar+y^6a;+88, 
and  there  are  nine  solutions. 

5.  If  a:^  y  denote  the  numerators  of  the  fractions,  then 

?+y=??,  and?-y=??. 

5^9    46'  5    9    46 

7.  If  a^  y  be  the  multiples,  856a;  -  462y  ~m  any  number  assignable  at  pleasure. 

XXXV. 

1.  If  there  be  z  weights  of  91b.  each,  and  y  of  141b.  each,  then  9a;+14ys=s2240. 

2.  If  s  denote  the  number  of  half-guineas,  and  y  the  half-crowns. 
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then  —4.-1^=400,  and  x==5p,  y^l60-21p,  from  which  it  appears  i»  most  not 
2        2 

exceed  7. 

3.  In  1999  different  ways. 

4.  The  least  number  required  is  2  one-pound  notes  and  4  seven-shilling  pieces. 

25        5 

5.  Here  25  francs  are  equal  to  20  shillings,  . '.  1  shilling  is  equal  to  —  or  -. 

of  one  franc,  and  .  *.  28  shillings  is  equivalent  to  35  francs. 

Let  X  denote  the  sovereigns,  y  the  Napoleons,  then  262—20^=35,  and  dr=4p  +  3, 
y~6p+2,  p  must  not  be  less  than  0,  then  a:=8,  y=2,  are  the  least  values  of  x  and 
y.    The  number  of  solutions  is  unlimited. 

6.  It  will  be  found  that  £13  6s.  is  the  double  of  £6  13s. 

7.  Let  X  half-crowns  and  y  shillings   be   required   to   pay  the    debt,   then 

— +y=19J,   or  5a;+2y=39,  whence  a:=6p+2,  p  not  less  than  1,  and  y=7-2jp, 

p  not  greater  than  3. 

8.  Here£100stockin  3  per  cents.  s£64  sterling,  .'.£1  stock=—=£l^  sterling, 

and  £100  stock  in  4  per  cents.  =£84  sterling, .  *.  £1  stock=  ^^£—  sterling.     Let  z 

^  '^  100       25  * 

denote  the  stock  in  the  3  per  cents.,  and  y  that  inthe 4per  cents.,  then  —  +  tlM>=  3480, 

from  which  x==^5iiS  -  2lp,  p  not  greater  than  259,  2^=16p-8,  p  not  less  than  1. 
Hence  there  are  259  solutions,  the  least  is  when|>==l. 

9.  The  interest  of  £1  in  4  per  cents,  is  £A^_,  the  interest  of  £1  in  the  5  per 

^  99    24  ^ 

cents  is  £— -» — .    Let  z  pounds  be  invested  in  the  4  per  cants.,  and  y  in  the 
106    21  r^  »         9 

5  per  cents.    Then  .-4.^^=4^,  uid  7x+8y— 766,  which  gives  18  different  solu- 
tions. 

XXXVL 

1.  The  prime  factors  of  30  are  2,  3,  6.    Let  a^  y,  s  be  the  respective  numerators, 

then  ?+y+*    5?,  and  15aj+10y+6a=63. 
2    3    6    80 

2.  Let  a%  y,  s  be  the  respective  numerators  of  the  fractions  whose  denominators  are 

6,  9,  18.     Then  ?a.?+A==?  and  ?-y=?-±.    Then  8aj+2y+s=48,  and 
'  6  •  9^18    3  6    9    9     18  ' 

82; -  4y + 2=0,  . '.  y=8,  and  z=82 -  3«.    In  order  that  2  be  positive,  x  must  not  be 

greater  than  10,  nor  less  than  1. 

6.  Suppose  X  months  of  28  days,  y  of  30,  and  2  of  31,  then  «+y+z= 12,  and 
S8»+80y-h  812=365,  if  the  year  be  not  leap  year. 

7.  Let «,  2>  y>  2,  denote  the  value  of  a  ruby,  sapphire,  pearl,  and  diamond  respec- 
tively. The  result  is  2=96y=6z=4v,  and  the  problem  is  indeterminate.  If  the 
value  of  any  one  be  assigned,  the  values  of  each  of  the  rest  can  be  determined. 

8.  Let  Vf  ar,  y,  2  denote  respectively  the  price  of  a  horsey  camel,  mule,  and  ox. 
Then  6« + 2aj + 8y + 72=8© + 72 + 2y + 2=6» + 4a -h  y + 22=8» -t- a? -h  3y + a. 

Suppose  the  property  of  moh  denoted  by  p,  the  values  of  v,  x,  y,  9  can  be  found 
in  terms  of  p,  which  being  unaasigned,  the  problem  is  indetenninate.  The  least 
values  of  V,  a^  y,  s  are  86,  76,  U,  4  xespqf^tively. 
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OUADBATIO  EQUATIONS. 

Art.  1.  A  quadratic  equation,  or  an  equation  of  the  second  degree, 
18  one  which  involves  the  second  power  of  the  unknown  quantity,  with 
or  without  the  first  power  of  that  quantity.  Every  equation  of  the 
^  second  degree  involving  only  one  unknown  quantity  can  be  reduced 
to  one  of  the  forms,  asi^+lx+e==Of  (u^+hx^O,  or  «^+tf=0,  in  which 
a,  h,  e  may  be  positive  or  negative. 

If  the  equation  be  reducible  to  the  form  i&c'— «  =  0,  then  as?^e^ 

and  ^e^s-,  and  the  value  of  the  imknown  quantity  is  found  by  es- 
a 

tracting  the  square  root  of  the  terms  on  each  side  of  the  equation. 
Taking  the  square  root  of  ;i^  =  f,  .*.  x^  ±  ^  -  [  ,  the  values  of  x 

being  +  j  -  [    and  ^  <  f  i  ,  since  the  square  of  the  same  positive 

and  negative  quantity  always  produces  the  same  positive  quantity.* 
If  the  equation,  when  reduced,  assume  the  form  3?'\rh9  =  0,  or 

OB^x-^tV)  =>  0,  the  values  of  x  are  ^a  0  and  x  =  — &. 

If  the  reduced  equation  involve  both  the  first  and  second  powers 

of  the  unknown    quantity,  as  a^+}a?+c  =  0;  when  each  term  is 

divided  by  a,  it  becomes  0^^+^ — h-^O,  and  putting  jp  and  £for-  and 

~  respectively,  the  equation  becomes  a?+jpx+q  =  0,  or  a?+px=  —  j'. 

The  expression  a^±px  may  constitute  the  first  two  terms  of  the 
square  of  a  binomial  quantity  x±.a,  whose  square  is  s^±2ax+a\  And 
it  is  obvious  that  four  times  the  product  of  the  first  and  third  terms  of 
this  expression  is  equal  to  the  square  of  the  second. 

Hence  if  m  be  such  a  number  as  when  added  to  ^±|Kr,  the  ex* 
pression  a?±px+m  becomes  a  complete  square ;  then  Ama^  =  p^s?^  and. 

s^  =  '{  ~  f  >  0'>  ^^  quantity  to  be  added  to  2?±.px  to  make  it  a 

*  As  the  sqoare  root  of  erery  quantity  is  both  x>ositiy6  and  negative,  the  sigo 
±  equaUy  marks  both  the  left  and  right  sides  of  an  equation,  when  the  square  root 
is  either  extracted  or  expressed. 

When  the  square  root  of  z*=f  or  a'^^i  (putting  5  for  £  to  simplify  the  ex* 

pression),  the  equation  assumes  the  form  ±xs±&^y  which  i^ves  four  equalities : 

+x=s+&l,  +«=-&»;  ~a5=+6»,  — «=-*!. 
Of  these  the  first  and  fourth  are  obviously  the  same,  as  also  the  second  and  third. 
Hence  x^±h^  includes  the  four  expressions,  and  it  will  he  sufficient  to  mark  only 
one  side  of  the  equation  mth  the  double  sign  ±« 


complete  square,  is  the  square  of  half  the  ooe£S.cient  of  the  first  power 
of  the  unknown  quantity,  and  3^±,px'\'^  is  a  complete  square. 

By  means  of  this  property  a  complete  quadratic  equation  can  be 
reduced  to  a  simple  equation,  and  the  values  of  the  unknown  quantity 
determined. 

2.  To  solve  Hie  quadratic  equation  3f+px-\-q  =  0,  or  to  find  the  value* 
of  X  tchich  scdisfy  tlie  equation. 

Taking  the  form  s^+px+q  =  0,  and  transposing  q  to  the  other  side 
of  the  equation,  a^+px=—q,  then  adding  the  square  of  half  the 
coefficient  of  jp  to  each  side  of  the  equation,  in  order  to  make  the  left 

side  a  complete  square,  it  becomes  j?'+j>*+^  =  ?-— j'=?-ZlX, 

extracting  the  square  root  of  each  side, 

^+?=  ±(?!=l£)!,  and  ^=  =£M£!Z±I\ 
2  2  2 

...  x=-JL±iP'':'^^)\  and *=  -P-(^ -M' 
2  2 

are  the  two  values  of  the  unknown  quantity  of  the  equation 

^+px+q  ==  0. 

In  the  same  manner,  if  Ji^+px — q  -  0  be  the  form  of  the  equation, 

then  x  =  Z±±iP\+Js)\* 

2 

llp*+iq  be  a  complete  square,  then  (p*+4^)^  is  an  integer,  and 
the  two  values  of  x  are  positive  or  negative  integers  or  fractions. 

If  p*+4q  be  not  a  complete  square,  then  ( /?*  +  4^)*  is  a  surd  number, 
and  the  values  of  x  can  only  be  approximately  determined  by 
extracting  the  square  root  of  p^+4q  to  any  number  of  decimal  places 
required. 

"When  the  quadratic  equation  is  of  the  form 

x^+px+q^O,  x^z£±l^^:±l. 

If  p^—iq  ^  0,  then  p*  =  4q,  and  the  two  roots  of  the  quadratic 
equation  are  equal. 

If />*  be  greater  than  4q,  and  if  p^^iq  be  a  complete  square,  then 
the  two  roots  of  the  equation  are  rational ;  if  p*—4q  be  not  a  complete 
square  the  two  roots  are  irrational. 


•  Solve  the  quadratic  equation  x*  -  12x=18,  and  verify  the  correctness  of  the 

values  of  x.    Here  a;'-12a;=13.     Complete  the  square  by  adding  to  each  side  of 

Ihe  equation  the  square  of  half  the  coefficient  of  ar,  then  a;«  -12a! +  86=13 +  86==  49. 

Extracting  the  square  root  of  each  side  of  the  equation,  x—6==^±7,  «=6±7,  or 

i6»18«nd-l. 

Verification:  when  «- 18,  aj«-12j:={18)«- 12x13  =  169 -166=13. 
Whena:=-1,  (-l)«--12x  -1=1  +  12=13. 
And  both  yalues  of  x  satisfy  the  proposed  equation. 


But  i£p*  be  less  than  4^,  j3^^4q  is  bl  negative  quantity,  the  square 
root  of  which  is  impossible,  and  both  the  roots  of  the  equation  are 
impossible. 

8.  The  quadratic  equation  ax^+hx+e^O  may  be  solved  witJumt 
reducing  the  coefficient  qfa^to  unity. 

Transposing  c,  the  equation   is    Ar'+Jjrai— <?,   then  multiplying 
each  side  by  four  times  the  coefficient  of  ^,  the  equation  becomes 
4flV+4fl^jj=  — 4«<?,  or  (2<M?)'+26(2aj;)  =»  —  4ac. 

Next  adding  Ir,  the  square  of  the  coefficient  of  x,  to  each  side,  then 
(2flu?)*+25(2<M;)+J*  =  J^— 4ew,  the  left  side  of  which  is  a  complete 
square. 

Extracting  the  square  root  of  each  side,  2a«+&  ™  ±  {h^''^ac)^$ 

2a 

The  equation  aj^-\'hx-\-c^  0  may  also  be  solved  by  multiplying  both 
sides  of  the  equation  by  the  coefficient  of  s^^  then  a^3i^'\-ahx^  —ac 
or  {axY+b^ax)  =  —aCf  in  which  the  unknown  quantity  x  is  changed 
into  ax,  a  multiple  of  that  quantity. 

Next  add  to  each  side  the  square  of  half  the  coefficient  of  ax,  then 

{axy-{-h(^ax)+-  =  _II — ,  and  extracting  the  square  root, 

then  «.+*=  ±(*!=if£)!.  and  .-.  ,.^>±i*!=i?f)' • 
2  2  2a 

4.  It  may  be  remarked,  that  when  the  second  power  of  the  un- 
known quantity  is  affected  with  a  coefficienti  this  method  of  solution 
will  be  found  the  most  conyenient  in  practice. 

*  Solve  the  equation  13a;*  +  7a;>«360.    Multiply  each  side  by  4  times  the  co- 
efficient of  ic^,  then  676x*  +864jbb  18720.    Add  to  each  side  the  square  of  7,  and 
676u;*  +  364a;  +  49  ::=  18720  +  49  « 18769.     Extracting  the  square  root, 
26ic  +  7-±137,  and26jc--7±137»180and  -144, 

—  72 
.*.  «— 6  and . 

13 
Verification : 
AVhena?=6,  13jc=  +  7a;=13x5« +  7x6-325  +  85-360, 

.^Zll,  13.'  +  7.=.13x  \zll\\7xZ^J-^J4J-^=S(iO. 
18  (    18    )  18        13       13      18 

Here  both  yalaes  of  x  satisfy  the  equation. 

Solve  the  equation  7x^  -ix^Z,  and  verify  the  correctness  of  the  values  of  a 

Multiply  each  side  of  the  equation  by  7,  then  {7a;)'  —  4(7aj)  —  21. 

Next  completj  the  square,  (7xy  -  i(7x)  +  4  -21  +  4-25. 

Extract  the  square  root,  7j:— 2=±5,  and  7x— 2 ±5— 7  and  -3, 

,'.  a— 1  and  JI— . 
7 

Verification : 

When  a-1,  then  7a;«-4a;-7xl« -4x1-7-4-3, 

Both  values  of  x  satisfy  the  proposed  equation. 


In  the  solation  of  equations  of  the  second  degree,  oertain  anomalies 
arisoy  besidee  those  which  occur  in  the  solution  of  equations  of  tiie  first 
degree.  It  is  possible  that  either  one  or  both  of  the  values  of  the 
unknown  quantity  obtained  do  not  satisfy  the  proposed  equation. 
This  anomaly  arises  when  a  term  in  the  proposed  equation  containing 
the  unknown  quantity  is  affected  by  the  square  root. 

Every  quantity  has  two  equal  square  roots,  one  positive  and  the 
other  negative,  and  if  an  expression  of  the  form  +(ma?+»)*  occur  in 
an  equation,  the  square  of  this  quantity  is  mx+n,  the  same  as  the 
square  of  '^(mx+ny. 

Any  proposed  equation  involving  this  expression,  when  reduced 
may  be  fx+q  =z  +(mx+ny  or  px+q=i^{mx+ny,  and  when  each  side 
of  these  equations  is  squared,  they  assume  the  same  form 

(px+qY  =  mx+n  in  both  cases. 

Here  an  ambiguity  is  introduced  in  the  course  of  the  solution,  and 
in  the  equations  so  reduced  the  distinction  does  not  appear  which 
existed  in  the  proposed  equations. 

Hence  it  follows  that  a  new  condition  is  introduced,  which  will  be 
manifest  in  the  result,  so  that  one  or  both  values  of  the  unknown 
quantity  obtained  may  not  satisfy  the  proposed  equation.  The  roots 
so  introduced  are  called  roots  of  solution,  as  distinguished  from  the 
proper  roots  which  always  satisfy  the  equation.* 

5.  A  quadraiio  equation  cannot  have  more  than  two  values  of  the  Kn- 
known  quantity. 

Let  <»,  h  be  the  values  of  x  in  the  equation  4;'+i'^+S'  =  0,  and,  if 
possible,  let  c  be  a  third  value  of  «. 

*  Solve  tile  equation  2a;+(7a;4-ll)>»=9. 

Here  (7x+ll)»=9-2a:  l^  transposing  2a^  next  7as+ll=81-36aj+4«»,  by 
squaring  each  side  of  the  equation,  and  4x*  -  43:t;~  -  70  by  transposition. 

Multiply  each  side  by  4,  and  (iz)*  -  43(4z;)=  -280. 

Complete  the  square  on  the  left  side  by  adding  to  each  side  the  square^^dMialf  the 
coefficient  of  the  first  power  of  the  unknown  quantity, 

.  •.  (4a:)«  -  48(4») + ]^^]^  -  280=ZH?, 

4  4  4 

extracting  the  square  root,  and  ix  - 1?=*??,  4a!=l?=??=86  and  8, 

.-.  «=??  and  2. 
4 

If  these  two  values  of  x  satisfy  the  proposed  equation,  thoy  are  the  proper  roots 

of  the  equation. 

which  ought  to  be  9,  and  x=^  does  not  satisfy  the  equation,  and  is  a  root  of 

solution. 

Let  aj-2,  then  2aj+(7a;+ll)»=4+(14+ll)»=4+(26)»=4+6=9. 

Hence  «s2  does  satisfy  the  proposed  equation,  and  is  a  true  root  of  it 


Then  if+pa+q  =  0,  V+ph+q^O,  t^+pe+h^^O, 
and  (a»-6')+i>(a-J)  =  0,  (J«-c»)+p(J-.<?)  =  0, 
. .  a+>+p  =  0,  and  h+o+p^^O, 
whence  «— ^  =  0,  or  a  =  ^ . 
Therefore  a  quadratic  equation  cannot  have  more  than  two  values 
of  the  unknown  quantity. 

6.  To  find  the  relation  between  the  roots  and  the  coeffieienti  of  a  quadratie 
equatwn. 

Let  0,  h  he  the  roots  of  the  equation  sf+px-^-q «  0,  then  both  a 
and  hf  when  substituted  respectively  for  ^,  satisfies  the  equation, 

.".  a'+pfl+5'  =  0,  and  i'+pi+g'riO. 
Then  (a?— 5')  -^-pia—h)  =  0,  by  subtraction,  and  dividing  by  a— J,  — 

.'.  (fl+5)+|>=«0,  andjp=— (a+i). 
Next  substituting  this  value  of  p  in  either  of  the  preceding  equa- 
tions, <^+^a+j'  =  0,  or  i'+/>5+5'«0,  and  »*—(«+ 5)^+^  =  0,  or  q^ah. 
These  results,  p  =  — (a+5)  and  q=^ah  indicate,  that  the  coefficient  of 
the  second  term  of  the  equation  :{^4'i'^+?  =  0,  is  equal  to  the  sum  of 
Hie  roots  with  contrary  signs,  and  the  third  term  q  is  the  product 
of  the  roots  with  contrary  signs. 

This  property  may  be  otherwise  shewn  by  means  of  an  identity. 
For  a,  h  are  the  roots  of  the  equation  «*+/'ar+g'  =  0, 

then  :r  =  a  and  d?»^;  a?— «  =  0,  andar-^a^o, 
.*.  {x—a){x^h)  =  0,  or  a*— (o+ J)«+«J  =  0, 
which  is  an  equation  identical  to  a?-}rpx+q  =>  0. 

Hence p  =  — (a+5)  and  q-ah,  ' 

It  also  appears  that  when  the  roots  of  a  quadratic  equation  are 
given  the  equation  can  be  formed. 

7.  If  one  of  the  three  roots  of  a  cubic  equation  can  be  discovered  by 
inspection,  or  be  found  by  any  process,  the  other  two  roots  can  always 
be  determined  by  a  quadratic  equation. 

The  solution  of  all  equations  of  the  fourth  degree  of  the  form 
st^-^-qa^-^r  =  0,  and  other  equations  that  can  be  reduced  to  that  form» 
can  be  effected  by  means  of  quadratic  equations. 

And  in  general,  any  equation  in  which  the  unknown  quantity 
appears  in  two  terms  having  the  index  of  one,  double  the  index  of  the 
other,  can  be  reduced  to  the  form  of  a  quadratic  equation,  and  the 
complete  solution  effected  by  a  further  operation  of  involution  or 
evolution. 

If  the  given  equation  when  reduced  be  of  the  form  a^^pa^+q  =  0, 
in  which  n  is  any  number  integral  or  fractional.    Ji  a^^y,  then  by 
substitution,    the  equation    becomes    ^*— i'y+^^O,  from  which  is 
determined  y  =  i{p±(p^—^q)^\,  and  restoring  «"  the  value  of  y, 
'«*  =  i{p±(^— 4g')>},  and  extracting  the  «th  root  of  this  equation, 

^={il>±0'-4y)']}-. 
This  method  is  also  applicable  for  the  solution  of  equations  whick 
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may  be  reduced  to  the  fonn  (a:^+i»a;*+^)'"— |?'(-'^*+ji?jr" +?)"+?' '=^- 
For  let  iK*"+i>J?*+j^=yi  theu  by  substitution  the  equation  is  reduced 

In  quadratic  equations  involving  two  unknown  quantities,  when 
the  equations  are  homogeneous,  their  solution  may  be  facilitated  by 
assuming  one  of  the  unknown  quantities  to  be  some  unknown  mul- 
tiple of  the  other. 

8.  To  solve  the  homogeneous  equations  of  the  second  degree, 

«i^+My+^iy'  =  ^i>  a^+h^y+cy  =  d^, 

involvifig  two  tmknown  quantities. 

Let  y-vx,  v  being  some  unknown  quantity,  substituting  this 
value  of  y  in  the  given  equations,  they  hecome  x^{ai+h^v+c^i^)  =  d^, 
a^{ai'\rhv+c^)  « d^    Dividing  the  former  by  the  latter, 

^i+hiV+CyV*  _dj 
a^+htV+e^v'    (^' 

whence  (tf,<f,— <?,rf,)i;*+(Mi— Mi)«'  =  <''^^i-"^A>  *  quadratic  equation, 
from  which  v  can  be  found ;  and  by  substituting  this  value  of  v  in 
either  of  the  given  equations,  the  value  of  x  is  determined ;  also 
from  y  »  rx,  the  value  of  y  is  also  known. 

In  a  similar  manner,  if  there  be  given  three  homogeneous  equa- 
tions involving  three  unknown  quantities,  x,  y,  z,  the  solution  in 
general  may  be  simplified  by  assuming  ff  =  ux  and  z=zvx,  where  u 
and  V  are  imknown  quantities. 

If  these  assumptions  for  y  and  z  be  substituted  in  the  proposed 
equations,  z  may  be  eliminated,  and  the  two  resulting  equations  will 
involve  u  and  v  only,  from  which  u  and  v  can  be  found. 

When,  however,  the  equations  are  not  homogeneous,  the  solution 
must  be  effected  by  considering  the  relation  of  the  unknown  quantities 
in  the  equations,  and  noting  what  operations  are  possible.  Then  by 
eliminating  such  tmknown  quantities  in  order  as  are  least  involved  in 
the  equations,  the  proposed  equations  may  be  reduced  to  an  equation 
involving  only  one  unknown  quantity.  And  when  this  quantity  ia 
found,  its  value  can  be  substituted  in  any  of  the  given  or  derived 
equations,  and  the  remaining  unknown  quantities  determined. 

Sometimes  the  solution  of  equations  involving  two  unknown 
quantities  may  be  rendered  more  easy  by  assuming  x+y  and  x-^y 
instead  of  x  and  y  for  the  unknown  quantities. 

Also  when  an  equation  involves  the  sum,  the  product,  the  sum  of 
the  squares,  cubes,  &o.,  of  the  unknown  quantities,  the  solution  may 
become  less  operose  by  assuming  x+y-p  and  xy  =  q,  and  finding 
^+yS  ^+y^f  &C-9  in  terms  ofp,  q,  and  making  these  substitutions  in 
the  proposed  equations. 

With  respect  to  indeterminate  equations  of  the  second  degree,  no 
general  rules  can  be  prescribed  for  their  solution.  A  few  of  the  more 
simple  indeterminate  equations  involving  one,  two,  and  three  un* 
known  quantities  have  been  added  to  this  section. 


9.  In  tho  solution  of  problems  involving  quadratic  equations,  since 
every  quadratic  equation,  in  general,  admits  of  two  values  of  the  un- 
known quantity,  which  may  be  both  positive  or  both  negative,  or  one 
positive  and  the  other  negative  ;  it  is  necessary,  when  Uie  values  are 
possible,  to  consider  their  meanings. 

When  both  the  values  of  the  unknown  quantity  are  positive,  it  will 
be  found  that  these  positive  values  give  two  solutions  of  the  problem. 
If  both  be  negative,  neither  gives  a  direct  solution  of  the  problem. 
When  the  values  of  the  unknown  quantity  are,  one  positive  and 
the  other  negative,  it  will  be  found  that  the  positive  value  fulfils  the 
direct  conditions  of  the  problem;  and  that  the  negative  value  wiU 
answer  the  conditions  of  the  problem  where  one  or  more  of  the  con- 
ditions are  made  tlie  contrary  of  what  they  were  in  the  proposed 
problem.  This,  with  other  anomalies,  arises  from  the  fact  that  the 
algebraical  expression  of  an  equation  is  more  general  than  the  verbal 
enunciation  of  the  problem,  and  it  may  include  other  conditions  than 
those  expressed  in  the  proposed  problem.* 

*  Dy  selling  an  article  for  a  poands,  as  mack  per  cent,  is  lost  as  the  article  cost; 
what  was  the  prime  cost  of  the  article  ?  Solve  the  qacstion  when  the  article  was 
sold  for  £24,  £25,  £26  re8i)ectively. 

Let  X  poands  denote  the  prime  cost  of  tho  article,  then  x-  a  it  the  loss  on  the 
sale  of  it.     Bat  x  is  the  loss  on  £100, 

.*.  —  is  the  loss  on  £1,  and  —  is  the  loss  on  x  pounds,  the  prime  cost, 
IQO  '100  1  »        i  •» 

.•.  —wmx-a,  and  ««  -  100a;  =  -  100a,  from  which  ^-50+10(23— a)*. 
100 

If  a  ■■£24,  then  ^.'b50±10,  or  ;c=£60  and  £40,  two  x>ositivc  valnes  o{  x,  which 
indicate  two  solutions  of  the  problem.    If  a  *  £23,  then  2^=50. 

If  a»£26,  then  ;e«60±10>/  - 1,  and  the  problem  is  impossible. 

A  person  bays  a  certain  number  of  oxen  for  £80,  and  finds  that  if  he  had  bought 

four  more  for  the  same  money,  they  would  have  cost  one  ^lound  a-x>icce  less ;  how 

many  did  he  bay  ? 

80 
Let  X  denote  the  number  of  oxen  bought  for  £80,  then  —  is  the  price  of  one  ox. 

X 

80 
If  4  more,  or  a:+  4  were  bought  for  the  same  money,  then would    be    the 

price  of  each. 

And  -?L=5?-1,  by  the  conditions  of  the  problem,  .'.  a:'  +  4i  =320,  aj-16,  -20. 
a:+4     X 

The  positive  value  a;— 16  gives  the  answer  to  the  question.     The  negative  value 

a;«  -  20,  gives  the  answer  to  the  question  of  a  contrary  nature. 

To  explain  the  negative  value  of  j?.     In  the  equation  for  x  wiite  —x, 

-a5+4     --C  35-4     X 

which,  when  translated  into  words,  expresses  the  following  question — 

A  person  sold  a  nufnber  of  oxen  for  £80,  and  if  he  had  sold  4  fewer  for  the  same 
money,  he  would  have  received  a  poand  a-piece  more  for  each.  How  many  did 
he  sell  ? 


EXERCISES. 
Equations  of  thji  Seookd  Degbss. 

I. 

1.  Upon  what  principle  is  the  degree  of  an  equation  estimated 
when  it  inyolves  the  unknown  quantity,  affected  by  the  index  (1)  of 
any  power,  and  (2)  of  any  root  ?    Give  examples. 

2.  What  is  a  quadratic  equation  ?  State  and  prove  the  process  for 
the  solution  of  quadratic  equations,  both  of  those  which  do  not  and 
those  which  do  require  the  completion  of  the  square. 

3.  What  is  the  distinction  between  proper  roots  and  roots  of  boIu- 
Hon  9  In  which  class  of  equations  do  the  latter  occur  ?  Give  examplos 
of  such  roots. 

4.  In  solving  the  quadratic  equation  a? — 4j:+2  —  0,  take  every  step 
in  order,  and  describe  the  process  leading  to  the  result  in  plain  and 
intelligible  language. 

5.  Establish  a  proposition  by  means  of  which,  if  the  roots  of  a 
quadratic  equation  be  given,  the  equation  itself  may  be  formed. 

Ex.  Form  the  quadratic  equations  whose  roots  shall  be  respectively 
3, 4 ;  —3,  ^4 ;  —3,  4 ;  3,  — 4  ;  and  conversely,  find  the  roots  of  the 
equations  so  formed. 

6.  Under  what  circumstances  will  a  quadratic  equation  have  only 
one  root  ? 

7.  What  is  the  meaning  of  a  negative  quantity  when  it  occurs  as 
the  answer  to  a  question  ? 

8.  If  a*4-^'  he  a  root  of  the  quadratic  equation  3i^-\-px-^q»Q^  than 
shall  a^ — h^i  h^'^c^f  — o^ — h^  be  also  roots  of  the  same  equation. 

9.  What  quadratic  equation  has  its  roots  m^-T-{m^±(t»— n)*}  ? 

10.  The  trinomial  am^-^-hx-^c  becomes  42,  when  a;  =  4;  22  when 
x=^Z\  and  8  when  x^2\  what  is  the  value  of  0,  d,  « ? 

11.  Is  2{(a:—a)(ar— *)+(«—«)(«— *)+(^—a:)(3— a)}  = 

(«— a)'+(j:— J)'+(«— *)'  M^  identity  or  an  equation? 

12.  Besolve  a^^-lZx-^-I^O  into  two  factors  of  the  first  degree. 

13.  Separate  the  expression  »iii(«'+l)+(»»*+»')«  into  its  primary 
factors. 

14.  Determine  the  value  of  the  expression  -^-| — -^,  when  x  is 
a  root  of  the  equation  a^+(^a+h)x  »  3ab. 

n. 

1.  a;2+4a?=:5.       2.  a:»— 4a?  =  5.       3.  «»+ar=20. 

4.  2j:*— 24  =  22ar.       5.  3^'— 53ar+34  =  0.       6.  6a;— 3  =  — 2r«. 

7.  2«»+4  =  7«.       8.  6«*-20a?+14=:0.       9.  13ar— 7«*+l=0. 
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10.  7«»— ar=160.       11.  3aj»—2U— 460  =  6000.       12.  12«*+«  =  1. 
13.  110a:»— 21a?+l«0.       14.  7Sea^+73x+\=0. 
15.  625«»-35ar  =  86.       16.  12«*-25«+12  =  0.        17.  «'«5«+6000. 
18.  9a?— 10«*+4  =  0.       19.  •aiJ*+2-la;+l  =  0. 

20.  «»- •318a?  =-000319.       21.  •0075a?»+-75a:  =  5. 
22.  25a:+2«*=-0025.       23.  (ar— 4)*+2(a?— 4)  =  8. 

21.  (9+5V3y+(15+7>/3>+6  =  0. 

in. 

1.   a?+l  =  3.        2.  2a;  =  4+-.       3.  :p+-L=i. 
X  X  16a?     2 

4.   3a?+-  =  10.       5.  a?—— L- =  3.        6.  -=    ^ 


a?  X — 3  3     a? — 1 

-      2a?      a?-l  g    3(a?«+9)    a?— 3         ^    ^^« 4_ 

X— l"    a?    '  '         4       ""    8     *  "  7     847* 

10     3a?«     2a?     37  ^^     ^+2+^-2a?-l 

10.   _+-  =  —  .       11.   _^+a?-.2a;-l. 

12.  (a?+6)*  +  4a?*=160.        13.  l-^Zf  =  ^±?-l. 

a?  2 

14.  a?+^i-  =  ar+4.       15.  ^—-+5  =  6. 

a?— 1  3     6 

16.   ^+^^U^^.       17.   5_Zl1+2x=12. 
3        a?        2  a?— 3 

18/ -J ^  =  1      19.  f+i+_£__2£. 

«— 2    a:+2     6  «    ^«+l~12 

IV. 

1.  a?*+12a:'  =  13.       2.  8«+2a:»— 1-0.       3.  6a?*— 5art  = —592. 

4.  4a?*— 176a?*  =  —25.       5.  3a;*— 7a?»  =  43076. 

6.  256a?*— 16a?* -2  =  0.       7.  a*— 7a^  =  8.  .    8.  aj«+6«»aj»=  16a«. 

9.  a;»»+31ar»  =  32.       10.  a?+a?4+2  =  0.     11.  *«— a*:c»+a*  =  0. 

12.  (2a?)4— 7a;=— 52.       13.  a?*+a?-*  =  6.       14.  a?-»+iiar*  =  2a«. 

15.  a?*+a?-i  =  «— 2.       16.  a?«— 6a?*— 16  =  0.        17.  3a?»+42a?*  =  3321. 
18.  (a?— 5)»— 3(a?— 5)*  =  40.     19.  a?*  -  25a?*  =  54.     20.  a?^+7a?*  =  44. 
21.  2a;*-88a?»+13«0.    22.  7a?*— 20a?*  =  3.       23.  a:*"+4a?»  =  5. 

24.  3a?T^+4x*  =  4.       25.  3a?^+a?*  =  3104.       26.  a?*+a?*  =  756. 
27.  ^+a?*  =  1056. 

V. 

1.  (a?»+4)*-5(a:*+4)  =  44.       2.  (a?»+5)'«7+a^. 

3.  (a?»+7a?+5)«— 3«*— 21a?=19.       4.  a?*— 5ar— 19  =  (a:«— 5a?+l)». 

6.  9a?— 4«»+(4a:*-«9a;+ll)i  =  5-       6.  6(a?— 2a?+6)i=21+2«— A 
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7.  62<a:-l)-3{3(x-2}(x  +  l)-2(x-5)}*  =  4(dr+3). 

8.  air«+8jr— (28^— 48^;*  =  12— 4x». 

9.  ;r=+8  =  2{(z»— 2x+2;4+^}.      10.  Tir— a:*+(2:r«— I4i:+20)1-.12 

I.    -  ,— + .zz —         12.  4r+4+ < -/    =        ,• 


jg     10(8ir-15)^12(llx-15)_^3^^ 


14. 


2    ^{x+2)h  17 


(4:+2)t^      2           4(ar+2)i 
,^     4r  ^5^ 116 

a^+;p+5+("^^;c;:|:^)i "  2oj?' 

VI. 

Tlie  following  equations,  cliiefly  of  the  tliird  degree,  may  be  solved 
by  means  of  equations  of  the  second  degree. 

1.  «»— 12x^10.  2.  («+l)(x+2)(j:+3)  =  a;». 

3.  a^+j:*— 12  =  0.  4.  ar»— 2jr*— 1j;+8=0. 

5.  2^— j:*=1.  6.  (:r*+l)(j:+2)r.2. 

7.  ar»— 6x-9  =  0.  8.  jr+7J^*  =  22. 

9.  jr»— 3x-2.  10.  ar»+7j:=^49(ir+l). 

11.  **+a^+4:=0.  12.  ^r'-dr'+lOx— 3  -0. 

13.  .r»—j,-«+3j:- 27:^0.  14.  4x1-5x1-41  ^0. 

15.  (x— l)»-(x+l)--f2.  IG.  jr»  =  8+4(a:+3)(x-2). 

17.  (2^— 4d?+lX^-— 3.f+4)--=  (x*— 52r+2)(2a:'— v.r+3). 

18.  aj— 3a;l— 2  -^  0.  19.  a+l  =  2x^.       20.  a:5+(rt— l)a;^  =  a. 
21.  (a:+l)«»=.2.  22.  x'>-2j;;+10«— 9x^  =  90. 

23.  x-3^2x-».  24.  4(.f»+2jr+5)j:— 1(5j;»+x'-1)-5x-. 

VII. 

The  following  equations,  chiefly  of  the  fourth  degree,  maybe  solved 
by  means  of  equations  of  the  second  degree. 

1.  a;<-4a;+3  =  0.  2.  a*— C^5a:(a:'— a— 1). 

3.  u;«+4jc*»27.  4.  ai^"2aj^  =  2ahx+h\ 

5.  a:«+a:*+ 10x  =  0.  6.  aj'  +  ^a*— 8a;- 165  =  0. 

7.  it'+ia'x^a'.  8.   (ar'+l)*  =  (a:>- 1  )*(«-!)'. 

9.  a^  +  (l -«)•  =  ».  10.   l+a;*  =  ii(l— a:)*. 

11.  <l+a;»)  :^2a:(l  -x»)*  12.  it'(x-+16aj)+30a;(2.r— n  ::  45-;  ilu;. 

13.  x^-2x'+x  =  12.  14.  a;^+4J*(l  +rtV)»  =  t^ 

15.  (tf+x)»- (<i»+a;«)-  =  4rtV.       16.  a^(ar'+18)  =  4(a;-  12). 

17.  (4a:-2)*-(3x-iy  =  (2a;+4)*-(a;+3)*. 

18.  (a:»- !)*+(« -2)»  =  2(.r*—l)«(«»—2)»4-4a:»-12a:+9. 

19.  16aj(a;+l)(a;+2X.r+3)  =  9.      20.  {x+\){z+2){x+3){x+i)  ■=  48. 
21.  3(«"— 1)+8j,-(x*-1)  =  0.  212.  >-8ar»+l Ox* +24x4-5-0. 
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23.  (l-^a^+{i+xy^2{\+x+xy,  21.  ar*-22r»-3^'+12ar+3Gr.O. 
25.  {x'^2x*'+l)+x{x'-'2x+l)  =  0.  2G.  a:*+4r»- 19j:'+42r+l  =.0. 
27.  or*— 12r'+44.r3-48ar:=9009.  28.  «*+ Var*— 39.c  =  81. 

29.    -^  -  '''^•''  .       30.   ?^^r_^)  _  ?£?. 

vin. 

1.  (3^-.2)(jr-4)  =  0.       2.  (j:+7)(jr-10)  =  40600. 

3.  (6j:-2y+(8^-3)«  =  (7ir-l)*+3(2a:-l)*. 

4.  (^— 9)(^— 7)(ar-5)(jr  -  1 )  =  (i:  -  2){x  -  4)(.r  -  6)(.r- 10). 

5.  lx—a)(^j^^h)(x'-e)+ahe^O.       6.  ar^+C*— ^)-«^^^^. 

7.  la—xXw  - rf^--  (tf— ^)(2:— 5).       8.  {x+ay  =  5ax-{x-a)\ 

9.  (j:+«)(j;+J)+(j? -«)(«— J)  =  »-+*'. 

10.  rtJar*— 2jr(rt+i)(a5)*  =  (rt— ^)^ 

11.  (3a«+J«)(x-»— x+l)  =  (3J«+a')(a:«+a;+l). 

12.  (a;4  2a)(a;— <?)'  =  (ajH-2i)(a;-iy. 

13.  3a:*— (^-rt)*— (a;-i)*-(aj— r)»  +  rt*+J»+r*::r  I2ahex. 

14.  (a;+J  +  c)(r  +  er+rt)(j;+<i+i)  --  (.T+fl)(a:+2JX^+3f). 

IX. 

J     12+2^     4.t— 3_4«— I  2         4'*-:]) (:Ht-3)(.'-+4) 

a:+3  ■*"l+2.c~"a:— r*  *   lx-^l){x'^2)''{x-^'5X,C'\-(j) 

^ 2_        2 ^  ^     25ar'— 16     3.r^— 12 

ur^7^3"a:«+7a:+2~    '  *     iy.i;-h8    "  2.c— 4  ' 

.     ar»— 10j?*+1  o        a     4x  +  S     8jr— 19     7a:— 29 

O,    — —  a?— •-«)•        O. ~- —    —   — .  ; 

x'—^x+d                               9              18         5j?-12 
7        1  1  1 _3 

r-i-"*"l+x"^l+2a:"(l+^)(l-a:Xi+^-^)' 
g        1        J_      J 3j^ 

X— r'*'j:-2*^i-3~(a:— l)(a:— 2)(.r— 3)  ' 

9     _1 ^*_._i 1 1 

ar— 1     or- 2'*"jr— 3     a:— 4     30 

2Q  -r— 1 a:— 2  a?— 3  7 

(a:— 2)(ar— 3)"^(a:— 3Xx— l)'*"(a:— l)(a;— 2;  ~  6 ' 

jj     __12 6 21 126  _  ^g 

x{x^2)     (or— 2Xjr— 1)     (^+2X^+3)"^ («—3)(ar+3)  " 

12  _      40        _        20 8_  12  ri^Q 

ar*Hr2a;— 48     ar+9j:+8     a:*+10a."*"«*  +  5j;  +  50 

13  (>»^+lX^+2)     (..:+2Xa:+8)^^     (.^+3X^+4) 

6  "^  4  10  ' 

j^     jr+2  a;+3    f  a?+12+4  )      ^— 1)(«+5) 

3    '     4    '  I     2  5     J  ~        2.4.5 

,.     2j:*— a;— 1     2a,-— 3a?— 8     8jt»— 9 
16. L = 

a?— 2     ^       a:— 3  2ar— 3 
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17     (^-4y    (^-8)>     (^^7)«     (x^5y 


X. 

-      l+a      h^x       o      ^  ^       <*^^ 

1 — ax     1+da:  a:— «     a? — 6     a: — c 

3    tf+3    g— g^2(g+^+g)        4^  g«(i;— a)     y(a?— g)  _  ^ 

^+i    a;— c       j?+i+c  '        *      a— 3     '     J— a 
^    a^+ax+x^_a*        ^     g^+g*  _  g'+g' 

a'^ax+a^    a^'         '  x-i-a+b    x+c^df^ 
y      jr+g^  3? — cd  ^  ab'—ed         ^    ar'+o*  ,  «* — ^^4  « 

i* — a^h*    X* — c'cP    «* — abed'        '    x+a      x — a 

s.  £±f+£±*+5±£-3.     10.  <*=i)+*<£=:fl+fi£=*)=o. 

4p — 0    d; — b    X — c  a+x        b+x        c-^x 

e+ib-ayc    a+{b^e)x  ^^'   x-^-a^ x-^b^ x+e"^' 

-,    4?— a.ar— «— J    x+a  ,  x+a-^b 

10. =^"r f = — r-r+ i • 

x—b    x—b^e    x-i-b     x+b+e 

x+b+e    x+a+e    x+b    x+a  x+a+b    x    a     b 


11. 


16.   J-,+^,       ^       +— i-. 

a? + a-h ^  •  a?  —  a + 5 "■  5+tf^"' a? — a — i 
20    a?—  b    X ^a_ x+b  —  2a    x+a  —  Tib 
x-^a'^x^b    a?+a-2i"'"a?+4  — 2a' 

4*4?'  2  2 

«"*'ic    X    ea    X    ah       /^(iiic) 

QQ         1 I * I     1 A 

(a+i)(ar-c)     («+^)(^-^)     (^+<^)(*-«) 

(4? — 3)(d?— ^)     (a?— tf)(j:— a)     (a? — a){x^b)  " 

^  •    (fl-^Xa-c)    ^(ft-.f)(*-«)    ■*"(c-ii)(c~*)        *^* 

(«— a)(«-6)     («+«)(«+*)     («-cX*-rf)'^(a:+(?Xar+rfy 
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XI. 

1.  (3«-2K2a:+3)*-12.       2.  («»— 3«+7)»  +  (««-4«+6)*=14. 

8.  (l+7a:)»-(7-2a;)»-(ar-18)*. 

4.  (a+a?)*+(5+ar)*=3  2(«+J+a?)*. 

6.  (««— 8a?+15)»+(ar+2ar— 15)*=  (4a;*—12af+18)^ 

6.  (a+ar)*  +  (J+ir)*+(c+«)»-0. 

7.  (a + *)(a»+  *«+a:»)»  -  (a  -  *)(««  +  i«-a;«)»  -  a«+*». 

8.  «*+a?— 4  =  a?»(ar+a;*+2). 

9.  (a+a?)l-(<i— a?)l=-(«^— a;«)*.       10.  ar»— 2a?+4  =  2(a;»— 1)*. 

11,  {4a;«+^(ar+3a»)«}»-(<^+^)(4a»+a^)»,     12.  ar(a?+l)=»48+14«>. 

13.  {x+ay+{x+by+{x+oy^{z+a+h+c)K 

14.  (l+a?+a;»)»-(l— ar+a:*)»«»Mr. 

15.  7iMr={(l-ar)»-l}-{(l-a?)»+l}.       16.  (or*— !)»+(«»- l)««a». 

17.  {(l+a)«+(l-a)V;»+{(l-«)«+(l+«)M*=-2a. 

18.  («»-a:-«)»+(l-^)*-«*.       19.  (2«*+l)»- {a:»+(2«*— «•— 3)«1».. 

20.  (a?-!+l)-»  +  (ar«-l)-»  =  af'. 

21.  ji^+.-i-4.?«o.        22.  9(112-8a:)»»19+(3;r-7)». 

xn. 

«— «*        2«*  a?--a;*        4  (  a?+2J  J       x-\'h 

4        (l+a:)*  (1—^)*  5  2j:— g  2g— & 

'    l+(l+ar)»"l-(l— a:)*"         '    («*-ajr+a'»)*"  (a;»-J«+i«)*" 

10.  Jl±i.+-?=i-.2a».     11.    /-:^r-|  JL.r  =  4(:^-n. 

12.  if±fl'-l=f?,        13.    l^f+^+fT-'^. 

14.  /;r.?r=:^-2^+^. 

I  a?- ft  J       a?+a— 2ft 

xnr. 

1.  (40-a?)*-5«».       2.  (a?*+fl«)«-(a?*-a7-2i^. 

3.  («•— 2«*— 2a?+3)(«»— 4;u»+4a:— 3)  = 

(«»+2aP— 2«— 3)(«»+4ar»+42:+3), 

4.  («»+4)«»-l+4«'-       6.  (*+l)*-(«— 1)*=14j?. 
6.  (a?+9a)(a?+8»)«72a».      7.  (»+«)*+(«-«)» -ft*. 
8.  (50+af)»+(50-a?)»-2.       9.  (fl«+a?*)*-(ft»+ar")». 

10.  {(ft+<?)*+^}*+{(»-<^)' +«"}*=»  2a. 

11.  (<if»+lX«»+l)*-2(«»+l).       12.  («»+l)»  =  (ar'-l)V-l)* 
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J.     [a+x)+{a^-x>y     b  g     «£+H-(«V-l)»_^ 

(rt+x)-(a*— jr')t-x'  ■    ax+l—(a'x'—iy~  2  " 

XIY. 

1.  Determine  the  relafion  between  a,  h,  and  r,  in  order  that  the 
roots  of  the  equation  ajr  +  bx+e^O  may  be,  (1)  real  and  unequal; 
(2)  real  and  equal ;  or  (3)  imaginary.  What  is  the  relation  between  p 
and  q  if  the  equation  were  reduced  to  the  form  jr+fx+q  »  0. 

2.  State  the  criterion,  in  quadratic  equations  which  have  possible 
roots,  when  both  are  positive  or  both  negative,  or  when  one  is  positive 
and  the  other  negative. 

3.  Solve  the  equations 

(2j:+3)_      x+2  a-— 7 


(dr+5);^+l)^x*-l     (^.+5)',^-l) 

and         ^-^        -     (2^+^>     ^  ?+ 2 
(j:+5Xa;-l)-(jr+5)(x+l)     x'^l' 

and  explain  how  ^e  latter  fails  to  give  any  definite  value  of  the 

unknown  quantity. 

4.  Determine  the  real  values  of  x  which  will  render  ^'+2jr+ly  and 
X*— -r*— Jjr+J^  +  J  numerically  equal. 

5.  Divide'  :i;»— 2ar*— 4j;*+13a;*— lU— 7  by  ar»— 3j-+7,  and  find 
what  miist  be  the  numerical  value  of  j;  in  order  that  the  quotient  may 
vanish. 

6.  If  tfjr*+ij:*+£?  =  0,  and  fj;*+ijr+a  =  0,  find  the  equation  which 
involves  only  the  constants,  n,  h,  r. 

7.  Eliminate  x  between  the  equations 

ar»+j?-»+3(x+j?-*)  =  m,  :r^— j:-'— 3(j^— 2?"')  =  m. 

8.  Find  the  value  of  /9  in  terms  of  m  when  x=^—l  from  the  equation 
(M+2:a;*+2(M»-lX/3-l}.^-2(M+l)(M-l)•/3+M(M-l)*^*+M'  =  0. 

I).  Find  j:  from  the  equation  (22o— Gjry^--2oj:'(225— 6j:)-*  =  0. 

10.  Solve  the  equation  —  - « ,  when  (i+rf-  i+c. 

x-^b     ic-j-a     x+d     x+c 

11.  Solve  ar-i£    ix-w^r-gi^Q^  when«+i+r-0. 

x+0       x+e    '    x+a 

12.  Shew  by  means  of  a  quadratic  equation  that  the  four  roots  of 
the  equation  (jF+ii)(j?+2fl)(a?+3a)(j?+4a)«6*  are  exhibited  by 
«=lj-6tf±[5<^±4(i*+ff*)»]»}. 
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13.  State  the  reason  why  one  of  the  roots  of  a  quadratic  equation 
does  not  always  satisfy  the  conditions  of  the  problem.  Obtain  the 
▼alues  18  and  3  for  x  from  the  equation  d;+(5:i?+10)^»8,  and  shew 
which  value  satisfies  the  equation,  and  to  what  equation  the  other 
▼alue  belongs. 

14.  Explain  the  reason  why  both  the  values  of  x  obtained  from  the 

equation  {2-  V4—«*}'*— {2+^4— «"}"•=»  >/2  do  not  satisfy  it  on 
substitution  ? 

16.  Shew  that  of  these  two  equations,  (a:— 4)*=il+(«— 1)S  and 
(a: —4)* « (i?— !)•— 1 ;  one  has,  and  the  other  has  not,  a  root. 

16.  Prove  that  in  general  an  equation  whose  coefficients  are  whole 
numbers  has  no  fractional  root  Shew  why  it  does  not  hold  true  in 
the  equation  «•— «+ 1—0. 

17.  Is  it  true,  and  if  so,  in  what  sense,  that  an  equation  oontainiog 
radicals  has  in  general  any  solution  ?    Examine  the  equation 

^/2«+7+  JZx^%  =.  ^7«+i . 

18.  For  what  values  of  x  is  ^14— (3a?— 2)(«— 1)  possible  ? 

19.  IVove  that  a  quadratic  equation  can  have  only  two  roots,  and 
if  any  quadratic  equation  be  satisfied  by  more  than  two  values  of  the 
unknown  quantity,  the  equation  is  an  identity.  How  is  explained 
the  paradox  of  Uiere  appearing  to  be  three  roots  of  the  quadratic 
equation  a:*— a;  s  2 ;  namely,  2,  1,  and 

{K-l  +  >/-3)}»+{J(-l-V-3)}»? 

20.  Shew  that  the  roots  of  the  quadratic  equation 

(3a-  ar)-'+(3J— a:)-» +(3c— :p)-»  =  0 
are  real,  and  depend  on  the  fact  that  a^+^+^  is  greater  than 

XV. 

1.  If  4?  be  real,  prove  that  «*-  %x+22  can  never  be  less  than  6. 

2.  Shew  that  a^— 64P+10  can  never  be  negative  for  any  value  otx. 

3.  Shew  that  the  values  of  the  expression  — ""  ^"'"  ■     cannot     lie 

between  0  and  —4. 

4.  Within  what  limits  is  the  value  of  — an    integer    or 

2«»+2;p+l  ^ 

rational  fraction  ? 

5.  Shew  that  the  values  of  ^.^*"^    lie  between  3  and  4. 

«'+ii+l  * 

6.  Shew  that  («— a)(J— a?)  can  never  exceed  i(a— i)*. 

7.  Shew  that  the  least  value  of  (^+<')(^+^)  j^  (a*+ji)f .  ^^4  the 

X 

greatest  yalue  of  i£+?K?i:»)  i,  (f!+»I' . 

9r  Aao '  g  Q 
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8.  What  relation  exiBts  between  the  conBtants  involved  in  the 
equations  Ac*+i^+<?  =  0,  and  a^+h'x-^^  =  0  f 

9.  If  a;  be  real,  prove  that       ,  ^"^      can    have    no    real    value 

3r+ox 

between  —  and  1. 
25 

10.  The  greatest  value  whidi  the  expression    ^f    t  admits  for  any 

value  of  a;  is  ^^+^. 

2 

9  4  1 

11.  If  a;  be  real,  -J can  never  lie  between  5  and  - . 

X — 1     X — 6  6 

12.  Shew    that    by    giving     an     appropriate    real    value    to   x, 

T— -T- — ^^^  can  be  made  to  assume  any  real  value. 

13.  The  expression   y^'^^K^'^  )  admits  of  all  possible  values  pro- 

vided  that  one,  and  ofUjf  one,  of  the  quantities  a  or  h  lies  between 
c  and  d ;  and  otherwise  will  have  two  limits  between  which  it  cannot 
lie. 

14.  The  expression     J^  i!    "y  ^^^  ^®  capable  of  all  values  for 

real  values  of  ar,  provided  that  («</— tf'c?)*—  (tf'ft— «3')(i>— i^)  is  positive. 
Shew  that  this  includes  the  conditions  l^  greater  than  ac^  and  V^ 
greater  than  J<f. 

15.  If  a  be  greater  than  h^  and  e  be  positive,  prove  that  the  greatest 
value  which  the  expression  (a?— a)(ar— *)(«— a— c)(a?— J+r)  can  have 

for  values  of  ar  between  a  and  J,  is  v^*^  )  -V^^J"  "t — 2.^ 

16 


XVI. 

1.  If  oy  iS,  be  the  roots  of  the  equation  a^+3;ir+(?»0,  and  that 
a«+i3» « 1,  shew  that  2ae = 5*— a». 

2.  If  one  third  of  the  sum  of  the  squares  of  the  roots  of  the 
equation  as^ + hx^e  *-  0  be  equal  to  their  product,  then  J^  «-.  Sae. 

S,  li  a,  fif  be  the  roots  of  the  equation  ax^+hx+c^O,  then  the 
equation  whose  roots  are  ••+^'  and  «"'+^  will  be 

aVa?«— (*«-2«T)(a^+«0^+(^-2«?)« «  0. 

4.  If  a,  iS,  be  the  roots  of  the  equation  a^'—px-\'q=^Of  find  the 
equation  whose  roots  shall  be  respectively,  (1)  «+^,  «— ^. 
(2)«±i8^/-l.  (3)  ««±a^+i3».    (4)(2«-/3)-S(«-.2/3)->.    (5)  «»iS-»,  «-*^. 

5.  If  a,  iS,  be  the  roots  of  ax^+(a+h)x+h  =  0,  then  shall 
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6.  If  the  equation  (a»+JV— 2(«?+*(^a?+((^+rf*)-0  have  real 
roots,  shew  that  these  roots  are  equal  to  the  sum  and  difference  of 
ae-^-hd  and  ad — he. 

7.  If  a. quadratic  equation  be  satisfied  by  more  than  two  different 
values  of  x,  it  will  be  satisfied  by  all  values  of  x ;  and  shew  that  if 
">  0,  7,  each  satisfy  the  equation  ^+px'rq^O,  then  must 

(a-iS)(/3-7X7-a)  =  0. 

8.  If  a,  fi,  be  the  roots  of  a^+px-\-q^O,  and  «^,  0  the  roots  of 
a^'-'P'x+^  =  0,  then  x^—pp'x+p^^+p'^q'-'4q^  =  0  is  the  equation  whose 
roots  are  a!0+afi^  and  a/5+«^/5'. 

9.  Shew  that  the  equations  ^j:*+(2flk?— 5*)af+o'  =  0,  and 

rf*^;'— 2a'(i'— 4«j)ar+5'(5'— 4ac)=«0,  have  respectively  their  roots,  the 
former  the  squares  of  the  reoiprocab,  the  latter  the  squares  of  the 
sum  and  difference  of  the  roots  of  the  equation  as^+bx+e^^O, 

10.  If  ^r'— d:r  =  a,  and  a!^^4x^5,  have  one  root  in  common,  shew 
thata'— I4a+40a0. 

11.  If  the  roots  of  the  equation  3^+px-\-q^0  be  respectively  any 
equimultiples  of  the  roots  of  the  equation  a^+rx+8  =  0;  prove  that 
s^  =  qr^. 

12.  If  a,  /3  be  the  roots  of  the  equation  ax'+bx+e^O;  find  in 
terms  of  the  coefficients  the  sum  of  the  second,  third,  and  fourth 
powers  of  the  roots  of  the  equation ;  also  the  sum  of  the  reciprocals 
of  the  same  powers  of  the  roots. 

13.  If  Of  ^  be  roots  of  the  equation  a^+px+q^O,  and  a,  y  roots  of 
«'+riF+«  =  0,  then  ^+7  is  a  root  of  the  equation 

^+{p+r)x+2{q+s)^0. 

14.  State  the  relations  which  subsist  between  the  coefficients  of  the 
quadratic  equation  (u;^+2bx+e^0,  when  the  roots  are,  possible  or 
imaginaxy,  equal  or  unequal ;  and  if  the  roots  be  imaginary,  shew* 
that  the  result  of  the  substitution  of  any  value  of  a;  in  the  expressioa 
itx^+2bx+o  is  always  positive,  and  find  the  least  value. 

15.  If  the  difference  between  the  roots  of  the  two  equations 
«*+(j?— a)a?+5*  =  0,  and  x*+(p'~b)x+a^  =  Q,  be  equal,  then  shall 
2p='C{a-\-b). 

16.  If  s^+piX+qi^'O,  and  x^+p^+qt'^O,  have  a  conmxon  root, 
then  shall  (^i— 3'3)'=»(l'i— i>s)(i?83'i— Pi^j)i  and  the  equation  which 
contains  the  two  roots  not  common  is 

also  these  roots  are  ^P'^P*^^^  and  (£!Z:?!)l«.     Find    also   the    root 

common  to  the  two  equations. 

17.  If  «f  0f  be  the  roots  of  a^^px+q^Of  and  «'» 3'  the  roots  of 

«'-««?+» =0,  shew  that  i-+-L+J_+JL,«  1. 

18.  Determine  the  relation  which  subsists  between  the  coefficients 
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of  the  three  equations  n^-^PiZ+q.^O,  ^--p^+q^^O,  «*-ji^+^,-0, 
when  they  have  a  common  root;  and  prove  that 

xvn. 

1.  What  number  is  that,  the  treble  of  which  added  to  the  double 
of  its  square  root,  is  equal  to  unity? 

2.  Find  that  number  whose  square  added  to  its  cube  is  nine  times 
the  next  higher  number. 

3.  Divide  the  number  20  into  two  such  parts  that  their  product 
may  be  64. 

4.  A  certain  number  consists  of  two  digits.  The  left-hand  digit 
is  double  of  the  right-hand  digit;  and  if  the  digits  be  reversed,  the 
product  of  the  number  thus  formed  and  the  original  number  is  2268. 
Find  the  number. 

5.  Find  three  consecutive  numbers  whose  product  is  three  times 
the  middle  number. 

6.  Divide  42  into  four  parts  which  shall  consist  of  four  consecutive 
numbers. 

7.  The  sum  of  £1,024  is  lent  at  a  certain  rate  of  interest,  and  at 
the  end  of  two  years  the  sum  repaid  for  capital  and  compound  interest 
is  £1,156;  what  was  the  rate  of  interest? 

8.  A,  £,  C  execute  a  work  in  a  certain  time;  A  alone  could  have 
done  it  in  6  hours  more;  J3  in  15  hours  more;  C  in  twice  the  time. 
How  long  did  the  work  occupy  them  ? 

♦ 

xvni. 

1.  Divide  a  given  line  into  two  parts  such  that  the  sum  of  their 
squares  shall  be  double  the  square  of  another  line ;  and  determine 
the  limit  of  the  possibility  of  the  problem. 

2.  A  piece  of  ground  whose  length  exceeds  the  breadth  by  6  yards 
.has  an  area  of  91  square  yards ;  what  are  its  dimensions  ? 

^    3.  The  length  of  a  rectangular  field  exceeds  the  breadth  by  one 
^ard,  and  the  area  contains  10,100  square  yards;  find  the  length  and 
breadth. 

4.  A  rectangular  court,  of  which  the  sides  are  a  and  h  yards  re- 
spectively, is  surrounded  by  a  path  of  uniform  width  equal  in  area  to 
one  mth  part  the  inner  rectangle ;  find  the  width  of  the  path. 

5.  A  garden  in  the  form  of  a  rectangle  is  twice  as  long  as  it  is 
broad,  and  contains  three  acres  of  land,  and  is  divided  by  two  paths 
into  four  equal  parts ;  find  the  area  of  each  of  the  beds  if  the  paths 
are  five  feet  wide. 

6.  The  three  edges  of  a  rectangular  parallelepiped  are  in  the  ratio 
of  2,  3,  4|  and  if  these  edges  be  respectively  increased  by  1,  2,  dinoheS| 
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the  solidity  will  be  augmented  by  153  cubic  inches ;  determine  the 
edges. 

7.  An  ofRcer  in  forming  his  regiment  into  a  solid  square  found 
that  he  had  76  too  many ;  upon  augmentiog  the  side  of  the  square 
by  2  he  had  88  too  few ;  of  how  many  did  the  regiment  consist? 

8.  A  company  of  men  is  formed  into  a  hollow  square  8  deep,  and 
afterwards  into  a  hollow  square  4  deep;  and  it  is  found  that  the 
number  of  men  in  the  front  rank  of  the  latter  exceeds  the  number  in 
the  front  rank  of  the  former  square  by  19 ;  find  the  number  of  men 
in  the  company. 

9.  A  body  of  troops  is  drawn  up  in  column,  the  depth  being  10 
men  more  than  the  front  rank  of  the  column ;  but  when  drawn  up  in 
line  5  deep  the  front  is  780  more  than,  it  was ;  find  the  number  of 
men.    Can  any  meaning  be  given  to  the  negative  result  ? 

10.  A  body  of  men  drawn  up  in  a  hollow  square  4  deep,  having 
404  drafted  from  them,  it  is  found  necessary  to  form  the  remainder  in 
a  hollow  equilateral  wedge,  which  they  are  just  sufficient  to  do  three 
deep ;  the  side  of  the  wedge  being  10  more  than  the  square  root  of 
the  side  of  the  square ;  required  the  number  of  men. 

11.  Find  the  edge  of  that  cube  whose  surface  and  content  are  ex- 
pressed by  the  same  number. 

XIX. 

Shew  that  a  quadratic  equation  cannot  be  satisfied  by  more  than 
two  values  of  x ;  and  that  a  pair  of  simultaneous  quadratic  equations 
in  X  and  y  can  be  satisfied  by  not  more  than  four  pairs  of  values  of 
X  and  y. 

Solve  the  following  equations,  verify  the  results,  and  express  in 
words  at  length  the  first  six  of  them : — 

1.  «+y  =  8,  xy^Xb.  2.  «— y  =  3,  ^=18. 

3.  a^+f  - 1 1 3,  ar-y  =  1 .         4.  «»+y' «  244,  x+y  =  22. 

5.  ar2+ya  =  74,  «y  =  35.  6.  «»— y^  =  144,  a?+y  =  18. 

7.  ar»— y3  =  175,  x—y^b,       8.  a?^+«y-140,  y»+a?y  =  6C, 

9.  «2— a:y  =  9,  ay— y2«4.     10.  «*+y3  «8j?y,  ar+y  =  5. 

XX. 

Eliminate  ^r  or  y  between  the  respective  equations : — 

1.  ir;^y-7a:+2  =  0and(y— 1)*«— 3a;— 2=*0. 

2.  a?3y-S«  +  l=0anda?«(y— l)+ar— 2  =  0. 

3.  «»+3a:«y+3y»ar+2y3  =  0  and  *» +ay +y«  =  0. 

4.  a?^— 3y4:3+(3y»— y+l)a?-y»+y«— 2y  =  0  and  «»- 2j;y- y  »  0. 

5.  a;»- 3(y- l)^+(3y»-6y-  l>-y»+3y«+y- 3  « 0, 

and  «*+2(y +2>r+y«+4y+3  =  0. 

6.  («-y)(a:'-y«)  =  6and(;r+y)(a:»+y«)-66. 
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7.  «*-(2y«+l>r*+y*+y»— 20  =  0  and  «»— 2ay+r— 4y  =  0. 

8.  i:»+y»+(2y»+lXx+l)=0and4^— y*— jry-l=0. 

9.  (y— 2>c*— 2»+5y— 2  =  0  aaS  «V— 5*+4y  =  0. 

xxr. 

EUminate  z  and  jr  between  the  lespectiTe  eqnations  :^ 

2.  «r+*y««(*»+r^and«,j?+*,y  =  r,(j:*+jr)l 

3.  yX*»— •y) = A^—h) = *y»  «*+y* = <^- 

5.  «»+Axy+i!f*  ^  0  and  i^+»'jy+<<y*  =  0. 

6.  «(«*+yO+*«y+K*+y)+'=o 

and  fl'(x»+yO+yxy+r'(x+y)+rf'  =  0. 

7.  ««+«y+y*=«»,  **+Jcy+y*  =  **,  «»+j:*y*+y»«c^. 

8.  *+?*  =  2m,  y+- =2ii,  -+??-/. 

X  y         y    * 

10.  «»4y-ai**x,^+^  =  l,A»+«iy=ii. 

xxn 

.  1.  «>+^"06,  x*-y»«ll.         2.  :r+5r  =  6jry,  «»-5y*=.4ry. 

3.  «»+y  «(4P-y)»,  7a: -9y. 

4.  y*(a-«)  =  «c»-x,  *»(*-y)  =  «y»— y- 

5.  «y = tf{a?+y),  «y  =  *«(«•  +y*). 

6.  (x-y)-  =  aX*+y).  (x+y)«  =  ft*(x-y). 

7.  ^+J?-(y»+y)-6  =  0.  a:»+y»-jry(jr+y)-5  =  0, 

8.  xy— *y  =  2l6,  x*y— «V  =  6- 

9.  tf{«»+r) -  *(*•  -y*)  =  2tf,  («»-  ^(«»-  y»)  =  40i. 

10.  ay+jy*=156,  2a*y»-iy=144. 

11.  (4r-y»)(a:-y)  =  3xy,  (^•-y»)(x»-y*)  =  45jry. 

12.  (aar-^)»+(*x-iiy)»  =  («+*)»,  x-y  =  l. 

13.  a^+y«  =  c»,  «(j?+y)  =  m(4r-y). 

14.  a»+12jry«=140,  3**y+4y»  =  38.         15.  *4.??=:|,  «*-y*  =  ?. 

y     *     ^ 

JT        3  — JT 

16.  ar  =  <Mr+5y,  y'  =  i2r+tfy.         17.  xy  =«  (6—j?)',  -  =  -^ 

20.  a?-(«'-*y)y.y'-(i«-xy>r.    21.  ^_^,i,?+|  =  2. 
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22.  «»y+y*^  =  20,  ^+i  =  j.     23.  arV+^'  =  »*i  «»+y»  =  a*-flJ+3*, 

^^'  ^+^  - 1361  -  24ry,  ar+y  - 10.     25.  ary*+y  =  62,  «»/+y*  =  2320. 

26.  (:r»+y»)-.9(ar+y)  =  -  6,  :rV+3ry»  -  2. 

27.  <i^+3*:rV  =  4ai»,  V+3<i^y'  =  4fl»i. 


I.  (««+«') -(y"+fc')  =  (^+y)'+(a-6)«. 

2.  2ar^-iBy+s^  =  2y,  2a:»+4dy  =  6y. 

3.  2^+3y  =  24,  ic>+2a:  =  3(y- l)(3y- 1). 

4.  y*— a:*— 90000«0,  y;F-800y-125«  =  0. 

^'  a?+y+iry=i9i  «'y+^'  =  84. 

€.  4(4a:-5y)=r5ar-3,  5a:'-7ay  =  3y*+l. 
7.  ay+«y»  =  12,  a?+ary'=18. 

9.  ««+2y»+4a?V  =  70,  ac'+y-S. 

10.  a:*+y»  =  7+aJy,  «*+/  =  6a:y— 1. 

11.  (l+^)(l+y')  =  2(ary-l)»,  a?+y  =  5.         12.  a:«+y»-19,  «y-6. 

13.  l+a:y  =  (l— ay)v'3,  a?— y  =  (l+a:y)v'2. 

14.  2ax+f  =  b\  flV+y*=c*. 

15.  (ic-y)(ic— y— 3)  =  18,  ay  =  4.     16.  oa:— iy  =  »i,  (oa?)'— (^y)'  =  7wy. 

17.  a?+y  =  5,  «»+y«  =  35. 

18.  {x^+t^){ax+hjf)=^2ah{a+h)y  x^'-t/*  =  xy^ab. 

19.  a;*y*+eLry=  16,  a:  =  y— 1.         20.  m{:i^+y^)+nxif  =  a,  a?+y  =  5. 

21.  fl»iV— y*  =  »i,  (a»+^)y«— 2a*J«ay  =  fi. 

22.  a:»y'  =  5(a?+y)+2,  a;+ary+y  =  84. 

23.  a:'+ay  =  8ar— 3,  y*+ay  =  8y  +  6. 

24.  {x+y)(:>^+^)  =  1225,  x'  -  a?y +y"  =  49. 

25.  2ah{a + 5)4?+y'  =  aba^+ 2a^,  <i*a:+ (« + h)y  =  xy. 

26.  x+yzza^,  3y— ar  =  y*. 


1.  ?+?-8,  7^y.6.        2.  £+y-a,fZJL«5. 
a?^y  l+«y        1—^ 

3.  ax+l,.c.  |+?.i.        4.  (^-lX-+l)4,y+^^4. 

y-l^«+l     2'        ^  a+3    a—*'    ^ 

7.    ^,l_^+y  ^  8.   g    y     ar+y     a:*    y»    ar— y 

ip'*'y^    6     ""a:+y+r  *   y    x'^a^+y**  y*    aj"""    ya; 

a^V    ^    «y        4  x^if     e 

11.       fcp+gy    _a?+y       xy+ab    _»+^     12.  f?4.?^  =  l  f-_-  =  0. 
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13.   „4-_«^    ^- — ^g. 
ay         ax 


a  .h  ,         _/„  .  T/..     a'  .  y 


a?    y  a?     y 

*    1— y"»'l— a;~13'  1+y     1— a?     13 

XXV. 

1.  ar+«y+ar=14,  y«+a?y+y  =  28. 

2.  3:j;»«2:ry+12,  af*  =  6a?>y+12.         3.  a?*+y*-641,  irV+ry»  =  290. 
4.  af*+6y»  =  5x^fj,  y*+6x*  =  5y»x. 

5.  af*+y*+2a:y(^+y*)  -  6«y»  ^+y-^y  -  o. 

6.  a:»+a?y+y»-49,  y*+j^-961— a^y». 

7.  ic«+y»-(fl?+y)-fl,  a^+y*+(^+y)-2(^+y*)-^-     / 

8.  y*-a:«y  =  69,  8y»+3«»-31y. 

9.  a.*-.a^+y4-.y«  =  84,  a^+a^y^+y'  -  49. 

10.  (^+y)(ar+y+l)-56,  («-y)(a?-y-l)  =  12. 

11.  2(«*+y*)+7^(aJ+y')-740,  2(iB»+y«)  -  :ry  -  20. 

12.  af*+y*-641,  «y(4;"+y') « 290. 

13.  ipy+l-313y*— 6a?V',  ^'^-l-Sy'. 

14.  x'+xy+y'^  19,  ar*+a:»y»+y*-4(aj*+|py+y')  -  21. 

15.  ar*+y*-l+2ary+3a^y»,  a:»+y*-2y»a?+2y«+ar+l. 

16.  a;»+y«-a^y«+2xy  -  6,  a;'y(y+2)+ary*(ar+2)  =  20. 

XXVI. 

1.  (^+y*)y  =  tf«,  (i^-y'^^^y.     2.  (tfj?)»+(W-«+6-i(.r+y). 

3.  x+y+{x+yy  -  12,  ar'+y'  - 189. 

4.  iF»  =  31a:»— 4y»,  y«-31y»-4a^. 

5.  (aj»+12y)*+(y*+12a?)*  =  33,ar+y-23. 

6.  y»  -  64  -  8«»y,  y— 4  -  2y». 

7.  4y»+(4-a;»)«  =  18,  {(l+^)'+y'}*+{(l-^)'+y'}*  =  4. 

8.  ap!+y«  =  3a?,  «*-yi  =  ar. 

(ar-yj       a?— y 

«  y*   (2y)*  ^       y    4y* 

11.  a;»+y«-l7,  (ar+y)a?»y»- 10.      12.  f:«§  =  34ar»y»,  ar-y-12. 

yt    art 

13.  (aar)»+(6y)*-(a«-6»)*,  6»a:>+ay-a«6«. 

14.  (a^+3a:y7-(3ajV+y')'-i(^-y^,  (a?+y)*+(ar-y)^-a». 

xxvn. 

1.  a?+(ay)»+y«  19,  ai^+xy+y^::^  133.     2.  4a?*+y»  =  ar,  3y«-ar*-y. 
3.  aj*+y*  =  6,  «*+y«=126.      4.  ar»+y*  =  4,  a?t+yi=-28. 
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5.  ar+a?Jyi  =  10,  y+d?y  =  15.       6.  a:5+;rlyl  =  208,  y»+a?Sy5«1053. 
7.  a?*+y*=:85,  arl+y5  =  ll.       8.  arJ+yl  =  ll,  a?t+yl«4. 

10.  ar!yf  =  4y*,  «*+y*  =  12. 

11.  ?!±to^|  =  4,  4.r»-y.         12.  4z:i^  =  8,  ^y  =  15- 

13     ^■f(^-y')*,^~(-g'-.y')^    B'2     (a:«-y^)>-hy     {x'-y')^^y     48 
•    ;j,-(^-y«)i+i+(^i_y«)|-9'    (a;*-.y*)*-y"(«*-y»)»+y"'  7' 

yt^'y  ""  y*  ■**  36y»  "  S""ii' 


xxvin. 

1.  a;'+ary»12,  a?y— 2y'=l. 

2.  ar'  +  e^y^SaS,  4jry— 3y*  =  — 7. 

3.  5a:»+7ary— 87  =  0,  5y« +  7j?y- 67  =-0. 

4.  3a:*-4^y«7,  32ry-4y*«5. 

5.  a;'+3^y+y'  =  20,    5jir*+4y'  =  41. 

6.  a;*-3a?y+2y'  =  3  =  3a;»-.8jry+4y". 


XXIX. 

1.  Shew  that  -j+=(j  =  1  may  be  put  under  the  form 

i  -+^  (  +  )  ^— A  I    ~A**+^>  when  /x  is  any  numerical  quantity. 

2.  Besolye  2y'4-2^— 5;2;y— 4ay— at— 6a'  into  two  simple  factors. 

3.  Ji  a^h,  e  be  real  quantities,  shew  that  no  real  values  of  x  and 
y  can  satisfy  the  equation  ay — Jjr  =  c{(ar— a)*+(y— 5)*}'  imless  <?*  be 
less  than  t^+i^. 

4.  Solve  the  equations  2y*— ary— 2^:*— 4tfy+6tfa7— 4a*  ~0, 

and  f^+xy  —  3^ — 2ay + iax  -  5«'  -  0. 

5.  Prove  that  the  two  following  equations  coincide  : — 
(*-a/)«(y^-J')  -  2(«- j^)(y-y')*y +(y  _y')'(a/»-«')  =  0, 

{5+S-}-{^^-'}-{^+^->}' 

6.  Find  x  and  y  from  the  equation  (x+ysZ-^iy^a+b^—l. 

7.  Find  the  real  values  of  x  and  y  which  satisfy  the   equation 

(3j:+2y  ^/^(8a?+3y^/^  =  l6(5^/^f- 2). 

8.  If  the  equations  x+y-a,  x*+y*=:b^  be  solved  by  means  of  an 
intermediate  quadratic  equation  from  which    xy  is  obtained,   the 
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negative  yalue  in  this  last  equation  must  always  be  taken  in  order  to 
obtain  the  possible  values  of  x  and  y. 

9.  If  y^+axff+h:i^+ey+dx+e  =  0  can  be  resolved  into  two  rational 
factors  of  the  first  degree,  then  {ae^2dy  =  (a— 45)(^^4«).  Besolve 
2j;*— 21icy— lly'— ar+34y— 3  into  two  rational  factors. 

10.  If  (u^+hi/*+2i^ff+2b'x+2<fxif+e  be  the  product  of  two  lineal 
factors  involving  x  and  y ;  shew  that  ahe+2^b'e'^a(^+hi^—eif*  =  0. 


XXX, 

1.  If  y*— »»(2ar+»»)-<^i  «*— «»(2y+m)-i*,  a+ar=6+y;  shew  that 
m  «  0  or  fft  s  a+h, 

I  f 

2.  If  a?  =  («*+«*)' widfl«'-«+(ar»-4r»)*; 

WW  W  Jl 

Then  shall  2x  ^  a(0«-|-0  «)  and  2«  -  a(0« — 0  •). 

3.  Given  (a?— a)*— (y— 8)«=.c',  a*+/i>  =  ii»,  ay-/aLr ;  prove  that 

«*+y*=(a±<?)'. 

4.  If  (ar— «)'+(y— /5)'-«',    (y'— ^)(^-a)  =  2j:y(y— 3);    shew  that 
cy — /5j?  =  ^^ex. 

5.  Oiven   2y  =  f»*+^>   2>M?  =  r»"+a*,  and  4«i»ary  =  wV+fl*i";  shew 
that  ay +3V  =  fl^y- 

6.  Solve  a^i/'+h'ji^ssa^i^,  my+nx  =  mH;   and  shew  that  the  twa 
values  of  x  and  y  coincide  when  nW-^n^(f  =  a'i*. 

7.  If  ify^+h^xx'  -  a**»  =  fl«y'>+A«.F'«— a*i*  =  Vx'y-^ahjx  =  0 ;    prove 
that  (a:*+y«)«  =  «^«'+*y. 

Also  shew  that  the  same  result  can  be  obtained  £rom  the  equations^ 

8.  If  {(a+a?)«+y'}»x{(a-a?)«+y«}=a«, 

then  shaU  (««+y»)»  =  2ii?'(a;*-y^. 

9.  «;^.*:  =  1,  ^,+3L;.i,and  *^.«;;  then?  =  ^ 
jw-*^  n-  j»'  *  n*  ax    m*  *    y 

10.  If  iiM?i'+ My,' =  a*,  »M?,'+«yi'  =  fl',  »M?jar,+iiyiy,  =  0,'  then 

11     i£^—    (A*t*!^    ?~^-(^*yjti*^)and?-V?!~i. 

shew  that  (6/s)S+(fla)l  =  (««-^)». 

12.  n??  =.4.  =  !?,  and   {?flV|?^r-l'^«^*^* 

13.  If  «»(3»-y»)»ay  and  x{1>'^f)^mll^y\  then  ar  -  fl'A»(««+>*)-5. 

14.  If  j»y  n  be  roots  of  a«^+^^+<^^0,  and  p,  f  roots  of 

«f«+^+a»  =  0;  thenshaU?Lt?«i???ll 
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15.  If  ac54->*y+<!y'  =  «J',   cr'+fcey+ay' - ci*,  and  x+i/^d;   tton 
«liall''-±£±*  =  ?. 

1 6.  n  (/3-a)(y— ««)  »  («i3— Ma)(a?-.a),  (fl'-.o')(y«— W^') 

17.  If  iB*(y-p)  =  3'and  y'(^-2')=i>;  shew  that  if  a?,  y  be  rational, 
pg  is  not  gpreater  than  ^. 

18.  If  <M?+ Jy  =  ^+y+^y  =  a?'+y*- 1=0,  shew  that  — +p  r:     _^., . 

19.  If  {a:+(^+4)»}»+{y+(y«+4)»}«-4,  then  (^y)l  +  (:i^T*  =  1- 


1.  Divide  41  into  two  parts,  so  that  the  difference  of  their  square 
roots  may  be  equal  to  unity. 

2.  The  sum  of  the  squares  of  the  digits  composing  a  number 
of  two  places  of  figures  is  25,  and  the  product  of  the  digits  is  12 ;  find 
the  number. 

3.  The  sum  of  the  squares  of  two  numbers  is  170,  and  the  dif- 
ference of  their  squares  is  72.    What  ai^  the  numbers  ? 

4.  A  number  divided  by  the  product  of  its  digits  gives  the  quotient 
2 ;  and  if  27  be  added  to  the  number,  the  digits  are  reversed.  What 
is  the  number  ? 

5.  A  number  consists  of  three  digits,  the  first  two  being  the  same, 
and  is  equal  to  the  product  of  the  simi  of  the  digits  and  of  the  number 
formed  by  the  last  two  digits ;  if  the  product  of  the  last  two  digits  be 
10,  find  the  numbers. 

6.  Find  two  numbers  such  that  their  difference  may  be  4,  and 
that  twice  their  product  may  be  equal  to  the  cube  of  the  less. 

7.  There  is  a  number  consisting  of  two  digits,  the  number  is  equal 
to  eight  times  the  sum  of  its  digits ;  and  if  it  be  increased  by  nine,  it 
shall  be  equal  to  the  square  of  the  sum  of  its  digits. 

8.  Find  two  numbers  such  that  three  times  their  product  is  equal 
to  the  sum  of  their  squares,  and  their  quotient  equal  to  the  difference 
of  their  squares. 

9.  Determine  two  numbers  whose  product  shall  be  equal  to  the 
difference  of  the  squares,  and  the  sum  of  their  squares  to  the 
difference  of  their  cubes. 

10.  Find  two  numbers  such  that  twice  their  sum  and  three  times 
their  product  may  each  be  equal  to  twice  the  difference  of  their 
squares. 

11.  A  number  consisting  of  two  digits  is  such  that  when  divided 
l>y  the  sum  of  the  digits  the  result  is  the  second  digit ;  and  if  the 
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digits  be  reyersed,  the  square  of  the  number  thus  formed  is  four 
times  the  cube  of  the  sum  of  the  digits.     Find  the  number. 

12.  Is  it  possible  to  determine  two  integral  numbers  whose  sum, 
product,  and  sum  of  the  squares  are  equal  to  one  another  ? 

13.  Find  two  numbers  whose  product  is  equal  to  the  difference  of 
their  squares,  and  the  sum  of  the  squares  is  equal  to  the  difference  of 
their  cubes. 


xxxn. 

1.  The  perimeter  of  a  rectangular  field  is  680  yards,  and  its 
diagonal  is  260 ;  find  the  sides  and  the  area. 

2.  There  is  a  rectangular  enclosure  such  that  its  boundaiy  fence  is 
ft  times  as  long  as  the  difference  between  its  longer  and  its  shorter 
side,  and  its  area  contains  m  times  as  many  square  yards  as  that 
difference  contains  lineal  yards ;  find  the  length  of  the  sides. 

3.  The  two  sides  of  a  rectangle  expressed  in  feet  have  the  sum  of 
their  cubes  equal  to  109  times  their  sum,  and  the  difference  of  their 
cubes  equal  to  229  times  their  difference;  find  the  area  and  the 
diagonal. 

4.  A  field  in  the  form  of  a  rectangular  parallelogram  has  an  area 
of  p  square  yards,  and  the  length  exceeds  the  breadth  by  m  feet ; 
what  are  the  dimensions  ? 

5.  A  person  trayelling  along  a  straight  railway,  with  a  uniform 
velocity  v,  observes  at  intervals  of  time  a,  5,  o  that  he  is  in  the  plane 
of  the  faces  of  a  square  tower ;  find  the  area  of  a  horizontal  section  of 
the  tower,  and  the  distance  of  the  nearest  comer  of  it  from  the 
rail. 

6.  The  contents  of  a  rectangular  parallelepiped  having  two  of  its 
edges  equal  is  a*  cubic  inches,  its  surface  is  3'  square  inches,  and  the 
sum  of  its  edges  is  e  lineal  inches ;  find  the  lengths  of  the  edges. 

7.  The  difference  between  the  edges  of  the  first  and  second  of  three 
cubes  is  equal  to  that  of  the  second  and  third,  and  the  sum  of  the 
three  edges  is  a  inches,  also  the  content  of  the  three  cubes  is  ^  inches ; 
find  the  lengths  of  the  edges  of  the  cubes. 

8.  There  is  a  chest  whose  width  is  equal  to  its  depth,  and  its  solid 
contents  in  inches  is  exactly  equal  to  the  solid  contents  of  ^e  boards 
which  compose  it  at  one  inch  thick ;  also  the  external  surface  is  |  ^ 
of  the  internal  surface ;  what  are  the  dimensions  oi  the  chest  ? 

9.  The  fore-wheel  of  a  carriage  makes  six  revolutions  more  than 
the  hind- wheel  in  going  120  yards ;  but  if  the  circumference  of  each 
wheel  were  increased  by  3  feet,  the  fore-wheel  would  make  only  four 
revolutions  more  than  the  hind- wheel  in  the  same  space ;  what  is  the 
circumference  of  oach  wheel  ? 

10.  ^  and  B  gained  by  trading  £100.     Half   of  A^s  stock  was 


less  than  B^b  by  £100,  and  A^a  gain  was  ^^  of  ^'s  stock ;  what  did 
each  put  into  the  stock,  and  what  are  the  respective  shares  of  the  gain  ? 
11.  A  certain  number  of  oranges  were  sold  for  a  certain  number  of 
pence ;  but  if  5  more  were  sold  for  the  same  money,  they  would  have 
cost  each  one  halfpenny  less,  and  if  5  less  had  been  sold  for  the  same 
money  they  would  have  been  sold  each  for  one  halfpenny  more ;  what 
was  ilie  number  of  oranges  and  the  price  of  each  ? 

xxxin. 

From  the  following  equations  eliminate  the  unknown  quantities 
X,  y,  s,  and  find  in  each  case  the  respective  resulting  equation  : — 

8.  ar+y+s  =  fl,  ir'+y'+2*  =  5',  — i — i —  =  c,  xyz-d, 

X  '  y  '  z 

«  I       t  A     ^     ^      ^     V      ^  .  s 

4.  ar+y+2  =  0,  -+-  =  -+4= -+-. 

a  *  ar    y  *h    %    e 

5.  a^+y'+a' =  3aryz,  3a-a?+a  =  3J— y+a?  =  3tf— «+y. 

7.  xyz  =  <^,  (a:+y)(y+z)(z+^)  =  c»,  ?+??  +  '  =  a,  ?+??+?-/3. 

y     %    X  s  '  a?  *  y 

8    iVl^'a--  =  l    _-?L  .  _J:!._  ._^    =1    f JL-J 

9,  ar'  =  y«+z«— 2ay»,  y*  =  aj»+2»— 2ia;2,  s»  =  ar»+y*— 2ra;y. 

10.  a:>(y+8)  =  a»,  y«(z+a?)  =  5»,  «'(a?+y)  =  c',  (ar+y)(y+«)(«+ar)  =  flJ(?. 

11.  (a?+y)'  =  4(?a?y,  (ar+s)*  =  43a:2,  (y+2)*-4ay». 

12.  ar+z-y,  (a  +  i)a?+(^+r)z  =  (a4-0y»  tfJa?+5«5=»  l+ff<?y. 

13.  2a?+z  =  0,  a;»z+2ary'=i5«.  a?'+y«  +  2a^  =  aS  a?«y«-e*. 

14.  ar«+a«-y«+i«-z«+c»-(a7+y+z)«+(a+J+(?)«-w'. 

15.  flar+yz  =»  5^,  3y+a»  =*  ae,  cz+a?y  «  ffj,  arys  «  c'. 

16.  5a?-fay  =  z,  fla+tfz  =  y,  e?y+5z  =  ar. 

n^  .  y         a?  .  z     X    y  .  z 
y    a;  z    x  «    y 

XXXIV. 

Solve  the  following  equations : — 

1.  ary  =  8,  yz  =  25,arz=.14.     2.  ary+arz  =  27,  a?y+y2  =  32,  arz+ys*  35. 

3.  ary'  =  a',  yz^  =  P,  ac*  =  c*.       4.  x^yz  =  i^f  xyh^b\  xyz*=^(^. 

6.  ar(l—y)  =  y(l— z)  =  2(l-a7)  =  a. 

6.  x+y  =  axy,  x+z=:hxz,  y+z  =  ezy. 

7.  «y  =  fl(ar+y),  xz^l(^x+z),  ya  =  c(y+z). 

8.  <y+«)-a',  2(ar+y)-J»,  y{x+z)=^c\ 

9.  <a:fy)  =  10,  y(y+«)  =  21,  «(z+a?)  =  21. 
10.  xyz  -  a\ar+y)  -  h'^y+z)  =  c»(a:+z). 
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1.  «yi«a(y«+««)-J(s«+«»)-o(«»+y»). 

4.  ayz+hex^hzz+eay^cosy-J^aln^ahc, 

5.  «»+%+«)  =  y'+aCa+ar)  =  %*+a{x+y)  »  *'. 

6.  jw  =  a(y+»)+;>,  «z  =  a(8+a?)+y,  ^y  =  a(ar+y)+r. 

7.  ^+y'  =  «ay,  a?+s»-fM?z,  y'+2*=|?yz. 

8.  *(4?-y)(y-«)  =  0,  (y-l)(a?+«-l)  =  0,  (2+l)(ar+«)  =  0. 

9-  (^+y)(^+2)-a",  (^+y)(y+«)-6S  (*+»)(y+«)«c«. 

c»«*(a;+y)«=(c«+a»);c«y«. 

XXXV. 

1.  «y+«  =  26,  df«+y  =  29,  a?+y+2«15. 

2.  ic+y— »  =  0,  4ry+yi+a»=«ll,  z'— ar'— y*  =  4. 

3.  ar+y4-a5=sa,  ar'+y*+«*  =  5*,  xt^^,  • 

4.  cM?+iy+c»«0,  |>ar+g'y+ra  =  0,  ic'+y'+s'-O. 

5.  «*+y'+8*-110,  a;+y+«=18,  ar(y+«)  =  65. 

6.  «*+y»+2«=14,«»+y  =  3,  y+»««ll. 

7.  4?+y+«  =  3<?,  a:y+aa+y2  =  3^",  xyz  =  ^. 

8.  «y2  =  a?+y+«,  2«+2s«y,  ay— a?=«. 

S.  a?+y+s  =  «,  y*+2a?y  =  a;'  =  »'+arz+2y«. 

10.  d?+2y+3«  =  20,  a;*+4y"+9a«-136,  2ary— 3a»-6yz  =  36. 

11.  a;y+^+ys»n»  2ay+3a»+5y8  —  43,  8a:y4-da«+7yz-*63. 

12.  a^-y»  =  y»-»a,  ar+y+z  =  13,  «»+y*+2'  =  75. 

13.  tf(y+«-a?)-(a?+y+«)«-2Jy,  A(«+4?-y)»(a?+y+»)«— 2cx, 

<?(^+y— »)  «=  (ar+y+a)*— 2tfaf. 

14.  y2+a3+a?y«=fl*— «'=«5*— y*  =  <?'— 2*. 

15.  icy+aa+a»=103,  ys+y«+ar' =  64,  M:+2y+y'  =  89. 

16.  a?+y+«  =  a:y2,  ary+a;z+yz  =  0,  (a;'+l)(y'+l)(8'+l)-=2aya. 

17.  <a?+y+aj)-(y«+y2+«»)  =  a«,  y(ar+y+2)-(*'+*2+^')-*», 

8(^+y +«)— (a?'+a:y+5^)  =  c*. 

18.  a:*+iry+y*  =  c«,  ar'+aa+z*  =  i»,  y«+yz+z»  -  fl^. 

19.  a;»+y«+z»=57fl*,  a:"+y'+2*«21aS  a?+y+z  =  3fl. 

20.  ar+«y— yz«a^— fl',  ay+yz— aa^y"— ^,  ys+«2-ary  =  z*-c*. 

21.  (ay  -  6a?)(&8— <?y)+(6«-^)(ca?— az)+((Ja:— flz)(tfy-  iar)-  0, 

«*+y'+a*  -  /*V+*'+c«),  aar+5y +CZ  »  m(«'+6«+c»). 

22.  a;+y+z=  10,  yz+.ix+ary- 13,  (y+«)(«+^)(ar+y)  =  294. 

XXXVI. 

1.  ^+y+« =-+-+-= t;,  ^pysf-l. 

x    y^  z    2 

2.   l-i»l,a:»+y'+a*-36,  ar+2y+3c=12. 
a:    y     « 
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x^a    y-^o    z — 0       y         z 

6.  l?±*  =  ?+?„?±y,(Mr+5y+«;«i^+5«+^. 
fl— a?    0 — y     e—z 

7.  3:p+fly  =  -— -,  «?+3y  =  -_-,  tf5?4-<w= . 

(^     2  ax  by 

g     11     «      11      y     11      * 

9.  ar(a?+y+«) = a*,  y(^+y +«)  =  ^'»  «(*+y+2) = <'*- 

10.  (^+y+«)«^=aj,  (a:+y+2)y«y,  (aj+y +sf)(J»  =  s. 

12.  X '^ —  "-     **  *y 


(l-«)(l-y)'   y-(l-a,)(l-,)'  *-(l_iXl_y)- 
ey—bz    by+az—ex    ez+he 
a*         -        J> ? 


13.  ?^-=*?=*y±^=^=^±^=^,:^+y«+,.-J,+«i+ai. 


-+^+-— {fe?}'— {^j}'-"- 


XXXYH. 

1.  Find    the    number    of   rational    solutions    of    the    equation 

2.  If    air'+jy  =  &5(y— ar)    and    ia:*+fly'=dy(a:— «)    determine  the 
equation  which  connects  x,  y,  and  2  independently  of  a  and  h. 

3.  If  ?+^4.?-l,  and  ?+~+?=.0,  then  shaU  ^+^+^=1. 

« *  4     <?  X    y    z  a*     0^    (r 

4.  If  1+1+1  =  0,  and(i— (?)'a?+(<?— «)V+(a— 5)»«-0;  then  shall 

^    y    ^ 

5.  If  5«+tfy=aa,  ex+az^hy    ay+hx^^c,   and  2*  =  a+3+c;    shew 

thatf±i.y±l.?±l^ £ 

ap— 1  y— 1  »— 1     («— a)(«— ^)(«— tf) 

6.  Eliminate  0  from  the   equations  — f — ^-f^^^ — £-,     and 
prove  that  «(y*-  z^)+2y{sr  -  a?«) + 4«(a;»— y')  =  0. 
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7.  If  any  one  of  the  following  equations  be  true,  prove  tliat  other 
two  are  also  true,  a?+y(l— «•)*+«(!— y*)*s=0, 

y+«(l -2:»)»+ar(l -««)•  =  0,  8+a?(l -y»)»+y(l ~a;*)»-F 0. 

8.  From  ax+hy  — »  =  (wV+nV+^s*)*  =  fi'Jy""*  =  rn'oc*"*,  find  an  equa- 
tion which  does  not  contain  a  and  h. 

9.  Find  the  equation  between  x,  y,  and  z,  independent  of  a  and  h^ 
from  the  equations  «*+ar  =  y,  i'+^a?  =  s,  a'+5'  =  1. 

10.  Given  the  equations  a^'a — f  and  y  = ;  shew  that  if  js  be 

1+s  1  — ar 

eliminated,  the  following  equation  will  hold  between  x  and  y, 

11.  Eliminateyands^from  the  equationsy+a  — a,a;*+y'  — 2»Mry  =  J*, 
^+«'+2»uw=o*;  and  shew  that 

12.  The  equation  {«+(a«-^y«)»}-{5+(J«-ar«)*}-{<?+(c*-i?y)*}=jpyz, 
is  equivalent  to  the  equation  (^x+h*y'{-c'z^2abc'\-xjfz  when  x^  y,  z 
are  finite  quantities. 

13.  If    ^  =  («y'"^')^andy.(^-^')i;  then  shall  (^-^')^„^. 

y  ^  « 

14.  In  the  system  of  equations  a(l+y*J!;')+^(y"+«')+«yjg  =  0, 
a(  I  +z*3^)'\'h{7?+a^)+czx  =  0,  a(l  +^y)+i(a^+y")+ra^  =  0 ;  prove 
that  if  t^—V+hc^Oj  any  one  of  the  equations  Lb  deducible  from  the 
other  two. 

15.  Find  the  value  of  a  from  the  equations 

32r+<iy— z-0,  /ix— 2y+3a  =  0,  x+3ffy— 2«  =  0. 

16.  If  2tf— 3y  =  ^^-— y.,  and  2tf — 3g  =  ^-^""^^  ;  then  ar+y+8  =  «. 

y  8 

17.  If  «(2a*— 3jr*)*+y(2a«— 3y«)»+E(2««— 3«*)»  =  0,  where  «»  stands 
for  ar'+y'+i*;  shew  that  («+y+«)(— ^+y+»)(«— y+»)(a?+y— «)  =  0- 

xxxvni. 

1.  Find  three  numbers,  the  third  of  which  exceeds  the  first  by  5, 
such  that  their  sum  multiplied  by  the  first  is  48,  and  the  sum  multi- 
plied by  the  second  is  128. 

2.  Find  a  number  greater  than  100  and  less  than  1,000,  in  which 
the  middle  digit  is  double  of  the  first,  and  if  the  first  and  last  digits 
be  interchanged,  the  number  is  less  than  what  it  was  before  by  99 ; 
also  the  sum  of  the  squares  of  the  digits  is  21. 

3.  What  three  numbers  are  those  which  have  the  sum  15,  the 
sum  of  their  cubes  495,  and  the  difiference  between  the  first  and 
second  equal  to  the  difference  between  the  second  and  third. 

4.  There  are  three  numbers,  the  difference  of  whose  differences  is  5, 
their  sum  is  20,  and  their  continued  product  130 ;  find  the  numbers. 


21 
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22.  a;»y+y'^  =  20,  ^+i-|.     23.  x'-y^xy^^ab,  a;»+y>  =  a8-fl3+3«- 

^^-  ^+^«136l-2xy,  ar+y-10.     25.  ary»+y  =  62, «»/+y^  =  2320, 

26.  (:r*+y»)-9(ar+y)  -  -  6,  a;*y+ary»  -  2. 

27.  <?^+33j?V  =  4«^',  V+3<ir^y'  =  4«»3. 


1.  (««+«')  =  (y»+fc«)  =  (^+y)«+(a-6)«. 

2.  2arJ-iBy+3/«  =  2y,  2a:»+4dy  =  6y. 

3.  2a;'+3y=:24,  a:>+2;F  =  3(y- l)(3y- 1). 

4.  y*— a:*— 90000  =  0,  y:F—300y- 125a?  =  0. 
-5.  «+y+iry«19,  «'y+^y'  =  84. 

€.  4(4r-5y)-5ar-3,  5«'-7ay  =  3y*+l. 

7.  ay+«y»  =  12,  a?+ary'«18. 

5.  («-«)«+(5-y)«  =  2(«+«)(5+y),  4a;y  =  (a-J)«. 
9.  aj»+2y»+4a?V  =  70,  ar»+y  =  5. 

10.  a:*+y"  =  7+i^y,  «»+y»  =  6ary— 1. 

11.  (l+a:')(l+y»)  =  2(ary-l)*,  a:+y  =  5.         12.  ar»+y«-19,  «y-6. 

13.  l+^y  =  (l— ary)v'3,  a?— y  =  (l+a:y)v'2. 

14.  2ar+y»  =  5',  flV+y*  =  c«. 

15.  (a?-y)(a;— y— 3)  =  18,  a?y  =  4.     16.  ax—hy^mi  {ax)*-'(iyy  =  7ixy, 

17.  ar+y  =  5,  «»+y' =  35. 

18.  {x'+t^){ax+hy)  =  2ah{a+h\  z'-^y'  =  xy^ab. 

19.  a;*y'+ftry=  16,  a?  =  y— 1.         20.  m{s^+y*)+nxy=:a,  a?+y  =  5. 

21.  a^^x*—y^=^m,  (a«+3V— 2aVay  =  ». 

22.  «»y»  =  5(a?+y)+2,  a:+a?y+y  =  34. 

23.  a;*+ay  =  8ar— 3,  y*+ay  =  8y  +  6. 

24.  («+y)(aJ»+y»)  =  1225,  x'-xy+y*  =  49. 

25.  2a3(tf+i)ar+y«  =  flJa?»+2a^,  <i*ar+(a+%  =  ary. 

26.  x+y:=2^^  3y— ar  =  y*. 


1.  V-8.7^y-6.       2.  ^-«,flX=i. 

a?^y  l+«y         1— a:y 

8.  «.+Jy-..  l+f  .i.        4.  (.:y-lX,+l),|,y+^.|. 

-    X — 1     V — 1     5       ,   ,     ^  ^    a:+y    a: — y  • 

5.   jL.^ — _.«-  a:+y  =  4.         6.  --14  =  — ^,  xy^ab. 

y-l^a?+l     2'        ^  a+b    a--b'    ^ 

«    y**    6     ~af+y+r  *   y    ar'^a^'+y*'  y*    tx^"    yx" 

ary*  ^    xy        4  a:^y     c 

c*— ajy+«*"«+^'  c*— to+ay""y+tf '       *  a*'*"4"      '^    y 
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4.  Find  x,  y^  z  from  the  equations — 


(1)  oTy^z'^m,  sf%f%^  ^n,  afi/%^^p. 
(2)  «"y"»<i,  y"«"  =  5,  »"x"«(?. 
6.  If  a?*  «=  y',  a;"  =  y»,  find  the  yalues  of  «  and  y. 

6.  Given  a:*-^  -  a?(2  -  «»^'),  ahew  that  (-2)«    is  one  of  the  valuet 

of  d?. 

7.  If^^-J.5^(*'+«');  ahewihata;-{?2}     . 

XL. 

1.  What  values  of  x  render  the  following  expressions  square 
numbers  ? 

(1)  x±a.     (2)  x»±l.     (3)  2-c*±fl.     (4)  a+5a?+rjr*.     (6)  (5ar*+18«+6. 

2.  Solve  the  following  equations : — 

(I)  5ar+7y-2y=:;i:y.      (2)  3y-ay+4ar+2-0.      (3)  «»— y*-60. 
(4)  2ary+ar+y- 195  =  0.     (5)  a;«+2y»»59.     (6)  a?*— 7y^-l. 
(7)  24?(ar+y)+y»-6(y-3)  =  0.       (8)  ar+y+ay  =  79. 
(9)  ««+ay— 4;p— 3y  =  27.       (10)  «*—y«—100y=  1,000. 

3.  Find  two  square  numberSi  (1)  whose  sum,  (2)  whose  difference 
shall  be  square  numbers. 

4.  Find  what  pairs  of  rational  values  of  x  and  y  will  satisfy  the 

equation  (4?— fl)(y-3)  +  (ar— <?)(y— rf)  =  ^« 

5.  Find  the  limits  for  the  real  values  of  x  and  y  which  satisfy  the 
equation  4r*+4;ry+4y*+4a?+8y— 21  -0. 

6.  Find  three  numbers  in  arithmetical  progression  that  the  sum  of 
every  two  of  them  may  be  square  numbers. 

7.  Find  a  series  of  positive  integral  values  of  x^  y,  %  which  satisfy 
the  equations  a;"+y*  =  (y+l)*  «uid  «*+y*+«*  =  («+!)*,  and  shew  that 
if  ^+y^  be  a  complete  square,  y  is  not  greater  than  ^(^+1)  nor  less 
than  {2x+\)K 

8.  To  determine  three  square  numbers  which  shall  be  in  arithme* 
tical  progression. 

9.  The  number  of  men  in  a  regiment  is  such  that  they  could  be 
formed  into  a  solid  square;  and  they  could  also  be  formed  into  5 
hollow  squares,  each  6  deep,  and  each  square  having  5  men  more 
in  the  front  rank  than  the  former  square ;  find  the  whole  number  of 
men. 


i 
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BESULTS,    HINTS,    ETC.,    FOR    THE '  EXEECISES    ON 
EQUATIONS  OF  THE  SECOND  DEGEER 

L 

1.  See  Section  VII.,  p.  2. 

2.  See  Arts.  1,  2,  pp.  1^9« 

3.  See  Art.  4,  p.  4. 

5.  See  Art.  6,  p.  6. 

The  equations  are  a5"-7a:  +  12=0,  af«  +  7ar  +  12=0,  x«  -a;-12=0,  a:*  +x-12=0. 

6.  When  the  two  roots  of  a  quadratic  equation  are  equal,  the  equation  may  be 
said  to  have  one  root. 

7.  The  nature  of  the  question  will  determine  its  meaning  to  be  of  a  contrary 
nature  to  what  it  would  have  been  if  it  had  been  positive. 

8.  The  square  root  of  every  algebraic  quantity  is  both  positive  and  negative. 

n      n 

10.  o=3,  6=-l,  c=-2. 

11.  Reduce  and  arrange  the  terms  on  each  side,  and  compare  them. 

12.  ThefSEU^torsarex  +  lSandx+SO. 

13.  By  solving  the  equation  w»  (»'  + 1)  +  (m«  +  n')jj=0,  x=  -  - ,  and  a?=^, 

n  fn 

,\  X + -  =0,  and  x  +  - =0,    .*.  x+^  and  as + -  are  the  factors  required. 
n  ^n  91  971 

14.  As  the  equation  a*'  +  (a  +  &)a;==3a5  admits  of  two  values,  each  may  be  sub>ti* 
tuted  for  X,  and  two  values  of  the  expression  may  be  obtained. 

11. 

1 .  «>  +  42= 5,  complete  the  square,  x*  +4:t;+ 4=^9.  Extract  the  square  root  of  each 
side,  a!  +  2«±8,  .-.  «--2±8,  thatisx^l  and  —6. 

2.  a;«6and-l.        8.  a;«i8  and -4.        4.  sb— 12  and  -1. 
6.  a!=17  and  |.        «.  a:-l  and  -«.        7.  a;-J(7±>/17). 

8.  aj-iUOtv'SO).        9.  «-A(18±>/197).        10.  «=5and-;?f. 

11.  a:-60  and  -  48.        12.  «=J  and  -f        18.  jb-A  ^^  A- 

14.  x^zB^^^^^H^.        15.  a:-|  and  zH.        1«.  a:-87  and  -12. 

17.  a:-i(5±v^24026).        18.  a;-A(7±>/241).        19.  a:=«-21±>/321). 
20.  ar«-819and  -001.    21.  x^rr^^l^^^l 

22.  «-i{-12-25±v'156-265).        23.  aj-CandO. 
4,1    ^     -  (15  +  7n/8)±«s/(156  +  90v^3) 
^*-  *""* 2(9  +  578)  ' 

III. 
1.  ««i(3±s/5).        2.  ar»8  and -1. 
Z.  Clearing  from  fractions  the  equation  a:+——- becomes 

iea;«+l=8ar,  or  (4z)>  -2(4a!)  +  3  «0  ;  .-.  (4a:-l)'-0,  aj-J  anl  J. 
4.   3j;+?-=10,  then  3x*  - 10*=  -  3.     Multiply  each  side  by  8, 

X 
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.'.  (3j)2-10(3j-)^  -9,  completing  the  aquare,  (3a:)'  -10(3j:)  +  25«25-9=16  ; 
.*.  3j?-6  =  ±4  ;  .*.  Jx=9  and  1,  and  x=3  and  i. 
fi.  ^=4  and  2.        6.  aj=8  and  -2.        7.  «=— 1±>/2. 

8.  Clearing  the  equation  firam  fractions  6x^  -  x»  -  57.    Multiply  by  C, 

.'.  (6a;)»  -» (6a;)=  -342,  from  which  a;-TV(l±>/  -1367)- 

9.  p;-  =  -  — ^ ,  clearing  from  fractions  847««  - 1 21aj  -  i, 

7     847 

and  (77u;)'  -  ll(77ar)=  -28,  from  which  x=L  and  4 • 

11         77 

10.  a;  -  Vi(  -4±>/793).         11.  The  equation  reduced  is 

«'  -  Ax=0,  or  a:(x'-4) ;  .*.  a;=0  and  x=i, 

12.  a-=-l±V7.        18.  aj=-2  and  2.        14.  ie=i(-l±v'57). 

15.  a;-=2and  -f.         16.  a;-2andi|.        17.  a:=l(17±v'109). 

18.  A=i(-5±  1^/649).      19.  a;=3and-4.      20.  a;=^ J  and  f      21.  a;=26andl. 

IV. 
These  examples  may  be  reduced  to  the  form  of  a  quadratic  equation  by  asanmiDg  y 
f  ^r  the  unknown  power  or  root  in  the  second  term  of  the  equation,  and  restoring  ia 
the  solution  the  yalue  of  y. 

1.  aj*+12«'=:18.  Let  a;'=y,  then  y« +12^=^13,  and  comvleting  the  square^ 
y'  +  12*/  +  86=13  + 12=25;  .-.  y +6=±6,  andy= -6±5=-l,  and  - 11,  restoring 
theyalueofy,  «»=-l,  iiida;«=-ll;  .'.  «=±(-l)»  and  ±(-ll)K 

2.  3a-+a:*=l.  Let  x^=y,  then  3?/«+2y=l,  and  from  thi^  equation  y— ^^  ainl 
-  1,  restoring  the  vilae  of  y ;  .*.  x^==^}  and  - 1,  and  x=^i  and  +1. 

3.  6x^— &B^=  -  592,  ftliimgiiig  signs  of  the  terms  of  the  equation  5^;»  -  6*^'^ =592. 
Let  y=x^,  then  5y*  -  6ys692,  and  y=i(3±^/2968),  lestoring  the  value  of  y, 

.-.  .t5=^(8±v^2649),  anda:={i3±>/2649)}l 

4.  a;-±{4(44±v^l911)}t         5.  .^•=±lland±  |  ^^^  |  *• 

6.  x=±>/^  and  ^—.         7.  x=2  and  -1.        8.  a=fl2Ja  and  -2a. 

4  4 

9.  x=land  -2.        10.  x=l{-9rfy/ -7).        IL  ar=±{4(««±•{a«-4^»')}♦. 

12.  .>:=8  and  ???.         18.  a;=±(3±2v^2)*. 
49 

U.   x=l*>/ll±^.        15.  a:=i{(a-2)±v'(a'-4a)}«. 
4a'  *^  ' 

16.  a;=4and  -25.        17.  a;=(*l)*  *ad  +9.        18.  «=9  and5  +  (25;^ 

19.  aj=.81  and  ( -  2)*.        20.  as=s±8  and  ±{  - 11)«. 

21.  .v-=±{i(44±>/1910}».  22.  x=8«  and  |  111  |  \ 

8  £ 

23.  x=l  and  ( -  5)».  24.  a:=±(J)'*  and  ±(  -  2)*-. 

25.   r=2«  and  }  —  |  *.        26.  a;=8»  and  (-28)*. 

27.  a;=16and(-33)^ 

V. 

1.  (a;«  +  4)«— 5(«»+4)=44.  Let  x^  +  i=y,  then  the  equation  becomes 
y4  _  5y=44,  and  y=  J(5±  •201),  restoring  yalae  of  y,  and  a?«  +  4=i(5±>/201), 

.-.  «a«-4+i{6±v^201),anda:=x±{-4  +  i(5±>/20l)}>. 

2.  (:c»+5)«=7+aj«,  (aj» +5)« -(a;» +  5)=2.  Let  a:«  +  5=y,  then  y'-y=2,  f/ 
may  be  found  as  above. 
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3.  (x'  +  7x+5)*  -8a;'>-21«=»19,  sabtractiiig  16  from  each  side  of  the  equation, 
(jc»  +  7x+5)«-3(a;«  +  7«  +  5)-4.  Let  a!>+7a!+5«y,  then  y>- 3^-4,  and  y=4 
and  —  1,  and  restoring  the  Talnes  of  y,  there  arise  two  equations  a:*  +  7x  +  5>b4  and 
a;^  +  7x  +  5—  - 1|  from  which  the  yalaes  of  x  can  be  determined. 

4.  z^-Bx-  19={x^  -  5x+ 1)»  is  reducible  to  the  equation 
(x«-6x+l)-(x«-6as+l)»-20.     Let  (x»-5x+l)i-y,  theny«-y=20. 

5.  9x -  4x*  +  (4x«  -  8x+ 11)|=5,  may  be  reduced  to 

(4x«-9x+ 11)  -  (4x" -9x+ll)-0. 

6.  The  same  remark  applies  to  this  equation. 

7.  6x(x-l)-3{3(x--2)(x+l)2x}»=4(x+S).      By  transposing  4(x+S)  and  ro- 

Uucing  the  terms  the  equation  becomes  2(3x*  -  5x  -  6)  -  3(dx'  -  5x  -  6)^ »  0. 

8.  The  equation  8x*  +  8x  -  (28x*  +  32x)i  «i  12  -  4x^,  may  be  reduced  to 

(7x«  +  8x)-2(7x»  +8x)»=12. 

9.  x«+8-2{(x«-2x+2)*+aj}  is  reducible  to  (x'  -2r  +  2)-2(x«  -2x  +  2)»=-l. 

10.  7x-x*  +  (2x*  -  14x+ 20)>»10.     Multiply  each  side  of  the  equation  by  2,  and 

(2x*-14x+20)-2(2x«-14x  +  20)»=-0. 

11.  -£-+  — i_  «?}.     Multiply  each  side  by  x,  and  -E1.+-J^=.21. 

x  +  4^(x  +  4)»     X  ^^  ^    '         x+4^(x+4)» 

Lety= — ^,  then  w«  +  4y=21. 
(x  +  4)» 

12.  X+4+ |i±lp«-i^   Multiplybyx-4.  and(x»-16)  +  (x«-16)»-12. 

(  X  —  4  )       X— 4 

^3    10(8x - 15)  _  12(1  Ix -  lg)^^3j.»^    By  reducin;^  the  left  side  of  the  equation 
x*-4x+6      x«-6x+6  ^  * 

•i.  «  -52x*  +  78x"  «A  •  —  4x+6 

it  becomes- ,  *     =13x«,  or ^--Tj! -«1 

(x«-4x+5)(x»-flx  +  6)  (x«-4x  +  5)(x»-6x  +  tf)     *• 

and  X*  -  10x»  +  35x*  -  64x+  80=6  -  4x ; 
/.  »*-10x»+85x»-60x+24=0, 
and  X*  -  10x»  +  25x*  +  lOx"  -  50x  -  -  24, 

or  (X*  -  6x)«  +  10(x«  -  5x)=  -  24. 
Let  x«  -6x=y,  then  y«  +  10y=  -  24. 

14. —  +i^±^*=.  — -u-    Multiply  each  side  of  the  equation  by  4{x+2)^ 

\X + 2)t  2         4(x  +  *)• 

and8  +  2(x+2)«=17(x+2). 

15.  5 + 5? »11?.    Multiply  each  side  by  25x, 

x»+x+5^(x«+x+5)»    25x  ^^  ^      ^ 

then     2^'     +^4^^=118.     Let.-j-^T^^ 
x*+x+5    (x*  +  x+5)*  (x*+x+6)» 

VI. 

1.  x»-12x=16,  x«-4x=8x  +  10,  orx(x»-4)=8(x+2). 

2.  The  equation  reduced  is  6x*  +  llx+0=»0. 

3.  x«-8=-(x«-4). 

4.  x»-2x«-4x+8=0,  x»(«-2)-4(x-2)=0. 

5.  x»-x>=-(x»-l). 

8.  (x*  +  l)(x+2)=2,  x(x«  +  2x+l)=0. 

7.  x*-6x-9=0,  by  adding —3x  to  each  side,  and  transposing  ~9| 

X*— 9x=s~3x+9,  orx(x»-9)=-8{x-3), 

8.  x+7xJ=22,  x-8=-7(x»-2).      9.  «»-x-2(x+l). 

10.  x»  +  7x=49(x  +  l),  x»-49x=-7x+49,  or  x(x»-49)=-7(x-7). 

11.  Add  4  .-.  x»  +  8=  -  x«  +  4=  -  (x«  -  4). 
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12.  x»  -  6aj«  +  10a; + 8  =0,  may  be  arranged  x{x* — dx + 8)+2(a;  -  4) =0, 

or  a<a;-2)(a!-4)+2(a;-4)=0,  or  (x-4)(a;«  -2a:+2)=0. 
18.  x»-;e«  +  8a;-27=0,  or  (x* -27)-x(a;-8)=0. 

14.  a;=64  and  -J^ff^. 

15.  («-l)»=«(«+l)'>+2,  orx»-3x«+3a;-l=x«+2a;  +  l  +  2, 

.  • .  x«  -  4aj«  +  2  -  4=0,  and  x{x^  + 1 )  -  4{x«  + 1)  -  0. 

16.  x«-8  +  4(x  +  8)(x-2),  .-.  x»-8=4(x+8)(x-2). 

17.  The  equation  when  reduced  is  x«-2x« +  1=0,  x»(x-l)=a;« -1. 

18.  x=8x*+2.     Add  1  to  etch  ride,  x+l=:8(a:»  +  l).       19.  x*-l== -al(J5*-l)•. 
20.  ai(x-l)=-a{x»-l).       21.  x»-l== -(x>-l). 

22.  The  equation  may  be  put  into  the  form  (x~  xJ)«  +9(x-xi)=«90. 

23.  xt-8xi=2.    Addl,  .-.xt+l^SCxi  +  l). 

2^    4(x«+2x+5)x_^4(.'u;»+x«-l)    5x;    by  dividing  each  ride  by  4x«. 
4a;*  4x*  4x*       JO  J 

X  X*  4  X  X*     4 


whence  fx--j   -5fx--j— --2. 


VII. 

1.  x«-4x+8-0,  (x*-l)-4(x-l)  =  0,  «-l  is  a  factor, 

then(x«+x«+x+l)-4-0,  or  (x«-l)  +  (x»-l)  +  (x-l)-0. 

2.  x*-6-5x(»'-«-l)»    x*-5x»  +  5x»  +  5x-6=.0,    (x*  +  5x» -6)-5x(«« -1)^ 

(x«  -  l)(x«  +  6)  -  5x(x«  - 1)  -0. 
4.  x^— 2ax*a2a&x+i*,  add  to  each  ride  a*x', 

.-.  ar*-2ax+o"x*— a*x*-2a6x+6«. 
6.  x<+x«+10x«0,  x(x»+x+10)-0,  .-.  x«0, 

andx»+x+10-0,  (x«+8)  +  (x+2)-0. 

6.  x^  +  4x*  -  8x  - 165  a  0,  add  and  subtract  4x*, 

(x*  +  4x«  +  4x«)-4(«»  +  2x)=165,  w  (x«  +  2x)« -4(a;« +2x)-165. 

7.  x*+4a«x-a*,  x*--4a*x+o«,  add  2a*x* +o*  to  each  side, 

.••  aj*  +  2a«x«+a*=2a«x«-4a»x+2a*=2a'(x«-2«x+o«). 

8.  (x«  + 1)*  —(x*  -  l)*(x- 1)«  —0,  the  equation  reduced  becomes  (x*  +x*  +  l)x  -Ol 

9.  x*  +  (l-x)*-a,  orx*  +  l— 4x+6x«-4x«+x*-rt, 

.-.  x*-2x»  +  ax*-2x=i(o-l),  and(x*-2x»+x^)  +  2(x'-x)-4(a-l). 

10.  1  +x*  =«a(l  -  x)*.     The  equation  reduced  becomes 

x"    a-1  V       X  )      a- 1 

11.  a(l +x*)— 2x(l  -  x**)*,  the  equation  reduced  becomes 

x*+L+±\x*-l\  +2-0. 
X*    a«  (         X*  ) 

12.  X*  (x*  +  16x) + 80x(2j;  - 1 )  a  45  +  2x,  the  equation  reduced  becomes 

(x«  +  8x)«-4(x«+8)-45. 
18.  x«-2x«+x-12,  (x*-2x«+x«)-(x>-x)-12. 
14.  x*  +  46«(l+a«x*)»=sc«.     Multiply  each  side  by  o«, 

then  a*x*+ia^b*{\  +a*x«)*— a*c*,  add  1  to  each  side 
and(l+a«x*)  +  4a»6»(l+o«x*)*-l+a*c«. 
16.  (a+x)*  -  («•  +x«)«  — 4a«x«,  the  equation  reduced  is  4ax(a«  +x*)  — O. 

16.  x«(x«-18)--4(x+12),  orx*-18x'--4x-48,  add  4x«+49  to  each  ride^ 

and  x<  -  14x«  +  49  -  4x»  -  4x  + 1. 

17.  (4x-2)*-(3k-1)*-{2x+4)«-(x+8)«,  by  transposing 

(4x— 2)^— (2x+4)«  «(3x~l)«  - («+8)\  which  when  reduced  becomes 

20(x«  +l)82x-10{x«  +l)12x. 


^ 
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18.  By  transposition  (a;«-l)*-2(2J«-l)«(a;-2)'+(aj-2)*-4a;» -12aj+9,  ex. 
tracting  the  square  root,  (a;'-l)'— (a;-2)^a±(2x-8),  taking  the  positive  value, 
(2a«l)*»(aj-2)»=2*-8-2aj-4  +  l=2(a:-2)+l. 

19.  16j;(«+1)(*+2)(x+8)-9.     Divide  by  16, .-.  a;(aj+l)(a;+2)(a;+8)-i-. 

16 

Since  x(x+l){x+2){X'i-Z)  is  the  product  of  four  consecntive  natural  numbers,  if 
1  be  added  to  this  product  it  becomes  a  complete  square. 

d      25 

. •.  ar(aj  +  l)(x + 2){x +8)  +  l=l  +  — =—-,  and  extracting  the  square  root, 

16     16 

•  *.  SB*  +8:e;+l=±-,  from  which  equation  the  four  values  of  x  may  be  found, 

6 

20.  (ic+l)(z+2)(a;+8)(z  +  4)=4S,  and (x+l)(aj+2)(aj+8)(aB+ 4) +  1=49, extracting 
the  square  root  x^  +  Sx+6=s±7,  from  which  the  values  of  x  can  be  determined. 

21.  8(a;«-l)+8a;«(«'-'l)=0,  (a;« -l){8(x*+a5>  +  l)+8aj«}=0, 

(a;«-l)(3aj*  +  lla;«  +  8)=0;  .'.  a:* -1=0,  and  8aj*  +  lla;«  +  8=0. 

22.  a;*-8aj»+10a:»+24aj+5=0,  a;*-8aj«  +  16a5«-.6a;«+24x+6-0, 

or  (««  -  4a;)«  -  6{x*  -  4a:)  +  6 -0. 

23.  (1  +aj»)  +  (l  +aj)«=2(l  +a;+a;«)*.    The  equation  when  reduced  becomes 
8x«(x*  +  3a;'»  +  4a;«+3a;+l)=0;.-.8a:«"0anda;*  +  3a:«+4x«+8a:+l=0,dividebya:«, 

.-.    /aj«  +  2  +  LW8/a;+iW2=0. 

124.  a;*-2aj«-3a;«+{2a:+86)=0,  a;*-2a5»+a;>-4x«  +  12»+36=0, 

or  (««  -  a;)* — 4(a;»  -  a;)  +  86 =0. 

25.  (x*-2a:«  +  l)+a5(a;«-2a;+l)=0,  (a:+l)«(aj-l)*  +  ar(x-l)«-0, 

or(a!-l)*{(z+l)»+z}-»0,.-.  (a!-l)«-0,  and  (a;+l)«+a:=0. 

26.  See  Example  23. 

"27.  aj*-12a;»+44aj«-48a;=9009,  «♦- 12a;»  +  36a;«  +  8aj« -48a: -9009, 

or  (a;»  -6a;)«+8(a;«  -  6a;)m9009. 

58.   a;*+l?a:«-39j:=81,  8a:*  +  18a:«-117aJ=248,  8(a;*-81)  +  18a:(««-9)-0. 
3 

•29.    ^=^1±5-,  6«a;«+a:»=a*6«+a«Ma:«, 
a*b*     b*  +x* 

(a:»  -a*&*)=  -6*a:«+a«6*a;«=  -  b^x*{x*-an^\ 

.-.  (a;*-a»6«){a;*+a«6«+6«a;«}=0. 

80.  g'(g^  "  «*)^g50         y^  expressed  thns- 
x^'-a^       931       *'  ^ 

x*(x*+a^){x^-a^)     _850 

(a:«-o»)(a;*  +  a*i»'+a*)~931* 

VIII. 

The  equations  nnder  this  number  offer  no  difficulties  in  reducing  them  to  the 
^required  form  for  solution. 

IX. 

1.  12±2a:    4^-8^4x-l     ^^_6__^2.-^-4+-l-; 

a;  +  8      2a:  +  l     ai-l  a:+8  2a:  +  l  »-l 

or — =— i-.,  which,  when  cleared  of  fractions  and  reduced,  becomes 

a:+8    2a:+l    x-1 

^«+87«=0. 

2.  The  equation  cleared  of  fractions  is 

X*  +  10a;»  +  19a:«  -  80a;-a!*  +  lOaj*  +  35aj«  +  60K+24. 
8.  The  equation  reduced  is  2a;«- 83a:* +  18—0. 
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6.  The  reduced  equation  is  a?*  +27x  -28—0. 

7.  The  reduced  equation  is  z^  -  4x + 3  =  0. 

9.  By  adding  the  fractions  on  the  left  side  of  the  equation, 

a;»-5ar-14  ^1^^  and  80(a:« -5«-14)-(ai-l)(a;-2)(«-8)(aj-4).    But 


hince  the  product  of  four  consecutive  numhers  increased  by  unity  is  always  a  com- 

)>lete  square,  add  1  to  each  side,  and 

80(aj«-6a;-14)+l  =  (a;-l)(a!-2)(a;-8)(j:-4)  +  l=(aj«-5x+5)«. 

SB*  -  4  7 

10.  The  equation  reduced  becomes =- . 

^  (z-l)(i:-2)(x-3)    6 

12.  By  combining  the  first  two  fractions  on  the  left  side  of  the  equation,  and 
then  the  other  two,  the  equation  becomes 

20(a;+8)«  .  4(aj-10)« 


(««  +  2»  -  48)(aj«  +  9x  +  8)    (a:*  +  10af)(x-«  +  6x  -  60) 


+  1=0, 


or  20(^  +  8)'       4(a;+10)«  ^^^ 

(a;+8)(a;-6)(ic  +  8>(a;  +  l)'*'a-(a;  +  10)(x-5)(a;  +  10) 
15.  By  reducing  each  tenn  of  the  equation  to  the  form  of  a  mixed  quantity,  the 
equation  is 

2x+8  +  -5-+2«  +  3+-L.=4x  +  6  +  -JL_,  and -^+    ^  ^ 


z~2  aj-8  2JC-8  x-2    x-S    2j;-8 

17.  On  reducing  each  side  of  this  equation  as  above  in  example  15,  it  will  be 
found  that  the  conditions  are  incompatible  or  inconsistent. 

X. 

1.   J±?_=Az?.,  theequationreducedi8ax»-(l  +  6+2ai)x-(l+a-t)=0. 

l-OX      1+&B 

8.  £2l£~^LZf =rifLJl£ilfi,  this  equation  when  reduced  becomes 
x+6    x-e      z+b+c 

(2a  +  6+c)x«-{2a6  +  8(ft  +  c)»}x+2(6«c+ftc»+oc«+2afcc)=0. 

5.  i-jL2^i5_=?- ,  when  reduced  becomes  (x*  +  a»){x«  -  ox  -  a»)=0. 
a*—i»x+x^    X* 

6.  The  reduced  equation  is  (a  +  6  -  c  -  rf)x«  +  (a'  -  c*)x-\-a\a  +  6)  -  c»(c + d)=0. 

7.  -*-±^^ x-crf    ^  a&-cd      j3  equivalent  to 

x«-a«6«    x»-c*d'    x«-oAcd 

~  ^     ,  which  when  reduced  becomes 


x+ctb    x+ed    x^—abcd 

2cdx^  -  (a6-crf)«x  -  2a6c«i«=0. 
12.  The  reduced  equation  is  8x'  -  2(a + (  +  c)x  +  fo + ae  +  a&= 0. 

Id.  Transposing  and =; — ; 

a+x    a-e+x    6-c+x    o+x 


—c  c 


,  and  -(o+x)(a-c+x)=(6-c+x)(6+x). 


(a+x)(a-c+x)    (6-c+x)(6+x) 

17.  The  reduced  equation  is  a5x* — 2a&x + a5=0. 

18.  x=±(a*)*. 

19.  }         ^         I         ^         U  }        ^         ,         1         {  ^0 
lx+(a+6)    x-(o  +  6))       Ix— (a— 6)    x  +  (o-6)l        ' 

2x                   2x  « 

or =^ + ^ =0. 

x« -(»+&)•    x»-(o-6)« 

20.  Reduce  each  term  to  a  mixed  number,  and  2  may  be  removed  from  each  side, 
and  then  each  side  is  divisible  bv  a— 6,  and  the  equatimi  becomes 

1     ■     1    _■       3  8        . 

X— o    x-b    x+a—2i    x+h—ia' 
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whence  9(«-a)(a!-5)=(a;  +  6-2a)(a!+a-26)  and  4(«-a)(«- 6)= -(«-&)«,  wWch 
gives  two  equal  roots,  each  i{a+b), 

21.  aI=±J{2k(l±^/2)}*• 

23.  By  clearing  the  equation  from  fractions  it  hecomes 

{a«+ft«  +  c«  +  3(a5+«;+ftc)}x«-3(o  +  6)(6+c)(c+a)» 

24.  By  aggregating  the  tenns  on  the  left  side  of  the  equation  it  becomes 

3x*  +  {a+h+e)x*'{ab+ae+be)Z'-Zabe_^ 
(«-«)(a!-6)(a:-c) 

XI. 

1.  (3x-2)k(2z  +  8)i«12.     By  squaring  each  side,  (3a;-2)(2a;+3)->144,  and  the 
reduced  equation  is  6a:*  +5aBi>150. 

2.  (aj»  -  Sx + 7)*  +  (as* — 4* + 6)*  ■■  1 4.    This  equation  reduced  becomes 

788««- 2746a;- -33321. 

3.  The  reduced  equation  is  Bz*  -  7a;  -  54  -lO. 

6.  By  squaring  this  equation,  and  reducing,  it  becomes 
(a;*-8a;+15)>(a;*+2a;-15)>ax'-3a;+9.    Squaring  again,  and  reducing,   the  re- 
sulting equation  is  43x>  -  204jb + 306  •  0. 

6.  The  reduced  equation  is  3a;*  +  2(a+6+c)«»(a+6+c)*  -4ai. 

8.  Herex«+a;-4-.a:l(a;+x»  +  2), 

.-.  2l±£zi«a;«+a?»  +  2,  or  5!:ii+a;»=«+a;»  +  2,  or  ?lzi-a!+2. 
a^  a^  xh 

9.  Since  (a-6)*-ia*— &*-  3a&(a— &).    Employ  this  form  in  raising  each  side  of 
the  equation  to  the  third  power,  and  it  becomes  a;*  +  oa;  -  a*  aiO.     Otherwise,  divide 

each  side  by  (a«-a;«)»,  then  (f±f  ] *-  (?Ll?]  *-l,  and  raioe  each  bide  to  the 

Ca-aj^        Ca  +  a^ 

third  power. 
10.  The  equation  reduced  is  (a;'  -  4aj)«  -  4(aj»  -  4a;)  +  20  =  0. 
12.  Add  a;+ 1  to  each  side,  and  «>  +  2a;+ 1  -a;+ 14xi  +  49. 
16.  (a;*-l)»  +  (a;«-l)»-a;«,  (aj*-l)»-a» -(a;«-l)*,  squaring  each  side 
«♦-!-«•  -2aj*(««  -l)»+z»  -1,  .'.  2aK»*  -!)*=«*  -»'  +  1, 
and  squaring  this  equation  and  reducing,  it  becomes 

/a;«-^y  -2(a;»--LJ  +  l-0,  whence  «-±>/i(l±>/6). 

19.  The  equation  reduced  is  a;^  -  3a;*  atll. 

20.  (a;"^  +  l)  »+(a;"^-l)"*-a;\  by  changing  the  negative  to  positive  integers^ 


1    x«     )*     (    a;*    )*      J 
the  equation  becomes  < ^    +  < i    "^ 

(l+a;*)        (l-xO 
•.  L_-  +  — ^-T-li  squaring  each  side  -1-+ -+ 

or  _!_+ ?— -1,  and  -1-  +  — —,^1- 

l-a;»^(l-a;»)«  l-a;»^(l-z»)»    2 

21.  Clearing  the  equation  from  fractions,  a;*  +  2a;^  +  9a; + 8a:>  +  16-0, 

or  («+a;»)»  +  8(a;+a;*)  +  16-0. 

XII. 
1.  !Lt? .       .   ,  the  equation  being  reduced  becomes  x + a:i » 6. 


-1, 
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2.  ?:±^«5lz?,  5lz£-?±^-0,  and 
a;— a:*        4  4        x-aj» 

4.  Bationaliae  the  denominaton  on  each  aide  of  the  equation,  and  the  equation 
reduced  gives  g»— ^  ,  and  two  other  values  each  zero. 

6.  aj=±(a5)*. 

6.  Bationaliae  the  denominators  of  the  left  side,  then  extract  the  square  root  of 
•«ach  side,  and  the  equation  reduced  is  Sx*  —  S12a;+ 2703  -O. 

7.  ^•♦•(^* -<»*)*  ^? ,  the  equation  reduced  is  (x  -  a){iax»  +  3a«a!+a»)=0. 
«-(a;'+a«)*    a 

8.  The  reduced  equation  is  z*{x*  -  2a*  +  1)«0. 

9.  The  equation  reduced  is  (1  +  2c)a;>  +  2a(l  +  e)x + a* — i«c*  «0. 

10.  -5L!:£-  +  -£ll£--2a»,  (a+»)*  +  (a-a;)»-.2a»(a« -»•)». 

Squaring  each  side  («+«)•  +(a— «)»  +  2(a«  -a;«)* -iaCa^  -««) 

and  6aa:« -«»-.(««-««)»,    .-.  26a»a!*-10a*aj*+a«-(o«-a:*)", 
whence  a:*  (a;*  +  22a*a:*  -  18a*) = a 

11.  The  equation  reduced  is  x^x^  - 1. 

12.  The  reduced  equation  ii  iah*»e{a-x)*, 

13.  The  given  equation  may  be  reduced  to  the  form 

aj  +  6      i       2a;+&+c)  2*4-6 +c(2a;+ft+c)« 

14.  Subtracting  unity  from  each  side,  the  equation  becomes 

(a;~o)»-(a;-6)»  ^  -8a;Va-6)-f 8a:<a«--6«)-(a»-6»)     -8(a-6) 
(a;-6)«  (a;-6)»  ■■aj+a-26' 

Hence  -3a;'+8a<tt+6)-(a«-fa6+d»)»,  "^,^^"^^\ 

(aj-6)  +  (a-6) 

--8{(x-6)«  +  (a-6)(a:-5)  +  (a-5)«+^^^j. 
--8a;»+ea*-86«-8aa:+8te+8(a-5)J-8(o-6)«-^<*::^, 

.-.  6(a-6)«--2(a-dX«-46)— ?i^l*     and  dividing  ^y  a  -  6, 

aj  T  a  ~-  «© 

6a:+2(a-4J)=-il^lL:^. 

x+a-26 

XIII. 

The  exercises  under  this  number  are  pure  quadratic  equations. 

1.  <40-ar)«=5a;»,  .-.  ±^/&B=40-aJ.(±^/6+l)a:=40,  and 

^^      40  40(±,/g-l)        _i0(±^5-l)_^^      ,.      . 

±^/6  +  l""(±v^6+l)(±V6-l^       6-1   ""    ^"^^^v*    ^> 

2.  «=^-        8-  «=±8*.         4.  aj=±l.         5.  aj-*>/?. 

8.  a.^0,a:=-17a.         9.  «=±  }  27a«ft'-(6>2a)»  1 1 

J  27*  ) 

10.  ^=±{.K-^)^j«'<ft-^)}\ 

11.  (aj»  +  l)(a^+l)»-2(a*+3),  .-.  a:«(a:»  +  l)l=2(a*+l)-(a:»-l)«-(«l+l)«. 

12.  The  equation  reduced  is2*+29;*— 4a;*  +  2x+lB=0. 
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18.  x=i.  14.  x=t^. 

1  +  6 

15.  ^+^+i**  -^  )  ^ —    diyiding  the  numerator  and  denominator  of  the  left 
a+a— (o«-a;*)*     x 

rideby(,+;c)i.theui°+g;+;'-';;=J. 

(a + ic)»  -  (a — »)•    a; 

16.  A  similar  remark  applies  to  this  equation* 

17.  Bationalisethe  denominator  and  U+^+i^+x*)*}*^^^ 


"■l?i'-i?}'-'*---i5--i~t'-Si. 


i-£ 


,'.-=-! — =-T— ^' -i=^»  •••  ^=->    "id   aj*=a»,   ••.  «=a.    Otherwise, 
*    — -1    **""**'    «»    a:*         a«    a! 
at 

square  each  side  of  the  gi^en  equation,  and  ^+^+2aa;=a;*+2a»;+a*. 

X        X 

19.   x=±2.         20.  «=±f5/:J. 

21.  Here«-M^+«).J^^r-<^+«)-l^^{*' 
By  squaring  each  side  of  the  equation 

a*'2ab+b*==^x^+b*  +  ^^^^^^'^^^Kx*+a*+^^^^'tf^''2x*'-2(a-{-h)x-'2ab, 

x'  +  o*  aj*  +  6* 

a;«+o«  ^   x»+6«  '       aj*+a«    x«  +  6«' 
and  «B«  +  a6«  =&b«  +  a*b, .  • .  (a — 6)a!«  =a6(a  -  6),  ««  =a6,  a!= ±  (aft)*. 

XIV. 

1.  See  Art.  6,  p.  5. 

2.  See  Section  lY.,  p.  19. 

3.  The  first  equation  gives  two  yalues  of  a;,  the  second  fails—explain  why. 

4.  Herex*— a:»-fa;'+ia;+J«a5«  +  2a;  +  l, 
andj{(2a;«-x)«-2(2a;«-a;)  +  l}  =  (aj+l)%  .-.  i(ar«-»-l)-±(a;+l). 

5.  The  quotient  is x^~2x~l,  if  x«-2aj-l-i0,  thenx-l±v^2. 

6    Multiply  the  first  equation  by  e  and  the  second  by  ax,  and  subtract  th& 
latter  from  the  former,  and  {be  -  (ib)x* — a*x + c*  s  0.    Eliminate  x*  between  this  and 

—1.-      n^1% ^* 

the  second  equation,  and  x»  . %-^ :     If  this  value  of  x  be  substituted  in 

a*c-f6«c-aA« 

the  second  equation,  an  equation  will  be  found  which  contains  only  a,  h,  c 

7.  Extracting  the  cube  roots  of  each  side  of  the  equations, 

«+ar-i=a»*,  x-ar-*—»*,  .'.  2x=wil+n*,  2ar-»=s»ii-n*, 

.'.  4— (m*+xl)(m4-iiJ)»ml-»l. 

9.  The  equation  is  reducible  to  225  ~  ^==^  '25x>. 

10.  Heie-±  — * ^-  -^,  ^^^t<^^^>^'*-^«*-^'^-<"-^^+<"'^^') 

x+6    x+a    x+d    x+c  (a;+a)(x+6)  (x+(Q(x+c) 

bnta+<2=ft+c,  .*.  alsoa-5se-dL 

11«  The  equation  reduced  becomes 

(a+&+«)x«  +  (a«-fft>+c*)x3-8akx-aftc(a+ft+c)«0. 
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Bat  since  a+6+c«»0  is  a  condition,  (a*  +6*  +  c*)j!*  -  Zahex=0,  wMcli  gives 

x—0,  and  «=   ,  .  ., — r . 

14.  The  values  of  a?  are  ±>/2  and  ± 2>/  - 1. 

15.  See  Art.  4,  p.  4. 

19.  See  p.  4. 

20.  The  equation  reduced  is  «*  -  2(rt+ J+c)aj+3(a5+ae+ftc)=0. 

XV. 

1.  Let  a«-8x+22-m,  then  a5«-8a;+16=TO-6,  Bndaj-4=±^/(m-(J).  In 
order  that  x-i  may  be  possible  >/(m ~  6)  must  be  rational,  m  must  not  be  less  than 
6,  and  any  number  greater  than  6,  not  excluding  6,  satisfies  the  condition. 

8.  Let  ^l:ii^=»n»thenx-i<«»+4)=±«m«+4j»)». 

SB— 1 

4.  If  g'-8f-8^p,  thcni»  Ues  between  ?  and  -T^. 
2a;«  +  2a:+l    -^'  -^  2  2 

6.  Let  21^=;,.  ^^,^-lP^mi^-')i^-P)V . 

aj«+x+l  2(i>-l) 

Here  (Si?— 1)(3  -p)  must  not  be  negative,  it  is  equal  to  zero  when  jv^sS  and  j>s=  j>, 
•*.  the  value  of  the  fraction  lies  within  these  limits. 

6.  Let (»-a)(6-a;)-m,  then aj+J(a+ft)-±{*ii -t(o-ft)*}*- 
16.  The  given  expression  may  be  put  into  the  form 

(z  -  a)«(aj  -  6)«  -  (a  -  J  -  c)c{x  -  a)(x  -  b). 
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8.  Here  «+/l— *,  ajB-^:  then  tt»+/l««^*"^  andtt-«+/|-«»^'"^. 

a  a  a*  c* 

The  equation  required  is  therefore  ««-  |  ^Iz^^^Zzpl  |  x+15Ll^£l!-0. 

4.  (1)  aJ«  +  {i)-(i>«-4ff)»}aj-i)(p«-47)»-.0. 
(2)  «'»-{i>±(l?«-4#}«+p«-2sr-0. 
(8)  {a-(tt«+/l«+a/8)}.{aj-(tt»+/l«-a/l)}-{aj-(p«-9)}.{x-(y«-39r)} 

e««  -  o<i>«  -  27)a;  +  (p*  -  4p»g  +  82«) -a 
(4)  (2p«  +  ri«'  +  8iw+l  =  0. 
(6)  3««»-(p»-6p»^  +  8pg«)«+}»-0. 

6.  Here  when  the  equation  is  reduced  to  x* -f '^    ^.^.-=0, 

a  a 

Then-    ?-?!l±l*     }  (g+ft)*     2ft )  a    a«+fe«    «_«    6 

6.  The  equation  whose  roots  are  (ac-¥hdPi-¥{ad~he)  and  (a6+M)-(<u{— fe),  is 
«*  -  2(ac  +  &d)2;+((n:+M)*  -  (o^t  -  &e)*  =0.    And  this  equation  is  identical  to 

,_2<ac+Wy«.c2+d^.O 

and  has  the  same  roots.    Find  the  relation  between  the  coefficients  that  the  roots 
may  be  real. 

9.  Let  a,  $  denote  the  roots  of  the  proposed  equation. 

First  transform  cw*  +  te +e=0  into  an  equation  whose  roots  shall  be  a*,  /I*,  and 
this  last  equation  into  one  whose  roots  shall  be  the  wcipiocals  of  a*,  /9*. 
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Next  tranaform  ax*  +bx+e=0  into  an  equation  whose  roots  shall  be  a + /I,  a -/I, 
and  this  last  equation  into  one  whose  roots  shall  be  (a+/9)*,  {a-$)*, 

A  quadratic  equation,  x'  -px + 9=^0,  whose  roots  are  a,  $,  may  be  transformed  into 
another  whose  roots  are  the  squares  of  the  roots  of  the  original  equation,  thus : 
Here  x*  +  q^px,  /.  x**  +  2qx*  +  q*  =i>*x*,  and  x*  -  (p*  —  2j)x'  +q*=0. 
Let  x'=y,  then  y'  -  (p*-^)y  +  q*—0,  is  the  equation  whose  roots  are  a*,  fi*, 
li.  The  roots  of  the  equation  ax*  +  2&i;+e=>0  are  real,  equal,  or  imaginary, 
according  as  ox*  -f  26x+c  is  less  than,  equal  to,  or  greater  than  a  complete  square. 

15.  If  a,  /9  be  the  roots  of  the  first,  and  c^,  iS'  be  the  roots  of  the  second 
equation,  then  o  -  /8=a'  -  ff.    Also  (o— /8)* =(p  -  «)•  -  46«,  and 

(«'-/B')«=(p-6)«_4a«.    Whence  2p=6(o+ft). 

16.  Let  a,  /I  be  the  roots  of  the  first,  a,  0  the  roots  of  the  second  equation. 
From  the  first  equation  a+/l=jp,,  afi^g^  from  the  second ;  a+i9'=|7„  afi^=q^, 

Then^'"^«=.-^-4-=->  .-.  fiJP^-^^^^  and  0r=.kiZ£l}li. 

also  a»^'""^'  is  the  root  common  to  the  two  equations. 

17.  The   equation   x*^px-hq=0,    gives    a-^$=^-Pf    afi=q.      The    equation 

x»-5«+l>=0   gives  a'+i3'=-g,    a'i3'=i?.      Then  if±?4^^t£)  =1. 

on  op 


XVII. 

1.  i  answers  the  question.    Explain  why  the  second  value  of  x  does  not 

2.  If  xbethe  number  x«+x»=9(x+l)  and  (x+l)(x«-9)=0,  .'.x+l^O,  and 
xa-9=0,  .•.  x=-l,  x=:l:3. 

3.  16  and  4.        4.  The  number  is  68.        6.  1,  2,  and  8. 
6.  9,  10,  11,  and  12.        7.  6^  per  cent  per  annuuL 

8.  Let  A,  3f  C  execute  the  work  u;  in  x  units  of  time,  then  they  do  _  of  it  in 

X 

an  unit  of  time.    Similarly  A  executes  -^,  B  in     ^  ,,  (7  in  ^. 

x+6  x+16  2x 

Then  ^       ^  to        to 

x""x+6    x+15'*'S' 


XVIIL 

1.  Let  a  denote  the  given  line,  x  one  part,  then  a—x  will  denote  the  other  part* 
If  h  denote  the  other  line,  then  x*  +  (a  -  x)'  «  26'. 

2.  Let  X  be  the  breadth,  then  x+6  is  the  length,  then  x(x+ 6)3=91. 
8.  Let  X  be  the  breadth,  x+ 1  is  the  length,  and  x(x+ 1)==  10100. 

4.  Let  X  be  the  width  of  the  path,  then  a-2x,  &-2x  are  the  sides  of  theinna 
rectangle, 

o^^area  of  the  path  and  inner  rectangle, 
(a  -  2x)(&>-2x)»area  of  inner  rectangle, 

.-.  «&-  (a-2x)(6-2x)=area  of  the  path=^^~^^<^  "  H 

6.  Let  2x,  8x,  4x  denote  the  three  edges, 

2x+l,  8x+2,  4x+ 8,  the  edges  when  increased. 
Then  (2x+l)(8x+2)(4x+3)-2xX8xX4x=158. 

7.  1676  men.        8.  961  men.        9.  4200. 

10.  See  note,  Art  8,  p.  20,  note  on  triangular  numbers,  Section  X.  . 
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XI3L 

1.  Here  x^+2xy+y*=  64,  sqnariog  the  fint  equation, 

4xy        =  60,  4  times  the  second* 

0*— 2scsr+y*==    4,  sobtnusting, 

x-y  «±.2,  extncting  the  tqnin  root, 
bat  x+y  «    8 

.*.  2a;=»  10  and   6,  .'.  x=5  and  3, 
2y=    6  and  10,        y»3  and  5. 
If  »,  y  be  supposed  to  denote  two  nnmbers,  the  two  equations  may  be  ogprcweJ 
in  words : — ^If  the  sum  of  two  numbers  be  8»  and  their  product  15,  what  are  this 
numbers? 

2.  Her6a;*'2zy+y*=3    9 

4xy        =72 

a;>  +  2a:y+y«=  81 
x-hy  =±9 
«-y  =    8 

.-.  2x  =  12  and  —6,  .*.  a=6  and  -3, 
2y  =    6  and  -12|      y=3  and  -6. 

3.  Here  2aj«  +  2y«        «  226 

««-2ajy+y*=      1 

««+2ajy+y»=  226 
sc+y  =±15 
x-y      =      1 


.•.  2*         =    16and  -14,  •*.  a;=8and -7» 
=    14  and —16,       y=»7and-8. 


«.  aj»+y*=74 
2xy      =70 


a!«  +  2a!y+y«=144,  .*.  x+ye±12 
aj«-2a!y+y«=»    4,        a5-y=±  2 


.-.  2aj=+14,  -10,  +10,  -14, 
2y=+10,  -14,  +14,  -10, 
and  ««+7,  -5,  +6,  -7, 
y=.+5,  -7,  +7,  -6. 
€.  Divide  the  first  by  the  second  equation, 

os-ysa  8 
as+y=18 


2a:  »26, 

.-.  «=13, 

2y  =10, 

y=5. 

«.  a;«+ay«140 

y*+a^=  56 

««+2a^+y«=    196 
«+y=±  14. 

Then«(»+y)=±14a!=rt40,  .•.  «=±10  ^  ••  ' 

y(«+y)=±14y-  66,  .•.  y-i:  4. 


45 

10.  a;«-8a^+y^=0,   a;«+2ajy+y«=3  25,    .'.  10ary=25.    See  example  5. 

NoTX. — Not  only  a:*±y*«ft*,  a!±y=»a:  but  also  aj±y=a,  x»±2<»=ft»; 
«±y=«»  a^±y*=6*;  x±y=a,  x*±y*=6*,  can  be  solved  by  means  of  quadratic 
equations. 

XX. 

1.  a;«-4aj=0.        2.  x« -a:*-3a;+l=0. 
8.  By  dividing  tbe  first  by  the  second  equation,  x+2y=^0, 
4s  The  given  equations  may  be  put  into  the  forms  (x-~y)^  -  (y-  l)z+y*  -  2y=^0, 
and  {x " y)*  =y*  +y.    From  which  x  may  be  eliminated,  and  (y + 1)*  - y=0. 

5.  The  second  equation  may  be  put  into  the  form  {x+y)*  +  i{X'k-y)=s-  3,  which 
gives  x=:  —  (y + 3)  and  -(y  + 1),  and  each  of  these  values  of  x  substituted  in  the  first 
equation  will  give  two  different  equations  involving  y  only. 

The  first  equation  can  be  put  into  the  form 

(a;-y)«+8aj«_(6y+l)a!+3y«  +  y-8=0. 

6.  Divide  the  second  equation  by  the  first,  and  from  the  resulting  equation 

ff =^  and  -M. ,  each  of  these  values  of  x  can  be  substituted,  and  different  equations 
2  o 

may  be  found  involving  y  only.     If  x=-^  be  substituted  in  the  second  equation^ 

13y»  - 104=0. 

7.  The  equations  may  be  put  into  the  forms  (a;*  — y*)*-(a;«-y«)=20,  and 
(a;-y)*=4y. 

8.  From  the  second  equation  x^-xy^y^  +  l,  add  y*  to  each  side,  then 
2;*-a^+y'=2y*+l.  Substitute  this  value  2y*  +  l  in  the  first  equation,  and 
(a;» +y«)  +  (a;« -a:y+y«)(a;+l)=0, 

or(a;«-a:y+y«)(a;+y+a;+l)=0,  .•;  a;»-ary+y«=0,  and  y+2a:+l=0. 

Hence  z=-l!^.    Substitute  this  value  of  a;  in  a;'-a:y+y^=0,  and  reduce^ 

the  equation,  the  result  is  7y^  +  4y  + 1=0. 

9.  2jc*-8a?»-15««+8x+8=0. 

XXL 

1.  Find  x  from  the  first,  and  y  from  the  second  e^tiation,  and  substitute  the 
values  of  x  and  y  in  the  third,  and  reduce  the  result  to  its  simplest  form. 

2.  Divide  the  first  by  the  second  equation,  JlfLt^^l,  and y=ii?£i:^i^. 

a^x-^bj^y    e^  bc^-cb^ 

substitute  this  value  of  y  in  the  first  equation,  and 

Jffl -oij -{(fccj -eft  J« +(<»j -oc,)' J». 

3.  Here  6a5 -ay=a;>,  and  aa;~&y=y>, 

.•.  (a— 6)(a;+y)=y«— aj«,  and  (a +&)(«- y)=a;«+y*,  alsoa;«+y»=8. 

4.  From  the  first  and  second  equations  may  be  found 

aj=?l:i^  and  h;  y^a  and  ±1^. 


o*       "*"  6»    '8 


If  a:-!L^^  and  y=a,  then  ±:+|: 

If«=6anl  y=£lr±^  then  i^^^JJ^^^^l^J-. 
^        b  a»^ft»    a«^       b*         8 

5.  By  eliminating  a;^  from  the  two  equations  may  be  found  y^'^LH^-C^, 

aer  —ac 

then  substitute  this  value  of  y  in  either  of  the  given  equations,  and  an  equation  is 
found  involving  only  the  constants. 

6.  Eliminate  a;' +y*  from  the  two  equations,  and  from  the  resulting  equation 


46 

dnd  the  Tslae  of  a;  in  terms  of  y,  or  y  in  terms  of  x,  and  then  substitute  in  either  of 

the  given  equations. 

'&* 
7.  Divide  the  second  equation  by  the  first,  and  «•  -a;y+y«  — —, 

hut  x^+zy+y*»a\  .' .  gy       ^    . 


Next  divide  the  third  by  the  second,  and  x*  -  x^y*  +y4  ^ 

6* 

Hence  ?Lz£!«i£lzi!ll,  and  o«-4a<6«-2a<c«+ft"=0. 
9    ^  o«+&«  _^ 

10.  From  the  first  and  third  equations  find  x  and  y,  and  substitute  the  values  in 
the  second. 

XXII. 

1.  Divide  the  first  equation  by  the  second,  the  result  is  6y=^5x. 

2.  a:«— 6xy-6y',  a;*=4xy+6y",  whence  6a!- 6y»4aj+5y. 

jc      c-a;      y      h-y  {a-x){b-y) 

x^y^  -  xy{ay  +  &b)=  -  (oa;  +  fty)  + 1. 

Again  a(y«-.aj«)-ajCy>-l).  %•-»»)= -y(a:«-l),  .-.  «     -«<y"-l), 

6      y(a:«  - 1) 

whence  jey= — II!^  .    Substitute  the  value  of  xy  in  the  equation 
ax+by 

x^y^  -  xy{ay + fa)=  —  (oa; + 6y)  + 1, 

and  the  resulting  equation  is  (ax+by)[ax-i'by- 1)=0. 

6.  Eliminate  x*  +y«  between  the  two  equations,  and  (a*  -  b*)x^y*  +  2a*6»a!y=0. 

€.  Divide  the  first  by  the  second  equation  : 

a5-y      a*        .               a*b*        ,  ,        ».       a*h* 
_—£= ,  .'.  a;-y= ,and(«-y)*=; -, 

b*      x  +  y  *^    x-hy  («+y)* 

but  («-y)*  —a'tac+y),  the  first  equation, 

.%  a»(a;+y)-_?-i--,  .-.  (aj+y)»=a«6«,  and  a; +  y=a*«. 
(x+y)' 

Also  (x-y)*-a«(x+y)=a*6S  .'.  x-y=a*b, 

6  ,„_  ., J  ,„    ...       5 


7.  From  the  first  equation  x-y^ — - — ,  from  the  second  (x— y)*= 


x+y+1  x+y 

8.  Dividing  the  first  equation  by  the  second,  x*y'  »86. 

J '* .  Divide  the  square,  of  the  first  equation  by  the  second,  and  (x -  y)<  «^l±i^I ; 

5 

from  the  second  equation  (x-y)«=i^, .-.  illl^^iSfL, 

x+y  5        x+y 

and  x»  +x«y+xy» +y»=15xy,  and  from  the  first  equation 

x»  — x«y  -  xy«  +  y ■  =3xy,  whence  x + y=6. 

12.  The  left  side  of  the  first  equation  may  be  resolved  into  factora. 

(a+6)(x-y)|(ax-6y)»-(ax-6y)(6x-ay)+(te-oy)«}=(a+ft)»,  butaj-y-l, 

.-.  (ax-6y)«— (ox-.&y)(te-ay)  +  (6x-oy)«=(a  +  6)«, 
or  (a» -o6+6«)x«-(a*-2a6+6*)xy+(a«  -  fl*  +  6«)y«=(a  +  6)«, 
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and  {a« -ai  +  5«)a;« -2(a« -a*+i«)a:y+(a« -a6+6«)y«=a« -o6+&% 

by  multiplying  the  square  of  the  second  equation  by  c»  -a6+6«, 
.-.  (a«+6»)ary=8aA,  anda-y-l;  from  which  a;  and  y  may  be  found. 
13    ar-      ±(^  +  ^)g       y^    ±(m-w)6 

{2(wi«  +  »«)}*'  ^     {2(iii»  +  »»)|r 

14.  Add  tiie  first  equation  to  twice  the  second  and  (a;+ 2y)'=196. 

16.  2(x»  +y*)=6a;y,  2(a;»  -  y*)=3.    Square  each  equation  and  subtract, 

.-.  16a;V-25y»-9. 
16.  Here  dividing  the  first  by  the  second  equation — 

^=?^±^,  .-.  te«+aa!»y=ajcy«  +  &y%  and 
t/*     hx+ay 

.-.  a!-y«0,  andMa:*+ajy+y*)+«cy=0. 

18    ?-.?^a.5,  .-.  6a;«-6a;y-6y«,  whence  a!=??i  and  i:^.    By  substitution  in 
yaj6  ^ir»  2  3 

the  first  equation  may  be  found  the  values  of  x  and  y. 

19.  He«   ?!+2+?!+|!+2  +  ^=».+4  or    1?+?!%  [|  +  i V=«  +  4, 

o«  a'     6«  y«  la    x)         ib    y) 

«,dj?+?j +  }!+>}=».     Lrt  ?+?=!..  «.d|+*=g. 
(ax)       (6y/  aa;  oy 

The  equations  then  become  p*  +g'=m+4  and  p4-;=n. 

20.  Here  —==0'  — ary,  and  ?L=6«  — a;y,  adding  these  equations 

£l+V!=a« +  6«  -  Stey,  Mid  5l±25V±l^=a' +  i». 
y      a;  ay 

Next  multiplying  the  given  equations 

a;V=(a'-a!y){i«-xy)==a«6*-(a«+6«)a:y+a;V.  .'•  (a*+6«)a:y=a«i« 

22.  Multiply  the  equations,  (a;+y)*=25,  divide  the  equations,  a;^y*  =  16. 

23.  x^y-^-aey^  =ctb,  x*+y*  —a*  — a*4-6».     Divide  the  second  by  the  first  equation, 

a;«-a;y  +  y*     o« -o5  +  6«  ^^  aj«+y«     ,     c*+6«     , 
^ ab "^^  ~^r" ST""^' 

...  a:«+y«-(£l±^.      Buta:+y.?5,  .'.  a:«+y=?;^-2^; 

ao  xy  x^y^ 

.  (aM-62)^^«!^l_2a^^  .-.  (a«+6«)ajV=a'*» -2icV«*.  .*.  «V=~~-. 
ao  aj'^y*  (a +  6)* 

24.  From  the  first  equation  -+l(^=?^,  .-.  a;«+y«=?^,  andaj+y=10,  then 

y      X      8  3 

a;»4-y*_85ay    7a:y 
x-^-y  ~  30  "*  6   ' 

25.  Subtracting  the  square  of  the  first  equation  from  twice  the  second  and  ex- 
tracting the  square  root,  xy^  -  y=  ±  44. 

26.  Multiply  the  second  equation  by  8  and  add  to  the  first  equation,  and 

(aj+y)»-9(aj+y)=0. 

27.  Divide  the  first  by  the  second  equation,  and  there  results 

a»a5»  -  6»y  ■ + 8a&ry(«!  -  6y) =0. 

XXIII. 

1.  Fromx«+a«=(a;+y)«+(a-6)«,  y(2a;+y)=6(2a-6); 

from  y*  +  6*=(aj+y)*  +  (a-6}«,  a;(aj+2y)=a(26-a), 

2.  Subtract  the  first  equation  from  the  second,  and  5a;y -  y^^Zy, 

8.  From  the  first  equation  x= (24  -  3y)^.    Add  1  to  each  side  of  the  second. 
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a;«+2aj+l-.l  +  8(y-l)(3y-l) 
a;+l-{l  +  8(y-l)(8y-l)|»^ 

whence  (24-3y)»- - 1  +  {1  +  8(y - l)(3y  +  !)}♦. 

4.  From  the  second  eqaation  find  y  in  terms  of  x,  and  substitute  in  the  first, 
equation. 

5.  Find  y  from  the  first,  and  substitute  in  the  second  equation. 

6.  Equate  the  values  of  xy  from  the  equations. 

7.  Divide  the  second  equation  by  the  first. 

8.  The  first  equation  can  be  reduced  to  (z— y)*  -  2(a  -  h){x  -y)  +  {a-  by  =  0. 

9.  Eliminate  x*  between  the  given  equations. 

.-.  «+y-?^,  anda;«+2ay+y«-5?^!yl:il^^y±2; 
7  ^  49 

buta:'-a.y+y««7,   ,..  3^,86^ V  ~12ay+l  ,y^ 

from  which  xy  may  be  found. 
11.  The  first  equation  may  bo  arranged  thus :  a?*  +  2jcy +y«  "SB«y»  -2ary+ 1, 
18.  Divide  the  first  by  the  second  equation, 

J      (1  -  ay)>/8  g->/6 

>/2"      aj-y     '   ^    l-a>/a" 
Substitute  this  value  of  y  in  either  equation. 
16.  Subtract  the  square  of  the  first  equation  from  the  quotient  arising  frouk 

dividing  the  second  by  the  firsts  and  {ax)^  +  {by)*  -»!!^  - dbxy, 

m 

Aho  from  the  square  of  the  first  equation  (ax)*  +  {by)*  m^m*  +  2a&Ey. 

Hence  m* + 2iabxy  «  !!3?  -  abxy. 

m 

20.  From  the  first  equation  x*  +y«  ^^zJ^^  from  the  second  x*  +y«  mb*^2xy. 


21.  Divide  the  first  by  the  second  equation, 


«• 


a*b*x*-y*  m    ,„^  y»  m 

\c»    -re/  ;y        ^  c;  ^     to  a* +  b* -^uH*^      ** 

:  AL«;^a  ^_*  - 1  ^  »^(g'  +  ^*)    2ma«ft«  a; 

^  V  »        "      »      y* 

.    a;'    2771  a;    mr^a +  &«)+» 

•  •  —+ — .-=■ — i . 

y*      n  y  na*b* 

22.  a;«+y«-6(a;+y)=2,  2ajy+2(a;+y)-68,  .'.  (a;+y)«-8(a:+y)-70. 

28.  Divide  the  first  by  the  second  equation,  and  2x»—y, 

24.  The  first  equation  divided  by  the  second  gives  (a;+y)«  =25. 

26.  From   the   first   equation   a&c{2(a  +  6-a;)}-(2ai-y)y,   from  the  second 

abx'^{x-{a+b)]y.    Dividing  one  by  the  other  2(a+6)-aj--Mz2L  :  find  y  and 

aj-(a+ft) 
&ubfltitute  in  either  equation. 

26.  Here  a!*-x^y   and   «-8y-y>,   .-.  x-l--i_   and    y-«y+3a:-8-l. 

3-y 

y(l  -  «)  -4  -  8a-,  and  y- i^.    Substitute  in  the  first  equation,  and 

4-dx 
«+ j:r^-«'»  •••  «»-2a:»-2a!-4-0,  or(a:-2)(a?«-2)-0. 
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XXIV. 

1.  Elimiiiate  y,  and  72b*  -las+Q-O. 

2.  By  equating  yalnes  of  y  from  each  equation,  (a 4- hyx"*  - 2(a5 -l)a;+a+&*0. 
U.  Eliminate  ar,  ahy — (c  -  6y)(6&^  -  a). 

4.  Here  ^'y—l-f .  xV  +  1-5^,  /.  2-5p-|. 

6y  6  6  2 

5.  Substitute  in  the  first  equation  the  value  of  y  from  the  second. 

7.  Here  1+1.^±*.  .-.  ^±JJ«i±l^.  aiidiry=«, 

a;    y       6  zy         6 

and^±^« — 5 — ,  .-.  (a:+y)«+(aj+y)-80. 
6       sc+y+l 

8.  Divide  the  second  equation  by  the  first,  and 

oJ^JrylJx-y){»^+y^)^  .-.  (a;«+y«)(aj+i/)-(x«+y«)(2:-y),  or2(««+y«)y-0. 
ipy  xy{x+y) 

9.  Add  2  to  the  first  equation,  and  it  becomes 

] ?!±y!  I  •+  J  5l±»!  {  ^25     ^^ 27«V+4&ry-64=0. 
(      xy      )         (     a^      I       4 

10.  Eliminating  x,  5y'  -  cy + oc*  ■■  0. 

11.  The  first  equation  may  be  reduced  to  a*y+ft*a;=c'a;+c*y-a!*y-a!y*,  and 
-the  second  equation  to  a^b-k-h*x^e'x—bx*  ~a;'y+ie*.  Then  subtracting  the  lattei 
from  the  former,  o*(y-6)  —c'Cy-  h)  -  a;«(y— 6),  or  (y  -  b){x*  +o*  — c«)  —0. 

18.  Eliminating  y,  9x*  +  2&e«a^(9  -  ^)* 

14.  Eliminate  X  -  -  between  the  equations,  first  putting  them  into  the  form 

X 


'Hyi'-i)"^  '"'Hy^'H)"^'- 


15.  The  first  equation  is   2"a;'-y*_  _£    the  second   ^"^^'V*  ,1, 
^  (l-y)(l-a:)     13'  (l+y)(l-a:)     1$' 

(l+y)(l-a;)    9        ^        5^      Substitute  this  value  of  y  in  the  first  equation. 
(l-y)(l-a:)     4*  *     13  if  ^ 

XXV. 

1.  a:"+a5y-.14^as,  y«+ajy-28-y,  .-.^^ll^l.lizf, 

y{y+x)    2S'y 

^Sx-asymliy-xy,  •'.  y»2x. 

2.  From  the  second  equation,  a;*=6xy+12y  subtract  8  times  the  fint^  and 
iB4_9a;a=-24. 

8.  From  the  second  equation  (x'+y*)*-?^^,  anda;«+y«-641, 

X  y 

.'.  2aj*y«+64a;V-W100. 
4.  Froma!'*  +  6y»=6y'a^  a;'=*8y  and  2y,  andfromy*+6a;*=»6ay*, 

y'=8xand  2z. 
6.  Add  2a:«y«  to  each  side  of  the  first  equation,  (aj« +y«)«  +2ay(a;*  +y*)=8a!«y«, 
completing  the  square  {x*  +y*)« +2a?y(aj«  +y«)+a;«y»s=9aj*y'. 

6.  Transpose  -x*y*  and  divide  x*+x«y*+y*=Wl,  by  x«+xy+y««49. 

7.  Adding  the  equations  (»•  -  «)• + (y*  -  y)'  =»« + 6,  and  («•  -  «) + (y*  -  y)a<k 

8.  Eliminate  x*,  and  8y«-28y'=207. 

9.  Hew«*+y*-(x«+y«)=84,  and2xV  +  2(a:*+y')=98, 

.'.  (x«+y«)«  +  (x«+y«)=182. 
11.  Add  4x*y*  to  each  side  of  the  first  equatioui 
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2(a;«+y«)«+7a;y(a:«+y«)=740  +  4ajV'     From  the  second  a:»+y«=10-^.  SaMi- 

2 

tute  this  yalae  otz^  +y*  and  redace,  the  result  becomes  xy=^6, 

13.  From  the  first  eqaation  x*y*  +  ^*y*  + 1 —SlSy'^.    8abtract  from  this  equation 
the  square  of  the  second,  and  &B*y*=s288y^. 

1 4.  From  the  second  equation  x*  +  flc'y •  +  y* = ix'*  +  lOxy + 4y •  +  21.    Divide  this 
equation  by  the  fiist, 

then«*-xy+y«=^.^!±l^^±ii?l±^\  and  l.^« -29ajy  +  15y«=21. 

Also  16a:* +  15ay+15y«= 286,  .'.  44a:y=264,  andxy=6. 

15.  From  the  first  equation  (x»-y«)«=(l+jcy)%  .'.  a;«-y«=l+ary.     From  the 

second  ?_ilL=2y*  +  l.    Hence  ^-ii-=a' -xy+y*,  and 
aj+1  ar+l 

(x«-a;y+y»)  J5±y-l{  =0,  .-.  a:«-jcy+y«=0,  and ^±1?- 1=0. 
(aj+1        »  «  +  l 

16.  Multiply  the  first  equation  by  2,  and  add  to  the  second, 

and  2{x+yy  +  2xy{x+y)—Z0, 


XXVI. 


«• 


1.  Difida  the  first  equation  by  the  second,  ?f — ^J^llL-.?^ . 

by    x^-xy*    x*    x 

Let?=s,  then?l±2=-:  J2«+6=««-a2«,  and  aR*-(a  +  6)«>-ft=0. 
y  2»-z     b 

2.  Find  a;  from  the  first  equation,  and  substitute  in  the  second. 

4.  Subtract  the  second  equation  from  the  first, 

anda;»-y»=81(««-y«)  +  4(z«-y»)=86(a;«-y«). 

5.  Squaring  the  first  equation, ««  +  y«  +  12(z + y)  +  2  {««y«  +  12(aj»  +  y«) + 144a;y  }  V 

=1089; 
but2;+y=28,  .•.  aj«+y«=620-2ay,  and  8(aj»+y»)-86a!y=5041. 

6.  Find  y  from  the  second  equation,  and  substitute  its  Talue  in  the  first. 

7.  From  the  second  equation  4y*  +  3a;*sl2. 

8.  Equate  the  values  of  y'  from  each  equation,  and  a;  -  a:l»2. 

9.  The  first  equation  reduced  is  (a;"*  -y*)-(a;*-y*)*=6. 

10.  The  first  equation  reduced  is  t(^+  -^^S. 

11.  First  eliminate  x^-^y*  between  the  two  equations. 

12.  The  first  equation  becomes  a;'  -  y*  ==84a;y. 

13.  Raising  each  side  of  the  first  equation  to  the  third  power, 

a«aj'  +  6«y«  +  8{a*iy)*{(aaj)*  +  (6y)*}  =(o»  -6»)«, 

or  o»aj«  +  J«y«  +  3(a&cy)i(a«  -  6»)*=(a*  -  6«)", 

.•.  o«J«a;«+6V+3(atey)*(a«  -ft«)'6«=(a«  -6«)«.6', 
and  a«6«a!» +o*y»  =a*6'  from  second  equation^ 

(a4  «  j4)y«  _  8(a&By)«(a«-6«)**««a*5«  -  (a«  -6«)».ft» 
Similarly  (a*  -  J*  )x*  +  3(a&cy )*(«•  -6«)a«  =  -  a»5*  +  (a«  -  ft») «« • . 

Hence  <^'  " ^^)^'  -  ^<«'  ^^')^ " ^^ ^^'=,::^  and  6'x«+a«y»a'6* 
are  suflElcient  to  determine  the  values  of  x  and  y. 
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14.  The  first  equation  reduced  giyes  {x"*  -y*)=t(jc*  +^-y«  +yOf 

and  the  second,  (*+y)»  +(jc-y)*+2(jj^— y«)"=»a«. 

XXVII. 

1.  Divide  the  second  equation  by  the  first. 

6.  The  equations  may  be  put  into  the  form,  x^x^  +  y*)  m  10,  and  y4(i/»  H  r )    15. 
9.  Subtract  the  square  of  the  second  equation  from  twice  the  first,  and 

(x + y)*  -  2{x'  -  y*)* + (a;  -  y)» - 2rt  -  b\ 

10.  From  the  first  equation  :c^«2y J. 

11.  Tlie  first  equation  becomes  16j:«25y. 

18.  The  first  equation  gives  Zx  «  5y,  and  the  second  M^JTI^  «  ?i . 

X       Zy  7 

15.  Multiply  the  first  equation  by  xhj\ 

.  • .  x^-x^  +  2jL^y^  -  y' «  4y + 4y U-i  +  8y ^  +  2j;»y*» 
.•.««  +  2x5y  s  4.  y5  _aj5  +  yJ  +  4y*a*  +  4y5  4-  2xh/*  +  4y, 

(a;i  +yi)'  +  4y'(JJ^  +y")  +  4y* « (x*4-y»  +  2y')«, 
.'.  a;5  +  y8-a;*  +  yi  +  2y*, 

.-.  SB^-y'-x^+y*,  .-.  a:'-.e^-yHy*,  .'.  a;^-a;'«  +  i=y^+y*  +  i» 
.-.  a;*- J«y»  +  i,  .'.  ar^=y»  +  l  (1). 

Multiply  the  second  equation  by  y*«%  .'.««-  2.«*y"  -  2j;y= — 3^  -  2y*x^  -  y % 


a;'-2xy+y*=2jc»y»-2-c»y+ — g^-. 

11,        »       «  a    169.cV' 
{x - y)«  -  2x^y\x-y)  +  aj»y»-  — 36^* 

,  ,     IZxh/  19j!M  ,«, 

Hence  the  values  of  x  and  y  can  be  determined  from  a;"=y*  + 1 

_19xhf^ 


and  a;  -  y : 


6 


XXVIII. 

1.  The  equations  under  this  number  may  be  solved  by  assuming  y  -  r.v.   or 
:x^vyj  where  v  is  some  unknown  quantity. 

2.  Taking  the  second  example. 

Lety=tw,  then x*  +  6j:'t?= 136,  ix^v-Zv*x^=5, 

Divide  the  first  by  the  second  equation, 

.     x^l  +  Qv)      136     ^^    1+6p      136 
— .^-^ «  or  ■  ^  -      , 

'  '  xHiv-Z9*)      5  4p-3i7«       5 

,'.  5  +  30«=544r-408»'»,  and  408i;»-514i?« -5, 
from  wliich  v  may  be  found,  and  the  relation  between  x  and  y  determined. 
Otherwise,  eliminate  y  between  the  equations,  and  ac^-59a;«=  -288. 

XXIX. 

1.  This  transformation  offers  no  difficulty. 

2.  Let  2a; + ay  +  6,  a; + cy  +  d  denote  the  simple  factors,  then  {2x + ay  +  h){x  i-ey^d) 
^hen  expanded  is  identical  to  the  given  expression.  Equate  the  coefficients  of 
corresponding  terms,  and  find  the  values  of  a,  6,  c,  rf.  The  factore  arc  a;  -  lly  + 1, 
*nd2a;+y-3. 
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8.  Trom  the  first  equation  a;*+y'=(2^'  +  l)(a;+l),   and   from   tlie   aeeond, 

4.  Subtract  the  second  from  the  first  equation,  and  there  results 

(y-a;)«  -2a(y-a;)+a»=0. 

5.  £ach  equation  when  reduced  and  the  terms  arranged,  may  be  exhibited  in  the 

form  (ay-a:'y)«=a'(y-y')*  +  J*(«-a^)*. 

6.  The  equation  is  as*  -  y'  +  ^aey^  -  l=a+6v^  - 1,  .*.«•-  y*=a,  and  2xy=^h, 

7.  x=±^±2,  y=±V{±V-l). 

9.  Let  y-\-Tnx+p,  y+nx-^q,  denote  the  two  factors,  in  which  m,  p,  n,  q  are 
to  be  determined ;  the  product  of  those  factors  is  identical  to  the  given  expression. 
Equate  the  coefiScients  of  corresponding  powers  of  x^,  ary,  x,  y,  and  eliminate  m,  p^ 
n,  q  from  these  equations. 

XXX. 

1.  Eliminating  a; + y  there  results  m*~m(a+ 5)  «0. 

t  1E  2 

2.  Herea«*-a;«(a;»-a«)»,   .•.  a««*  -  2aa:!c*+a;»«ar« -a% 

.'.  2aa«"— o*«*+a»;  .•.  2aj«a((;*+«* ), 
next  as— (a» +»«)*,  .*.  a;« -«•+•■,  andx«— a»-sS  and  (aj«-o«)*— s^ 

but  »s*-a:+(a;«-a«)»=a5+#,  and  2a;«-a(0'+6*  ),  .'.  2»-a(«*-«*  ). 

8.  From  the  second  and  third  equations,  a—,  J"^  ^,^-,  g— ■   ,^^^,..       Sabrti- 

tnting  these  values  of  a  and  iB  in  the  first  equation,  and  reducing  the  terms^ 
(x*+y')-2a(a!«+y«)»+a»-c",  whence  x«+y«-(a±c)«. 

2a:y       aj-o  (»-«)'        4ac'y' 

(y-g)'  +  (g-a)    Cy'-g«)*  +  4a:«y«^(y«+a?«)«    ^^       c«         (y«+a;«)« 
(a;-o)«        "  4ajV  "    4a:«y«    '  (x-o)«"    4a: V    ' 

.    y'-fa?*      ±c      -ndy'-*'     y-^      •    2y'  or  y     ±g-*-y--^ 
2xy       x-a  2zy       x—vt         2zy        x        x-a 

andajy— ny— ±ca5+«y— iSa;,  .'.  fix-ay^±cx, 

«    4t/*    4aj'    HI*    »•    a'     6'      j        j «    «  «ft'    «ia*    o'ft* 

5.   ^+^-^  +  -,+^+^  +  ^.  and2a:.2y=mn+!!l  +^!^+±^; 

but  4ajy-mn+^.    Hence^+^-0,  also^  +  ^-0,  and^+!L'-0, 

SUA  m       n  m*    n*  5*     a* 

...4(y.V5!)=4,  and5!+?!=l. 

7.  Find  ^  from  the  third  equation,  substitute  its  value  in  the  first  equation^, 
and  a^(y*  +«*)— a*x ;  next  in  the  second  equation,  and  a/*(('y'  +a*a;') •■«*«'• 
From  the  third,  fourth,  and  fifth  equations  of  the  second  set, 
h*{x^  +x,)>  +a*iy^  +y,)*=a'fr*  ;  and  frt>m  the  first  and  second  equations^ 
(«i  +««)(«'  +y*)=a*x ;  also  from  M(Xj  +«,)• +a«{yi  +y,)«=o*6% 
and  the  first  equation,  (Xj  +x,)*(a«x« +6«y*)=a*x». 

9.  From  the  first  and  second  equations 

x2^n«-y«m4  ^^  ^^  ^   third |1-!^"; 

by  equating  these  equals  there  results  m*y*  '^n^aK 
»•  a*  a"  a* 
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hat iine» mx,x,+»f/,y,'-0,  ••,  "**»**!*, **y*yi*^  wlieiieem{g,«  +«,«)-««. 

a*  ft* 

Simikrlj,  it  may  be  slietm  that  n(|^i*  •¥yf)^a^. 
11.  Here  «— ^^5^+^^),  and 51+^1-1. 

Nowa«y*-a*6*-6«aj«,  .'.  a*y«—a*J«-o»6"aj»,  and 

a*o*  a* 

By  a  similar  prooesa,  iB  ■>  -  ^  ^^  ~ — .% 

.\  g=    ^'**'     ,  yc»   '-^'^*  ..    Sabititutein5V+a'«*-a'6«, 

and  radaoe  tlie  expietBion,  and  {bfi)^ + (aa)i8(a'  -  (*)^ 
12.  From  the  first  and  second  equation,   |  ^  |    =-^,  and 

^a)aa  lai         laloaoa 

13.  Eliminate  6*-y*  from  the  two  equations,  and  x=»ab^yi  sabstitate  the 
limiting  valno  of  y  in  either  equation. 

14.  Since  fii,  n  are  roots  of  ax*  +ft'a;+e*sO,  th<sn 

am«+6«ifi  +  c»=0,  andaaj*  +  6«a;+c»=0,  .*.  o(m +»)+&•— 0. 
Similarly  since  ji,  q  are  roots  of  cy*+5*y+a'==0, 

p+g     a 

A^ain,  because  9n.  »  are  roots  of  a;' + —  +  — =0,    .'.  nuis—f 

a      a  a 

also  becansei?,  9  are  roots  y*+^+^=0,  .•.«=—, 

Heiioe!2?=*l,  Md£=}'!5{*. 

16.  By  adding  the  two  equations,  (a+e)x*  +  2tey+(a+e}y*=>(a+«)i*»  ^^ 

Kezt  by  subtracting  the  equations,  (a  -  c)»*  -  (a  -  c)y* =(«  -  c)5*,  .•.«•-  y'^6*, 

and  a.+y=rf,  .  .  ai-y--.  .  .  -_-.__=^^--^^ 

17.  Here  ?1^.^.  or  ^+?=;«^|,  ...  .(^-l)=l^(-i). 

^ry(gy-l),y(^-l)    ,,,  ay-l«0,  andg^^.    Butx«(y-i»)-f, 
a  »  a;    y 

,-.  — (y-j>)=^,  andgy«-y+i?«0,  whence  y-liS^iSSl,  and  in  ordar  that  jf 

y*  ^ 

jnay  be  rational  (1  -  4pq)^  must  «0. 

18.  Herea«+6y=»0,  anda;+y+a!y=0,  then  ooj+ay+aajy— 0, 

jmd  (a-5)y+aicy=0,  and  .-.  x=Jli^Z_J.    A1k>  &B+^+&{y=0| 
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19.  Expanding  the  terms  on  the  left  side  of  the  equation,  adding  the  results  and 
«livii1ing  each  side  by  2, 

(x*  +  y«)  +  2 = x{x^  +  4)*  +  y(j*y«  +  4) * .    Squaring  this  equation, 

(t*  +!/•)«  +  4(a:«  +!/•)  + 4=a;*  +  4^*  +y*  +4y«  +2.«jy(j:»  +  4)Ky*  +  4)1. 

Whence  a:«y »  +  2  ■  .ry(j;'  +  4)*  (i/*  +  4)*.    Squaring  this  equation, 

.•.  «»y*  +  ix^y*  4-4 =a;*y*  +  4j;V  +  4a: V  +  16x^fj*, 

Whence  ar«y«  +  x'^y*  +  3jc»y«  -1, 

from  which  (x^y)^  +  {ry*)*^l  is  to  be  deduced. 
If  each  side  of  this  equation  be  cubed, 

Then  x*y*  +a;»y*  +  Zx*y*{{x^yi^  +  (jry*)^ }  -1, 

but(a;»y)*+(^«)*-l, 

It  is  sometimes  not  obvious  how  the  final  result  of  a  series  of  operations  may  b» 
rt^iluced  to  a  given  form.  A  suggestion  may  sometimes  arise  from  the  performance 
of  the  converse  process,  for  discovering  what  necessary  steps  are  required  for 
reducing  the  expression  obtained  to  the  required  form. 

XXXI. 

1.  Let  s  and  j^  be  the  parts,  ar+y  — 41,  and  x*-y*  =  l, 

2.  The  digits  are  4  and  3  ;  and  the  number  43  or  34. 

3.  The  numbers  are  11  and  7. 
4  The  number  is  36. 

5.  If  y,  X  denote  the  digits,  then  x»2,y^5, 

6.  The  numbers  are  S  and  4. 

7.  The  number  is  72. 

8.  ar-i(8±>/o),  y-1. 

».  a--i(5±>/6),  y-±i>/5. 
10.  Eliminate  y  between  the  equations,  and  (ar  -  2)*  -  3(3jr-  2)  -  2«0. 

XXXII. 

1.  If  »  denote  the  length  and  y  the  breadth,  then 

2a:+2y=(W0,  and  («»  +y«)l-260. 

2.  If  aj,  y  denote  the  sides,  2x  +  2ytmn{x  -  y)  and  ary ■■  jm(jc  - y). 
8.  Ifx,  ybe  the  sides,  j;»+y»-109(aj+y),  ii;» -y»-229(A;-y), 

find  ry  and  (x*  +y")». 

5.  Let  A  BCD  be  a  section  of  the  square  tower  in  the  same  plane  as  the  line  of 
riiil,  C  the  angle  nearest  to,  A  the  angle  farthest  from  the  line.  Let  the  sides  AB^ 
PC,  OD,  DE  of  the  squore  be  produced  to  meet  the  line  in  the  points  B^  F^  O^U 
respectively,  and  from  C  let  CK  be  drawn  perpendicular  to  the  line  EH,  Then  CK 
is  the  distance  of  the  nearest  corner  from  the  raiL  Let  AB—x^  CH^y^  also 
EO^av,  OF^bv,  Fff^ev, 

Then  equations  may  be  fi>rmed  which  will  give  — ~ — —    the  length  of  a  side 

of  a  horizontal  section  of  the  tower,  and  ;-- <  the  distance  of  the  nearest  coiner 

to  the  line. 

6.  Let  X,  X,  y  denote  the  edges,  then  x'^y-a*^  2(a:*-f  2xy)»&*,  4(2jr+y)««8i 

7.  Let  »-y,  x,  x+y  denote  the  edges  of  the  enbes, 

thenx— y+a;+x+y>Ba»  and  (a;-y)*+a;«  +  (a;+y)"»c* 

8.  Let  x^x^y  denote  the  dimensions  of  the  chest. 

Then  «*y  denotes  the  external  content,  (ic-2)*(y-2)  the  internal, 
.-.  x«y  -(x-  2)«(y  -  2) -content  of  the  boards -2«y. 
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Also  external  surtace  -  2(j;'  +  2xtj\  and  internal = 2{ («-  2)«  +  2{x  -  2)(y  -  2), 

and2(a:'+2J7^)«-/2(x-2)«  +  2(a;-2)(y-2|. 

5/  '•  •» 

9.  Let  ar  denote  the  circumference  of  tlie  fore,  y  of  the  hind  wheel. 

Then  ]^JJ^+«.  iiO-m+4. 
X        y  aj  +  S    y  +  8 

10.  il*8  stock  was  £600  and  B*b  £430.     Also  A*b  gain  was  £60  and  JT's  £40. 

11.  Suppose  a;  oranges  sold  for  y  pence,  then  —??_«,?_-   and  -JL.«2(    1 

ic  +  o    X    2  a;-5    u;    2 

The  first  equation  reduced  gives  a;'  +  5.£=10y,  the  second  z*— 5xsl0y.     The 
equations  are  thciofore  incomimtible. 

XXXIII. 

(a;  +  y  +  r)«-(«'  +  y«+2«)=2j-y+2arr +  2//:-- «*-&«, 
.*.  xy-\-xz-^yz=^ , 

'  "^  2  2 

Hence  <*(3^'-«*)^c%  or  a»  -  3ai«  +  2c»  =0. 
2 

2.  fl»-2j^«+c»-3<?»=0. 


4.  Since- +   -•;  +  -,      +   =.-  +  -,  \-{    -— +  -, 
au:byaxczbycz 


a     byxaezxbczy 
hy  —  ay    hr —ay    <•>• — az    r.r.  -  as    cy  -  A^s    ey —hz 


or  .   -   --_ ,  =^ , 


ab  jcy  t%c  jz  be  yz 

Hence  oi^^y,  ac=j:Zf  he^yz^  ,'.  x'^y^z^=^a'^b*c'\  aiidxyz=abe, 

also  ic==a,  y~b,  z=c. 
Hence  (j;  +  y+2)*=(a  +  6  +  c)»=0,  ando  +  6+c=0. 
5.  Here*»+y»+5»-3j'y;:=0, 

or  (j5+y+r)(x*+y'+2'  -ry-«:-y:)=0, 
.'.  x-{-y+z—0,  and  3a-a5+s=3&-y+.i-  8c-s  +  y. 
From  these  equations  x==  a  -  6,  y=6-c,  s=c— a, 

,•.  a:+y+2=(a-J)  +  (6-c)  +  (c-rt)=0. 
^  a*b^c^ m*ftc  +  H'flc+y^a& 

7.  -  +  ?^+=^  +  l=o  +  l,  and -+?^+-+l=^  +  l. 
y    z    a;  z    x    y 

...  («  +  i)  +  (^  +  l)=(£±yKy±f)li±£.L£.*.  ...  c»-a»((a+l)  +  (iS  +  l)]. 

j:y5  a*  *  ■' 

8.  From  the  third  and  fourth  equations  y= — ^^.Xy    a= — .__  «. 

rt*  a/  a«  a^ 

Substitute  these  values  of  y  and  ir  in  the  first  and  second,  and  when  the  cquatiuua 
■n  reduced,  from  the  first,  x*=—^-^—^^^, 

and  from  the  Micond  x«=aV  \  ^*+,^liL+.^^  \  -\ 
Whence  a'*"  +  4  V  +  «:'*"  =-!^^^  +  -^-  +  -^  . 
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9.  Add  the  first  and  second  equations^ 

Similarly^  y^az+ex  (2),  from  the  first  and  third, 

and  x^bz+qf  (8),  from  the  second  and  third. 

From  (1)  and  (2)  g=.^  •"**',  from  (1)  and  (8)  ?=^±^. 

y    cUf-^e  y    l-b* 

Whence  a* + 6«  +  c* + Qahc—l. 

10.  Since  a;*(2(+s)=a*,  y*(a+«)=6»,  s»(a:+y)=c», 

.'.  a:»y*«*(x+y)(a;+«)(y+2)=»o»6"c", 
andaj»y»a»=sa»6»c»,  .*.  (a;+y)(aj+»Xy+«)=*«j^» 
or  a;*y + y  *aj + y  ■« + z*x + yz*  +  «•«  +  2xys=ays, 

xyz 

But — iii- — i— -_-=-_-,  or -+-=-— .    Bimilarly -^.-sr— ,  -+-=-=, 
xys        abe     be         z    y     be  z    y    ae    y    x    ao 

,    as+z    x+y    y+s    a*    6'    e*    o»+6*+c* 

y  s  a:       6e     06    oo  ooc 

^  a;«y +x»/*  +y««+y2«  +j»»  +«•«    a*  +&•  +c« 
or  SB  * 

xyz  abe 

Hence  ^lt^li£!=-l,  ora»  +  6»+c«+a«c«a 

11.  o«+J«+c»-2ai=l. 

12.  8  1 1  ,n 

(c-6)(c-a)'"(6-cK6-a)     (a-c)(a-6)      * 

18.  a«+<;««0. 

15.  Multiply  the  first  equation  by  x,  the  second  by  y,  and  the  third  by  % ;  then 
since  xyz^ahe^  the  first  equation  beoomes  ax^-k-abe^bcx ;  similarly,  by^+ahe^aqf^ 
ez'+dbe^abZf  from  which  a^  y,  «  can  be  found  and  substituted  in  xyz^^dbe, 

16.  From  the  first  and  second  equations    ""     «»-,  from  the  second  and  third 

w+c    y 

y""6c+a 

17.  Since  ?+?=c  .-.  5!+2+y!=(jS  and  *l-2+?^=c« -4, 

y    X  y*         X*  y*         x' 

••.  5-?=±(c«-4)»,  but*+y=c,.%  ??=c:t(c*  -  4)». 

y   a;  y   ^  y 

Similarly  ^^a±{a^  -  4)»,  and  ??=6±(6«  -  4)» , 

2  X 

.'.  {e±(e'  -  4)»}.{J± (»•  -  4)«} .{a±(6» -<)»}  =?f .^.|*=& 

XXXIV. 

1.  «-- g-.  y-_,  — _. 

2.  From  the  equations  are  deducible  sey=»12,  sez=5,  ys=20,  and  x^S,  ya4, 
a  a  6.    This  is  one  of  the  problems  of  Diophantus. 

8.  Multiply  the  equations,  and  x*y^z*=a*b*e*, 

4.  Here  «ys=^=s^=s-  ;  find  y,  s  in  terms  of  x^  and  substitute  in  the  first 
xyz. 

equation,  and  x=±  }  -^  |  . 

b.  Eliminating  y  and  z,  (a—  1)k*  -  (a-  IJxsa— a*. 
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6.  Since  x-^tf^axy,  .'.  -j.>=--.    Similarly  for  the  other  two  eaaations. 

y    z    a 

8.  -Add  the  three  equations,  2a!y+2a»+2j5^2— a«+6«+c»,  and  2a^+2a»=2a», 
.-.  2y5=&*+c«-a«.     Similarly,  2ay=o»  +  6«-c«,  2a»=a»+c»-6«. 

9.  Perhaps  the  simplest  mode  of  solving  this  equation  is  to  assume  y=^ux,  and 

Then  a^'+gy_  xHl+u)  ^10    ^^^  y*+yt_x^(u^  +  uv)^2l_7 
y^+yz    x^{u*+uv)    21*  s*  +  j»     x*(v*+v)     24    8* 

Next  find  v  from  the  former  in  terms  of  u,  and  substitute  in  the  latter  equation. 

10.  JEys=a*(a:  +  2/)  .•.  —  + — =._.    Similarly  for  the  other  two  equations, 

yz    xz    a* 

12.  a«y+6«x=xyz,  .-.  ?[!+^=:l. 

xz    yz 

13.  It  will  be  found  that  the  third  equation  is  the  same  as  that  found  by 
eliminating  s'  between  the  first  and  second  equations.  Hence  the  solution  is 
indeterminate. 

14.  By  equating  the  values  of  y  from  the  first  and  second  equationu  and  the 
second  and  third,  xz= {a  +  c)x—ac 

15.  By  eliminating  a  and  b,  x+z-{'2y=0, 

16.  From  the  first  equation,  y=gg±g=o+^''^^,  from  the  third,  y=a+?^l±!!. 

z-a  z^a  x^a 

Hence  s=.a+ ^"-Kil±^,  but  from  the  second  2-a+ ?1±^, 

a'^+r  x—a 

/.  «*+g_(^-«)(«'+P)  ^i (j,_„)..(f!+?X2l±i). 

17.  The  equations  are  homogeneous,  let  y  mux,  and  saaio:. 

18.  Eliminate  x  and  j^,  and  then  find  the  value  of  z. 

19.  Multiply  the  equations,  and  (a:+y)»(y+2)«(2+JB)'— a«6«c«. 

Extract  the  square  root  .*.  (x-{-y){y+z){z-^x)^abc. 
Divide  this  equation  by  each  of  the  given  equations  respectively, 

0  0  a  auc 

Subtract  2sB+2y= — ,  .*.  2s— . ,  and  «• , 

c  abc  2(3wc 

and  similarly  for  y  and  x. 

20.  The  three  equations  may  be  put  into  the  forms,  «•  {(y +2)'  —y^z*  }  ■■^•y*2'^ 

6«{(3+a;)"-s^a:«}»a;«y*2*,    c*|(a:+y)*-a:«y«}=»«»y**'-     Or  the  first  equation 

may  be  reduced  to  the  form  1  -  +  -  ]  —  — •  » — ,  also  the  second  and  third  to  the  same 
•'  \z    yr      «*     a» 

form,  and  the  sum  of  the  three  equations  will  give  j-+-4.-(    ■.-_  +  _-4.--, 


XXXV. 

1.  Subtract  the  third  from  the  first  equation,  and  (1 -«)(l-y)=12,  and  the 
third  from  the  second,  and  (1  -a^Xl  ~s)'»7.  Divide  the  former  by  the  latter  and 
1-y    12 

2.  Add  together  the  square  of  the  first  equation,  and  twice  the  second,  and 
x^-^-y* + s*  +  4£By=22.     Subtract  the  third  from  this  sum,  2x^  +  Axy  +  2y*  =18. 

S.  Subtract  the  second  from  the  square  of  the  first  equation,  and 
2(ay+a»+y3)=o'  -5',  »+5=a-  y,  and  a»=c*. 
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5.  Ftom  the  second  cqaation  y+z=18  -  x^  sabstitate  in  tbe  third  and 

a;«  -  8^!-  -  65. 

6.  x«+£«  +  2//--=14,  hutl4=A'+y«+r",  .-.  y»-2y. 

7.  The  second  c<iiiation  is  a.'(y+:;)  +  yr=3c',  from  the  first  y  +  r==3tf-r,  fiom  the 

third  2/*=—,  sabstitatiog  In  the  second  f([aation  a?*  -  3c.r*  +  Sc'^r  -  c* =0, 
X* 

or  (:e  -  e)'  =0,  which  indicates  3  roots  each  equal  to  e. 

8.  From  the  first  and  second  eqoations  2xy:=3y. 

9.  From  the  second  equation  x  +  y=^>/2,  and  from  the  third 

s'»+2(j?  +  y)2  +  (^  +  y)«--x«  +  (j-  +  .v)''--x«+2.t;»--3-;S 

1 1.  Find  the  ralues  of  zy,  £r,  yz,  by  elimination. 

12.  From  the  first  and  third  equations  3^^  =^75. 

1 3.  By  adding  the  three  equations,  (a  +  6 + c)(«  +  y + r) = 3(x'  +  y  +  r)«. 

14.  Here  yc  +  jr:+a:y=a'— a;'=6«  -y*=c'  -2", 

.'.  «»+(y+sV  +  y-=«%  or(j:  +  y(.c  +  r)=a»  ; 
also  (y+a-)(y+3)=6*,  (s-a:)(r-y)=c*  ;  whence  (j;  +  y)(y  +  i)(r  +  .»)=a'i«c«. 

15.  These  equations  are  homogeneous,  or  the  solution  may  be  efitcted  otherwise 
hy  first  adding  them  together. 

Id.  From  the  first  and  second  equations  by  eliminating  ^,  -  +    ==  -  y?  - 1« 


Z       M 


Si  nilarly,  -  -|- '  =  -  j*;  - 1,  ^  j.  *-=  -  .'.7  - 1. 
z    X  y    X 

Z      ^'       Z       If       IJ      X 

aud^  +  ?+y+5+?  +  y  +  2--l; 
z    X     z    y    y    X 

.     \x     z    y    z    X    y  ,  n^  *     1 

\  z    X     z    y    y    X        ) 

but2:cy.r-(l  +  a:«)(l+y»)(l+;:«)=(^+  =  +  ??  +  f  +  ^  +  y  +  2)'. 

\z    X    z    y    y    X      I 

Hence  2xy:=l,  andy:=—  ;  substitute  this  in  the  second  equation, 

and  a:(y+2)=  — y::"  -  —  ;  .'.  y+r=  -  —  .     Next  substitute  in  the  firat  equation, 

anda;  +  tf  +  s"r»/-=a*X— =    , .'.  y  +  5=--x. 

«c    2  2 

Hence =-  -  a*,  and  2a'' — a;*  =  I =0,  or  a;»  -  «•  +  «>  - 1  —O, 

2a;»     2 

anda:«(i--l)  +  (*»-l)-0,  .-.  (j:-l){a:«-(jc«+aj+ 1)1=0. 

18.  These  eqiuitions  are  homogeneous  with  respect  to  2,  y,  ;r.     Let  %j—ux  and 

19.  From  the  second  and  third  equations  x'^y + ry*  +  x'^z  +  r;*  +  y';  +  yr«  ■»  3a*, 

but  (jr  +  y  +  i:)»»a:»+y»+s'+3(a;+y)(r  +  r)(y  +  r), 
whence  3(j:  +  y){y  +  2)(r + jp)  «  -  30o», 

20.  These  equations  are  homogeneous  with  respect  to  x,  y,  s.    Or  otherwise,  they 
CMibeput  into  the  form  (x-y)(2-l)  = -z',  (z— y)(.j-a;)= -6«,  (y-:)(2-z)= -c*. 

22.  Add  z'  to  the  second  equation,  .*.  (z  +  y)(z+j:)=:33  +  z''.     Substitute  this 
in  the  third  equation,  and  (33 +  z*)(y+ 2)= 294,  but  y+2-^lO-z, 
. • .  (33  +  z')(10  -  a)=294,  whence  z»  -  lOz^  +  33z  -  36=0,  and 
••-8z«-7z»  +  2la;+12z-36=0,  or  (z-8)z» -7(z-3)z+12(z-3)=0. 
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XXXVI. 

1.  lIci-o^i-U^.^^,  or^^i=±E.^,  and  ary  +  arr  +  y:;^?,  orar(y+«)  +  yc«^ 

X    t/     z    2  xyz  2  2  ^ 

7  7  1 

But  since  aj+y+c=-,  y+s«--a^  anda^yzal,  yz^t^ 

2  2  « 

make  these  substitutions  in  the  first  equation,    ' 

anda:/^--a:^  +  *»',  .'.  7j;«  - 2j:»  +  2 - 7a:, 
\2       )     X    2 

or  2a;>  -  7j:»  +  7-c -  2 - 0,  or  2(-c'  -  3)  -  7^(.c- 1)  -0, 

.-.  (a;-l){2(a;»+ar  +  l)~7^:}-0. 

2.  From  the  first  equation  yz-xz-xy^d.    Add  twice  this  equation  to  the 
second,  and  (y  +  s— a;)*»86,  and  y+s— a;-i±6,  also  a;  +  2y +  3;al2. 

Hence  3y  +  4£  » 18  and  6. 

3.  By  eliminating  x  and  y,  «*  +  c(;>— g')£  -  c*  ■•  0. 

4.  fle^ey-(>-^^1^^   2-c-!^^^\  by  substitution 

(.r-a)a  jl+^+'i!|  -r«,  .-.  (a; -  a)* --_i!ll ,  and 

aj-a— = ,   y-6-i = ,   s— c— .        ~ 


6.  From  thesecond  equation  ^-lsa'^—1,  and  .'.  -«?',  ondy^—ar, 

y         s  y    s 

buty^M^,  .'.  a:;«»&2,  anda;>B5. 
6.  Find  the  values  of  y  and  z  in  terms  of  x  from  the  first  two  equation",  nti  > 
substitute  these  values  in  the  third. 

8.  The  equations  may  be  written  i.  4.— a—,  —  +  — ■- — i  —  + — « — » 

xz    yz    c*     a:y    yz     h'^     n-y     xz    «- 

from  which  may  be  found  —BB —  +  -: ,  — ■-— + t->  — ■■•^  +  —  r      » 

^  xy    a^^b^     c«     xz    a*^c«     b^     yz     b*     c-    a' 

and  .' 4a»6«c^(ft«c»^a'c»-a»6')  ^^^^j    ^^^    «  ^^^  ^. 

9.  Add  the  equations  and  (a;+y+2)««sa^4-6'+c'. 

10.  a;+y+S""-^M~^— fisa  form  in  which  the  equations  can  be  expressed.     Hy 
a'     0*    c* 

adding  the  proposed  equations  there  arises  a'  +&'  +c*  ^1.    Explain  this. 

12.  In  the  second  equation,  substitute  the  values  of  xz,  r,  y,  1  -  ar,  1  -  s  in  tcrma 

of  y,  and  the  i*esulting  equation  for  finding  the  value  of  y  is 

a6y* 


y- 


((l-6Kl-y)-6y}{(l-a)(l-y)-ay} 


XXXVII. 

1.  xt'±a,  y^±h,  2-±CL 

2.  From  the  first  equation  ax^  -  6 1  (y  -  «):  -  y*  },  and  from  the  second 

ai (,x-'z)y -  y« }  -to«.    Dividing  the  former  by  the  latter, 

^^         ^(y-g)3?-y*      Reduce  this  expression  to  its  simplest  form, 
(u;— 2)y-y»  »« 

a.  Since -+^+--1,  .*.  to  +  ocy+<rf>2-a&j,  squaring  this  equation, 
a    6    c 
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Bat  since  -4.-4.?aB0,  •*.  exu-^hxz+ayz'^0, 
X    y    z 

Hence  &*c«aj»+a«c«y«+a'6«5»-a«6«cS  and^+^+^--l. 

4.  Eliminate  x  between  the  given  eqoatbns,  and  the  result  is  reducible  to 
2(c-a)(a-6)y2-(a-6)«2«  +  (a-6)s«. 

r    nn.  *.•  a'+6'-c*  a*+e'^~h'*  6»+e*-a« 

5.  The  equations  give  a.^ g^^_,  y— ___,  . 1__; 

whence :c+l-i£±^'^.  «-l-(£Z^'.Z±\ 

J  a;+l     {c+6-a)(a+6+c)        j  ..        _a  •    vi. 
and  !1Z_-«L_!_; £l_L_!_-/,  and  the  rest  in  like  manner. 

ic-1     (c-o--a)(c+a-6) 


6.  Fiom  the  proposed  equations 


a»+aj«     a«+y«    «•+«• 


z  22^  4s 

From  the  equality  of  the  first  and  second,  a^  ^(y~2a;)a?y^ 

2y-aj 

and  from  the  equality  of  the  second  and  third  a*  mM^^ViV*^ 

2z^y 

8.  Firsty  equating  the  first  and  third  expressions,  6a>i?^II^, 

ns-y» 

Next,  equating  the  first  and  fourth  expressions,  and  substituting  the  value  of 
ft;  di-- ^ -•;  thirdly,  substituting  this  value  of  a  in  the  equation 

between  the  third  and  fourth  expressions,  and  bmm^ ^ .    Lutlv. 

'^  n*  (»»-m«)««+»V  ^ 

substitute  a  and  5  in  the  equality  of  the  third  and  fourth  expressloni,  and  reduoo 

the  result  to  its  simplest  form. 

9.  Take  the  sum  of  the  squares  of  the  first  and  second  equations,  and 

(a«  +  6«)+2a;(a*+M)  +  (a«+6*)a:*-y«+a;». 

But  since  a«  +  6«-.l,  .'.  a*  +  6*-l-2a«6a,  o«  +  6«-l-8a«ft«. 

Hake  these  substitutions,  and  a«6«  ,U+g)*-y' ■«;. 

4a;  +  8  ' 

then  combining  this  equation  with  a^+b^  —l,  a*  and  b*  can  be  found  in  terms  ot 

oe,  y,  z,  and  then  lastly  substituting  in  a* +  6*=!,  an  equation  is  determined  in« 

volving  only  x^y^z. 

12.  To  simplify  the  work  put  m,  n,  p  tot   la*-yz)\    (M-x?)»,    (c«-a;y)i, 

respectively,  and  since  every  square  root  is  both  positive  and  negative, 

xyz^{a+m){b+n){e+p)^abe+bem+acn+abp'^cmp  +  bmp+cmn+tnnpg 

xyz=^(a  -  m)(ft  -  n){c—p)=abc  -  bcm  -  acn^ahp + anp-\-bmp + cmn—mni^ 

.'.  2xyz^2{ahc'\'amp-\-hmp'{-cmn)f  and  aaip-¥bmp-¥cmn-\rabc=^xyZf 

and  Os2^iei7i +ac7»+a6p+mnji), 

.'.  bc7n+aen-{-abp=^mnp, 

and  b^c^m*  +  a*c'n'  +  o«ft*p«  +  2a6c(cmii + bmp + a»p)=m*ii»/?*, 

or  6'c*m*  +  o«c*«»  +  a*ft«j?»  +  2abc{xyz  -  a6c)=m  »»«/>*. 

Restoring  the  values  of  m,  n,  p, 

. •.  b^e*{a^  -  y») + a'c*(6«  — xz) + a«6» (c«  -  a;y) + 2(ibc{xyz  -  abe) 

■»(c«  -ayXft'  -«)(«•— y»)=a*6V—a«c«a»+6«c*ya!+o*6»icy+aya(c*a+a«aj+ft«y) 

Hence  rejecting  common  quantities  on  each  side,  and  reducing  the  result, 

a'as + 6*y + c*«=a^ + 2a6c 

18.  From  the  first  equation  y'=  ^     ,  and  from  the  second  y*™^*^  ""?,, 

a— s*  as* 
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XXXVIIT. 

1.  Let  X,  y^  z  denote  the  three  numbers,  then  2-a;»5,  (x+y+z}xmkiS, 
(«+y+3)«=«128. 

2.  Since  the  number  is  greater  than  100  and  less  than  1,000,  it  consists  of  three 
digits.  Let  x,  y,  z  denote  the  digits  in  the  place  of  nnits,  tens,  hundreds  ;  then 
y=l?av  100aj+10y+2+9d=100«  +  10y+a;,  a;«+y*+«»=21. 

3.  Let  X,  y,  9  denote  the  numbers,  then  x+y-^z=:15,  s*+y*+2*=a495,  and 
and«-y=»y-«. 

4.  If  X,  yf  z  denote  the  numbers,  then  x-y,y-z  are  the  differences,  and  the 
difference  of  the  differences  is  a:-2y+2=5,  also  x+y+z^20,  and  xyz=lZO, 

5.  The  three  numbers  are  respectively  ±{bc)\  ±{ae)^,  ±(a6)*. 

6.  U  Xfy,z  denote  the  digits,  then  z=y+a^  yx=:x+y+z+2t 

100z-H0y+g_pg 
z+y-^x 

7.  Let  X,  y^  z  denote  the  three  numbers,  then  x+y+xy=tt,  x-^z+xy^h, 
y-hz+yz^c 

If  1  be  respectively  added  to  each  of  these  equations,  they  become 
l+x+y+ay-l+o,  &c.,  OT(l+»)(l+y)«l+a,  (l+aj)(l+2)=»d,  (l+y)(l+a}-c. 

Taking  the  product  (l+x)«a+y)'(l+2)'=(l+«)(l  +  Wl+c)» 
and  (l+a;)(l+y)(l+s)«-(l+a)t(l+&)*(l+e)<u    Whence  a;,  y,  sare  readily  found. 
Otherwise,  l^  successively  eliminating  x,  y,  and  finding  the  value  of  z, 

8.  v,x,y,z  denote  the  four  numbers,  and  let  a,  6,  c  denote  the  three  products 
respectively.  Then  (o-x)(y-2)— a,  (v— y)(a:— «)— 6,  {v—z)(x-y)='e.  From  the 
first  and  second  equality  (i;-2)(«-y)=a-6 ;  •'.  a^b-^c^  the  relation  of  the  three 
products. 

9.  Lot  ?,  ?  denote  the  firactions,  then  !i±^==^,  ^Lll^l,  u+x==^2{V'y). 

V    y  «+y    9v    »— y    2 

10.  Let  x,  y,  s  denote  the  sides  of  the  triangle,  then  ;B+y+x»56,  a:*+y*»2% 
and  a^«- 4,200. 

11.  First,  let  £810  lis.  8d.=m,  £841  ls.»9^  £586  148.  4d.=»j7,  9»£3  17s.  10}d. 
And  suppose  x  ounces  of  gold  and  y  ounces  of  silver,  and  that  z  is  the  price  of  an 
ounce  dr  silver,  then  ^E+sy-Bfn,  9(9>+y)~9^  zx-^qy^n.  From  these  equations, 
x^y^z  may  be  found  in  terms  of  p,  9,  fii,  n,  and  by  substitution,  the  required 
numerical  results. 

12.  By  taking  successively  each  of  the  first  three  equations  with  the  fourth, 
may  be  found  tia;-»180  and  110,  a:y— 330  and  60,  y;;allO  and  180,  2us60  and  330, 
uy=264  and  75,  a»»75  and  264.  Whence  the  values  of  u,  os,  y,  z  may  be  deter- 
mined, and  these  numbers  point  out  the  four  letters  of  the  alphabet  required. 

XXXIX. 

1.  The  equation  when  reduced  becomes  |  *±£  j*-4  jfLt^  |-=-2. 

2.  First  add  one  to  each  side  of  the  equation,  next  subtract  one  from  each  side, 
thirdly  divide  the  former  of  these  results  by  the  latter,  and  g(— '»>*8«^'"+^, 

n         i  f        1 

8.    (1)  Since  af^=a,  and  sify^^b,  .*.  xy^^a*  and  ayp^S. 

i  1 

Divide  the  former  by  the  latter,   ^-J«?L,  and  .•.  ya=  J  --  J  •»-*»  ;  x  may  bo 
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found  by  the  same  process.    The  other  three  equations  may  be  solved  in  the  aama 
manner. 

4.  These  equations  may  be  solved  by  the  same  method  of  eliminaiion  at  thota 
in  3. 

5.  Since  a;»=y»  and  x'^—i/%  x=y'  and  ar=y'",  .'.  y'—y^,  and 

.*.  also  -=— ,  and  ar=^.      Substitute  tlus  value  of  » in  the  second  equation, 
y    m  m 

then  ^^r.  .'.  ^=  I  •=  {".  or  V I  ^  r. 


r 

n 


6.  Divide  each  side  of  the  equation  by  as,  then  a''"' =2  -  if'^, 

anda*~«  +  K»'-*=2, 

f 
vhich  can  be  solved  by  a  quadratic  equation,  from  which  j;''~*==l  and  -2« 


7.  Divide  each  side  of  the  equation  by  ac*'^,  and 

2    a«+6«    (  )      2  a«+6*    (  czs  i 

Multiply  each  side  by  a;«'«,   .'.  a:*«=l  .  ^Izil!  .  a;^      1  •  ^*-^!  ,  which  can 
Lc  solved  by  a  quadratic  equation. 


XL. 
1.  (1)  Let  x+a^m^,  then  a;-a->ii« -2a.    Suppose  m«-2ii-(in-a)»,  then 

w-^^,  and  w»»J(a«+4a  +  4),  .•.  a:-m« -a-^i!±f,  in  which  a  may  be  any 
number.    If  a  be  odd,  x  will  be  fractional,  if  a  be  even,  x  will  be  integral. 


-«a 


(2)  Let  a;*  +a=  (aj+j»)»  -a;«  +  2px+p*,  .•.  a; -^5-I:?_,  where  p  must  be  a  fraction 

2p 

inordertoobtain positive  valuesof  a:;  if 2?-!?,   then  a;«""*1^*^*,  and  if  a=l, 

91  2?7in 

then  ..  +  l=.^-;^;±fL*.  whichi..  complete  .,«««. 

(3)  If  a^i,  2a;«  — 1  is  a  square  when  x«l,  5,  Ac. 

(4)  Here  a+6a;+ca;*  is  a  square,  if  4ax«a*«(6a:)*.    Also  when  fe'-iic  is  a 
square,  a + fa;  +  csb«  may  be  resolved  into  two  factors. 

Let  m+nx  and  p+qx  denote  the  factors, 

then  (a  +  te+«B«)l  =  {(iii+na;)(|>+5x}»-^!(^L!:^l     Suppose, 
tLon(m+,«)0'+g:B)=!:!i!lt!!fL'.  ttdi»+j«-!:!<!!Lt^), 

Whence  a;  «^^'"^\ 

(5)  Is  a  particular  example  of  this  cas*',  for  a-6,  d-13,  c«6,  6*  -  4ac«25. 


8 

8*« 

-2r» 

^2 

2 
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Here  the  factors  are  2  +  3x  and  Z  +  2x,  and  x* — "   ^  ,  a; 

8r«-2*« 

In  order  that  ;£  may  be  positive  —  must  be  less  than  - ,  but  greater  than  -. 

There  are  other  cases  which  may  be  considered  when  a  is  a  s^nare  number,  also 
when  c  is  a  square  number,  and  the  cases  in  which  the  expression  cannot  be  made  a 
square. 

2.  (1)  Since  5x+7y-2w=J:y,  /.  aj»iMZz2,  and  any  assumed  value  of  y  will 

y-5 

give  a  corresponding  value  of  a;.  If  the  equation  be  restricted  to  positive  values  of 
X  and  y.     Let  i/^l,  2,  3,  4,  5,  6,  7,  &c. 

It  will  be  found  that  the  corresponding  values  of  x  are 

^,  5,  4,  1.  i,  13,  10,  &c. 

11  6 

When  yl,  x^L- ;  y^6,  x«~,  these  values  of  x  and  y  must  be  rejected,  as 

not  being  positive  inters. 

(2)  From  Sy-xy  +  ix  +  2=0,  X'^  ^"'"   ,  here  y  must  be  greater  than  4  in  order 

y-4 

to  obtain  positive  values  of  x  and  y. 

(7)  The  equation  2 j(a;  +  y)  +  y*  -  6(y  -  3)  =  0  may  be  reduced  to  the  form 
3^«  +  2(x-3)y--18-2jc«. 

(8)  35=1,  3,  4,  7;  y=39,  19,  15,  9.        (9)  if=>4,  5,  6 ;  y=27,  11,  5. 
(10)  The  least  values  are  a;==70,  y=ZO. 

3.  Let  Xf  y  denote  the  numbers,  then  x^+y*  is  to  be  a  square  number.    Assume 

a;a  +  2/'— (na:-y)*=n'x'— 2nj'y  +  2/',   then  x==:      JL;    and  for    all    values  of  z, 

x^  -1 

corresponding  values  of  y  may  be  found.  If  integral  values  of  x  and  y  only  be 
reiinired.  If  y=x^  -1,  then  x=2n,  and  by  taking  x=2,  3,  &c.,  a  series  of  corre- 
sponding values  of  y  will  be  found. 

Next  let  x'  -  2/'  =  (j^— »y)'»  ^od  by  a  similar  process,  if  y=2»,  then  x=a*  + 1. 

8,  Let  the  numbers  be  a;*,  y',  «',  then  a;'+c*=2y*.  Let  x=m-^n,  and 
y=m-iif  thena!*  +  s'=2(w'  +  »')=2y*,  and  m»  +  «*=y*,  the  question  is  reduced 
to  find  m  and  n,  the  sum  of  whose  squares  shall  be  a  square.  See  example  4.  The 
numbers  1,  25,  49,  and  4,  100,  196,  are  two  integral  solutions  of  the  problem. 

9.  Let  X  denote  the  number  of  men  in  the  side  of  the  first  of  the  five  hollow 
squares,  then  a; +  5,  a; +  10,  a; +  15,  a; +  20  are  respectively  the  numbers  of  men  in  a 
^Lde  of  the  other  four  hollow  squares. 

Then  a;'  -  (a;  - 10)*  ==  number  of  men  in  the  first  hollow  square. 
(^  +  5)'— (a;— 5)«=  „  „  second         „ 

(jc+10)«-a;«=  „  ,,  third  „ 

(x  +  l5)»-(a;+5)*=»  „  „  fourth         „ 

(a;  +  20)«-(j;  +  10)«»  „  „  fifth  „ 

The  whole  number  of  men  is  100a; +500.  If  y  denote  the  number  in  the  side  of 
the  solid  square,  then  y*=^  100a; +500,  and  it  is  required  to  determine  x,  so  that 
100 (a;  +  5)  may  be  a  complete  squarOi 
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RATIO,  PROPORTION,  AND  VARIATION. 

Art.  1 .  Two  unequal  ma^itudes  of  the  same  kind  may  be  compared 
hj  considering  how  much  {quantum)  one  of  them  is  greater  than  the 
other ;  or  how  many  times  {quot)  one  contains  the  other.  The  former 
has  been  named  their  arithmetical,  the  latter  their  geometrical  relation ; 
and  it  is  in  this  latter  view  the  subject  of  ratio  and  proportion  of 
•quantities  is  considered. 

Ratio  has  been  defined  to  be  the  relation  which  one  quantity  bears 
io  another  of  the  same  kind  with  respect  to  quotity,  and  the  com- 
parison is  made  by  considering  how  many  times  one  quantity  is  con- 
tained in  the  other,  or  what  multiple  part  or  parts,  one  is  of  the 
other. 

If  a,  h  denote  two  quantities  of  the  same  kind,  a  may  be  compared 
with  hf  or  b  with  a.    If  a  be  compared  with  h,  the  ratio  of  a  to  3  is 

denoted  by  a :  ^,  and  is  represented  by  the  quotient  -,  which  is  called 

b 

the  measure  of  the  ratio  a :  b,  and  indicates  how  many  times  b  is  con- 
tained in  a,  or  what  multiple  or  fractional  part  a  is  of  b,  and  the  ratio 

41 :  b  may  always  be  changed  into  a  fraction  ^,  or  the  fraction  into  a 

b 

ratio. 

It  is  also  evident  that  the  properties  of  ratios  are  dependent  on 
the  principles  of  fractions.  The  two  numbers  a,  b  are  called  the  terms 
of  the  ratio  a :  b,  the  first  is  called  the  antecedent  of  the  ratio,  and 
the  second  the  consequent.  If  the  antecedent  be  greater  than  the 
-consequent,  the  ratio  is  said  to  be  one  of  greater  inequality ;  but  if 
the  antecedent  be  less  than  the  consequent,  the  ratio  is  named  a  ratio 
of  less  inequality. 

The  ratio  of  two  concrete  nimibers  of  the  same  kind  is  the  same  as 
the  ratio  of  two  other  concrete  numbers  of  a  difiEerent  kind,  when  the 
antecedent  of  the  former  two  contains  the  consequent  or  the  same  part 
or  parts  of  it,  as  the  antecedent  of  the  latter  two,  contains  the  con- 
sequent or  the  like  part  or  parts  of  it. 

Two  or  more  ratios  may  be  compared  by  reducing  their  corre- 
sponding fractions  to  a  common  denominator,  and  comparing  the 
numerators. 

If  the  antecedents  of  two  or  more  ratios  be  multiplied  together 
for  a  new  antecedent,  and  their  consequents  for  a  new  consequent, 
then  the  resulting  ratio  is  said  to  be  compounded  of  these  ratios,  as 
a  a:bf  e:d  be  any  two  ratios,  then  the  ratio  of  ae:bd  is  said  to  be 
oompounded  of  the  ratios  a :  b  and  e :  i.  And  similarly  for  any  number 
of  ratios. 


If  two  equal  ratios  a :  h  and  a:b  he  compounded,  the  residtin^ 
ratio  is  that  of  a' :  ^,  which  is  called  the  duplicate  ratio  of  a  to  ^. 

In  the  same  manner,  if  three  equal  ratios  be  compounded,  the  re* 
suiting  ratio  is  ii^ :  ^,  and  is  named  the  triplicate  ratio  of  a  to  i. 

In  a  series  of  ratioSi  if  the  antecedent  of  a  succeeding  ratio  be 
always  equal  to  the  consequent  of  a  preceding  ratio,  then  the  ratii> 
compounded  of  these  ratios  will  be  equal  to  the  ratio  of  the  first  ante*- 
cedent  to  the  last  consequent. 

When  two  quantities  of  the  same  kind  are  compared  by  means  of 
numbers,  the  numbers  must  express  units  of  the  same  magnitude, 
and  the  ratio  of  the  two  quantities  will  also  be  the  same  as  the  ratie 
of  two  abstract  numbers  which  denote  the  number  of  units  in  the  tw» 
quantities. 

It  will  often  happen  that  one  of  the  two  quantities  does  not  conr 
tain  the  other  a  certain  number  of  times  exactly ;  in  that  case  the 
ratio  between  them  is  the  ratio  of  the  numbers  which  express  how 
many  times  each  quantity  contains  exactly  some  third  quantity  of  th» 
same  kind. 

And  sometimes  the  strict  meaning  of  the  definition  of  a  ratio  is 
not  admissible,  as  in  cases  in  which  the  measure  of  the  ratio  of  twc> 
quantities  is  neither  an  integer  nor  a  rational  fraction.* 

*  If  ABCD  be  a  square  whose  side  AB  contains  a  units,  the  diagonal  AC  is  equal 
to  a^/2  (Eac.  I.,  47) ;  and  the  ratio  of  ^(7  to  ^^  is  as  ^/2  to  1  ;  also  if  ^£  be  the 
edge  of  a  cube  ABCDE,  the  diagonal  ^  j^  is  equal  to  a^S  ;  and  the  ratio  AE  to 
AB  is  as  ^/S  to  1 ;  both  of  these  ratios  are  incommensurable,  or  such  that  there  ii 
no  integer  or  rational  fraction  which  can  exactly  measure  the  side  and  diagonal  of  & 
aqnare,  or  the  side  and  diagonal  of  a  cube.  In  Enc.  X.,  117,  is  demonstrated  tb» 
proposition,  that  the  side  and  diagonal  of  a  square  are  incommensurable. 

Although  the  ratio  of  the  diagonal  to  the  side  of  a  square  is  incommensurable, 

approximations  may  be  made  to  the  true  ratio.     Since  >/2«  1*4142136 If 

two,  three,  four,  &c.,  figures  of  this  number  be  taken,  these  will  be  successive  ap- 
proximations to,  but  each  less  than  >/2.  But  if  the  last  figures  on  the  right  of  each 
of  these  numbers  be  increased  by  unity,  then  these  numbers  will  be  successive  ap- 
proximations to,  but  ta/eh  greater  than  >/2.  So  that  |^  i^,  HH,  &c,  are  suoces- 
jnve  approximations,  but  each  lest  than,  and  \^  |^,  iMi>  ^'9  '^  ^^  approxima- 
tions, but  each  greater  than  the  true  value  of  the  ratio. 

These  approximations  may  be  continued  to  any  extent,  and  therefore  the  value 
of  the  ratio  1/2  can  be  expreased  to  any  degree  of  accuracy  required. 

It  may  be  seen  that  the  difference  of  each  pair  of  the  successive  approximations 
becomes  less  and  less^  aooording  as  the  number  of  figures  becomes  greater  in  each 
successive  approximation. 

The  ratio  of  the  drcnmference  of  a  circle  to  its  diameter,  or  the  semi-circnmferenee 
to  the  radius,  is  an  irrational  number. 

9KK 

The  numbers  S|,  p|,  and  8*14159  .  •  •  •  are  approximations  to  the  value  ef 

118 

^e  ratio  of  the  drcnmference  of  a  circle  to  the  diameter^ 

In  the  volume  of  the  Berlin  Memoirs  for  1761,  M.  Lambert  has  printed  m 
paper   entitled    "M^oire  sur    qudques  propri^t^s  remarquables  des  qnantit^s 
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A  variable  quantity  is  one  which  admits  of  gradual  change  of  its 
magnitude,  and  a  quantity  which  can  be  made  greater  than  any 
assignable  magnitude,  is  said  to  increase  without  limit ;  and  a  quantity 
which  can  be  made  less  than  any  assignable  magnitude,  is  said  to 
decrease  without  limit. 

The  limit  of  a  variable  quantity  is  defined  to  be  that  constant 
quantity  towards  which  it  may  be  made  to  approach  nearer  than  by 
any  difference  that  can  be  assigned.* 

Two  variable  quantities  may  be  supposed  to  approach  towards 
equality  or  to  some  constant  quantity,  either  by  the  continued  diminu- 
tion of  their  difference,  or  by  the  approach  of  their  ratio  either  to  a 
ratio  of  equality  or  some  constant  quantity. 

The  limiting  ratio  of  two  variable  quantities  is  some  constant 
quantity  towards  which  their  ratio  may  be  made  to  approach  nearer 
than  by  any  other  ratio  which  can  be  assigned. f 

tianscendantes  Circulaires  et  Logarithmiques,"  in  which  he  has  proved  that  both 
the  namerical  values  of  the  semi-circumference  of  a  circle  and  the  square  of  it  are 
irrational  numbers.    The  proof  he  has  given  depends  on  continued  fractions. 

Dr.  Brewster,  in  1824,  pubUshed  a  translation  of  the  Geometry  of  Legendre, 
and  in  the  note  4,  page  239,  he  has  given  in  English  Lambert's  demonstration. 

*  The  notion  of  a  limit  is  necessary  to  understand  what  is  called  the  sum  of  a 
converging  series  of  quantities  in  geometrical  progression  indefinitely  continued. 

A  convergent  serUs  is  one  in  which  each  successive  term  becomes  less  and  less 
than  the  preceding  term,  and  is  such  as  to  admit  of  a  limit. 

A  divergent  series  is  one  in  which  each  successive  term  in  general,  becomes  greater 
than  the  preceding,  and  is  of  such  a  nature  as  not  to  admit  of  a  limit. 

A  geometrical  series  is  convergent  when  the  common  ratio  is  less,  but  divergent 
when  it  is  greater  than  unity. 

The  words  infinite  and  indefinite  are  negative  terms,  and  the  exact  meanings  they 
have  in  mathematical  reasonings  must  be  determined  by  the  sense  of  the  positive 
terma  finite  and  definite,  which  respectively  express  an  opposite  or  contrary  relation. 
A  finite  number  is  one  which  can  be  assigned,  but  an  infinite  number  is  one  which 
cannot  be  assigned,  and  which  can  bear  no  conceivable  relation  te  a  finite  number. 

In  the  reasonings  on  prime  and.ultimato  ratios,  the  symbol  oo  has  been  assumed 
to  denote  a  number  greater  than  can  be  assigned.  If  the  symbol  0  be  assumed  to 
denote  a  number  leds  than  can  be  assigned,  and  not  absolutely  nothing  (as  it  is  em- 
ployed in  the  numerical  scale  to  denote  absence  of  number),  some  confusion  of 
ideas  might  be  avoided  by  the  learner. 

A  number  or  quantity  may  be  considered  to  become,  by  continual  increase  or 
decrease,  indefinitely  great  or  indefinitely  small,  so  that  at  length  it  may  be  conceived 
to  become  greater  or  less  than  any  number  or  quantity  thiit  can  be  assigned,  and  in 
that  case,  it  is  said  to  be  greater  or  less  than  any  assignable  number  or  quantity. 

If  two  quantities  increase  or  decrease  without  limit,  their  ratio  does  not  necessarily 
increase  or  decrease  without  limits  but  may  ultimately  have  a  finite  limit  which 
cannot  be  exceeded* 

\  The  following  are  illustrations  of  the  definition. 

<f  X  and  y  be  two  variable  quantities  connected  by  the  equation  y=x*,  and 
if  X  receive  an  increment  h,  and  a/,  ^  be  the  corresponding  values  of  x  and  y»  then 
a;=»+A  and  y'— (x+ *)• -«• +2as*+A*. 


2.  Prop.  To  ascertain  the  effect  produced  on  a  ratio  by  adding  the  same 
quantity  to  both  its  terms. 

Let  a :  5  be  the  giyen  ratio,  and  let  d?  be  added  to  both  its  termsy 
so  that  it  becomes  the  ratio  of  a+x :  h+x. 

Then  the  ratio  of  a+x :  h+x  >  or  <  ratio  of  a  :  b, 

A^^x  a 

according  as  ~i—  >  or  <  -, 

^        b+x b' ^__^^ 

-  *•  y'  -  y  •  2a!A + A*,  the  increment  of  y,  and  ^LlM  ^p  ^  ~  ^  »2x + A. 

Nonr,  if  the  increment  A  be  supposed  continually  to  diminish,  so  as  at  length  to 
become  less  than  any  assignable  quantity,  then  the  limit  to  which  ^t— ^  tends,  as  h 

is  diminished,  will  be  22;,  which  it  can  never  exceed  ;  or  the  ultimate  ratio  of  the 
corresponding  increments  of  y  and  x  will  be  2;b> 

or  the  limit  of  iLZif  o»2«,  when  y— »•. 

X  -X 

This  result  admits  of  a  geometrical  interpretation.  If  x  denote  the  side  or  edge, 
and  y  the  area  of  a  square,  the  limiting  ratio  of  the  corresponding  increments  of  the 
area  and  the  side  of  a  square  is  equal  to  twice  the  length  of  the  side. 

In  the  same  manner,  if  y^x^^  and' if  y',  se'  be  the  corresponding  values  of 
y  and  x  when  x  receives  an  increment  ^  so  that  ^ -x^h^ 
y' -  (a; + A)« -a;«  +  Ssc'A + 3a:^«+X«, 
and  y'-y^ So;* A  +  3a; A* + /i*,  the  increment  of  y, 

and  tzy  or  tzl^Zx^-^Zxh-^h^ 
h  x—x 

and  the  limit  ot^L^^'^3x^  when  the  increment  h  is  diminished  indefinitely. 

a: -a; 

This  result  also  admits  of  a  geometrical  interpretation. 

If  X  denote  the  edge,  and  y  the  volume  of  a  cube,  the  limiting  ratio  of  the 
corresponding  increments  of  the  volume  and  the  edge  of  the  cube  whose  edge  is  x, 
will  be  8  times  the  area  of  one  of  the  faces  of  the  cube. 

Bishop  Berkeley,  perhaps,  was  not  mistaken  in  the  objections  he  raised  against 
the  mathematicians  of  his  time,  when,  in  1784,  he  wrote  in  the  Analyst:  "  I  have  no 
controversy  about  your  conclusions,  but  only  about  your  logic  ;  and  it  must  be  re- 
membered that  I  am  not  concerned  about  the  truth  of  your  theorems,  but  only  about 
the  way  of  coming  at  them."  The  bishop,  in  full  persuasion  of  the  truth  of  the  old 
aphorism  "ex  rUhUo  nihil  JU,"  could  not  admit  that,  when  a  finite  quantity  was 
assumed  to  vanish  or  become  zero,  any  intelligible  finite  result  as  a  consequence, 
codld  logically  follow  from  such  a  change  made  in  the  original  hypothesis. 

In  the  former  example,  if  y=a;*,  then  y""^=2a;-f  A,  is  true  so  long  as  the  incre- 

a?  — aj 

ment  h  U  finite  ;  but  if  the  increment  h  be  made,  or  supposed  to  become  absolutely 

zero,  then  a?*— a!=0  and  y'— y«»0,  and  JLz^=s2x+h  becomes  -=2x+0. 

ar— aj  0 

And  the  bishop  could  not  admit  that  the  quotient  arising  from  the  division  of 

zero  by  zero  could  ever  be  equal  to  any  definite  number  or  quantity. 

But  if  it  be  admitted  that  the  symbol  0  may  denote  a  number  less  than  any 

number  that  can  be  assigned,  the  expression  -  may  mean  that  the  quotient  or  the 

ratio  of  two  mtch  qmmtitiea,  eadi  of  which  U  Urn  than  tny  asngnable  quantity, 
may  be  equal  to  a  finite  qnuitity. 


that  xs  as  -,7,    ,  >  or  <  — -L — 


as  ab+hx>  or  <a5+<u;, 
as      &&    >  or  <     AT^ 
as       i     >  or  <     a. 
If  h>a,  then  the  ratio  a+x  :  ^+^  is  >  the  ratio  of  a:h. 
lSh<a,  then  ratio  of  a+x :  h+x  <  the  ratio  oi  a:h. 
Eenoe  a  ratio  of  less  inequality  is  increased,  and  of  greater  inequality 
is  diminished,  by  adding  the  same  quantity  to  both  terms  of  the  ratio.* 
In  a  similar  manner,  it  may  be  shewn  that  a  ratio  of  greater  in- 
equality is  increased,  and  of  less  inequality  is  diminished,  by  sub- 
tracting the  same  quantity  from  both  its  terms. 

3.  Prop.  If  the  terms  of  a  ratio  aihhe  multiplied  ly  the  same  quantity, 
the  ratio  remains  unaltered. 


ma 


The  ratio  of  a :  ^  is  represented  by  the  firaotion  -- ;  and  •?  =  ~^i  for 

0  0 


any  fraction  is  unaltered  by  multiplying  the  nimierator  and  denomi- 
nator by  the  same  quantity. 

Hence  the  ratio  of  ma :  »a  is  the  same  as  the  ratio  of  a :  5. 

Conyersely.  If  the  terms  of  a  ratio  ma :  mb  be  divided  by  the  same 
quantity,  tl^e  ratio  remains  unaltered. 

The  fraction  -^«^>   for  any  fraction  is  unaltered  in  value  when 

mb     0 

the  numerator  and  denominator  are  divided  by  the  same  quantity. 

Hence  the  ratio  a :  ^  is  the  same  as  the  ratio  of  ma  :  mh. 

Hence,  the  two  numbers  which  express  the  ratio  or  relative  mag- 
nitude of  two  quantities,  do  not  always  e2cpre8S  the  actual  magnitude 
of  the  quantities  compared,  as  it  appears  that  different  pairs  of  num- 
bers can  denote  the  same  ratio. 

4.  "Four  numbers  are  proportionals  when  the  first  is  the  same 
multiple  of  the  second,  or  the  same  part  or  parts  of  it,  as  the  third 
is  of  the  fourth."     (Euc.  TII.,  Def.  20.) 

Or.  A  proportion  may  be  defined  to  be  the  equality  of  two  ratios, 
or  when  the  first  of  four  quantities  divided  by  the  second  gives  the 
same  quotient  as  the  third  divided  by  the  fourth. 

As,  if  a,  h,  c,  d  be  four  quantities  such  that  -7=3,  then  a,  h,  c,  d  are 

6    d 

*  It  appears  that  the  aucoeauye  addition  of  the  same  quantity  to  both  tennt  of.  a 
ratio,  tends  to  make  it  to  approach  continually  to  a  ratio  of  eqnality. 

If  the  terms  of  the  ratio  6  to  8  be  saccessively  increased  by  unity,  the  values  of 
the  sacceasiye  ratios  are  f,  },  {,  f,  f,  -V^,  &c,  or  If,  1},  If,  If,  If,  If,  &c,  and  the 
succesuve  differences  are  f ,  -^t  -f^,  ^,  A,  &c.,  each  of  which  obviously  becomes 
less  and  less,  and  therefore  the  saccessiye  vidaes  of  the  ratios  tend  to  equality. 

This  tendency  to  equality  is  illustrated  by  the  fitct,  that  the  ages  of  two  persons, 
one  older  than  the  other,  in  successive  yean,  oontiniially  tend  to  become  relatively 
equal,  while  the  difference  between  their  ages  remains  constant 


k 


6  ^ 

f 

proportionals ;  and  if  a,  5,  <?,  d  be  proportionals,  then  -?  =«  ^* 

A  proportion  is  sometimes  written  a  \h  ii  e  :  d^  and  is  expressed 
by  saying  that  aistoi  as^istod^;  the  first  and  fourth  terms  are 
called  the  extremes,  and  the  second  and  third  the  means,  of  the  pro- 
portion. 

If  the  third  term  be  equal  to  the  second,  the  proportion  consists  of 
three  terms,  a,  h,  d,  and  the  second  term  h  is  called  a  mean  propor- 
tional between  a  and  d,  the  first  and  the  third. 

If  the  successive  terms  of  four  or  more  quantities,  as  «,  5,  e,  d, 
haye  the  same  ratios,  aio  h,  HBh  to  e,  esc  to  d;  they  are  said  to  be 
in  continued  proportion. 

There  is  a  distinction  between  direct  and  inverse  proportion.  Four 
quantities  a,  h,  e,  d  are  said  to  be  in  direct  proportion  when  the  first 
and  second  terms  are  directly  proportional  to  the  third  and  fourth 

terms,  as  ~  =.  ~ ;  and  it  is  obvious  ttom  the  definition  that  if  the  first 
b     d 

of  four  proportionals  has  the  same  ratio  to  the  second,  as  the  third  has 

to  the  fourth ;  then  if  the  first  term  be  greater  than  the  second,  the 

third  is  greater  than  the  fourth ;  if  equal,  equal ;  and  if  less,  less. 

Four  quantities  a,  h,  e,  d  are  said  to  be  in  inverse  proportion  when 

the  first  and  second  terms  are  direeUy  proportional  to  the  redprocaU  of 

the  third  and  fourth  terms,  as  a  :  i  : :  -  :  --,  or  as  a  :  ^  : :  cf  :  c. 

c    d 

And  in  this  case,  if  the  first  term  be  greater  than  the  second,  the 

reciprocal  of  the  third  is  greater  than  the  reciprocal  of  the  fourth ;  if 

equal,  equal ;  and  if  less,  less.* 


*  The  distinction  between  a  dired  and  inverse  proportion  has  a  real  existence  in 
the  forces  of  nature,  as  shewn  by  the  following  examples : — 

(1)  If  a  agents  prodace  an  effect  e  in  time  t ;  and  a!  agents  produce  the  effect 
e'  in  time  <' ;  find  the  relation  between  the  effects,  times,  and  agents,  the  units  being 
the  same  in  each  case. 

Since  a  agents  produce  effect  e  in  time  t ;  1  agent  produces  effect  ~  in  time  ^,  and 

1  agent  produces  effect  1  in  an  unit  of  time. 

Similarly,  in  the  second  case,  1  agent  produces  effect  JL.  in  an  unit  of  time.  Bat 

as  the  units  of  agent  and  time  are  equal,  •*•  JL^S.^  and  tfdt^^al^   dividing 

oi    at 

each  by  aVt",  .'.  4«-^  or  s  :  s^ : :  at :  aV ;   that   is,    the   effects   produced   are 

e     air 

directly  proportional  to  the  product  of  the  numbers  which  denote  the  agents  and 

fimes  in  each  case. 

(2)  If  the  times  be  the  same  in    ach  case,  then  t^t  and  tti*t^tcit^  becomes 

fa'-e'a,  and  i  -fL  ot€  j^*  wm  :«'. 
9      al 


When  four  quantities  are  said  to  be  directly  proportional,  it  is 
to  be  understood  that  the  third  and  fourth  terms  increase  or  diminish 
in  the  same  ratio  as  the  first  and  second  terms  increase  or  diminish. 

But  when  the  first  and  second  terms  increase  or  diminish  in  the 
same  ratio  as  the  third  or  fourth  diminish  or  increase,  the  first  is 
said  to  have  directly  to  the  second  the  same  ratio  as  the  inverse  of 
the  third  has  to  the  inverse  of  the  fourth. 

5.  Prop.  Jffdiuf  quantities  be  proporttonah,  the  product  of  the  extremes 
is  equal  to  the  product  of  the  means. 

Conversely.  Jf  the  product  of  two  quantities  he  equal  to  the  product 
of  two  others^  the  four  quantities  may  form  a  proportion  of  which  the 
terms  of  either  product  may  he  the  extremes^  and  of  the  other  the  means, 
(Euc.  yn.  19.) 

That  is,  if  an  effect  e  is  produced  by  a  agents,  and  the  effect  ^  is  produced  li^ 
a'  agents  ;  then  the  effects  produced  are  directly  proportional  to  the  number  of; 
agents  in  each  case. 

(3)  If  the  number  of  agents  be  the  same  in  each  case,  then  a't^a^,  and^. 
ea'H^^tti  becomes  ti'=t%  ore  \^  \ii  :  If. 

That  is,  the  effects  produced,  where  the  agents  are  the  same  In  both  ease^  are  >• 
directly  proportional  to  the  times. 

(4)  If  the  effects  are  the  same  in  each  case,  then  e'— «,  and  ea*t!^that  becomes 

ar=:(rf,  and  iL«f  .l,   or  a  :  o'  ::  t*,^. 
a      t      1  it 

That  is,  when  the  effects  are  the  same,  the  number  of  agents  in  each  case  is 
directly  proportional  to  the  reciprocals  of  the  times,  or  the  agents  are  inversely  as  ^ 
the  times. 

An  inverse  proportion  is  illustrated  by  the  condition  for  the  equilibrium  of  a. 
lerer.  If  two  weights  a,  6,  at  the  extremities  of  the  arms  c,  (^  of  a  lerer,  balance  < 
each  other  about  a  fulcrum,  the  weights  are  directly  proportional  to  the  leeiprocaUi 

of  the  lengths  of  the  arms  ;  or  a  :&::-;  3. 

e    d 

The  common  rules  for  the  interest  and  discount  of  money  both  at  simple  and 
compound  interest  may  be  expressed  by  Algebraical  formulse,  the  principal  and 
time  being  considered  ^  cause,  and  the  interest  the  effect, 

1.  Find  general  expressions  for  the  interest,  discount,  and  amount  at  a  sum  ot 
money  for  any  given  time  at  any  given  rate  at  simple  interest.  ^ 

Let  /  denote  the  interest  for  n  years  of  the  principal  P ;  r  being  the  interest  of 
one  pound  for  one  year,  and  M  the  amount. 

As  the  interest  is  directly  proportional  to  the  principal  for  any  given  tune  1 8inc&-^ 
nr  is  th(9  interest  of  £1  for  n  years. 

Then  1  :  P  : :  nr  :  /,  .*.  I^Pnr.  \ 

And  /=  Pnr » ^^  ^^^  ^  ^  which  expressed  in  words  gives  the  common  rule'' 

for  simple  interest. 

The  nmple  interest  of  any  sum  of  money  for  any  number  of  years  is  found  by 
multiplying  the  principal  by  the  rate  per  cent,  and  this  product  by  the  number  of 
years^  and  dividing  the  result  by  100. 

And  the  amount  if«P+/*P+i^ir=P(l  -fur) : 

Also,  if  D  denote  the  discount  of  M  pounds  due  11  yeaiH  hence,  if  P  be  the  present 


8 

Let  a,  h,efdhe proportionals, thena  :  h  ::  e  :  a,  and  .-. f  a -. 

b    d 

Multiply  these  equals  by  hd^  .*.  ^sL-,  or  ad-he,  that  is 

6       d 

the  product  of  d,  a  the  extremes  is  equal  to  the  produot  of  h,  c  the 

means. 

Converselj.    Let  a,  h,  e,  dhe  four  quantities,  such  that  ad^  be. 

Divide  these  equals  by  bd,  .•.  73«r^,  or  i«  ^, 

bd    hd        b     d 

and  ,\a  lb  II  c  :  d  or  the  four  quantities  are  proportionals. 

Since  the  product  of  the  extremes  is  equal  to  the  product  of  the 

means  of  four  proportional  quantities ;  it  is  obvious,  that  the  product 

of  the  means  divided  by  either  of  the  extremes  will  give  the  other 

extreme ;  and  the  product  of  the  extremes  divided  by  either  of  the 

means  will  give  the  other  mean : — ^thus 

^    be  J    be      ^j%  I     (id        ad 
«  =  -T,  »  =  — ,  and*-— ,  c  =  -j-; 
da  e  b 


worth,  the  difloonnt  is  equal  to  the  difference  between  the  given  sum  and  its  pfoeent 

worth;  or,  D-i^-P-if--^—^5^  the  diacount. 

l+«r    1+nr 

The  ordinary  rule  for  discount  is  deducible  from  this  expression  Jm.'"    -,. 

Mnr     Jf    '    M       D  U  D  i'*owcu   m 

words  gives  the  rule  for  discount. 

As  the  amount  of  £100  at  the  given  rate  for  the  f^iven  time  is  to  the  given  sum, 
so  is  the  interest  of  £100  for  the  given  time  to  the  discount  required. 

In  praotioe,  hotrever,  it  is  better  first  to  find  the  present  worth  and  deduct  it 

from  the  given  sum,  and  the  remainder  is  the  discount. 

rr    ivi  .      \    .  1     1+nr    .  100+«(100r)    100  ^v-,.    .       .^       ,   ' 
J/^— P(l  +  wr), .  •.  -  _ — — — , .  •. -1 ^ — -5- »  ^*^ch  gives  the  rule. 

As  the  amount  of  £100  for  the  given  time  at  the  given  rate  is  to  the  given  sum, 
so  is  £100  to  the  present  worth. 

In  calculating  by  compound  interest,  ihe  amount  at  the  end  of  the  first  year 
becomes  the  principid  for  the  second  year,  the  amount  at  the  end  of  the  second  year 
the  principal  for  the  third  year,  and  so  on  for  successive  years. 

If  P  denote  the  original  principal,  r  the  interest  of  one  pound  for  one  year,  and 
P„  P„  P,  ...  P,  the  amounts  at  the  end  of  the  first,  second,  third,  .  .  .  «th 
year  respectively. 

Then  1  :  P  ::  r  :  Pr  the  interest  of  P  for  the  first  year,  and  P,  «P+P>-— P(l  +  r), 
is  the  principal  for  the  second  year.  Next  1  :  Pj  : :  r  :  P^r  the  interest  of  P^  for  the 
second  year,  and  P,  -P,  +Pir««Pj(l  +r)-iXl  +r)«  is  the  principal  for  the  third 
year.    Similarly  P,  -P(l  +r)»,  and  generally,  P,-P(l +r)«,  the  amount  of  P  in  n 

years,  and  7=  P,  -  P— P{ (1  +  r)*  - 1 }  the  interest  for  n  years. 
Also,  if  jD  denote  the  discount  of  P«  for  n  years. 

Since  P,=P(1 +r)«,  .*.  P-_— i—  the  present  worth  of  P-, 

(l+r)» 

.-.  2)»P,-P-P,---J?!i-«£lL^iJl!^!lzlI,  the  discount  of  P.  for  »  yearsat 

(l+r)«  (l  +  r)» 

compound  interest. 
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this  property  is  universally  true,  whether  the  proportion  be  direct  or 
inyerse. 

When  a:  h  ::  0  :  d,  these  are  proportionals  when  taken  inversely 

ash  :  a::  d:  Cy  and  -  =  — 

a    0 

Also  when  the  four  quantities  are  of  the  same  kind,  or  abstract 
numbers,  they  are  proportionals  when  taken  alternately,  as 

aic'.:h\d,BxA  -^\,    (Euc  VIL  13.) 

c    d 

6.  Prop.  When  four  qtMntitm  are  proportionals,  (!)  the  sum  of  the  first 
and  second  is  to  the  second,  as  the  sum  of  the  third  and  fourth  is  to  the 
fourth,  (2)  The  difference  of  the  first  and  second^  is  to  the  second,  as  the 
difference  of  the  third  and  fourth  is  to  the  fourth,  (3)  The  sum  of  the 
first  and  second  is  to  their  difference,  as  the  sum  of  the  third  and  fourth 
is  to  their  difference,     (Euc.  V.  17,  18.) 

(1)  Since  a  :  b  ::  e  :  d, 

.*.  Y  =  3  y  &dd  1  to  these  equals ; 
b     a 

0  d  0         d 

and  a-\'h  :  5  : :  c-^-d :  d, 
or  the  sum  of  the  first  and  second  is  to  the  second,  &c« 

(2)  Since  a  :  h  \;  e  ;  d 

-*-  ^  =  -3'  subtract  1  from  these  equals ; 
0     a 

then"-l=i-l.or?=*  =  *j;f. 
o  d  0  d 

and  a^b  :  h  ::  c — d  :  d, 

or  the  difference  of  the  first  and  second  is  to  the  second,  &c. 

(3)  Since  fii.it^,  andfH*-^. 

Divide  the  former  of  these  equals  by  the  latter ; 
a+h    a^b    c+d      ^  c-^d         a^h    c+d 

and  a+b  :  a-^b  : :  c+d  :  e-^d 
or  the  sum  of  the  first  and  second  is  to  their  difference,  as  the  sum 
of  the  third  and  fourth  is  to  their  difference. 

7.  Prop.  If  four  quantities  of  the  same  hind  be  proportionals,  the  first 
quantity  being  the  greatest,  the  sum  of  the  extremes  is  greater  than  the  sum 
of  the  means.     (Euc.  Y.  25.) 

A        h 

Let  a,  b,  e,  d  be  proportionals,  then  ad  «  be,  and  -  »  -. 

c     d 

Subtract  1  from  these  equals, 

. .  — — I— 1 «-— 1  or M  '    -    , 

e  d  c  d 
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and  ?i:?»4but-,-, 
a-^e     a 

but  a  being  the  greatest  of  the  four  quantities,  is  greater  then  h, 

.'.  also  a^ob-'d, 
and  adding  e+d  to  these  unequals, 

.'.  a+d>b+ej 
or  the  sum  of  the  extremes  is  greater  then  the  sum  of  the  means. 

8.  Prop.  I/Of  b,  Cf  d  be  proporUonah,  there  te  no  number  which  can  be 
added  to  each  termf  so  thai  the  four  terme  eo  increased  shaU  be  proportionals. 

Since  a,  b,  e,  d  are  proportionalsi 

•*.  ad=be. 
Let  any  number  x  be  added  to  each  term. 
And  if  possible,  let  (a+x){b+x)  =  {b+x){c+x), 
or  tfrf+(a+(f)a?+«*  =  bc+{b+c)x+a^^ 
whence  {a+d)x  =  {b+c)Xf 
Sinia+d^b+e, 
that  is,  the  sum  of  the  first  and  fourth  terms  of  a  proportion  is  equal 
to  that  of  the  second  and  third. 

But  it  has  been  shewn  that  a+d  is  greater  than  h+c. 
Hence  it  follows,  that  there  is  no  number  which  can  be  added  to 
the  terms  of  a  proportion,  so  that  the  terms  so  increased  shall  be 
proportional. 

9.  Prop.  If  a  and  b  are  prime  to  each  other,  they  are  the  least  quantities 

in  the  proportion  ^  =  ^. 

b    d 

For  if  noty  let  ?a4t  i&  which  c  and  d  are  less  than  a  and  b. 

0    a 

Then  e--—y  and  therefore  ad  is  divisible  by  i,  but  a  is  prime  to  b. 


.-.  J  is  divisible  by  &,  which  is  impossible,  since  d  is  less  than  b ;  there- 
fore \  cannot  be  equal  to  >  ;  whence  e  and  d  are  respectively  less  than  a 
0  d 

and  b ;  that  is,  a  and  b  are  the  least  in  every  proportion  in  which  they 
appear  as  antecedent  and  consequent. 

10.  Prop.  If  any  number  of  quantities  are  proportionals,  as  any  anie^ 
cedent  is  to  its  consequent,  so  is  the  sum  of  all  the  antecedents  to  all  the  con- 
sequents.    (Ettc.  YII.  12.) 

Suppose  these  quantities  a,  b,  c,  d,  e,  fto  be  proportionals  so  that 
a  :  b  ::  e  :  d  ::  e  :f. 

Then  since  a  :  b  ::  e  :  d,  .\  ad  =  be, 
and  a  :  b  :  e  :f,  .\  af=:  be, 

and  ah  =  ba. 
By  addition,  ab+ad+af^ba+bc+be,  \ 
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or  a{h+d+/)  =  b{a+e+e), 
.  a_a+e+e 
"  b" b+d+f 
and  a:  b  ::  a+e+e  :  b+d+f. 
The  same  is  true  for  four,  five,  or  any  number  of  proportions. 
11.  Ptop.  If  the  first  of  six  magnitudes  has  the  same  ratio  to  the  second 
as  the  third  to  the  fourth,  and  the  third  to  the  fourth  the  same  ratio  as  the  fifth 
to  the  sixth;  then  the  first  shaU  have  to  the  second  the  same  ratioas  the  fifth 
lias  to  the  sixth.    (Euc.  Y.  22.) 

Let  a,  b,  c,  d,  Cffhesix  quantities, 

such  that  a  :  b  i:  e  :  d,  and  e  :  d  ::  e  :f, 

a     c 
b  =  d' 


since  a  :  b  ::  o  :  d, 


•"      d    f' 

.".  =■  =  -^ ,  and  a  :  b  ; :  e  :f 

b    f  ^ 

Or,  If  the  first,  &c. 

12.  Prop.  ijT  the  first  of  six  quantities  has  the  msm  ratio  to  the  second 
as  the  third  to  the  fourth,  and  the  second  to  the  fifth  the  same  ratio  as  the  fourth 
to  the  sixth  :  then  shall  the  first  have  the  same  ratio  to  the  fifth  as  the  third 
has  to  the  sixth. 

For  since  a  :  b  ::  e  :  d,  ,-.--- 

'       b~d' 

and  b  :  e  ::  d  :  f  .'.  -  :^  - , 

«    / 
abed        a    e 

and  a  :  e  ::  e  :f 
or  the  first  is  to  the  fifth  as  the  third  is  to  the  sixth. 

13.  Prop.  Jf  four  quantities  be  proportionals,  then  any  equimultiples  or 
tquisubmultiples  of  the  first  and  second,  shall  also  be  proportionals  to  any 
other  equimultiples  or  equieubmultiples  of  the  third  andfourtK 

lfa:b::cid,  then  f  =  ^, 

b    d 

and  f  =  !!!?,  also  '?^. 
0    mo  d    nd 

97»  and  n  being  either  integral  or  fractional ; 

then???.!!?, 
mb    nd 

and  ma:  mb  ::  nc:  na. 

Or,  The  equimultiples  or  equisubmultiples  of  the  first  and  second,  &c. 

14.  Prop.  If  four  quantities  be  proportionals,  and  if  equimultiples  or 
equisubmultiples  of  tJie  first  and  third  be  taken,  and  any  other  equimultiples  or 
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equisuhnvUipUa  of  the  second  and  fourth  ho  oho  taken,  tJien  thoio  four 
quantitieo  shall  he  proportionals. 

If  a  :  h  ::  e:  d,  thenf =^. 

0    a 

AM 

Multiply  these  equals  bj  — ,  m  andn  being  integral  or  fractienal ; 

.  ma    me 
'  nb  ~  nd* 
and  ma  :  nh  ::  me:  nd. 
Or,  U  equimultiples  or  equisubmultipleSi  &c. 
It  is  also  manifest  from  Art.  6 

that  ma+nb  :  5  : :  me+nd  :  d, 
ma+nb  :  h  ::  mc — nd  :  d, 
ma+nh  :  ma^nh  i:  me-\-nd  :  mc—nd. 

15.  Prop.  If  four  quantities  he  proportionah,  the  same  powers  and  tha 
same  roots  of  these  quantities  are  also  proportionals. 

Since  a,  h^  c,  d  are  proportionals, 

and  j-'-'y,  by  raising  these  equajs  to  the  mth  pov;cr» 

or  a"  :  ^  : :  ^  :  <?•. 
I      I 

m        m 

Also  -.B-.y  by  taking  the  mth  root  of  the  equals, 

1111 
or   •    »■•       •    ^ 
a    :  0    lie   I  a. 

That  is,  equal  powers  and  equal  roots  of  proportionals,  are  also 

proportionals. 

Also  a*+*"  :  J"  : :  (T+d*  :  cf", 

oT-^h"  :  6"  : :  (?■—(?■  :  <£*, 

The  following  may  also  be  shewn  to  be  ttue  :-— 

1        1         »  1         A         i 

a^+J*  :  i    : :  c^+e^"  :  rf", 

1       1      i.        1       A       A 
a  —ft   :  ft    : :  c  — a    :  d  , 

illlAXlJL 

o^+ft*  :  a"— ft"  ::  c^'+cT  :  e^'^d^. 

16.  Prop.  If  there  he  two  or  any  number  of  sets  of  proportionals,  the 
products  of  their  corresponding  terms  are  proportionals^ 

Vox  lei  mih  II  Old,  .-.  ?«3, 

ft    d 
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z.     7  km 

I     n 

and  ae  :  ^:  i  eg  i  ih. 

A I      a     *    ife     c     AT     m   ^^  fltfX-    <?flrm 
Also  -v-v v-v •  or 2_  , 

and  aeh  :  hfl ::  egm  :  dhn. 
And  so,  for  any  number  of  proportionals. 

17.  Prop.  If  the  corresponding  terms  of  two  sets  of  proportionab  is 
divided,  the  quotients  will  form  a  proportion. 

For  iia  :  b  ::  c  :  d,  -ss-^p 

0    d 


and^  :/::  g  :  A,  ?=.^. 


a      c 

Then?^?-f^-?,  ori.=  i 
h'f-d'h'       h      dj 

7     ^ 

and  -  -  -   •  •  -  •  - . 
e'f  "  g'h 

18.  Prop.  Jf  three  quantities  a,  b,  e  be  in  continued  proportion,  the  first 
is  to  the  third  as  the  square  of  the  first  is  to  the  square  of  the  second* 
(Euc.  Vni.  11,  26.) 

Since  a,  b,  c  are  proportionals 

0     c  e    c 

.  a    b     b    b  ^^  a    b* 
b     c     c    c        c    b^ 
that isa:  c  ::  a^ :  b\ 

19.  Prop.  Jf  four  quantities  a,  b,  c,  d  be  in  continued  proportion^  the 
Jirst  is  to  the  fourth  as  the  cube  of  the  first  is  to  the  cube  of  the  second.* 
(Euc.  Vni.  13,  27.) 

*  From  tho  following  illustration,  it  will  be  seen  that  the  duplicate  and  triplicaie 
ratios  in  Geometry  correspond  to  the  ratios  of  the  squares  and  cubes  in  Algebra  : — 

1.  Similar  triangles  are  to  one  another  in  the  duplicate  ratio  of  their  homologous 
sides.    (Euc.  Vl.  19.) 

Let  a,h,C',  a\  2/,  (f  represent  the  sides  of  two  similar  triangles  ; 

Then,  because  the  triangles  are  similar,  their  homologous  sides  are  proportional, 

thatisf^.^.i; 

And  if  p,  p'  be  the  perpendiculars  from  the  vertices  on  the  sides  a,  a',  then 
p     a     h     c 

Also  if  A,  A*  denote  the  areas  of  the  triangles,  A  »^p,  and  A'^ia'pt. 
(Kuo.  I.  41.) 
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Since  a,  h,  e,  d  are  proportionals, 
n    h    c  ^ 
5  =  ^  =  5' 

then?-?,  ?-f.and?-?, 

jM  a    b     e    a    a    ^ 
b^  e^d    b^b^b 

that  IB  m  d::  t^  :  h\ 
20.  Prop.  If  a  and  b  be  incommensurable  quantities,  and  aho  e  and  d;: 

and  if  token  -.  lies  between  —  aryd     "^    ,  -  aho  lies  between  —  and     "^   ; 
b  n  n        d  n  n 

however  much  the  magnitudes  m  and  n  be  increased,  then  -=^  =  -^ . 

0    a 

Suppose  a  to  be  a  measure  of  3,  and  let  3  =  9ia; ;  also  let  a  be  greater 

tban  mx  but  less  than  (m+l)^;  then  -  is  greater  than  —  but  less  than 

b  n 

^"^    ,  or  the  difference  between  ^  and  %  is  less  than  - ;    and  as  a  is 
II  n        b  n 

diminished,  since  na  »  &,  «  is  increased,  and  -  diminished.    Therefore 

n 

by  diminishing  a,  the  difference  between  —  and  -  may  be  made  less 

n         0 

than  any  number  that  can  be  assigned. 


,  A     a  p__a  a      o'     5'     «• 

'  '  Z"a'*?'  5'?"?^  "J^"?i' 
or  -4  :  -4' : :  a«  :  a'«  : :  6«  :  J'*  : :  c»  :  c'«. 
2.  Similar  solid  parallelopipeds  are  to  oae  another  in  the  triplicate  ratio  of  their 
homologous  sides.    (Eac.  XI.  88.) 

Let  a,  d,  e ;  o^,  h\  d  be  the  corresponding  edges  (or  homologous  sides)  of  two 
similar  rectangular  parallelopipeds,  and  F,  V*  their  volumes  respectiFely. 
Then  since  the  parallelopipeds  are  similar 

^•^,.5.,  and  V^dbc,  F-oW, 
a     0     c 

,   V     ahe     a  h  e    a  a  a    a*     h*     c* 

or  r :  r  ::  o«  :«'»::  6»  :  6'»  :  :c»  :  c'*. 

The  weights  of  similar  yolumes  of  substances  of  the  same  density  are  slso 
proportional  to  the  cubes  of  the  homologous  sides  of  the  volumes. 

As  an  example  may  be  taken  the  two  similar  rectangular  parallelopipeds. 

Let  W,  W  denote  respectively  the  weights  of  the  volumes  F,  V\  and  let  m 
denote  the  weight  of  one  cubic  unit  of  the  substance^ 

Then  >F-#rand  »^'=«r. 

Therefore  ^--i^.E.fl.ll.ll. 

IT'   sy    y  t^*   I/*   if* 
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If  c  and  d  as  well  as  a  and  b  be  incommensurable,  and  if  when 

-  lies  between  ^  and  ^—L- ,  -  lies  also  between  —  and  ^iZL ,  however 
^  n  n       a  n  n 

the  numbers  m  and  n  may  be  increased ;  then  7  =  3* 

0     a 

For,  if  they  are  not  equal,  they  must  have  some  assignable  differ- 

•ence,  and  because  each  of  them  lies  between  ~  and  ^21- ,  this  differ- 

n  n 

«nce  is  less  than  - ;  but  since  n  may,  by  the  supposition,  be  increased 

without  limit.  -  may  be  diminished  without  limit :  that  is  -  may  be- 

n  n 

«ome  less  than  any  number  that  can  be  assigned,  and  therefore  the 

difference  between  ^  and  ^  is  less  than  can  be  assigned ;  that  is  ^  =  f . 

0         a  0     a 

And  all  the  preceding  propositions  respecting  proportionals  are 
true  of  four  quantities  which  are  not  commensurable. 

The  criterion  of  the  proportionality  of  four  magnitudes  expressed 
in  Euc.  v.,  def.  5,  is  in  exact  accordance  with  the  criterion  of  the  pro- 
portion of  four  numbers,  as  expressed  in  Euc.  VU.,  def.  20. 

In  other  words — 

2 1 .  Prop.  The  geometrical  criterion  of  the  froportiondlity  of  four  magni- 
iudee  may  he  shewn  to  follow  from  the  criterion  of  the  proportionality  o/four 
numbers;  and eonverselg. 

If  a,  h,  c,  d  be  four  magnitudes  expressed  by  numbers,  of  which 
the  first  is  the  same  multiple  part  or  parts  of  the  second,  as  the  third  is 

of  the  fourth,  then  ^  =  -,  and  if  m,  n  be  any  integral  numbers,  then 

b    d 

^  ss  ^  in  which  ma,  mc  are  any  equimultiples  whatever  of  a  and  e 
w>     nd> 

the  first  and  third  magnitudes,  and  nby  nd,  any  equimultiples  whatever 

of  b  and  d  the  second  and  fourth. 

If  ma  be  greater  than  nb,  then  me  is  greater  than  nd;  or  if  nui  be 
equal  to  nb,  then  mc  is  equal  to  nd;  or  if  ma  be  less  than  n&,  then  me  is 
less  than  nd. 

And  a,  b,  c,  d  are  assumed  to  be  proportionals  by  Euc.  VIl.,  def.  20. 

Hence  it  follows  that  a,  ^,  c^  d  are  proportionals  by  Euc.  V.,  def.  5^ 
namely : — 

The  first  of  four  magnitudes  is  said  to  have  the  same  ratio  to  the 
eecond,  which  the  third  has  to  the  fourth,  when  any  equimultiples 
whatsoever  of  the  first  and  third  being  taken,  and  any  equimultiples 
whatsoever  of  the  second  and  fourth ;  if  the  multiple  of  the  first  be 
less  than  that  of  the  second,  the  multiple  of  the  third  is  also  less  than 
that  of  the  fourth ;  or,  if  the  multiple  of  the  first  be  equal  to  that  of 

§6 
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the  second,  the  multiple  of  the  third  is  also  equal  to  that  of  the 
fourth ;  or,  if  the  multiple  of  the  first  be  greater  than  that  of  the^ 
second;  the  multiple  of  the  third  is  also  greater  than  that  of  th& 
fourth. 

Conversely.  If  four  magnitudes  be  proportional  according  to- 
Euc.  Y.f  def.  5,  their  numerical  values  shall  also  be  proportional 
according  to  Euc.  YII.,  def.  20. 

Let  a,  b,  c,  d  be  four  magnitudes  which  are  proportional  by 
Euc.  Y.;  def.  5,  where  any  equimultixdea  whatever  ma  and  mc  oi  a^  e 
the  first  and  third  magnitudes  being  taken,  and  any  equimultiples 
whatever  nb  and  nd  of  b^  d  the  second  and  fourth,  such  ^t  if  ma  be 
greater  than,  equal  to,  or  less  than  nb,  then  me  is  greater  than,  equal 
to,  or  less  than  nd ;  then  also  a,  5,  c,  d  shall  be  proportional  according 
to  Euc.  Vn.,  def.  20 ; 

that  isa:  b  ::  c  :  d,  or  -=:-, 

b    d 

For  if  not,  if  possible,  let  a,  b,  c,  d!  be  proportionals, 

then  a  :  6  ::  ^  :  a'  or  =•  =  -=.,  and  — ,  =-^, 

b    d!  nb    nd! 

and  if  ma  be  greater  than,  equal  to,  or  less  than  nb,  then  me  is  alsa 

greater  than,  equal  to,  or  less  than  ed' ;  but  these  conditions  are  assumed 

Qima,nbynic,nd;  ,'.nd'  =  ndajidd' =  d}  theref ore  -  - ■£  and  a,  b,  e,  dai^ 

b    d 

proportionals  according  to  Euc.  VJLL.,  def.  20. 

22.  In  theproportiono;:  d::y  :<2,or  ~=:3,  M  b,  d  remain  constant 

b     a 

X     b  h 

while  X  and  y  change  their  values  so  that  alwi^s  ~  ~-^,  or  x  =  -.y, 

yd  d 

then  X  is  said  to  vary  directly  as  y,  and  thus  a  proportion  may  be 

expressed  by  two  terms.    The  mark  oc  is  used  for  the  words  "  varies 

as,"  and  the  proportion  is  written  x  cc  y,  and  is  read  ''a;  varies  as  y." 

In  the  proportion  x  :  b  :  -  :  ^,  ox  ^  =  ",  it  b  and  d  remain  constant 

yd        by 

while  X  and  y  change  their  values,  then  ^  =  —  and  z  is  said  to  vary  aa 

y  inversely. 

In  the  proportion  zi  b  ::  xy  :  d,  otz  =  -Ixy,  in  which  b  and  d  are 

d 

constant  while  x,  y,  z  change  their  values,  then  in  3  =  -  .^y,  z  is  said 

Cb 

to  vary  jointly  as  x  and  y,  or  as  the  product  of  x  and  y. 

It  is   obvious  from  the   equations  x  =  -.y,  x  =  bd.-,  and  z  =  --.jw^ 

d  y  d 

that  variable  quantities  can  always  be  connected  by  some  constant 
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multiplier,  either  integral  or  fractional^  and  that  eveiy  variation  is  •* 
convertible  into  an  equation,  and  oonverselj.* 

23.  Prop.  If  X  vary  m  y,  and  y  vary  as  z,  then  x  varies  as  z. 

Since  x  <x.  y  and  y  cc  z,  let  x  =py  and  y  =  qz,  where  p  and  q  are  some 
constants. 
Then  x=pqx,  and  .-.  x  ac  z. 

24.  Prop.  J^  V  vary  cu  x  and  y  vary  as  z,  then  vy  varies  cts  xz. 
Since  v  cc  x  and  y  cc  z,  let  f;  =px  and  y  =  ^,  where  p  and  q  axe- 

constant. 

Then  vy  =pqxz,  .*.  vy  cc  xz. 

25.  Prop.  If  X  vary  as  y  and  z  vary  as  y,  then  both  the  sum  and  the 
difference  of  x  and  z,  varies  as  y,  and  the  product  of  x  and  z  varies  as  y\ 
the  iquare  of  y. 

For  since  x  cc  y^  .*.  x-py^  and  %-qyi  where  p  and  q  are  some 
constant  quantities. 

Then  x±%  -py±.qy  =  (p±3')y>  and  .•.  x±.z  oc  y. 
Also  xz  =^pqf^,  and  .'.  xz  cc  y*, 

26.  Prop.  Ifz  vary  as  x  when  y  is  constant,  and  z  vary  as  y  wlien  x  is^ 
constant ;  then  s  varies  as  xy  when  all  three  are  variable. 

Let  z\  of  be  oozrespondent  values  of  z  and  x  when  y  is  constant,. 

then  z  :  z' ::  X  :  of,  and  ^^  =  — . 

X 

But  this  value  z'  of  z,  will  like  z  vary  as  y. 

Let  s",  j/  be  coxrespondent  values  of  s"  and  y  when  x  is  constant,, 

then  «':«"::  y  :  y',  andsS'  =  ?^. 

y' 

Hei^ce  —  zr^i  ands  =  —  .^,  but  -^-r  ^  constant  .*.  z  cc  xy,  or  z. 
X      if  xy  x^y' 

varies  as  the  product  of  x  and  y  when  all  three  are  variable. 

It  may  also  be  shewn  that  x  cc  ^  and  y  cc  -. 

y  X 


*  These  three  definitioiis  of  Tariation  may  be  illustrated  by  consideriiig  that  the 
area  of  a  triangle  is  equal  to  half  the  product  of  the  base  and  the  perpendicular  from 
the  Tertez  on  the  base. 

If  ^,  b,p  denote  the  area,  base,  and  perpendicular,  then  A^^bp. 

(1)  If  &  be  constant,  then  A  varies  directly  as  p,  and  if  p  be  constant,  A  varies 
directly  as  b. 

(2)  If  ^  be  constant,  then;>  varies  inversely  as  b,  and  b  varies  inversely  as^.         ^ 

(3)  If  all  three  A,  b,  p  vary,  then  A  varies  as  Ip,  or  the  area  varies  as  b  andp 
jointly. 


EXEECISES. 

I. 

1.  'ExvLAis  why  in  Algebra  a  ratio  is  treated  as  a  fraction,  when 
it  is  not  so  treated  in  Geometry  ? 

2.  Define  the  ratio  of  a  to  i;  what  it  is;  what  it  equals;  and 
what  is  measured  by  it. 

3.  Determine  the  ratio  of  a;  to  tfirom  the  equation  2x+5y^ix+Sif. 

4.  Two  quantities  are  in  the  ratio  of  m:  n;  what  quantity  must 
be  added  to  each  that  they  may  be  in  the  ratio  oip  :  q? 

5.  What  is  the  number,  which,  if  added  to  each  term  of  the  ratio 
5  :  3,  makes  it  three  fourths  of  what  it  would  have  become,  if  the  same 
number  had  been  subtracted  from  each  term  ? 

6.  If  _^!ir*  =-^;  find  the  ratio  of  a  to  J. 

12(a— 1)     4^+3 

7.  If  iZ-*    4^lL,  and  6(a+a)=-185— 8c;  find  the  ratios  of  a  to 

a+b    2bSc 

h,  and  of  ^  to  c. 

8.  ProTC  that  <j>      is  increased  by  adding  the  same  quantity 

to  a  and  h ;  a  being  less  than  b. 

9.  If  the  ratio  a  :  bhe  unchanged  when  e  is  added  to  the  antecedent 
and  2e  to  the  consequent ;  then  tho  value  of  the  ratio  is  ^. 

10.  If^^±^  =  a,  find  the  ratio  of  «toy. 
mx — ny 

11.  If  X  be  very  small  compared  with  a,  shew  that  the  ratio  of 
(a+xy  :  o",  is  very  nearly  that  of  a+3x  :  a,  and  the  ratio  of 
(«+«)* :  fl*  is  very  nearly  that  oi  a+^x  :  a, 

Ex.  Find  the  approximate  ratio  of  (403)' :  (402)' ;  and  of 
(403)»  :  (402)*. 

12.  If  ^  :  5  : :  ^  :  8,  find  the  numerical  ratio  of  x+5  to  y+B. 

13.  If  f  s^,  then  ?flL-  has  always  the  same  value,  whatever  may 

o    a  ex+a 

be  the  value  of  x,  * 

14.  If  ^  and  ^  be  two  unequal  ratios,  then  the  ratio  ^^  is  greater 

0  d  O'YcL 

than  one  of  them  and  less  then  the  other. 

15.  A  number  of  two  figures  is  altered  in  the  ratio  of  n  to  m,  if  its 
digits  be  interchanged ;  shew  that  the  digits  are  to  each  other  in  the 
ratio  of  10m— n  to  lOn— m. 

16.  If  5+??  =  !=  J?L.;  find  the  ratios  ?  and  t 

2y        X     2ar— y  y  % 

17.  Explain  what  are  the  necessary  or  sufficient  tests  of  the  ultimate 
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ratio  of  two  quantities  which  by   continuous   diminution  become 
indefinitely  smcdl  ultimately. 

18.  Shew  feat  the  ratio  (^+3;ry-(^+^)*  is  equal  to  l+6x+Sx'^Sa^ 
nearly,  when  x  is  small ;  and  equal  to  9«— 3  nearly,  when  x  is  large. 

n. 

1.  Find  a  third  proportional  to  999  and  33*3 

2.  Find  a  mean  proportional  between  '016  and  2*704. 

3.  Find  a  fourth  proportional  to  '0004,  1'4  and  '02. 

4.  If  it^+y^ :  xy  : :  S4  :  15,  then  d? :  y  : :  5  :  3  :  and  conversely. 

5.  Find  the  value  of  the  common  ratio  when  a,  5,  e,  d  are  in  con- 
tinued proportion,  and  2{a+d)  =  3{b+c). 

6.  If  ^  =  -,  and  >=^;  then  -=-;   under  what  restriction  is  this 

by  c    z  c    % 

proportion  true  if  it  involve  concrete  quantities  ? 

7.  Find  the  proportion  deducible  from  the  equation,  a'+^'  =  2ao, 

8.  If  a,  h,  €,  d  are  proportionals ;  if  a  be  prime  to  b,  then  c  and  d 
are  equimultiples  of  a  and  b. 

9.  Can  any  number  be  added  to  each  of  four  numbers  in  arith- 
metical progression,  so  that  the  sums  are  in  geometrical  proportion  ? 

10.  If  a,  bf  c,  d  be  proportionals,  there  is  no  number  which  can  be 
added  to,  or  subtracted  from  each,  so  that  the  four  terms  so  increased 
or  diminished  shall  be  proportionals. 

11.  If  a,  d,  tf,  i,  are  proportionals,  deduce  (a+^)(^+<0  ^^^  ^^^  ^^ 
the  following  expressions : — 

(1)  (a-(^»  =  (6-r)»+(^-fl)'+(<^-i)'. 

(2)  (a+*)«+(ci-»-c)*+(a-6-c+rf)2  =  2(a+(f)«. 

(3)  (tf_i+(j-d)s  =  (a-6)«+(e?-rf)«+2(5-<?)». 

12.  When  are  two  quantities  said  to  be  commensurable  or  incom- 
mensurable ?  Find  the  approximate  ratio  of  the  diagonal  to  the  side 
of  a  square,  so  that  the  error  may  be  within  one  thousandth  part  of 
unity. 

13.  Shew  that  the  geometrical  definition  of  proportion  (Euc.  V., 
def.  5)  is  a  consequence  of  the  arithmetical  definition  (Euc.  VII., 
def.  20),  and  the  converse. 

ni. 

Given  a:  b  \\  e  •.  df  prove  the  following  proportions : — 

1.  aib  i:  a±c  :  b±:d;  and  conversely. 

2.  ac  :  bd  : :  (^  :  d'. 

3.  a* :  c^ ::  a^+b^ :  c»+(?. 

4.  ab:  ed::  {a±by  :  {c±dy  : :  a*— 5' :  c^^d\ 
6.  a»+J* :  c'+d* : :  (a- J)* :  {e--d)\ 
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8.  (a»-A7  :  ((*-rf7  : :  {i^^b^y  :  (c»- (?»)». 

9.  a+{aF+b^y  :  a-.(a«+J>)» : :  c+(/;«+d?)*  :  «-((?«-«?)». 

IV. 

If  a,  b,  c,  d  be  proportionals;  shew  the  truth  of  the  folic Tinp: 
properties  : — 

1.  o(a+5+c+cZ)  =  (a+5)(a+<?). 

2.  (a+i+(?+(i)(a— J-c+c?)«(a-5+c-(iX<»+J-<?-e?). 

3.  (V+<?»)(i*+d»)  =  (aA+efo)«. 

4.  (a*+J*+tf*+rf*)(a+5+<?+(0* 

=  {(a+5)*+(i^+rf)*}.{(«+0*+(^+^M- 

6.  (a+<f ) -  (3+r) « (<>-^)(g-g)^ ,,  being  the  greatest. 

7.  («+J)_(<,+<i)  =  (£+*fcf^. 

(c*+3rrf+rf«)  '-2cd^Zdy 

11.    a-+;+^+e?-    (,5^>. 

12    ^'-^'    g'-g*    ^^1 

13.   ^^c£+ato+cfo&+a5g^  ^     , 

V. 

If  -  =  ^=?,  prove  the  following  properties:— 
n     b    c 

1     a?+y    a:+s     y+a 
tf+i     a+c     ^+c 

2.  ^^+^y+y*  =  -,»»,»,*>,  being  any  numbers  whatever. 

3  ^+y^+z*    (i?+y+gy    ay+aa+yg    g* 

4  /f_i_?f_i_*l-/?  K^  .  ^l     (ffl+»+l)(«»»+^+»)  ■ 
if  y_^    «  ^nx 


b"  a 


c      a 
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6.  (flM:»+*y'+a»)(a'«+«'y+A)  =  (a»+i»+c»)(aJ>+j/»+»»). 


xz  ac 


\  abc  )       \  a^^bc+ca  j  ' 

10.  gjg^  rar+y+gj'^^+y'+z' 
flic      |a+3-|-(,j      a*  +  i»+c>* 

11.  (flwr)*+(3y)*+(«)»  =  {(a+A  +  0(^+y+2)}*. 
I  a*+i*+(?*  f  -\  ab+hc+cd  J  ""a 


13    ^+y'+g'-3aryg     a:» 


J 


V 


4.  abc{'^+^J^^ttlY  =  eix+a)iy+^^^^^ 

YL. 

^^r  =  -  =  ^  =  -  =  ^;  prove  the  following  equiyalents : — 

3.  c{a+2c+e)  =  {b+d)K 

5.  2(a€-bd){ab^cd)  =  {ad+be){{a+dy'-{b+cy}. 

6.  (a»+3»+ej»)(i«+cS+(£»)  =  («i+6c+cc^)«. 

7.  a»+3»+r»  =  a«iV(a-8^j-s^^-«)^ 

8.  (oi+3(?+ca)«£?  =  {b€+cd+db)^d'. 
9    _J_._L.^     1 

10.    /  a+b+c-\-d )'     g«+y+c«4j8 

vn. 

1.  If  a,  i,  «  are  proportionals,  then  ^"^  ,  i,  i(?  are  proportionals. 

2.  If  g5,^^,  then  shaU  ?±?^^JZ^. 

^-f-a    a — c  c+d    a — b 

'•  ^*^'  =  E|'  *e'^«hall(a-iX.-rf)  =  (>_,).. 

4.  If  a,  5,  0,  i  be  a  geometrical  proportion,  then  shall 

1  1  1^1  1  1      , 

a^:^'  ¥^'  7:1^  "^"^  ^+b^^  ^Tj:?'  ^qp^  be  in  geometrical  pro. 

portion. 
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5.  If  «(a'i  -  oi' )« + h{a'  b  -  aV  ){ae'  -  a'e) +a{a<f—tt'ey  =  0 ;  shew  that 
ad—de  is  a  mean  proportional  between  dh—ah  and  h'e—h<l. 

6.  If  *±£±^  =  '^+«+«',  then  flli! = ^—t 

7.  If _I! ^ ;  then  shall  a+i  =  <?+rf,  and  each 

ratio  is  i(a+3  +  ^+c?). 

8.  If  01,  a^,  dTj, a«  be  in  continued  proportion, 

then  «!  :  a, :  :  a |' :  a,*  and  a^\  a^w  af  :  a', ; 

and  generally  a^\  a^w  a^-^  :  <i,""*. 

9.  If  :r  and  y  be  real  quantities ;  what  inference  can  be  deduced 

from  the  proportion  ^"^^  =  ii^  1 

10.  If  a? :  y  : :  a' :  J*  and  a  :  5  : :  (a+ar)» :  (a— y)* ;  shew  that 
2x  :  a::  x—y  :  y. 

11.  It  -i r*"T r,  then  ^« — g — 

a"+«5-     a*»+«(a-5)«' 

12.  if«+(a'+y)*    a"(«;-^)*    then  ^  =  £,,  and  conversely. 

13.  If  (l-:r)»+(l-ir«)»-y-*+y-*,  and  (l+«)*-(l-a^)*  =  y»-y-»;: 
then  shall  l  —  Zf  1  —  2y,  and  1  +^  be  in  geometrical  progression. 

vm. 

1.  If  a»+hy+cft:=0  and  (tx+b'x+dy^O,  determine  the  ratios  of 
X  to  y,  X  to  2,  and  y  to  «. 

2.  If  tu^+hy*+cz*  =  0  and  a':r+^y+c'8«0;    find  the    ratios  of 
^  to  y,  y  to  s,  and  ^  to  s. 

3.  If  a+c  have  to  b+e  the  duplicate  ratio  of  a  toh;  then  shall 

a-J,ori+J+1.0. 

4.  If  f^Zy«?^*«Llf,  then  shaU  a+h+c^O. 

a  0  c 

6.  If  f±y  =  y  =  -^  ;  then  shaU  f  .y  =  *. 

8        ar     y — %  2     4     3 

6.  ■ilVL^iJJLzatJ^::^',  then8haU?„y    1 

c  ha  a     0    c 

7.  Ifff±*^  =  ^=^  =  *y±^,then«c+Jy+«  =  Oanda«-ay-a. 

cs  dy  oj; 

8.  If  a(y— 3)+i(8— a?)+(?(a?— y)«0,  then  the  successive  differencea^ 
of  a,  &,  c  are  proportional  to  the  successive  dififorences  of  x^  y,  s. 

9.  If  ^'y+fe     az+cx     hx  +  ay^ 

b — c  "  c^a  ""   a — b   * 
then  {a+b+c){x+y+%)  =  ax+by+e%. 


23 
10.  If  l±i  =  *±f  =£±f ;  shew  that  each  is  equal  to 

*+y  y+«   *+* 

f±*±f,  and  that  ?  =  *=! 

«+y+»  «    y    8 

11    It"    ^J-  thffn  (^+ «)(«+^)('g+'0 _ (« + ^)*'^ 

a"c  y'        (y+a)(y+<')(y+<^)    (*+<^yy 

12.  If  £!=y?.=y!=:^=^!=^;  then  shaU  or+y+^-l+^+l. 

x-^xyz    y—xyt    z-^xyz  x    if     % 

13.  Given  f^y=!)+%:f)+<^^-0 

and  ?(L-if)  .  ^(ful)  .  f(f^) ,  0 . 
a—x  ~   3— y  ^   c— «  ' 

Aew  that  ?  =  -«-,  ora-«  =  5— y  =  (?-8. 
4?    y    1 

IX. 

1.  Explain  what  is  meant  by  saying  that  one  quantity  varies  direetiy 
or  inversely  as  another ;  and  shew  that  ilxcc  y^  then  x»ey,ia  which  e- 
is  some  constant  quantity. 

2.  Hax+hy^^cx+dy;  then  «  a  y. 

3.  Jitu^+hy  cc  ea^-^dy;  shew  that  x  cc  f^,a,  h,  c,  d  being  constant. 

4.  If  (^— a)  (X  (y^&)y  and  when  ^^m,  y^n;  find  the  constant- 
which  connects  x—a  and  y—h, 

5.  If  a;+y  oc  ar— y,  then  «'+y*  «  ory,  and  conyersely. 

6.  If  «*  oc  --,  and  if  when  ^  =  2,  y  =  3 ;  find  the  equation  between. 

IT 

X  andy. 

7.  If  a?  oc  y ;  then  ac*-|-y*  «  ar*— y*. 

8.  Ify'oc  (fl^±«*),  andifa?=sOwheny  =  J;  shew  that  |-:p?- » 1  is  the 

0      a 

equation  which  connects  the  variables  x  and  y. 

9.  If  y  varies  as^ ,  and  if  when  as»~,  y  =  -r — ;?;    find   the 

equation  which  connects  x  and  y. 

10.  A  quantity  is  made  up  of  the  sum  of  three  parts,  the  first  part 
is  constant,  the  second  varies  as  x,  and  the  third  varies  as  t^  ;  having- 
given  that  when  «  =  a,  y»0;  x^2a,  y^a;  x^Sa,  y^4a;  shew  that 
when  x^na,  then  y  =  (»— l)'.a. 

11.  It  y^a+h-^c,  and  ace  a?,  hoc  y\  ecc  x;  also  when  a?=l,  2,  3;, 
y  =  3,  13,  39  respectively.    Determine  the  value  of  y  when  a; »  4. 

12.  If  yaa+&,  of  which  a  a  ~  and&oc  x^;  andwhenx*-2,  3;  y«10,. 

X 

20  respectively ;  find  the  relation  between  x  and  y. 
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X. 

1.  Define  and  explain  what  is  meant  when  one  quantity  is  said  to 
vary  jointly  as  two  other  quantities.  If  s  oc  ;r^  and  10,  9,  6  be  three 
corresponding  values  of  s,  x,  y;  find  the  constant  multiplier  which 
connects  x,  y,  and  2. 

2.  If  y  <>  x+z  and  y^ccocz;  then  shall  xccy  and  ycc%. 

3.  If  y  oc  -  andxoc  8+y;  if  whenyB2,2  =  2;  what  will  be  the  value 

X 

of  2  when  y  =  4  ? 

4.  If  «»a:+my,  andwhen  a?  =  l,y=2,  8  =  3 ;  alsowhenx=2,y»3, 
2  »  4 ;  find  the  equation  which  coxmects  the  three  variables. 

5.  Hxcc  y  and  a?y  «  t\  then  a^+y*+2*  oc  xyz. 

6.  If  a^  oc  yz  and  y' «  a»,  then  a:^+y*  «  (ac+y)*. 

7.  A  quantity  2  is  made  up  of  two  parts,  one  of  which  varies 

directly  as  x,  and  the  other  inversely  as  y ;  and  if  the  value  of  %  be  30 
when  a;= 2,  y  B 1 ;  and  15  when  a; «  3,  y  »  ^ ;  find  the  value  of  2  when 
aj  =  3,  y«4. 

*  8.  If  as  vary  as  y  and  2  jointly,  and  when  y  =  m—m~~^  and 
z  =  m^-  nr^,  it  is  known  that  x  =  m^+m"^ ;  shew  that  (m—  l)*a  »  hcm^ 
a,  h,  e  being  contemporaneous  values  of  x,  y,  8  respectively. 

9.  If  «  oc  ^,  when  1;  is  constant ;  and  «  oc  «  when  ^  is  constant ;  prove 
that  tat  tv  when  neither  v  nor t  is  constant.  If  «* « «^  and «*«<<* 
when/is  constant ;  also  i^tt  t^f  and  fi^cc  sf^  when  ^  is  constant ;  shew 
that «'  oc  f$  when  all  vary. 

10.  If  the  sum  of  two  quantities  vary  jointly  as  the  difference  of 
their  oubesy  and  a  third  quantity ;  and  the  difference  vary  jointly  as 
the  sum  of  the  cubes,  and  the  third  quantity ;  shew  that  the  one  of  the 
two  quantities  varies  as  the  other. 

XI. 

1.  Divide  £1,000  among  A^  £,  and  (7,  so  that  A^i  share  maybe  to 
^'«  as  5  to  7  and  JB^s  to  Cr«  as  11  to  9. 

2.  If  a  sheep  be  worth  h  oxen,  and  e  oxen  equivalent  to  d  horses ; 
how  many  horses  are  worth  e  sheep  ? 

3.  A^i  age  is  to  B^s  as  4  to  3 ;  18  years  ago,  A'i  age  ^as  to  JB^$ 
as  3  to  2.    What  are  their  present  ages  ? 

4.  If  by  selling  merchandise  for  m  pounds  sterling,  p  per  cent,  be 
lost ;  what  will  be  the  gain  or  loss  per  cent,  by  selling  them  for  n  pounds  ? 

5.  If  two  merchants,  A  and  B,  enter  into  partnership  in  trade ;  A 
adventures  a  pounds  for  m  years,  and  B  h  pounds  for  n  years ;  they 
gain  p  pounds ;  determine  the  relation  between  their  capitals,  times, 
and  shares  of  the  gains. 

6.  The  rent  of  a  house  in  one  year  was  p  per  cent,  less  than  it  was 
in  the  following  year ;  what  was  the  former  year's  rent  if  that  of  the 
following  year  was  m  pounds  ? 
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7.  A  debt  of  £21,000  is  to  be  divided  among  four  creditors,  in  pro- 
portion to  their  claims ;  the  claim  of  the  first  to  the  second  is  as  3  to 
2 ;  that  of  the  second  to  the  third  as  4  to  5 ;  and  that  of  the  third  to 
the  fourth  as  6  to  7.    Find  -what  sum  each  creditor  has  to  receive. 

8.  The  difference  between  the  number  of  chapters  in  the  Old  and 
in  the  New  Testament  is  669  ;  and  if  one  were  added  to  the  number 

^in  each,  the  ratio  would  be  that  of  310  to  87  ;  how  many  chapters  are 
there  in  each  ? 

9.  The  attendance  on  Professors'  lectures  varies  directly  as  the  Pro- 
fessors' power  of  exposition,  and  inversely  as  the  square  of  the  num- 
ber of  lectures  delivered.  If  52  students  attend  the  lectures  of 
Professor  A^  who  delivers  a  course  of  12  lectures,  and  48  students 
attend  the  lectures  of  Professor  B  who  doHvers  a  course  of  18 
lectures ;  compare  the  powers  of  exposition  of  the  Professors. 

10.  On  a  division  of  the  House  of  Commons,  if  the  number  of 
members  for  a  certain  motion  had  been  increased  by  40  from  the  other 
side,  the  question  would  have  been  carried  by  3  to  2 ;  but  if  those 
against  the  motion  had  received  60  of  the  other  party,  the  motion 
would  have  been  lost  by  2  to  1.  Was  the  motion  carried  or  lost,  and 
how  many  members  voted  on  the  question  ? 

xn. 

1.  Explain  the  distinction  between  interest  and  discount;  and  shew 
that  the  discount  of  a  sum  of  money  due  at  any  future  period,  is  equal 
to  the  interest  of  the  present  worth  for  that  period. 

2.  Find  in  what  time  a  sum  of  money  will  double  and  treble  itself 
at  any  rate  of  simple  and  compound  interest. 

3.  If  the  interest  of  A  pounds  for  one  year  be  equal  to  the  discount 
of  B  pounds  for  the  same  time ;  find  the  rate  of  interest. 

4.  From  the  expression  D  =  - ,  deduce  the  common  rule  for 

^  (l+nr)' 

finding  (1)  the  present  worth  (2)  the  discount  of  any  sum  of  money 
due  at  any  future  time  at  any  rate  of  simple  interest.  If  compound 
interest  be  allowed,  what  modification  of  the  rules  is  required  ? 

5.  Shew  that  the  difference  between  the  interest  and  discount  of 
any  sum  for  a  given  time  is  equal  to  the  interest  of  the  discount  of 
that  sum  for  the  same  time. 

6.  The  ratio  of  the  interest  to  the  discount  on  a  certain  sum  of 
money  at  a  certain  rate  per  cent,  for  2  years,  simple  interest,  is  as 
9  to  8 ;  find  the  rate  per  cent.  And  if  the  difference  of  the  interest 
and  discount  be  thirty  shillings,  find  the  sum. 

7.  What  would  be  the  amount  of  one  farthing  for  a  thousand  years 
at  5  per  cent,  per  annum  (1)  at  simple,  (2)  at  compound  interest? 

8.  If  F  pounds  at  compound  interest  at  the  rate  r,  double  itself  in 
m  years,  and  at  rate  2r  in  n  years ;  what  is  the  ratio  of  m  and  n  ? 


26 

What  difference  is  made  in  the  ratio  when  the  interest  is  payable 
half-yearly  and  quarterly  ? 

9.  In  the  expression  for  the  amount  of  F  pounds  for  5  years  at 
compound  interest,  if  the  expression  be  expanded  according  to  powers 
of  r,  the  rate  of  interest ;  give  an  interpretation  to  each  term  of  the 
expansion. 

10.  A  mortgage  is  taken  on  an  estate  worth  If  acres  of  it ;  land  nset 
n  per  cent,  in  price,  and  in  consequence  the  mortgage  is  only  worth 
iVi  acres,  and  it  is  then  paid  off.  During  the  continuance  of  high 
prices  another  mortgage  is  taken,  which  is  worth  If  acres  as  before ; 
prices  return  to  their  former  level,  and  the  mortgage  is  worth  iV^ 

acres;  shew  that  iT—iTi :  N^^N^l  :  1+—. 

100 

11.  Determine  the  advantages  in  the  payment  of  interest,  when  it 
is  paid  half-yearly  and  quarterly  instead  of  yearly. 

12.  If  a  pension  of  £100  a  year  be  unpaid  for  6  years,  what  sum 
should  the  pensionary  receive  at  the  end  of  that  period ;  compound  in- 
terest being  allowed  at  the  rate  of  £5  per  cent,  per  annum  ? 

13.  If  £2,980  be  invested  partly  in  the  3  per  cents,  at  74,  and 
partly  in  the  4  per  cents,  at  100,  in  such  proportion  that  the  income 
from  each  is  the  same ;  find  the  income. 

14.  If  ei|,  a,,  a,  be  the  discounts  of  a  sum  of  money  for  the  sam^ 
time  at  rates  ri,  r„  r^  respectively ;  shew  that 


1 .  When  a  body  falls  freely  by  the  action  of  gravity,  the  space  fallen 
through  from  rest  in  a  given  time  varies  as  the  square  of  the  time. 
Find  the  relation  between  the  space  and  the  time  if  a  body  fall  from 
rest  through  64  feet  in  two  seconds. 

2.  When  a  pendulum  /  inches  long  vibrates  once  in  t  seconds,  then 
I  ccf;  find  the  length  of  a  pendulum  which  shall  vibrate  once  in  two 
seoondfl,  if  the  pendulum  which  vibrates  in  one  second  be  39*4  inchecr 
long. 

3.  A  boat  is  rowed  5  miles  an  hour  in  still  water ;  in  what  time  can 
it  be  rowed  10  miles  and  back  again  on  a  stream  which  runs  at  th& 
rate  of  2  miles  an  hour. 

4.  A  person  rows  a  distance  of  a  miles  on  a  river  and  back  again  in 
t  hours,  and  finds  that  he  can  row  h  miles  with  the  stream  in  the 
same  time  that  he  can  row  c  miles  against  it ;  determine  the  times  of 
going  and  returning,  and  the  velocity  of  the  stream. 

5.  If  0  or  &  agents  produce  an  effect  e  in  time  t,  and  a'  and  b'  agenta 
together  produce  the  effect  e'  in  time  f ;  find  the  relation  between  the 
effects,  agents,  and  times ;  a,  a'  consisting  of  the  same  units,  as  also 
b,  h\  but  the  latter  different  from  the  former. 
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6.  If  tf|  oxen  in  the  time  ti  eat  up  a  meadow  of  hi  acres ;  and  «s 
oxen  eat  up  a  like  pasture  of  3,  acres  in  time  t^ ;  how  many  oxen  will 
eat  up  a  like  pasture  of  3,  acres  in  time  ^„  the  grass  being  supposed 
to  grow  uniformly?  {NewUmi  Arithmetica  Uhwersalis,  Proh,  XZ, 
p.  90.) 

7.  Two  towns,  A  and  By  are  distant  e  miles  from  each  other ;  a 
traveller  sets  out  from  A  for  B,  and  another  at  the  same  time  sets 
out  from  B  for  A.  They  both  travel  uniformly,  and  in  such  propor- 
tion that  the  former  arrives  at  B^  a  hours  after  their  meeting  on  the 
road,  and  the  latter  h  hours  after  at  A.  In  how  many  hours  did  each 
perform  the  journey  ? 

8.  There  are  two  roads  from  ^  to  ^,  one  of  them  is  14  miles 
longer  than  the  other,  and  two  roads  from  B  to  (7,  one  of  them  8 
miles  longer  than  the  other.  The  distances  from  ^  to  ^  and  from 
B  to  C  along  the  shorter  roads  are  in  the  ratio  of  1  to  2 ;  and  the 
distances  along  the  longer  roads  are  in  the  ratio  of  2  to  3 ;  determine 
the  distances. 

9.  If  two  lamps  of  different  intensity  of  brightness  be  a  feet  apart ; 
find  the  point  between  them  at  which  the  illumination  received 
from  one  of  them  shall  be  double  of  that  received  from  the  other ; 
supposing  that  the  illumination  varies  inversely  as  the  square  of  the 
distance  from  the  lamps. 

10.  If  the  period  of  the  earth  and  of  the  planet  Venus  in  their  orbits 
TOimd  the  sun,  be  365  and  224  days  respectively ;  determine  at  what 
intervals  these  planets  are  in  conjunction  with  the  sun. 

1 1 .  Find  a  formula  by  w  hich  it  can  be  determined  when  the  hour  and 
minute  hands  of  a  dock  are  together,  and  when  they  are  at  any  given 
angle,  during  one  revolution  of  the  hour  hand. 

12.  If  the  sun  moves  every  day  one  degree,  and  the  moon  thirteen 
degrees,  and  at  a  certain  time  the  sun  be  at  the  beginning  of  Oancer, 
and  in  three  days  after,  the  moon  in  the  beginning  of  Aries,  the  place  of 
their  next  following  conjunction  is  required  {Newt.  Arith,  ITniV.,  p.  84). 

XIY. 

1.  A  straight  line  is  3fi  4in.  long ;  divide  it  into  two  parts,  one  of 
which  shall  be  to  the  other  as  5  to  7. 

2.  How  many  inches  must  be  added  to  or  subtracted  from  each 
of  the  lengths,  a  foot,  a  yard,  a  furlong,  and  a  mile,  that  the  four 
sums  or  differences  may  form  a  proportion  ? 

3.  The  sides  of  a  triangular  field  are  a,  b,  c  yards  respectively,  a 
being  the  shortest  side ;  what  is  the  length  of  a  hedge  made  parallel 
to  the  shortest  side  that  wiU  divide  the  field  into  two  equal  parts,  and 
wh3re  do  the  ends  of  the  hedge  meet  the  other  two  sides  of  the  field  ? 

4.  If  the  weights  of  two  different  substances  be  in  the  ratio  of  m  to  », 
and  together  a  compound  a  pounds ;  how  much  of  one  must  be  added. 
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or  how  much  of  the  other  taken  away,  in  order  that  the  ratio  of  the 
two  Bubstanoes  may  be  changed  into  the  ratio  of  m'  to  n^  ? 

5.  If  a  body  weigh  m  pounds  whose  length  is  a,  find  the  length  of  a 
similar  body  of  the  same  density  which  weighs  n  pounds. 

6.  One  vessel  contains  a  mixture  of  wine  and  water  in  the  ratio  of  2 
to  3,  and  another  in  the  ratio  of  3  to  7 ;  what  quantity  must  be  drawn 
from  each  to  make  a  miicture  consisting  of  5  gallons  of  water  and  1 1 
of  wine? 

7.  If  jp  pounds  of  a  certain  metals  when  weighed  in  water  loses  a 
pounds,  and/?  pounds  of  anothw  B  loses  b  pounds  when  weighed  in 
water ;  find  how  much  of  each  metal  is  contained  in  a  compound  mass 
of  A  and  B^  which  weighs  impounds,  and  loses  e  pounds  when  weighed 
in  water. 

8.  In  what  proportion  must  platinum  and  silver  be  mixed  that 
the  mixture  may  be  equal  in  magnitude  to  an  equal  weight  of  gold, 
the  specific  gravity  of  gold,  silver,  and  platinum  being  respectively 
19-25,  10-47,  21-47? 

9.  Lead  weighs  11*324  times  as  heavy  as  water ;  cork  weighs  ^^ 
and  fir  ^  respectively  of  the  weight  of  an  equal  volume  of  water. 
How  much  cork  and  lead  must  be  combined  together,  so  that  the  mass 
may  be  equal  to  80  pounds,  the  weight  of  a  beam  of  fir  timber  of  the 
same  magnitude  ? 

10.  A  person  has  three  pieces  of  metal,  each  of  which  consists  of 
gold,  silver,  and  copper.  The  first  contains  5  ounces  of  gold,  15  of 
silver,  and  30  of  copper ;  the  second  contains  20  ounces  of  gold,  28  of 
silver,  and  48  of  copper;  the  third  contains  12  ounces  of  gold,  39  of 
silver,  and  24  of  copper.  He  wishes  to  take  some  from  each,  and  to 
melt  all  into  one  mass,  in  order  to  obtain  a  composition  consisting  of 
10  ounces  of  gold,  23  of  silver,  and  26  of  copper.  How  much  must 
he  take  of  each  ? 

11.  There  are  two  globes  of  gold  whose  radii  are  a,  h  inches  re^ 
spectively ;  if  they  be  melted'  and  formed  into  a  single  globe ;  find  its 
radius  having  given  that  the  volume  of  a  globe  varies  at  the  cube  of 
its  radius. 

12.  Prove  that  the  volume  of  a  sphere  whose  radius  is  6  inches  is 
equal  to  the  sum  of  the  volumes  of  three  spheres  whose  radii  are 
respectively  3,  4,  5  inches. 

13.  If  a  body  weigh  a  ton  at  the  surface  of  the  earth,  what  would 
be  its  weight  ten  miles  above  the  surface? 

14.  The  weight  of  a  given  body  at  the  surface  of  a  planet  varies 
directly  as  the  mass  of  the  planet,  and  inversely  as  the  square  of  its 
radius.  The  mass  of  the  planet  Jupiter  is  338  times  the  mass  of  the 
earth,  and  the  diameter  of  Jupiter  is  1 1  times  the  earth's  diameter. 
What  would  be  the  weight  at  the  surface  of  Jupiter  of  a  man  who 
weighs  181*51b.  at  the  surface  of  the  earth? 


EESULTS,  HINTS,  ETC.,  FOR  THE  EXERCISES  ON  RATIO 

AND  PROPORTION. 
I. 

1.  The  ratio  of  two  magnitudes  in  geometry  is  denoted  by  the  magnitudes 
themaelTes ;  and  there  being  no  unit  of  magnitude  assumed  in  geometry,  there  is  no 
mode  of  expressing  the  value  of  a  ratio,  as  in  algebra,  by  the  division  of  the  number 
of  units  in  the  antecedent  by  the  number  of  units  in  the  consequent  of  the  ratio. 

2.  See  Art.  I.,  p.  1. 

8.  ix+Sy^ix+Sy,  then  6y - 3y=ix -  2x,  or  2x^2y  and  x—y. 
The  ratio  of  a;  to  2^  is  a  ratio  of  equality. 

4.  Let «  be  the  quantity  required,  then  ^Jt^  a.^,  find  the  value  of  x. 

n+aj    q 

5.  If  a;  be  the  number,  then  — lt^a.^.--lif ;  find  the  value  of  x. 

3-fx    48-x 

8.  Let  X  be  added  to  a  and  h,  then  J  ^Z£  |  is  greater  than  (^  j     . 

Since  h  is  greater  than  a,  then  ?  is  a  proper  fraction,  and  ^1^  is  also  a  proper 

0  o-f  X 

fraction,  but  greater  than  ^.    Art  2,  p.  4. 

...|i±jr>iir*'-^-'«-"-!is  !'"*'>  iff" 

11.  The  ratio  of  (a+«)»:a»  is  represented  by  i^^ ; 

a* 

And  i£JlfL=3l-f-^+  — +^;  ^^^  ^  ^  ^^ly  'nnsSl  when  compared  with  a, 

**.  f  is  a  very  small  fraction,  and  a  fortiori  are  —  and  —  much  smaller  fractions, 
a  a*  a' 

and  may  be  rejected  without  materially  affecting  the  result^ 

a*  a  ''         a 

The  ratio  of  (403)'  :  (402)«  =  ratio  of  802 :  806  nearly ; 
and  the  ratio  (408)*:  (402)^=  ratio  of  803 :  802  nearly. 

12.  The  ratio  of  x+ 5  to  y + 8  is  the  same  as  the  ratio  5  to  8. 

14.  See  Exercises  in  Fractions.     L  Example  5. 

15.  Let  X  the  digit  in  the  place  of  tens,  y  in  the  place  of  units,  then  lOx+y  is 
the  number,  and  lOy+x  is  the  number  with  the  digits  interchanged. 

16.  ?=!.  and  ?=:^,    17.  See  Art.  1,  p.  8. 
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II. 

1.  1-11.      2.  -208.      8.  70. 

4.  Since  £l±l!„?i,  add  2  to  these  equals,  and  £!±?;y±yl=^ ;  next  subtract 
xy        15  xy  15 

2,  then  ?lz2£iLti!=±,    Divide  the  former  by  the  latter. .  %  ^!^f^^^!=16, 
'  xy  15  »«-2^+y'        ' 

and  ^Uf=4,  whence  « :  y : :  5 : 8. 
»-y 
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5.  Let  X  denote  the  common  ratio,  then  bs^az,  c^ax*,  d^ax' ; 
but  since  2(a+eQ=8(&+c), 

.-.  2a(l+a»)=8aa(l+ar),  and  2(1  -aj+aj»)=8aj,  from  which  aj=J(6±>/17). 

6.  See  Art.  1,  p.  1;  and  Art  5,  p.  8. 

7.  Since  a»+6«=2ac.-.6«=a(2c-o)  and ?ll5=:l 

b       a 

8.  See  Example  3  under  I.,  Exerciaes  in  Fractiona. 

9.  Let  a,  a-i-b,  a  +  2&,  a +36,  foor  quantities  in  arithmetical  progression. 

Let  a  be  added  to  each  of  them ;  then  Jt^JL,  ==  5Lt?^. 

a+b+x    a+3o+aj 

The  possibility  of  the  answer  will  be  determined  by  the  value  of  x, 

10.  See  Art.  8,  p.  9. 

11.  Here(l)  (a-{f)*=(&-c)*  +  (e-a)'  +  (a-&)',  by  expanding  the  terms  there 
results  a"  -  2a<i + rf« = 6«  -  26c + c« + c*  -  2ac + c«  +  d«  -  2 W + 6«, 

and  reducing  o=2&"  +  2c^  -  2ac  -  26(2 

and.'.  6»+c«=ac+6rf 

but  2be=ad+bc 

.*.  6«+26c+c»=flk;+a(i+6c+W=o(c+d)+6(c+£f) 

.-.  (6+c)«=(a+6)(c+d). 

12.  See  Art  1,  p.  2,  note.      13.  See  Art.  20,  p.  14. 

m. 

1.  See  Art.  6,  p.  8. 

2.  Ua:b::eid;  then  ac:bd::c^:d* 

Here a(i=6c,. •.«=?.  and  ?=!??.  and  *    ^,  .-.  ?f=^,  and  51=^1 

Conversely.     lt<ie:bd::c^:d^,  then  a: 6:  :e: (2. 

Since  oc: 6(2 ::6>:(l*,.*.aa2'=6c*c2,  .'.  ad^be^  and  >=^. 

6     d 

3.  If  the  learner  may  sometimes  not  perceive  the  necessary  steps  for  the  direct 
« ilution  of  a  question,  in  cases  where  the  result  is  known,  ho  is  recommended  to  try 
the  converse  by  simply  retracing  the  steps  from  the  predicate  to  the  hypothesis,  <» 
from  the  qusesita  to  the  data,  and  reversing  the  process. 

Given  a:b::c;d,  prove  a' : c* : : a«  +6* : c*  +(2*. 

Here  g!^<»'+^l  ...  a^c^  +a«e2«=a«(2»  +6«c* 
c«     c«+(2« 

and  a'(2>=6*c',  by  subtracting  a^e^  from  these  equals^ 

.*.  ad=^bc,  and  ^^7 
6    d 

A    Ti««*  *     «     .   06     «2 .  .„^  ah    6* 

Hence  ?*=^.(^)!-^l::*!. 

S.  8mcea:&::e:(^ 

then?_f,  2l_£!.  and  2!±*!.£l±£,  .-.^l+il.i!, 

„,a    e    a-h    e-d  .,j  (»-&)«    (c-<<)«     .  (a-6)«     J« 
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Hence  gilij!,^^"'^^',  aiida»  +  6«:  c«+cf«::(a-6)«:(c-(0». 
"d.  8ince  a:&::«:c^,  then  ^.f,  and  ^»^» 

6«     ■    rf*    '  *  '  c«+rf*"<i«" '(c*+<i«)«~d*' 

bnt«ince«-£.  ?!.£!,  and  ?l±i^.?l±il...  ^!±^J..*!. 
6    tf    6*     d*  6*  ci*  c*+d*     d* 

Hence  (^1+^_?1±^   and  (a«+6«)« :  (c«  +<J«)« : :  a*  +  6*  :c*  +d*. 

IV. 

1.  It  is  not  always  obviooB  what  steps  are  necessary  to  be  taken  to  arrive  at  tb» 
quaesitum  of  a  proposition.  In  such  cases,  by  assuming  the  queesitum,  it  may  he  mor& 
easy  to  retrace  the  steps  to  the  datum,  as  in  this  example.  The  datum  is  ad->^^ 
thequjesitum  isa(a  +  6+c+d)»(a+c)(6+d),  or  a*+ab+ae-{-ad^a*-\-ab+ae+bc^ 
Here  it  is  obvious  that  a^  +ab+ac  is  added  to  each  side  ofad^be. 

2.  Multiply  the  factors,  and  reduce  the  expression,  then  the  reverse  operation. 

3.  Multiply  the  factors,  and  the  identity  is  manifest.     Reverse  the  process. 
A    ir;«.f«    <^    «  +  ^    «+<'    (a  +  &)*     je-k-d)*    (a  +  3)*  +  (c+d)*     b*+d*,. 

4.  JTirst--^   -T"="rf''   '~b^ 5^'  (iTdr d^' 

at?*    ^±f    i±^    (a+ey     jh+d)*     {a  +  e)*  +  (b+d)*    !l±^* 
^        c"?      c    "    d   '       c*      "     d*     '  (6+rf)*         "    d* 

,  o     c     g+5    c  +  d    g  +  6  +  c  +  d     b-\-d    (g-f-ft+c+d)^     (6  +  rf)* 
*"    ft"?      b    "   d  '        e  +  d      "    d  '        {c+d)i      "  ~5^~ 

»  d* 

Hence  (a*+M  +  c*+<i*)(a+6+c  +  <£)*- {(a+6)*  +  (c+d)*}.{(a  +  c)*  +  (6  +  f?)*;- 
r    o     c    .    a«    oc         ^  c»     oc    .   a«     c«     -* 


2ac 

bd' 


he     ^             ,    /I      »        .  be    ,1  .   \    a^  +  be-ab-ae 
6.  fld-ftc,  d«-.    Thend+d-(6+c)«a+^-(6  +  c)- 

o«-(5-Hc)a+fe     (g-ft)(a-c) 
"  «  a 

11.  Here  od-ftc,  .-.«♦- _,   6*—^,  ^^^-JT*  ^  ""^ 

13.  Since  Ai-fte;  then  ftod-od.o,  eda'mad.c,  dabm'ad.b,  ahe^ad.ai 
,-.  6ai+eda+do6+a6c-(a+6+c+d)ai,  and 

a+6+c+d 
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V. 
1.  5=y    then?    -  .-.  5±y.£+5«>d?±2-|.  Simikply  5±i-f,  ^=f. 

a+6 ' 6+c     6+c 

2.  Let  ?=!!!f =??=?!=12,  then  ma?- JZmo,  «y«JJnJ,  j»=i?iw, 
a    77ia     n6    pc 

.-.  /2(ma+n6+i>c)=.iiw+»y+i»,  and  ^+*y+l"^g. 

iwa+ny+jw    a 

5.  The  required  expression  is  reducible  to  the  form  (bx  -  ay)*  +  (a?  -  cx)^  +  (cy  -  fa)* 
:0,  which  can  be  true  only  on  the  condition  that  each  square  is  equal  to  zero. 
.*.  bx-ay=:o,  az-cz==o,  qf-'bz'^o,  and  te^ay,  <w;=car,  ey^bz, 

.'.  -=-,  -=?,  ?^=s?.    Reverse  the  process. 
a    y    c    a    b    c 

€.  Let  ?=?^=s-=j?,  then  aj=|?o,  y=i>6,  «=j>c,  and  «»«=*!)»•,  6»y'=i)6«,  e!^z==p^, 
a    b    e 

.'.  a«a;+6«y+c*2=iKa'+^'+c')' 
Ifcxt  ?=Lf =1 ,  then  a=?,  6=??.  c=i,  and  ax«=?!,  Jy^^!,  ««=?!, 

«y«i>  jppjp  p  p         p 

.•.  ax»  +  6y«  +  (»*=l(aj»  +  y»+2*),  but  a*x+5«y+c««=iKa*  +  ^*+c*)» 

P 
.-.  (ajc«  +  5y«+o«)(a«x+6«y+c'»«)={a»  +  ft»+c»)(»«+y*+»«). 

o.   -=-1  -=-f  — = — f  — +n= — +n,  or 

a    e    z     e      z       c       2  e 


mx  +  nz    ma+ne    ,    .  y    b  ,  mxy+nyz    mah+nhe 
s  6  X    a  gat  oc 

9.  It  may  be  shewn  that  ^=^ ,  and  ^-^V^+^J^l . 

o^    a*  ab+be+ea     a* 

10.  Let  ?='V^?=p,  then  »(a+6+c)=a:+y+«,  andjior  ?=^i|^. 

a    b    c  a    a+b+c 

Also  ?:?^=^,  .•.£!=!  5±J?±f  { ',  bat  ^=?! . •.  2«= }  ?±y±? { •. 

Again,  let  g=?!=^=l*.  then  g(a»  +  6*  +c»)=»«  +y»  +a», 
a*     6*    c* 

«nd  a  or  ;!='•+»•+'•. 

11.  Since  ?=?=?,  .•.^=*l?=«,  and  let  (ff)'=(M=M»=i. 

a     6    c         a*    b*    c*  a  b         c 

then(aa;)*  +  (6y)»+(a)4=^(a+6+c):  similarly  (aa:)»+(6y)*  +  (c2)*=(a;+y+2).? 

P 
Hence  (aa;)» +(6y)» +  (»)»=(«+ 6 +c)(aj+y +2). 

13.  Here  ?=|  and  ?=? .-.  ^=5!^^!=!!.     Let;?  denote  each  ratio ; 
y     b         a    e       abe    a*     b*    e* 

then  9xyz^tb€p,  x*=pa*,  y •=!>&•,  ••■=iw» 

.'.  «»+y»+««-8ary3=(a»+5*+c«-3a6c)p 

.'.  «=^*  +y*  +2*  - 8gyg_x^ 
*  a*  +  6"+c*-8a*c~a»* 

,.   a+a    aj+6    «+a    2+c    .^^  a;+a    a;+a      .    (»+«)»    (a5+a)(y+6)(3+c) 

*.«.  ^ — - — y  >Es ,  ana  =  »  •  •   1 1    =* .  • 

aoa«  a         a  (a)  ate 

Simikrly  [^l"«(£±fKy±^>(!L±£)  and  /g+gy_(a?+«)(y+^)(«+c) 
C6J*™  ate  \c/  ate 
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3(a;  +  a)(y+5)(g+o) 

_8(x+a)(.y  +  &)(3+c)    3(g+a)(y+d)(g+c)_6(a?+a)(a;+6)(a;+c) 
"^  abc  abe  abc 

•'•  ^  1  ^+^  +^  I  *=6(a;+a)(a:+6)(«+c). 

VI. 

a     h      f  ' 

1.  Since -=-=-,  ,',b^=aCf  c*=hdt  aiidad=bc, 
oca 

or(6+c)»=a(c+rf)  +  &(c  +  <0=(a  +  &)(c  +  d). 

8.  Hcroc(a+2c  +  «)=ac  +  c*+c-+aJ:  sinco  ?==-==^==* 
4  Since -=,-,  .-.  6«=a<:,  and  aa+6«=-a«+ac=a(a+c), 

5    c 

and  6*+c*=sac+c'=c(a  +  c), 

.-.(»« +  6«)(6*+c«)=ac(a+c)*=6'(a+c)«=(a6  +  6c)«. 
5.  The  products  form  an  identity,  when  ad=bc. 

0.  Let-=-=-=p,   then  --—_.=:_-=•, 

0     c    rf  ao     oc    ca    '^ 

.  •.  a«  =i?a6,  &•  =2?6c,  c'  =^wd,  and  a«  +  6'  +  c*  =^(a5  +  ac  +  6c). 

Again  ^=?^=^=j?  .-.  6a=i>6»,  2«=iicS  crf=jprf», 
J*    c^    d^ 

BJidp(b*+c*+d^)—ab  +  bc-{-cd;  but  a«+6"+c*=j3(a6+ac  +  ftc) 

9.  b'=ae,  then  a*  -  6'  =«'  -  a<;=a(o  -  c) ;  c*  -  6"  =c*  -  ac=  -  (a  -  c)c, 

a«  -  6*     c*  -  6"    a  -  c  (  a    c  )      (a  -  c)ac        oc        6' 

VII. 

1.  Suppoae  the  result  that  ^i-,  h,  be  axe  proportionals, 

b  +  c 

thcni^i^«6«    mdae+bc^b^+bc,  .-.  ac-6".    The  reverse  offere  no  difficulty. 
6+c 

If  also  a,  6,  c  are  so  related  that  a+J+c=0,  and  a-*  +  6-»  +c-^=0  ; 

then  a^=be,  b^=ac,  c*=db,  or  that  one  of  the  three  quantities  is  a  mean  proportional 

between  the  other  two. 

2.  Since  *-±^=?:iff,  thena«-c«-d»-rf«, 

o+rf    a-c 

«ida«-6«-c''-ci*,or(a+6)(a-6)-(c+rf)(c-rf). 

8.  i^LZL^I  .^Ll£ ;  subtract  unity  from  each  side, 
(6-d)*     e-d 

^^  ^'*"(?-Jr'"'^^'°^'  dividing  by  (a -c).(&-ef), 
then -^LZ£_-._1_       ^  ft-c 
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and  .  •.  («— c)(c  -  rf) — (6  -  e)(b  -  d), 
orac-arf-c*+€d=6*-M-6c+ai» 

or(«-6)(c-«0-(6-c)«. 

6.  Hew  -a(ac'-a'c)«-(a'd-a*0{fl(rt'6-fl6')  +  6(as'-«'«)} 

-  (o'6  -  ay)  {a'ftc  -  oft'c + oJtf' -  a'ftc} 

.-.  (a<j'-a'c)«-(a'5-ay)(yc-6<0- 

6.  If  unity  be  sabtracted  from  each  of  these  equals,  and  the  resnlt  redaced,  it 

l)ecome8  6*  +  6c + c* = a*  +  orf + <!• . 

7.  Let  each  expression  be  pat  equal  top,  then  2p=e+d. 

8.  See  Arts.  18  and  19,  p.  13. 

9.  The  relation  between  the  two  quantities  gives  a;=  -  y. 

11.  By  reducing  the  expression  it  becomes  a«  -  ai=6»,  whence  -=  ~^    • 

12  a+(a«+6«)l    c+(c»+rf')*    ^^^,,315^  t^e  denonunatois, 
a_(a«-6«)fc    c-(c» -<«•)* ' 

then  5Lti^!±5!^=^  ,from  which  by  reduction  may  be  found  (fc-arf)»=0. 
c+(c«+<i«)i    d 

18.  By  adding  the  two  equations  there  results  (1  -  «)* + (1  +  »)*=2y*,  from  which 
may  be  deduced  (1-«)(1 +»)=(! -2y)». 

VIII. 

1.  ax^-by=»-cz,  o'a;+yy=-e'a,  then    ——^s-ri 

ax + ay     c 

whence  -=14 — r.  similarly  -=-7; — n  and 
y    a^-oc  2    <uf-ao 

y    dc—ad        .         g V     ^ £ , 

«"*5rZa'6'    "  b'c-bcf    ad-a'c    aJU -dh' 

2      *^*'^^* L,  from  this  may  be  found  ?,  and  so  for  the  rest. 

3.  Since -f=|;.  then-J^=-^.  .-.  („-.)  |-^-^J  =o. 

.'.  a- 0=0,  and--— -r---s=o. 

4.  Let  each  ratio  be  put  equal  toi>,  then  i>(a+ 6 +c)-o. 

6.  Equate  yalues  of  z  between  the  first  and  second  ratios,  then  between  the 
second  and  third,  and  ya22. 

«.  By  combining  the  first  expression  with  the  second,  and  the  second  with  the 
third,  and  equating  the  yalues  of  y,  tiiereroenlUa(a«  +  6'  +  c')2-c(6'+c«+o«)« 

and  ex^az. 

a-b    «-y. 


8.  First  shew  that 


b-e    y-z 
Hew  is  given  a(y  - 1)  +  5(« -«)+ c(a!-y) -0 
then  a(y-s)+fe-te-c(a;-y) 
add  —by  to  these  equals, 

.•.a(y-«)-6(y-«)=K«-y)-«(«-y) 

or(a-6Xy-2)=(6-c)(«-y) 

-  J    .   a-b    6-c 

and  .'. ■» • 

x-y    y-z 
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Similarly  may  be  shewn  tliat  ~lf  »^^. 

9.  Let p denote  each  ratio,  then  cy-^-hz ^p{h  -c)taz'\'ex ^p{c  -  a),  &b + ay  ^p(a -  ft), 
.*.  fcB+eaB+ay+ey+c»+fe>BO,  add  ofe+dy+cs  to  each  side 
and(a+&+e)a;+(a+54'e)y4'(a-l*&+e):;-iaa;+&y+c2. 

10.  Let  ?Ltr  •!>,  then  a +6«2?(»+y),  similarly  6+ c-(jf+s)p  and  c+ a  »(a;+2]|p, 

«+y 

then  adding  these  equalities^  2a+2&+26>-2p(as+y+s)  and  j)».^'^^'^^ 


««    a;    e{    a;+a    d-¥y    x-^-a    a 
a    y      ,a         y      d-i-y    y 


sc+y+» 


y 

x_a    x-\-d    o-f y    ag  +  rf    d 
d""y*     d  ™   y  *  a+y"*y' 

?  J.  ?^?,  i+i«?LL^  and  «+ft=^£±^. 
a    c    0    c       o         c  e 

c    y    c    6       6  D  6 

(rf+y)(a+y)(c+y)'"y'y"    c    *(d+6)c 

~y'a*(cf+6)<!«~(rf+6)c«y' 
12.  By  equating   any  two   of  the  ratios,  the  following   ezpressbn   resnlts, 

acy + a» + yi  ■■«y*(» + y + «)  ■■  0. 

18.  Assume  the  results,  and  from  them  form  the  given  equations,  and  then 

reverse  the  process. 

IX 

1.  See  Art.  22,  p.  15.      2.  x—-^^.y,  and  .*.  a;ocy. 

a-'C 

3.  Let  ax*  +  hy—p(cx*  —  <^y)i  where  p  is  some  constant  quantity, 

then  aj=  j  *±^  {  *.y»,  .  •.  «ay». 

4.  Let  x^a^p{y-'b)f  p  being  constant,  when  x=^m  and  y^n, 
thenjg=^~?,  and  a;~a=»^^^(y~5)  is  the  equation  required. 

6.  Let » + y^p{x  -  y),  then  x«  +  2a:y + y »  =/>« (aj»  —  2a?y + y«) 
and(/»«-l)(a:«  +  y»)=2(p«  +  l)ary,  .-.  x«+y»=?^!±^xy,  .-.  a:«+y«oca:y. 

Oonversely.    Let  as'  +  y '  =pxy,  then  a;'  +  2xy + y * = (/>  +  2)ary,  and 

a:*— 2a:y+y'=(/?-2)a;y ; 

(«-y)«    |>-2'  «-y      C|>-2^  *      (i?-2) 

and»+y««-y- 

6.  ary*=64. 

7.  Since  a;ay,  leta;=j?y,  thena5*+y*=(;>»+l)y*  anda5»-y»=tp»— l)y«, 

•••11^=^1'  and«»+y»=^^.(a:«-y»),  .'.x'+yaaj'-y. 


•9 


11.  The  equation  connecting  x  and  y  is  2y=>S3:'  -f-Sx*  +a^  and  tiie  value  of  y  is 


162  when  x^4. 

12.  y=li2  +  ?fl 
'    18**  13 
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X. 

1.  See  Art  22,  p.  16,  and  Art.  26,  p.  16.    The  constant  multiplier  is  — -  • 

2.  Here  y=p(x+z),  y^=^qxz,  then^=(x+«)*  and— =*4a» 

...  £j:iP!.y. =(«-.)»,  and  (^^ ^=c«,    Suppose. 

35  +  2  *  C— 1  t     ■ 

.'. =c,   and  «= — -.«,  .'.  zoc«.\  also  sa;aa;*, 

«-«  c+1 

but  y*  oeasB,  .*.  y^  oex*  and  y  aas. 
8.  Let  y=^  andaj=j(«+y),  then|)=g(yj+y«), 

and  ?=ys+y'=4  +  4=8,  when  y=2  ands=2. 

And  since  ys^^-y',  when  y=4,i8=8-16=-8  and  2= -2. 

4.  s  =  2y  -  «. 

5.  Since  a;ocy  and  a^az*^  then  x=py,  and  2y=^*; 

SB  k  h 

,\  xyz=qz*f  -s=p,  .'.x*=pm*  and  x=p  q  2, 

y 

also  «=?=?t.«;  .'.  Jc'+y»+2»=(pV+j*i>"^+il^ 
j>   ?*  I  y  q 

=  /l?*^^  ^.  gap"a + q" » Ja!y«.    Hence  x»  +  y  •  +  s»  a  jcyi. 

6.  Since  x'^  ocyz  and  y^  ocxz,  let  x*=^p*yz,  y^—  -q^xz,  p,  q  being  constants, 

Then5!=li:!.?  and  ?!=?!,  5=?;  5!=»!,  51+w!^?!!?!  and 
y*   q'  X       y'   q'   s  s    y'   j".      y'         ?• 

a:.+yt^Pl+i!.y._(£!+£!)i!f.'„(p.+j.)j«.    Also  since ?=?,  y+x=t±S.x 

Hence ?!±?^=l£l±?!]i?^=f^!±?!>W.2.  andir«+y=(il±l!)W.(«+y)2. 
x+y  {p+q}x  p+q  p+q 

7.  Letz=P+Q,  andletPaa:,  and  Qa-,  then  P=iw  and  0=^,   .•,  a=:ttc+?. 

y  y  y 

when  x=2,  y=l,  and  2=80,  .'.  80=2^+^, 

a;=8,  y=^,  and  2=15,        15=8p+82',  . '.  i>=25  and  g=  -  20 

20 
.  *.  2=252; .    And  when  sb=8,  and  y=4,  then  2=70. 

y 

10.  Let  as,  y  be  the  two  quantities,  and  z  the  third  quantity, 
thena5-y«(a5'-y»)2^  and  a; -y«(x*+y»)2; 
Let  x+y=p[x*  -y*)2,  and  a!-y=5(»»  ■^y*)^^  p  and  q  constants, 

.  *.  ^— UL_i  ,^Lzy ;  then  adding  and  subtracting  unity  from  the  equals. 

«'— y*  p  *+y 

2a;*    ^{p+q)x+{p-q)y   ^^     2y«    ^     (p-g)a;+(y  +  ^)y 

x*-y*         i>C«+y)       *        x»-y*  i'C-c+y) 

•  '  y*     "(p-j)a;+Cp+g)y       nas+y'      T'+fiT 

And2»=-i±^,  if?=«.    «2*+2»=-«-«  n2«+2=-l_^, 
nz+l        y  s     s* 

»(«"+2+l)+(2+I)=2»i,   or   »(«+l)«  +  (2+l)=:2rt. 

:  and  2+l«^l±<?!^l±li*=im  suppose  ; 

s  2n 
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y  2  I  2  J    *^ 

.*.  ojoe^y  for  m  is  conBtant. 

XL 

1.  If  a%  y,  2  denote  the  shares,  find  x  in  terms  of  y  from  one  proportion,  and  z 
in  terms  of  y  from  the  other ;  then  the  sum  of  tho  shares  in  terms  of  y  is  eqnal 
to  £1,000. 

From  which  y=^?2^><21,  «=?li52«2ill,  .^^200x21^ 
*^  39       •  89         '  18 

bde 

2.  —  horses.      8.  One  72  and  the  other  54  years  of  age. 

4.  Thegain  percent  is  ^^Q^'^-^^-'g. 

tn 

5.  The  share  of  gain  of  each  partner  depends  both  upon  the  amount  of  his  capital 
and  the  time  it  is  employed  in  the  partnership. 

ma  represents  the  efficiency  A*b  capital,  and  nb  of  B*b, 
Let  X  and  y  denote  A*b  and  B'b  gain  respectiyely. 
Then  ^— *    ma+nh    x-\-y ,  ^^  J^^V    w5+wia    y-fa; 
nb'~'y        nb     ~~   y    '         wa~~aj'      ma    "^    x 

tat»+y=i».-.!2i±-'!*=?  and  ^+^JP. 

ma       X  nb        y 

OTmaA-nb'.mazipix,  Bnd.ma+iib:nb::p:y, 

The  method  may  be  extended  to  8,  4,  or  more  partners. 

If  each  partner's  capital  was  engaged  for  the  same  time,  that  is,  if  iii=n,  then 

the  relation  wiU  be 

a+b:a::p:x,  anda+ft:&  ::i>:y. 

^    mv X 100m 


^#. 

^am.'tt  a« 

>«AW    n.v« 

100 -J? 

7. 

LetVj 

a^iyt  2 

;  denote  what  each  creditor  has  to 

receive, 

then 

«+«+y+«= 

:21000. 

i^nd 

v    8    X    4 
x^2'  y^'b' 

and  H- 

2 

6 
=7* 

Then 

X    2 
since  ~=- , 

V    3 

2v 
•  •   *=  8  • 

-.-=-=". -=^,   and  y=-— , 
X  y    y    2  6    o  6 

V  a;  y    i;    8  4  6    86      «^j   .    35t7 
xyzs257    85  86 

.".  «+«+y+s=sv+  —+~+— =21000,  from  which  v  can  be  fonnd. 
*  ^  8      6  ^  86 

8.  929  chapters  in  the  Old  Testament,  and  260  in  the  New. 

9   The  ratio  of  the  power  of  ezpoeition  of  Professor  A  to  Professor  ^,  is  as  1  to  2. 

10.  186  voted  for,  190  against  the  question,  and  876  members  voted. 

XIL 

1.  See  note,  p.  6  ;  and  Elementary  Arithmetic,  Sect.  XL,  pp.  6—7. 

2.  If  P  the  principal,  r  the  interest  of  one  pound  for  one  year,  and  M  the  amount 
in  n  years ;  then  if =P(1 +9ir)  at  simple  interest. 

If  ^r=2P,  then«=l;  when  if  =8P,  «=?. 

r  r 
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At  5  per  cent  a  snm  doubles  itsdf  in  20  yean,  and  trebles  itself  in  40  yean. 
Next  Jf=P(l +r)"  at  componnd  interest. 

whenif=2P,  thenP(l+r)"=2/>,  (l+r)*=2, -filog(l+r)=log2 

.-.  «=_J5^      Similarly,  if  Jf=8P,  then  n=.  ^^^^  -. 
log(l+r)  -^  log(l+r) 

If  the  nte  be  5  per  cent,  then  n»f-l^»^|^^^=14i  yean  nearly,  the  time 

'^  Iogl'06     -0211893        ■■'  ' 

in  which  a  sum  of  money  wonld  double  itself. 

Also  n=r^^=;?^^l|l?=22i  yean  nearly,  when  a  sum  would  treble  itself. 
logl-06     -6211898  "^  ^ 

3.  The  rate  of  interest  is  ^^^^^""^^      4.  See  note,  p.  6. 

6.  The  rate  of  interest  is  6}  per  cent,  per  annum,  and  the  sum  is  £108. 

7.  At  simple  interest  the  amount  of  one  farthing  for  a  thousand  yean  at  5  per 
cent,  per  annum,  is  £20  Ids.  8d. 

At  compound  interest  the  amount  of  one  farthing  for  1000  yean  at  5  per  cent. 

per  «.nuui.  ia  equl  to  M 


lOOO 


960 

The  characteristic  of  the  logarithm  of  this  number  is  18,  found  from  tables 
calculated  to  seven  places  of  decimals.  It  follows  that  the  corresponding  natural 
number  to  the  logarithm  will  consist  of  19  places  of  figures,  the  first  five  of  which  are 
16117,  so  that  the  amount  exceeds  one  quadrillion  and  six  hundreds  of  thousands  of 
trillions^of  pounds. 

8.  HereP(l  +  r)*=2/'=P(l  +  2r)»  .-.  (l+r)-=(l+2r)*,  taking  the  logarithm* 
of  these  equals,  mlog(l  +  r) =nlog(l  +  2r) 

n     log(l+r)  ir-rf        rf       rf 

g^log(l4-r)^  half  yearly,  and^_l?«fliL^  quarterly. 
«    logd+i)  »    log(l+J) 

10.  Let  X  pounds  be  the  Talue  of  one  acre,  then  Nx  is  the  Talue  of  N  acres,  t£e 
first  mortgage. 

When  the  price  of  land  has  risen  n  per  cent,  then  NyX{l  +  — •^  is  the  value  of  the 

mortgage. 

Again  the  second  mortgage  is  taken  on  N  acres  at  the  increased  price,  and 
Nx(^  +  r^)  is  the  value  of  the  second  mortgage ;  and  this  is  paid  off  by  N^  acres  at 
the  first  price  of  n  pounds  an  acre. 

Hence  ^v=^  but  ^=^.  .•.^Z:^=_J_.  .nd 

XIIL 

1.  If  «  deoote  the  ipace^  and  ( the  time, « vlM*. 

2.  ^-167-6  inchea. 

8.  The  Telocity  of  the  hoftt  in  ttill  water  i«  6  miles  an  honr.  , 
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The  Telocity  of  the  stream  is  2  miles  an  hoar. 

The  velocity  of  rowing  trith  the  stream  is  6 + 2  «  7  miles  an  hour. 

The  yelodty  of  rowing  against  the  stream  6  -  2  >-  8  miles  an  hour. 

.  *.  7 :  10 : :  1 :  If  hoar  the  time  of  rowing  10  miles  vnth  the  stream, 
and  8 :  10 : :  1 :  3^  hoars         „  „  against  the  stream, 

.*.  If +  8|^>"4^hoars,  the  time  of  rowing  10  miles  icri^and  10  miles  against 
the  stream. 

Although  the  force  of  the  stream  accelerates  the  boat  as  much  one  way  as  it 
retards  it  the  other,  the  iivM  is  not  the  same  as  if  the  hoat  had  been  rowed  20  miles 
in  still  water,  as  10  miles  toUht  and  10  miles  ogaiMt  the  stream  would  be  accom- 
plished in  4  hours. 

4.  Let  X  be  the  number  of  hours  in  which  the  distance  a  is  rowed  with  the 
stream,  then  t-x\a  the  number  of  hours  in  which  the  same  distance  is  rowed  against 
the  stream. 

Then  x :  1 : :  a :  -  the  rate  per  hoar  of  rowing  with  the  stream, 

X 

and  t-xiliiai the  „  „  against  the  stream, 

t  ■~  X 

,   a      a        J,    ^  «^j  ae      ab      ,  x    t^x 

X '  t-x  X     t—x        e      o 

t4.  hi 

.*.  x^^—  ■■tune  with  the  stream,  and  b^x^- —  i^time  against  the  stream. 

And  a-i-T—  »^^       \  time  tmth  the  stream —rate  of  rowing + rate  of  stream. 
b+e       ct 

also  a-r       s^l^^ =time  against  the  stream  orate  of  rowing  -  rate  of  stream. 

'  .-.  2XnLte  of  .tmm-?<5+^-?(*±^-2<*l^ 

et  bt  bet 

and  rate  of  stream =2L_lf-'  miles  an  hour. 

2ba 

6.  Here  a  agents  produces  effect  e  in  time  <,  then  one  agent  produces  effect  --  in 

an  unit  of  time. 

But  since  the  units  of  &^  are  not  the  same  as  of  a,  a',  suppose  x  units  of  the  same 
magnitade  sa  those  of  a  or  a'  be  equal  to  6'. 

Then  a:x::b:l/  ,\  «=-=-, 

and  a' + b'  *af +iJ!—^  "*"        units  of  same  magnitade  as  of  a  or  a\ 

b  b 

Then  ^'^'*'^  agents  produce  effect  ^  in  time  f, 
b 

. •.  1  agent  produces  effect ,  ,^  ^./,,>  t  in  *»  ^^^  o^ ^^^ 
^       '^  {ab  +  ab)tr 

Hence  —  —  r-n TTT^i  ^^^  — =-i r-; • 

al    {afb+al/)lf'  «  be' 

.   ^     {a'b  +  aJ/)tf     fa' J.  ft')    «' 

••T"— ss — ly+Trr 

<(.  Suppose  the  pastures  in  acres^  and  the  times  in  months. 
Let  X  be  the  number  of  oxen  required. 
And  let  y  denote  the  quantity  of  grass  on  one  acre  at  first, 

z  the  growth  on  an  acre  in  one  month. 
Then  y+^,z«grass  on  one  acre  in  t^  months 

y-k-t^s^        „  „  t%      II 

y  +  <j*»  II  n  ^«       >i 
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And  b^{y+tiz)»gnM  on  bj  acres  eaten  by  a^  oxen 
6,(y+<fl2)-      „       b^  „  a,    „ 

Since  the  qnantitj  of  gran  eaten  ia  propoitional  to  tlM  number  of  ox^. 

Whence  gA^  *'*i  Va^^i^  -^»^ , 
from  which  may  be  determined 

<i-<t'  *.      <i-<a*  fti   ' 
7.  Let  X  denote  the  nomber  of  hoars  they  traTcl  before  they  meet ;  and  let  f^ 

the  distance  the  first  has  trayeUed^  then  the  other  has  traTcUed  a-y  miles. 

Thenyim-yiixici,  tOkdm-yzyiXib 

-M. :S  imd  2LJ'=5  ...  "'^i  «,d  «=(aJ)*. 

m-y    a  y        b        ao 

m  *•  The  first  performed  the  jonmey  in  a+ (a6)^  hoars,  and 

the  second  in  (+(ai)^  hours. 

9.  Let  A  and  B  denote  the  lamps  a  feet  aparl^  and  if  the  point  required  be 
X  feet  from  A,  it  is  a-x  feet  from  B, 

Also  let  m,  n  denote  the  intensities  of  the  light  one  foot  from  the  lamps  X,  B 
respectively. 

The  intensity  of  light  from  lamp  at  distance  x  from  Aimii  ^i-— 

X  A 

1  1 

And  intensity  of  light  from  lamp  at  distance  a-x  from  Bum 


(a-x)«     1* 


•  *•  Intensity  Ught  of  lamp  at  distance  x  from  A=^ 


and  „  „  „  (a— aj)  from  B^  . 

[a — scj" 

Then  — =7-- — r- .  from  which  the  distance  x  can  be  found, 
sc*     (a-xy 

1 0.  The  earth  and  the  planet  Venus  are  next  in  coxgunction  after  679  *858  •  • .  days^ 
or  nearly  580  days. 

11.  Both  the  hour  and  minute  hands  are  together  at  12  o'clock.  And  when  tho 
hour  hand  points  to  1  o'clock^  the  minute  hand  is.  at  12.  It  is  required  to  find  » 
general  expression  from  which  may  be  found  when  the  minute  hand  is  coincident 
with  the  hour  hand  between  the  hours  h  and  A+ 1. 

Suppose  the  minute  hand  points  to  12  when  the  hour  hand  to  h  hours.  Let  th» 
hour  hiuid  more  over  x  minut^  divisions  on  the  dial  plate,  then  the  minute  hand  in 
the  same  time  moves  over  bh+x  minute  divisions  before  it  overtakes  the  hour 
hand. 

But  the  minute  hand  moves  12  times  as  fast  as  the  hour  hand, 

6A+»    12 

ri 

.*.  «=Y?>  ^^  'P'^^  ^®  ^^^  YiBSuSi  has  moved  over, 


60A 

cne  spac 

Here  h  may  be  1,  2,  8,  ftc.,  to  31. 


12xa— ,  the  space  the  minute  hand  has  moved  over  in  the  same  time. 
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60    ^S 


If  h^l,  12a;=3^:s^  minntes  past   1  o'clock,  wlien  the  hands  are  together 

between  1  and  2  o'clock. 

A>-2,  12xK^^a>10  -^  minutes  past  2,  when  the  hands  are  next  together,  and 

80  for  the  rest  of  tiie  coincidences  daring  the  12  honrs. 

12.  The  son  and  moon  are  next  in  conjunction  when  they  are  in  the  10°  45'  of 


Cancer. 


XIV. 


1.  One  port  is  23^  inches,  the  other  16}. 

2.  Let  X  be  the  length  in  yards,  then  ^+2,  1+a^  220 -f-a^  1760 +a;  form  a  pro- 
portion, and  x«»— ^\/yV  ^^  ^^^  7<^  ^^  "^H^^  inches. 

The  negative  sign  indicates  that  this  length  is  to  be  subtracted. 

3.  Let  ABO  be  the  giyen  triangle,  of  which  £C  is  the  shortest  side ;  it  is  re- 
quired to  find  a  point  in  the  side  AO  from  which  a  lino  drawn  parallel  to  BC 
shall  divide  the  triangle  into  two  equal  parts. 

Suppose  D  the  required  point  in  AO  from  which  the  line  IJE  is  drawn  meeting 
the  side  AB  in  2?,  and  dividing  the  triangle  into  two  equal  partd. 
Let  AD^x^  DE=^y,  and  put  AB^^c,  AO^b,  BO=^a. 

Then  g^°^|^f=44-'=^!.  (Euc.  VL,  19),  also  *1?E^?4^=!. 
tnangle -4i?C7    AC*     6«  triangle ^J^C     2 

.-.—=1,   and  x=^2-==AD. 
b*    2*  V2 

.'.  The  point  2)  in  AC  is  known,  from  which  the  line  DE  is  to  be  drawn 

parallel  to  BO 

DA     CA  X     b 

.-.  y=^~  X  4-=4:-=I>JE:.  the  length  of  the  edge. 
0      0    *J2t    v2 

4.  Lot  x,  y  denote  the  weights  of  the  two  substances,  then  a;+y"*a, 

via     J  ..      na 


and  xxywmm^  from  which,  a;» ,  and  y 


Let  2  be  added  to  the  former,  then  x-^z  \  y  \\  m!  \  n! 

.\n'x+n'z^m'rf,  .^zj^^-'f'^^  buta;— !5!2L,  andy.. 


na 


.         (wM»'— wi')a 
{iii+n)n' 
Next  let  z  be  taken  from  the  latter. 

Then  «  :  y— « : :  «i' :  n',  .'.  »'a5—«i'y— «»'« 

5.  The  length  isaf^j^ 

6.  In  the  first  vessel  the  water  is  }  and  the  wine  | ;  in  the  second  the  water  is  -^ 
and  the  wine  •^.  U  os,  y  denote  the  quantities  drawn  from  the  vessels^  so  that  the 
quantity  of  water  may  be  5  and  the  wine  11  gallons. 

Then  ??+?l^-6,  and??+ZS.ll:  from  which  a?- 2,  y- 14. 
6^10  6^10  ^^ 

7.  Let  the  mass  consist  of  x  pounds  of  A  and  y  pounds  of  B,    Then  x+y»p, 
Since  p  pounds  of  A  loses  b  pounds  when  weighed  in  water 
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:\p:x::b:-.  the  wetght  lost  by  x  ponnds  of  A^  when  weighed  in  water, 
andp:y::c:^  „  „       y       „        ^  „  „ 

•  '•  y—     J^~  <^^  ««S!^Ll!!Z,  the  portiona  of  which  the  mass  is  composed. 

This  giyee  a  eolutipn  of  the  question  King  Hiero  proposed  to  Archimedes^  The 
story  is  told  by  Yitrayios,  and  is  briefly  this.  Hiero  had  delivered  to  a  goldsmith  a 
certain  weight  of  gold  to  be  oonverted  into  a  rotlTe  crown.  The  king  suspected 
that  the  crown  he  received  from  the  smith  was  not  of  pore  gold,  though  of  the 
proper  weight,  but  that  it  was  alloyed  with  silver.  He  applied  to  Archimedes  te 
ascertain,  without  melting  the  crown,  whether  it  contained  alloy.  It  occurred  at 
once  to  him,  that  if  a  weight  of  pure  gold  equal  to  the  weight  of  the  crown  were 
immersed  in  a  vessel  full  of  water,  and  the  quantity  of  water  left  in  the  vessel 
measured,  on  the  gold  being  taken  out ;  by  doing  the  same  with  the  crown  in  the 
same  vessel,  he  would  be  able  to  ascertain  whether  the  bulk  of  the  crown  were 
greater  than  the  bulk  of  an  equal  weight  of  pure  gold.  According  to  Yitruvins,  as 
soon  as  he  had  discovered  the  method  of  solution,  he  leaped  out  of  the  bath  and  ran 
hastily  through  the  streets  to  his  own  house,  shouting  Iwyniata,  IvpqKa  1 

Suppose  the  crown  weighed  20  ounces.  If  19*64  ounces  of  pure  gold  lose  one 
ounce  when  weighed  in  water,  and  10*5  ounces  of  silver  lose  one  ounce  when  weighed 
in  water,  it  will  be  found  that  the  crown  was  compounded  of  1478  ounces  of  gold» 
and  5*22  ounces  of  silver  alloy. 

11.  If  s  denote  the  volume  and  x  the  radius  of  a  g^obe,  then  soex*,  and  S'^px*^ 
where  i?  is  some  constant. 

When  a;«a,  &,  let  a  become  Sp  s,  respectively,  then  s,  ^pa*,  s,  ^pb', 

andSi+s,-|)(a»  +  6«).    If  ff,-|-ff,»s,  then  j?ar»-i>(o«  +  6"j,  and  a!-(a«+*«)*,  the 
radius  of  the  required  globe. 

12.  Here  soea;*,  and  s^px*  where  j>  is  constant 

When  x»8,  4,  6,  let  s  be  denoted  by  s^,  s^,  s,  respectively, 
thens,«>;i.8*,  «4-i>.4*,  *,-i>.5«,  ands,+*4+»a-i>(8*  +  4*  +  5«)» 

but  #-!«•,  .*. f »^,    ?*    ,, .    When  «-6,  let  s-s„ 

then fi as;: — ? =-—lf  .".»*■»«.+ #4+ »«. 

«t+«4+«»       8»  +  4«+6»  '  •  »  4  5 

14.  If  a;  denote  the  weight  at  the  surface  of  Jupiter,  a? «  68*5  pounds  nearly. 


EDITED  BY 

ROBERT  POTTS,  M.A.,  Trinity  College,  Cambridge, 

HON.  XL.D.,  WnXIAK  Ain>   ICABY  OOLLEOE,    VA.y    t7.8. 


EUCLID'S  ELEMENTS  OF  GEOMETRY. 

1.  Euclid's  Elements  of  Qeometry,  the  Uniyersity  Edition,  with 
Notes,  Questions,  and  Geometrical  Exercises,  selected  from  the 
Cambridge  Senate- House  and  College  Examination  Papers,  with 
Hints  for  Solution  of  the  Exercises.    Demy  8vo.,  pp.  520,  10«. 

2.  The  School  Edition,  with  Notes,  Geometrical  Exercises,  &c» 
12mo.,  pp.  418,  4«.  6rf.  Books  L— IV.,  3«.  Books  I.— III.,  28.  6d. 
Books  I.,  II.,  1^.  6d.     Book  I.,  Is. 
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Critical  Remarks  on  the  Editions  of  Euclid. 

"  In  my  opinion  Mr.  Potts  ha»  made  a  valuable  addition  to  Geometncal  literature  by 
his  Editions  of  Euclid's  £lement8.'*~Fr.  WhewelL  D.D.,  Master  of  Trinky  CoUege. 
Cambridge.     (ISiS.) 

"  Mr.  Potts  has  done  great  serrice  by  his  published  works  in  promoting  the  study  of 
Geometrical  Sdence."— -J?.  PhilpoU,  DD.,  Matter  tf  Si.  Catharin/g  ColUge.    (1848.) 

"  Mr.  Potts*  Editions  of  Eucnda  Geometry  are  cbaracterixed  by  a  due  appreciation  of  the 
spirit  and  exactness  of  the  Greek  Geometnr,  and  an  acquaintance  with  its  history,  as  weU 
as  by  a  knowledge  of  the  modem  extensions  of  the  Science.  The  Elements  are  given  in 
such  a  form  as  to  preservo  ^tiirdy  the  spirit  of  the  ancient  reasoning,  and  having  been 
eztensiyely  used  in  Oollegoi  and  ^blic  Schools,  cannot  faU  to  have  the  effect  of  keeping 
up  the  study  of  Geomelcjr  in  its  original  purity.**— Jl  C?ka//t«,  M.A.,  Plumian  Prqfeuor 
of  Aeironomjf  and  Experimental  Phtheophy  in  the  Univertky  of  Cambridge.    (1848.) 
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*n  the  University  of  Cambridge,  and  Dean  of  Eh.    (1848.) 

'*By  the  publication  of  these  works,  Mr.  rotts  has  done  very  great  service  to  the 
canae  of  Geometrical  Science.  I  have  adopted  Mr.  Potts'  work  as  the  text-book  for  my 
own  Lectures  in  Geometxy,  and  I  believe  that  it  is  recommended  by  all  the  Mathematical 
Tutors  and  ProfoBSors  in  this  University."— J?.  Walker,  M^A.,  F.IC.8.,  Header  in  Eaeperi" 
mental  Philosophy  in  the  University.  andTvtor  of  Wadham  Colkge,  Oxford.    (1848.) 

**  When  the  greater  Portion  of  this  Part  of  the  Ck>um  was  printed,  and  had  for  some 
time  been  in  use  in  the  Academy,  a  new  Edition  of  Euclid*s  Elements,  by  Mr.  Robert 
F6tti,  MX,  of  Trinity  College,  Cfambridge,  which  is  likely  to  supersede  most  others,  to 


the  extent,  at  least,  of  the  Six  Books,  was  published.  From  the  manner  of  arranging  the 
Demonstrations,  this  edition  has  the  advantages  of  the  symbolical  form,  and  it  is  at  the 
same  time  free  from  the  manifold  objections  to  which  that  form  is  open.  The  duodecimo 
edition  of  this  Work,  comprising  onl^  the  first  Six  Books  of  BucUd,  with  DedacUons  from 
them,  having  been  introduced  at  tms  Institation  as  a  text  book,  now  renders  any  other 
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*'  Mr.  Potts,  by  the  publication  of  his  Bdition  of  Euclid,  with  its  most  valuable  notes 
and  problems,  and  the  solutions  and  commentaries,  has  recalled  the  attention  of 
Englishmen  to  the  subject : — ^first  in  his  own  and  the  Sister  Universities,  then  in  the  public 
schools,  and,  finally,  in  most  Scholastic  EstabUshments  in  the  Country. — His  Euclid  is  one 
of  our  own  text-books  in  the  Boyal  Military  Academy,  and  we  find  its  arrangements  and 
additions  exceedingly  condndve  to  the  acquisition  ox  a  thorough  understanding  of  the 
subject  by  the  Gentlemen  Cadets."'^  r.  S.  Vaviet,  Profeuor  of  Mathem/aics  in  the  Royal 
Militery  Academy,  Woolwich,    (1848.) 

"  The  Edition  of  the  Elements  of  Euclid  which  Mr.  Potts  has  published,  is  confessedly 
the  best  which  has  yet  appeared."— ^/oAn  Phillips  Higman,  M,A,,  F.R.8^  hte  FeUow  and 
Tutor  of  Trinity  College,  Cambridge,    (1848.) 

*'  Mr.  PottB  has  lately  publishea  an  Edition  of  Euclid's  Elements  of  Geometry,  which  he 
has  illustrated  with  a  collection  of  Examples.  I  consider  that  he  has  performed  his  task 
with  great  care  and  judgment,  and  that  the  work  seems  to  bid  fair  to  possess  a  larger  share 
of  popular  &vour  than  any  edition  of  Euclid  yet  published."— iS.  Buston,  BJ),,  Fellow  and 
Tutor  of  Emmanuel  College,    (1848.) 

^*  I  conidder  Mr.  Potts' Edition  of  Euclid  to  be  a  most  valaable  addition  to  our  Gambridge 
Mathematical  literature,  and  especially  to  the  department  of  Geometry  j  and  look  to  it  aa 
a  great  hdp  towards  keeping  up,  and  indeed  reviving,  the  true  spirit  and  feeling  for 
Geometry,  which  of  late  years  had  beoi  too  much  neglected  among  us." — W.  WiUiamsonf 
B  J),,  Fellow  and  Tutor  oj  Clare  College,    (1848.) 

**  I  believe  there  is  a  general  opinion  in  this  University  that  the  Principles  of  Euclid 
and  Elementary  Geometry  cannot  possibly  be  presented  to  the  mind  of  a  commencing 
student  in  a  better  form,  nor  be  accompanied  by  a  more  judidoos  selection  of  problems, 
with  hints  for  their  solation,  than  occurs  in  the  pages  of  Mr.  Potts'  publications.  By 
combining  sjrmmetry  of  arrangement  with  simplicity  of  language,  and  by  restoring  the 
svllogiBm  to  its  plain  and  simpte  form,  so  as  to  make  an  introduction  to  Geometry  serve  at 
the  same  time  as  an  exerdse  m  logic  (an  advantage  which  has  been  quite  lost  sight  of  in 
many  of  the  abbreviated  editions  with  which  this  university  had  previously  been  delaged), 
I  consider  that  Mr.  Potts  has  done  good  service  to  the  cause  of  education." — J,  Power, 
M.A,,  FeUaw  of  Clare  College,  and  University  Librarian.    (1848.) 

*'  Mr.  Potts  has  maintained  the  text  of  Simson,  and  secured  the  very  spirit  of  Eudid's 
Geometry,  by  means  which  are  simply  mechanical.  It  consists  in  printing  the  syllogism 
in  a  separate  paragraph,  and  the  members  of  it  in  separate  subdivisions,  eacn,  for  the  most 
part,  occupying  a  single  line.  The  divisions  of  a  proposition  are  theanefore  seen  at  once 
without  requinng  an  instant's  thought.  Were  this  the  only  advantage  of  Mr.  Potts' 
Edition,  the  great  convenience  which  it  affords  in  tuition  would  give  it  a  claim  to  become 
the  Geometncal  text-book  of  England.  This,  however,  is  not  its  only  ment,'*-'Philosophical 
Maaazine,  Jfinuary,  1848. 

^  If  we  may  judge  from  the  solutions  we  have  sketched  of  a  few  of  them  [the  Geo* 
metrical  ExercisesJ,  we  should  be  led  to  consider  them  admirably  adapted  to  improra 
the  taste  as  wdl  as  the  skill  of  the  Student.  As  a  series  of  judicious  exercises,  indeed, 
we  do  not  think  there  exists  one  at  all  comparable  to  it  in  onr  language— viewed  dtber 
in  reference  to  the  student  or  teacher. — Mechanic^  Magazine,  No.  1175. 

*'The  'Hints'  are  not  to  be  understood  as  propositions  worked  out  at  length,  in  the 
manner  of  Bland's  Problems,  or  like  those  worthless  things  called  'Keys,'  as  generally 
'  forged  and  filed,'— mere  books  for  the  dull  and  the  lazy.  In  some  cases  references  only 
are  made  to  the  Propositions  on  which  a  solution  depends;  in  others,  we  have  a  step  or 
two  of  the  process  indicated ;  in  one  case  the  analysis  is  brieflv  given  to  find  the  construe* 
tion  or  demonstration ;  in  another  case  the  reverse  of  this.  Oonsionally,  thouggi  sddom, 
the  entire  process  is  given  as  a  modd ;  bat  most  commonly,  just  so  much  is  suggoted  aa 
will  enable  a  student  of  average  abili^  to  oompitote  the  wnote  sdistioik— in  short,  jost  lo 
much  (and  no  more)  assistance  is  afforded  as  would,  and  must  he,  afforded  by  a  tutor  to 
his  pupiL  Mr.  Potts  appears  to  us  to  have  hit  the  'golden  mean '  of  Geometrical  tutor- 
ship.**—JfecAaatcy'  Magazine^  Ko.  1270. 

^  We  can  moat  ocmsdentioaaly  recommend  it  [The  Sdiool  Edition]  to  our  own  younger 
leadenL  as  the  de«f  edition  of  the  ftsK  book  on  Geometry  with  which  wo  axa  aoquainted.''-* 
Mednaie^  MagOMim,  No.  1227. 
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AEITHMETICAL,  HARMONICAL,  AND  GEOMETRICAL 

PROGEESSIONS. 

Art.  1.  Def.  An  aritlimetical  progression  is  a  series  of  quantities 
^vbicli  successively  increase  or  decrease  by  a  common  difference. 

The  series  of  natural  numbers,  1,  2,  3,  4,  &c.,  form  an  increasing 
arithmetical  prograssion  whose  common  difference  is  unity.  Also, 
the  series  of  odd  numbers,  1^  3,  5,  7,  &c.y  and  the  series  of  eyen 
numbers,  2,  4,  6,  8,  &c.,  form  two  increasing  aritlimetical  progressions 
whose  common  difference  is  2. 

And  generally  if  a  be  the  first  term,  and  d  the  common  difference, 
then  a,  a+d,  a+2d,  a+Sdf  &c.,  is  an  increasing  arithmetical  progres- 
sion, and  a,  a^d,  a^2d,  a — 3^,  &c.,  is  a  decreasing  arithmetical  pro- 
gression ;  and  the  nth  term  of  the  former  series  is  a+(n— ly,  and  of 
the  latter  a — (n — \)d. 

To  ascertain  when  a  series  of  quantities  is  in  arithmetical  pro- 
egression,  subtract  the  first  from  the  second,  and  the  second  &om  the 
third,  of  any  three  consecutive  terms  of  the  series ;  if  the  differences 
are  equal,  the  quantities  are  in  arithmetical  progression. 

2.  Prop.  To  find  an  expression  for  the  sum  of  any  number  of  terms  of 
itin  arithmetical  progression. 

Let  a  denote  the  first  term,  d  the  common  difference,  n  the  number 
of  terms,  and  «.  the  sum  of  n  terms ;  then 
^n  =  a+{a+d)+{a+2d)+  ....  +{a+(n-2)rf}  +  {a+(n-.iy}, 
j?,=  {a+(n— iy}  +  {fl+(n— 2)^}  ....  +{a+d)+a. 

Taking  the  sum  of  these  equals, 

2«.=  {2a+(n-.l)rf}  +  {2fl+(n-.l)c^}+  •  .  .  .  +{2fl+(»-l)d} 
or  2sn  =  n{2a+(n—l)d}y 

and  .'.  *.  =  ^{2a+(n— l)i},  an  expression  for  the  sum  of  n  terms. 

If  tf+(»— 1)<2  =  /,  the  last  term  of  the  series,  then  «»»-{«+/}. 

ji 

Hence  the  sum  of  any  number  of  terms  of  an  arithmetical  series 
IS  equal  to  the  sum  of  the  first  and  last  terms  multiplied  by  half  the 
number  of  terms.* 

*  From  the  expression  for  the  sum  of  an  arithmetical  progression  may  he 
tledueed,  by  taking  unity  for  the  first  term,  and  0,  1,  2,  3,  4,  &c.,  respectively  for 
tlie  common  differences,  the  general  terms  of  certain  series.  If  the  number  of  units 
in  the  successive  terms  of  each  series  be  denoted  by  points,  these  points  can  be 
arranged  in  the  forms  of  aU  the  regular  polygons,  and  in  consequence  of  this  circum- 
stance they  have  been  named  polygonal  numbers. 

In  the  expression  *= -J  2a + (ft -l)d},  if  unity  be  taken  for  the  first  terms. 


If  any  three  of  the  four  quantities  contained  in  the  expression 

*,«-{2tf+(n— l)rf}  be  given,  the  fourth  can  be  found  in  terms  of 
Jd 

the  three  given  quantities;  also,  if  a+(»— l)(^s/,  any  one  of  the  five 

quantities  can  be  found  in  terms  of  the  other  four. 

3.  Prop.  Giten  the  jini  term  and  the  last  term  of  an  arithmetical  pro^ 
ffression,  to  find  the  intermediate  terms,  or,  as  they  are  commonly  called,  ths 
arithmetical  means. 

Let  a  denote  the  first,  and  /  the  last  term,  and  n  the  number  of 
iotermediate  terms. 

Then  the  whole  series  consists  of  n+2  terms. 

Let  X  denote  the  common  difference. 

Then  the  last  or  (n  +  2)nd  term  is  a+(n+l)x, 

.'.  a+(n+l)x  =  l,  (»+l)a:  =  Z— tf,  and  a;  =  -^^  the  common  difference; 

and  0,  1,  2,  8,  &c.,  for  the  successive  common  differences,  the  resnlts  will  give  the 
following  general  terms  of  the  orders  of  polygonal  nnmbers : — 

a^l,  d^Q,  give  n,  the  general  term  of  the  lineal  nnmbers. 

d^l,    f,    in(n  +  l)  „  ,,        triagonal  numbers. 

dmi2,    ,f    n'*  y,  ,y        quadragonal  numbers 

d^Z,    „    in{Zn-l)         „  „        pentagonal  numbers. 

d^i,    „    n{'2n-l)  „  M        hexagonal  numbers. 

&c.  &c. 

d— r-1 ,,  }»(»— l)(r-l)+?i  ,,        r  order  of  such  numbers. 

If  separate  units  denote  the  series  of  the  first  order  of  points,  the  successive  orders 
of  each  series  of  polygonal  numbers  will  be — 

1.  The  units  are        1,     1,    1,      1,    1,    1,  &c 

2.  Lineal  numbers    1,     2,     8,      4,    5,    6,  &c. 

3.  Triagonal  1,    8,     6,     10,  15,  21,  ftc 

4.  Quadragoual         1,     4,     9,     16,  25,  86,  &c. 

5.  Pentagonal  1,    5,     12,  22,  85,  51,  &o. 

6.  Hexagonal  1,    6,    15,  28,  45,  66,  kc 

&c.  &c. 

r.  rth  order  1,  (r  + 1),  8r,  2(3r +1),  5(2r  - 1),  3(6r  -  3),  ftc; 

To  find  an  expression  for  the  sum  of  n  terms  of  the  general  series  of  polygonal 
numbers  of  the  rth  order. 

The  general  term  of  the  rth  order  of  the  polygonal  numbers  is  in(»  -  l)(r  - 1) + ». 
By  taking  n«l,  2,  8,  4,  .  . .  ft,  respectively,  the  terms  of  the  aeries  is  obtained^ 
and — 

The8nmofnterms-j{l.2+2.8  +  8.4  +  ..'.  +  (n-l)ii}(r-l)+(lH'2+3  +  . .►  +  »)•. 

Firstthetomof  l+2+8-f-4-f-.  . . -f-n-^^!^±il 

1.2 

Kexttofindthesumof  1.2+2.8  +  8.4  +  .  . .  (»-!)«; 
itappearsthatl.2-l.(l  +  l)-l«  +  l,  2.8-2(2+l)-2«  +  2,8.4-8(8+l)-S»+8,&a 

.-.  1.2+2.8+..  .(n-l)n-l«+2«  +  8«  +  ..  .  («-l)«  +  {l  +  2+8  +  .  .  .(n-1)} 

(«-l)n(2n-l)    n(tt-l)    n(»~l)(n-H) 
^  12  8  \  ^     *"        12  8 

1.2.8  ^     1.2  1.2       <  8  J 


Then  the  2nd  term  or  let  mean  is  a+x «  a-\ — — -  =  — — ,- , 

n+l     M-fl 

o  J  ^  J  .  o  .  2Z— 2fl     (n— 1>+2Z 

3rd  or  2nd  a+2x  =  a+ =  > -;  -  ^-— , 

n-f-l  n+l 

or  3rd  a+ 3x  =  a+ — —-  =  ^^ {-  — » 


4th 

and  80  on ; 

and  the  last  a+nx  =  a+ 


n+l    ~       n+l 
nl — na     a+nl 


»+l        n+l 

...  ""J+l    (^-l>+2/   ^^     «+«j    ^^^  the  n  means. 

n+l'         n+l  n+l 

4.  Prop.  (7it>«j  the  first  termy  the  common  difference  and  tlie  sum  of  an 
arithmetical  progreesion^  to  find  the  number  of  terms. 

Assuming  the  notation  employed,  it  has  been  shewn  that  the  sum 
of  an  arithmetical  progpression  of  n  terms  is 

,.=^{2<.+(»-iy}. 


If  r  be  taken  equal  to  1,  2,  3,  4,  &c.,  in  succession,  expressions  will  be  found  for 
the  Bums  of  n  terms  of  the  series  in  order  of  the  polygonal  numbers. 

'n.lfi  I  1  \ 

Thus  the  sum  of  n  terms  of  the  lineal  numbers  ■»•        —  . 

triigonU  numbeni      .!i(!L+l)(»±2). 


ff  l> 


»f  1» 


»l  »» 


tf  »> 


1.2.3 


quadragonal  numbers -^i-J;^^^ 
pentagonal  numbers  ■■ — >        - . 
hcxaRonal  number,  -SlZL+^H^pLl. 


&c. 

These  formulae  can  be  applied  to  find  the  number  of  balls  in  a  pyramidal  j.ile, 
whatever  may  be  the  ferm  of  the  base.  The  piles  take  their  names  from  the  form 
of  the  lowest  course,  which  in  general  is  either  an  equilateral  triangle,  a  square,  or 
a  rectangular  parallelogram.  In  all  cases  each  successive  course  from  the  lowest  has 
one  ball  less  in  each  of  its  sides  than  the  one  on  which  the  course  rests.  The  number 
of  courses  in  the  triangular  pile  and  in  the  square  pile  is  equal  to  the  number  of  balls 
in  the  side  of  the  lowest  course,  and  each  pile  ends  in  a  single  ball 

It  is  obvious  that  the  sum  of  n  terms  of  the  series  of  the  triagonal  and  quad- 
ragonal  numbers  wiU  denote  the  number  of  balls  in  a  triangular  and  in  a  square  pile 
of  f  i  courses. 

If  the  pile  be  rectangular,  having  m  balls  in  the  length  and  n  in  the  breadth  of 
the  lowest  courses,  its  structure  shews  that  it  is  composed  of  a  square  pile  of  n 
courses,  and  m— n+l  equal  triangular  courses  lying  obliquely  in  succession  to  one. 
of  the  faces  of  the  square  pile,  so  that — 

The  rectangular  pile  is  equal  to  the  number  of  balls  in  the  square  pile  with 
(m  -  n+ 1)  triangular  courses. 

Or.  the  number  of  baUs  =.!^(!L±lK?5±i)  ^r{m-n^  1).?^±1), 

1.2.3  1.2    • 


-!?(5^U?!L±i+in-n  +  l]. 
1.2       (      8  > 


fi(n-hl)(3t»i--n  +  4) 
1.2.3 


2*.  -  2na + dn'^dn  -  dn*+{2a^d)n, 
ori?»'+2(»-rf)»  =  2«„  a  quadratic  equation  from  which  maybe  de- 
duced the  values  of  n, 


Hl-lhrnh^f- 


Thus  the  two  yalues  of  n  obtained,  may  be  both  positiye,  both 
negative,  or  one  positive  and  the  other  negative. 

If  the  two  values  of  n  be  positive  integers,  they  indicate  two  series 
reckoned  in  the  same  direction. 

If  one  value  be  positive  and  the  other  negative,  the  positive  value 
indicates  a  series  of  terms  reckoned  in  one  direction,  and  the  negative 
value  indicates  another  series  reckoned  in  a  contrary  direction.  The 
reckoDiDg  of  the  second  series  may  be  considered  to  begin  either  from 
the  last  term  of  the  first  series  or  from  the  first  term,  but  in  a  con- 
trary direction. 

In  the  general  expression  for  the  sum  of  the  series 

..-|{2«+(«-l)i} 

when  » *■  -f  1,  «  =  a,  the  first  term  of  the  given  series, 
but  when  n^^l^  «=— (a— c^); 

And  when  — n  is  written  for  -f>»  in  the  general  expression, 

.. |{2a+(-n-l)i}  =  _|{2(«-i)+(«-l)(-rf)}, 

-which  is  an  expression  for  the  sum  of  a  decreasing  arithmetical  pro- 
gression of  n  terms,  of  which  the  first  term  is  a^d  and  the  common 
•difference  — d>* 

*  1.  If  both  values  of  n  be  positive  integers,  there  are  two  series  which  satisfy 
the  data. 

If  a«12,  (2- -2,  9-'72;  then  7i»  12  and  6. 

The  first  series  of  12  terms,  17,  15,  18,  11,  9,  7,  5,  8,  1,  -1,  -3,  -5. 

The  second  series  of  6  terms,  17,  15,  13,  11,  9,  7. 

And  it  is  obvious,  that  when  the  two  values  of  n  are  positive,  the  two  series  have 
each  the  at^me  first  terms. 

2.  If  ono  value  of  n  be  a  positive  and  the  other  a  negative  integer,  the  positive 
value  furnishes  an  increasing  series,  and  the  negative  value  will  indicate  a  number 
of  terms  of  the  same  series  reckoned  in  a  reverse  order. 

If  a-12,  d^i,  «»100  ;  then  n-5  and  -10. 

The  first  series  of  5  terras  is,  12,  16,  20,  24,  28. 

The  value  n«  — 10  indicates  10  terms  of  the  same  series  decreasing,  and  taken 
in  the  reverse  order,  making  28  the  first  term  of  the  series.  The  second  series  of  10 
terms  is,  28,  24,  20,  16, 12,  8,  4.  0,  —4,  -8.  And  here  it  is  obvious  when  the  two 
values  of  n  have  different  signs,  the  two  series  have,  each  of  them,  the  same  Uisi  term, 
and  the  second  series  may  be  reckoDed  from  the  last  term  in  a  contrary  direction. 

8.  If  one  value  of  n  be  a  positive  integer,  and  the  other  a  positive  or  negative 
fraction,  the  positive  integral  value  of  n  gives  the  number  of  terms  of  the  series. 


Hence  the  positive  value  of  n  gives  the  increasing  series 

Of  a+d,  a+2d,  a+3dy a  +  (n— l)f/, 

and  the  negative  value  of  »  gives  the  decreasing  series, 

a — d,  o  — 2(f,  a  — 3d  ....  (a — d)—(n — l)d, 
80  that  the  law  of  continuity  is  preserved,  and  the  two  series  constitute 
one  series,  beginning  with  a,  the  terms  increasing  in  one  direction, 
and  decreasing  in  the  other  by  the  same  common  difference,  thus  : — 
{a— (n— ly}  ....  ((Z— 2c/),  (a-^d),  a,  {a+d),  {a+2d) {a+(n— 1^}. 

5.  Def.  A  series  of  quantities  is  said  to  be  in  harmonical  progression 
when  the  difference  between  the  first  and  second  of  any  three  con- 
secutive terms,  has  to  the  difference  between  the  second  and  third,  the 
same  ratio  as  the  first  has  to  the  third ;  as  if  a,  b,  c,  d,  &c.,  be  a  series 
in  harmonical  progression,  then  a— J  :  h — c  : :  a  :  c* 

If  a»18,  <2a  -5,  9a33  ;  then  n»6  and  ^, 

The  integral  value  gives  the  series,  18,  13,  8,  3,  —2,  -  7. 

There  is  no  series  possible  for  the  fractional  value. 

4.  If  both  values  of  n  be  positive  or  negative  fractions,  there  are  no  series  which 
c«in  satisfy  such  conditions. 

If  a«20,  rf-  -8,  «=86  ;  then  n-|  and  f. 

These  values  of  n  indicate  that  no  arithmetical  progressions  can  exist,  such  as  the 
data,  suppose. 

*  This  definition  is  thus  given  by  Thomas  Masterson  in  his  Third  booke  of  Arith- 
meticke,  which  bears  on  its  title-page  the  motto,  "Nothing  without  labour,  All 
things  with  reason."  1595.  "The  15  definition.  Those  numbers  are  in  progression 
harmonical,  which  aie  so  rehearsed  or  placed  one  after  other,  that  the  excesse  be- 
tweene  the  first  and  the  second,  to  the  excesse  betweene  the  second  and  the  third, 
hath  one  and  the  same  reason,  that  the  first  hath  to  the  third.  Again,  the  excesse 
betweene  the  second  and  the  third,  to  the  excess  betweene  the  third  and  the  fourth, 
hath  one  and  the  same  reason  that  the  second  hath  to  the  fourth,  and  so  following 
to  the  end." 

The  same  form  of  definition  has  been  extended  to  arithmetical  and  geometrical 
progression. 

As  a,  h,  e,  dy  &c.,  are  said  to  be  in  arithmetical  progression 

when  a-b  :  b—e::a:a. 

And  a,  h,  c,  d,  &c.,  are  said  to  be  in  geometrical  progression 

when  a  —  b:  b—c  ::a  :  b. 

First.  To  find  the  arithmetical,  geometrical,  and  harmonical  means  between  two- 
quantities  a  and  e. 

Let  X,  y,  z  denote  respectively  the  arithmetical,  the  geometrical,  and  the  bar* 
monical  means  between  a  and  e, 

(1)  Since  a,  a;,  c  are  in  arithmetical  progression, 

x^a  :  e—x  :  :a  i  a  and  .•,  oj— 0"C— a?,  , 
.*.  2x^a+c,  and  a;»  i{a-{-c)  the  arithmetidfelL  aiean. 
Hence  the  arithmetical  mean  between  two  quantities  is  equal  to  half  their  sum, 

(2)  Since  a,  2^,  c  are  in  geometrical  progression, 

y—a  :  c-y  \'.a:y,,\  y^—ay^ac-ay,  y^^atc,  .-.  ywm{ac)^. 
Hence  the  geometrical  mean  between  two  quantities  is  equal  to  the  square  root  of 
their  product. 


6.  Prop.  To  prove  that  the  reciprocals  of  a  series  of  quantities  in  har- 
monical  progression  are  in  arithmetical  progression. 

Let  a,  hf  c,  d,  e,  &c.,  be  a  series  of  quantities  in  harmonical  pro- 

grcssioDy  it  is  required  to  prove  that  -,  -j-,  -,  -,  &c.,  are  in  arithmeti- 

a  b  0   d 

cal  progression. 


(3)  Since  a,  s,  c  are  in  harmonica!  progression, 

«— a  :  c—z  : :  a  :  c,  .*.  cz—ac^ae^az,  or  ia-\'e)z^2ac,  ,\  s= . 

a-{-c 

Hence  the  harmonical  mean  between  two  quantities  is  equal  to  twice  their  product 
diyided  by  their  sum. 

Secondly.  To  determine  which  is  the  greatest  and  which  is  the  least  of  the  three 
means  between  two  quantities. 

Here  ?2l£,  (ae)    and  -i^  are  the   arithmeticaL  ceometiical,  and  harmonical 
2  o+c 

means  respectively. 

Suppose  a>^c,  then  a-c>Oand  a*  —  2ae+c*>0f  add  iac  to  these  uneqnala, 

and  n^+2ac+c^  >  iac,  .-.  a-\-c>2[ac^  and  K«+c)>(««)*  *l»t  is,  the  arithmetical 
mean  is  greater  than  the  geometrical  mean. 

Next,  since  1^^  >  [ac)K  .-.-?_  <-L .  and  ^  <  {ac)K 

.-.  (ac)*>^,  thatis, 
a-^c 

The  geometrical  mean  is  greater  than  the  harmonical  mean.  But  the  arith- 
metical mean  is  greater  than  the  geometrical.  Hence  the  arithmetical  mean  ia 
t,'u  ffrcaiesty  and  the  harmonical  is  the  least  between  any  two  given  quantities. 

Thirdly.  To  find  the  excess  of  the  arithmetical  mean  above  the  geometrical,  the 
arithmetical  above  tlie  harmonical,  and  the  geometrical  above  the  hannonical. 

(1).  l±-^-(ac)*-''-y *+",<'*-'*)• ,  that  i«. 

The  arithmetical  mean  exceeds  the  geometrical  by  }(a^  ~  e^)*. 

^"^'      2       a-i-c'     2(a+c)      "      2(a+c)     "2(o4-c)' 

The  arithmetical  mean  exceeds  the  harmonical  by  ^^~^^  • 

'  2(a-f  c) 

(3).  (fTf)*-  2^^  _M^(a  +  c-2(ac)*)__MV-c*)*    ^^^^ 
a-\-c^  a+e  ""        a+c        *  ' 

The  geometrical  mean  exceeds  the  harmonical  by  J^)*v^  ~^)   ^ 

a+c 

Lastly.    To  find  the  relation  of  the  means. 

Since  («)*..fi±£.E(f?£L*,  and  J^^acK^. 

It  foUows  that  5^,  (ac)*,and^   having   a    common  ratio    ?i^*     are  in 

£  a-f-e  a4-c 

geometrical  progression, 

or^:(ac)*::(ac)*:  2ac^^^j^ 

The  geometrical  mean  between  two  quantities  is  a  mean  proportional  between  the 
aiithmetical  and  harmonical  means  between  the  same  quantities. 


Here  a—h  :  h  —  e  : :  aiehj  definition;  .•.aJ—ae?  «=«(?— 5c; 

ahc  ahc  e     h     h    a^ 

or  -,  -,  -  have  a  common  difference. 
e    0  a 

Next.  Since  b-^cie  —  d  :  :  h:d  .\  hc-^hd^^hd—cd; 

^j^^he^hdhd-^cd,   ..,1_.1^1_1. 

bed  bed  d    c     e     b* 

or  -,  -y  -  have  a  common  difference,  and  so  for  the  rest  of  the  terms. 
deb 

Wherefore  -,  -,  -,  --,  &o.,  are  in  arithmetical  progression. 
abed 

The  converse  of  this  proposition  can  be  proved  to  be  true.     If  a 

series  of  quantities  be  in  arithmetical  progression,  their  reciprocals 

are  in  harmonical  prog^ression. 

7.  Prop.  Given  the  firH  and  last  terms  of  a  harmonical  progression,  to 
find  the  intermediate  terms. 

Let  a  denote  the  first,  /  the  last  term,  and  n  the  number  of  inter- 
mediate terms ;  then  the  harmonical  series  will  consist  of  n+2  terms. 
But  since  the  reciprocals  of  quantities  in  harmonical  progression  are 
in  arithmetical  progression ;  if  n  arithmetical  means  be  found  between 

-  and  -,   the  reciprocals  of  these  arithmetical  moans  will  be  the  n 
a         I 

harmonical  means  required. 

Let  X  be  the  common  difference  of  the  arithmetical  progression  of 

which  -  and  -  are  the  first  and  last  terms,  then  _  =  _+(»+!  )jr, 
a         I  la 

J,           a— i 
and  a? = — ^. 

{n+l)al 
And  the  arithmetical  means  are : — 

a+nl      2a+{n^l)l    3a+(n'-2)l  na+l 

(n+l)af      {n+l)al   '       {n+l)al   '  '      '  '  («+i)a/' 
hence  the  required  harmonical  means  are 

(n  +  l)g/     _{n+l)al  _        {n+l)al  {n+'i)al 

aJ^nl  '    2a+(n— 1)W'     3a+(w— 2)^'   '  "  '  '     na+l  ' 

8.  Def.  A  geometrical  progression  is  a  series  of  quantities  which 
increase  or  decrease  hj  a  common  ratio. 

As  1,  10,  100,  1000,  &c.,  the  successive  units  in  the  denary  scale 
of  notation  form  an  increasing  geometrical  progression,  whose  first 
term  is  1,  and  common  ratio  10. 

Also  1,  -jV>  Thsf  rTr<nr»  ^^-f  ^orm  a  decreasing  geometrical  progres- 
sion whose  first  term  is  1  and  common  ratio  j^- 

Generally,  if  a  be  the  first  term  and  r  the  common  ratio,  then 
a,  OTf  ar^f  ar*  is  a  geometrical  progression,  and  if  /  denote  the  i»th 
term  of  the  series,  1=  ar*'^. 
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A  geometrical  series  is  convergent  when  the  common  ratio  ia  less 
than  unity,  but  divergent  when  greater  than  unity. 

Def .  The  sum  of  a  convergent  geometrical  series,  indefinitely  con- 
tinued, is  the  limit  towards  which  an  approximation  is  made  by 
continually  increasing  the  number  of  terms. 

To  ascertain  when  the  terms  of  a  series  of  quantities  are  in  geome- 
trical progression ;  divide  the  second  by  the  first  and  the  third  l^  the 
second  of  any  three  consecutive  terms  of  the  series ;  if  the  quotients 
be  equal,  the  series  is  in  geometrical  progression. 

9.  Prop.  To  find  a  formula  for  the  sum  of  any  number  of  terms  of  a 
geometrical  progression. 

Let  a  be  the  first  term,  r  the  common  ratio,  n  the  number  of  terms, 
and  s  the  sum  of  n  terms. 

Then  «  =  a+flfr-|-ar'+a;^+tfr*4-  .  •  .  .  +ar*~'-|-ar^"\ 

and  r«=s«r-l-tfr-f-ar'+ffr*+  •  .  •  •  +ar"~'-|-«f*"*-|-tfr*. 
By  subtracting  these  equals, 

.•.  (r— l)«  =  ar"— fl  =  a(r"— 1), 

••.  9  =  -^ --^ ,  the  sum  n  terms  of  the  series. 

r— 1 

It  is  also  obvious  that  any  three  of  the  four  quantities  <i,  r,  n,  «,  in 

this  expression  being  given,  the  fourth  may  be  determined. 

10.  Prop.  To  find  a  formula  for  the  sum  of  a  geometrical  progression 
continued  indefinitely ^  the  common  ratio  being  a  proper  fraction,^ 

It  has  been  shewn  that  n  terms  of  a  geometrical  series  is  expressed 

fl(r--l) 

Ifr=»-,  a  proper  fraction,  then  r*« —    As  n  increases,  the  value 

of   of*  increases,    and    when    n  becomes    indefinitely   great,    then 
—  becomes  indefinitely  small,  and  therefore  less  than  any  assignable 

quantity.    Hence  r*  or  —  may  be  rejected  without  affecting  the  result 
If  /  denote  the  sum  of  the  series  indefinitely  continued, 

• 

*  It  miy  objected,  that  since  all  the  terms  of  an  infinite  series  are  unassignable, 
it  is  therefore  impossible  to  determine  its  sum.  In  order  to  obviate  this,  let  it  be 
considered  that  a  numJber  actually  infinite  is  a  plain  contradiction  to  all  ideas  of 
number.  For  every  number  of  which  the  mind  can  actually  form  any  suitable  idea, 
is,  and  mud  60,  always  finite,  so  that  a  number  greater  than  any  finite  number  can  be 
assigned,  and  a  greater  than  that  last,  and  so  on,  without  ever  coming  to  an  end  of 
the  increase  of  numbers  that  can  be  assigned.  This  endless  progression  of  numbers 
ia  all  that  can  be  understood  by  the  infinity  of  numbers,  and  to  assert  the  number  of 
any  things  is  infinite,  is  to  affirm  that  such  a  number  is  beyond  the  limit  of  finite 
numbers,  and  cannot  be  considered  as  having  any  definite  relation  to  any  finite 
numbers  whatever. 


y  = 
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— a 


r— 1     1— r 
The  ezpresBioii  -  ^  ■,  whicK  is  called  the  sum  of  the  aeries,  is  more 

properly  the  limit  to  which  the  sum  of  the  terms  continually  approxi- 
mates, but  neyer  actually  attains.  The  expression,  however,  is  a 
true  representation  for  the  sum  of  the  series  continued  indefinitely, 
for  the  series  itself  is  reproduced  by  dividing  a  by  1  ^r.* 

^  The  principles  of  aritlunetical  and  geometrical  progressions  are  applicable  for 
finding  the  amount  of  annuities  and  their  present  values,  both  for  a  certain  number 
of  years,  and  in  perpetuity. 

To  find  an  exprtmonfor  the  amount  of  an  annuity,  payable  for  a  certain  number 
of  years. 

Let  A  denote  the  annuity,  or  annual  payment,  r  the  interest  of  one  pound  for 
one  year,  and  M  the  amount  in  n  years. 

1.  If  simple  interest  be  allowed. 

It  has  been  shewn  that  the  amount  of  P  pounds,  at  simple  interest,  in  n  years, 
isP(l  +  nr). 

At  the  end  of  the  first  year  A  becomes  due,  and  at  the  end  of  (»- 1)  years 

amounts  to  ^  { 1  +  (n— l)r} . 

And,  in  like  manner,  at  the  end  of  the  second,  third,  &c.,  years,  A  becomes  due, 
and  in  (n-2),  (n-8),  ftc,  years,  amounts  respectively  to  ^{l  +  ('i-2)r}» 
u<{l+(n-8)r},  &C. 

Hence  the  whole  amount  M^nA  +  r^  {1+2  +  3  +  4+.. .(»-!)} 

2.  At  compound  interest. 

The  amount  of  P  pounds  at  componnd  iutcrest  for  n  years  is  P(l  +r)". 

At  the  end  of  the  first  year  the  first  payment  A  becomes  due,  and  in  (n— 1)  years 
amounts  to  ii(l  +r)"~^ 

Similarly,  at  the  end  of  the  second,  third,  &c.,  years,  A  becomes  due,  and  in 
(n-  2),  (n-S),  &c.,  years,  amounts  to  A{y  +r)"~',  ^(1  +r)"-',  Ac.,  respectively. 

Hence  the  whole  amount  if =-4{l  +(1  +  r)  +  (1  +r)«  +  (1  +  r)»  +. ..  (1  +  r)"-*} 

-£[iltr)!zii-f</(l  +  r)--l}. 

If  the  annuity  be  payable  half-yearly  or  quarterly,  the  amounts  will  be  re- 
apectiTdy  ±  \  (l+l)*"-!  j  .««ld  j  ((1  +^)^-l  j . 

To  find.  expreeaioTU  (1)  for  the  present  value  of  an  annuity  A,  and  (2)  for  tiu 
present  value  of  the  amount  of  an  annuity  A  to  he  paid  for  n  years. 
1.  If  simple  interest  be  allowed. 
Since  the  present  values  of  the  annuity  A  due  at  the  end  of  the  first,  second,  third, 

AAA 

ftc.,  yean,  are  - — ,  ,   — ii- ,  &c.,  respectively, 

^     ^         1+7    l  +  2r    l  +  3r         '      ^         ^' 

.*.  Ihe  present  value  of  the  n  annuities  =A  \  — — + — - —  +  — - — 4.  •  •  . — - —  { 

(l  +  r^l  +  2r^l  +  3r^  1  +  nri 

which  is  a  scries  in  harmonical  progression. 

Kext,  if  P  denote  the  present  value  of  the  amount  Jf  of  the  annuities  for  ii 

yean,  then  ir«P(l+nr). 
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11.  Prop.  Given  the  first  term  cmd  the  last  term  of  a  geametrteal  pro- 
fession ofn  terms,  to  find  the  intermediate  terms. 

Let  a  denote  the  first  and  /  the  last  term,  and  n  be  the  number  of 
intermediate  terms. 

The  whole  series  consists  of  n+2  terms. 

Let  X  be  the  common  ratio. 

The  last,  or  (»+2)th  term  of  the  series  is  (uf*"^^, 

.-.  flic"+*  =  /,  :r^'  =  -,  and«=  <  -  > 


il       =  (a" ->/»)•+», 


And  !he  amount  of  then  annuities  „^M{^-^)r+^} 

2 

and  P= — i!t"      , — f ,  the  present  value  of  the  amount  of  the  annuity. 
2(1 +nr)  ^  ^ 

Hence  it  is  obvious  that  the  present  yalne  of  the  n  annuities  is  not  equal  to  the 
present  value  of  the  amount  of  the  n  annuities  when  calculated  at  simple  interest. 

This  discrepancy  arises  from  the  fact  that  no  consideration  is  allowed  for  the 
interest  due  and  not  accounted  for  iii  the  several  successive  payments,  and  proves 
that  the  principle  oT  calculating  annuities  by  simple  interest  is  fidlaciousi 

The  reason  of  the  inequality  may  be  explained. 

Let  P  denote  the  present  value  of  A  due  one  year  hence,  then  P« and 

1+r 

If  ^  be  left  unpaid  for  a  second  year,  and  charged  with  interest,  it  amounts  to 
A{\+r).    But  the  amount  of  P  in  two  years  is  P(l+2r)  or  SLlH^^X  which  is 

Jmt 

different  from  A{l-\-r)  the  amount  of  ii,  by  the  quantity . 

1+r 

Here  Pr,  the  interest  on  P  for  the  first  year,  is  not  charged  with  interest  for  the 
second  year ;  and  therefore  in  one  case.  A,  the  annual  payment  was  chai^d  with 
interest,  nnd  in  the  other,  only  P,  the  present  worth  of  it.  Consequently  J*,  the 
present  value  of  A,  is  not  the  present  value  of  the  amount  of  A  after  any  number  of 
years,  and  the  same  reasoning  may  be  applied  to  every  payment. 

If  compound  interest  be  allowed. 

The  present  values  of  the  h  annuities  due  at  the  end  of  the  first,  second,  third, 

&Ci,  years,  are ,   ,   — d —  .  , . respectively, 

^  r+7   (l+r)«'    (l+r)»        (1  +  r)"      *^        ^' 

.*.  the  present  value  of  all  the  payments  »-A-.  i  i+- + — L — +.  _  _ 1 \ 

^^  l  +  rl^l+r^(l+r)«^*' •  (1+r)— J  j 

r'   (l+r)" 
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4tli  «r»  =  fl|-|       =(fl-=/»)"+\ 

and  so  on, 

( I  )^  J- 

nth  ax'  =  a<^-j      =  (a^)»+». 

_i_  t 

And  .-.  (rt"/)-+S(tf"-»^)"+»,  ....  (tfZ*)*+S  are  the  n  intermediate 

torms,  or  the  geometrical  means,  as  they  are  usually  called. 

12.  Prop.  To  find  an  expression  for  the  sum  of  a  series  of  quantities 
in  gemnetrical  progression^  hut  having  their  coefficients  in  arithmetical 
progression. 

Let  a,  (a+d)x,  {a+2d)a?,  &G.f  be  the  series,  and  let  s  denote  the 
fium  of  n  terms. 

Then  s^a+{a+d)x+{a+2d)j^+  ....  +{(a+(n— l)i}:c"-S 
xs  =  ax+{a+d)x^+  ....  +\{a+{n—2)d}x^-^+{a+{x'-l)d}x^, 
.'.  s{l''X)  =  a+dx+dx^+  ....  +«rfaf-»— {<,+(«— l)rf}af 

=  fl+fHlz:£!:!)-{a+(n-l)rf}^, 
1 — X 

""'"         1-i ^  (x^xy  ' 

Next  let  P  denote  the  present  value  of  the  amount  AT  of  the  annuity  A  for  n 
years.  If  P  were  put  out  to  interest  for  n  years  it  should  amount  to  the  same  sum  as 
the  amount  of  the  annuities  for  that  period. 

Now  the  amount  Jf  of  P  in  n  years  «P(1  +r)*. 

And  the  amount  of  the  annuities  in  n  years  =  _|(1  +r)"- 1} 

.-.  P(l+r)'»=-^((l  +  r)»-l},.and  P-diilllllLziK 
r*-  •*  r(l+r)" 

Hence  it  appears  that  the  present  value  of  an  annuity  for  n  years  is  equivalent  to 
the  present  value  of  the  amount  of  the  payments  of  the  annuity  when  compound 
interest  is  allowed. 

To  dfducc  an  expression  for  the  present  value  of  an  at^uily  to  continue  in 
pcrjyetuitij. 

If  simple  interest  be  allowed. 

Since    the    present    value    of    an    annuity    for    n    years    at   simple   interest 
n^Ar-2j4r  +  nA 
**  2  +  2)lr         ' 

If  n  become  indefinitely  great,  the  finite  number  2  in  the  denominator,  in  com- 
parison with  27ir,  an  iadefiuitely  gi^eat  number,  may  be  rejected  without  affecting  the 
result,  and 

The  pix'scnt  value  of  the  anntiity  A  in  perpetuity  « ^^'^^  ^  ^^^  "^  ^^^ 

nAr-Ar-^ZA 


2r 

r 

2r  ' 


*",  by  rejecting  2A  -  Ar,  being  finite, 
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If  «  be  less  than  unity,  and  the  series  be  continued  indefinitely^ 
or  n  become  indefinitely  great,  then  a^~^  and  a^  become  less  than  any 
assignable  quantity,  and  the  limit  of  the  sum  of  the  series  becomes 


l^x  '  (1— «)»  (1—^)' 

13.  Prop.  To  find  the  turn  of  a  aeries  of/raetume  whoee  numerators  are 
in  arithmetical  progression  and  denominators  in geomeUrical  progression. 

Let  a,  ^jL.    ^JL.  ,  &c.,  be  the  series  of  fractions,  and  let  a  denote 
X  ar 

the  sum  of  n  terms. 


.. — ,  an  indefinitely  Iaif[e  sum  to  be  paid  for  a  definite 

yearly  payment  in  perpetuity. 

TMs  conclusion  further  confirms  the  fallacy  of  the  principle  of  calculating, 
annuities  by  simple  interest. 

If  compound  interest  be  allowed. 

The  present  value  for  n  years  -A.(l±llllL»d .  1 1  -  _i —  I . 

When  n  the  number  of  years  becomes  indefinitely  great^  then  (1+r)*  also 
becomes  indefinitely  great ;  and  consequently  •-- becomes   indefinitely  small^ 

and  therefore  less  than  any  assignable  number. 

It  may  be  rejected  without  affecting  the  result.    And  the  present  Tslue  of  an 

A 

annual  payment  of  ul  in  perpetuity s—. 

To  find  an  expression  for  the  present  value  of  an  annuity  to  commence  after  tAe 
txpinUion  ofm  years,  and  the  payments  to  continue  for  n  years,  allowing  compound 
interest. 

It  is  obrious  that  the  present  value  of  such  an  annuity  will  be  the  difference^ 
between  the  present  value  of  the  annuity  for  {m-k-n)  years  and  for  m  years. 

The  present  value  for  (m-^-n)  years  •-  {  (!'*"'')'"  "-^^  |  ^ 

and  for  »i  years  ^^fdlltll]. 

rK     (l+r)-  ) 

Hence  the  present  value  for  n  years  after  the  expiration  of  m  years 

"r  e     (l+r)-+»    "    (l+r>»    I 

r  \  (l+r)'"+*  S ' 
To  find  the  present  value  of  an  annuity  to  commence  after  the  expiraiien  of  i» 
years,  and  to  continue  in  perpetuity. 

Here  the  present  value  for  m  years  i-^  .  '   '^^f'^    * 

r       (1+r)" 

And  the  present  value  in  perpetuity  sd. 

•*.  The  present  value  of  the  annuity  after  m  years*- j  l-ili!i^Z:±y 

A        1 
"r'(l+f)-' 
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Then  .  =  «+?+!?.  fH:2rf      ^  ^  ^   a+(n--l)i 

I  '     •  •  •  •  z— J -4- — — '■ — 1 

af'-\l-'x)  ar» 

_a+{n-'l)d      ax  rf(l— ip*-n 

•    •   o  — 


r  — 


If    the   series   be  continued  indefinitely,  n  becomes   indefinitely 
^eat,  and  if  x  be  greater  than  unity  ;  then  x"""^  and  .r'~-  become  in- 
definitely great,  and  the  limit  of  the  sum  of  the  series  is 
fix         (kp(l — x)         ax^ — ax-^-dx 


14.  Prop.  To  find  expressions,  (1)  for  the  sum  of  the  squares^  (2)  for 
the  sum  of  the  cubes  of  the  terms  of  an  arithmetical  progression. 

Lot  r?i,  a.j  a-,  ....  a,  denote  the  n  terms  of  an  arithmetical  pro- 
gression whose  common  difference  is  d  ; 
and  let  «i  =  «i+(<^i+c/)+(tfi+2rf)+  ....  +{fli+(n— 1)^} 

^^{2.,+(n-l)^|. 

s,=^a,'+(a,+dy+(a,-\-2dy+ +{«i+(«-lW. 

s,^a,^+{a,+dy+{a,+2dy+ +{«,+(«-l)J}». 

(1)  For  the  sum  of  the  squares. 

a^—a^^la^+df-^a^  -  ^a^d+Za^-k-d^, 
&c.,  &c., 

TTaking  the  sums  of  these  equals,  and  writing  a^+nd  for  «,+c^, 
.       _  (a^+«^)'-gi'-3(P^^-»(^ 

(2)  For  the  sum  of  the  cubes. 

Taking  the  sums  of  these  equals,  and  writing  a^-^-nd  for  a,+rf, 
.-.  (flj+»c^)*— «i*  =  4^«,+6(^«,+4^*4+mZS 
.    ,  ^  (tfi+«rf)*-«,*~6rZ**,-4cf»«i-7irf* 

in  which  expression  both  s^  and  «|  have  been  found. 


n 

This  method  may  be  applied  to  find  the  sums  of  the  fourth,  fto., 
powers  of  the  terms  of  the  series.* 

*  These  fonnnls  may  be  readily  employed  for  finding  the  aams  to  n  terms  of  the 
first,  second,  third,  &c.,  powers  of  a  series  of  the  nataral  numbers,  which  form  aa 
arithmetical  progression  whose  first  term  and  common  difference  is  unity. 

(1)  The  sum  of  the  first  powers  of  the  first  n  natural  numbers, 

'  1.2 

(2)  The  sum  of  the  second  powers,  g^^i^i+^^'^^-^^s.-^nd^^ 

Herea,=l,  ci=l,  n=ii,  and*i=^^!^, 

2 

1 .  2  •  o 
(8)  The  sum  of  the  thiid  powers,  s,  ,K+«<^)*-«i^-y*^-4^^,  "W^i*^ 

as  before  a, -1,  rf-1,  n-n,  and  »,  ='ii!L±ip^, 

1  •  ^  ■  o 

.•.5.-l.+2«  +  S»+4»+....  ■^n»^^>'^/^+^)^{^^M[|^ 

Hence  it  appears  that  l»+2»+3>+  ....  +n»=(l+2  +  8+  .  .  .  +n)K 
In  a  similar  manner  may  be  found. 

.,-lH2«+3«+. . . .  +,.«=!'(!L±l){2^tM^^±3»zi), 
5.=l»+2»+3»+ ....  +„.-!^!(5±m!+2!LlL), 

1 .  o  .  4 

,.-l«+2«+3*+4«+  ....  +n»,*'(^-*-^K^^^^lM»^*;;^g^'-3^+^), 
•  2.3.7 

The  general  doctrine  of  series,  and  especially  of  infinite  series,  ib  perhaps  one  of 
the  most  useful  and  difficult  subjects  of  mathematical  science.  Only  the  most 
elementary  properties  of  Arithmetical,  Harmonica],  and  Greometrical  series  have  been 
exhibited  in  these  pages.  Archimedes  was  the  first  who  determined  the  limit  of  the 
sum  of  an  infinite  series  of  squares,  whose  roots  are  in  arithmetical  progression,  and 
the  common  difference  equal  to  the  first  term.  In  the  Lilavati  are  given  rules  for 
finding  the  sum  of  the  squares  and  the  sum  of  the  cubes  of  the  natural  numbers. 
Wallis,  in  his  "Arithmetica  Infinitorum,"  1655,  first  shewed  the  quotient  of.a  divided 
by  1-r  produced  the  infinite  series  a-^ar+ar^-h  &c.,  which  became  the  germ  of 
many  important  improvements.  Demoivro  was  led  to  the  discovery  of  recurring 
series  by  his  inquiries  in  the  calculation  of  probabilities,  which  constitute  a  part  of  his 
treatise  entitled,  '*MiscellaneaAnalyticade  Seriebus,  &c.,  1730."  Newton,  Brouoker, 
the  Bemoullis,  Mercator,  James  Gregory,  and  others  in  later  times,  have  largely  ex- 
tended the  knowledge  of  properties  of  series,  the  investigations  of  which  are  de- 
pendent on  principles  and  processes  in  the  more  advanced  parts  of  the  science. 


.v--"f 


EXERCISES. 

I. 

Find  fhe  rnxms  of  fhe  following  arithmetical  series : — 

1.  1+2+8+4+  ....  tontenns. 

2.  1+3+5+7+  .  .  •  .  to  i»  terms. 

3.  2+4+6+8+  ....  to  i»  tenns. 

4.  2+8+14+  ....  to  12  terms. 

5.  3+10+17+  ....  to  40  terms. 

6.  1+9+17+  ....  to  100  terms. 

7.  1+5+9+  ....  to  1,000  terms. 

8.  0+3+6+  ....  to  51  terms. 

9.  16+14+12+  ....  to  25  terms. 

10.  6+2—2—  ....  to  31  terms. 

11.  —9—7—5—  ....  to  20  terms. 

12.  —5—3—1—  ....  to  72  terms. 

18.  1—3+5—7+  ....  to  45,  and  to  2i»  terms. 

14.  1—8+15—22+  .  >  .  .  to  50,  and  to  2»+l  tenna. 

n. 

Pind  the  sums  of  fhe  arithmetical  progressions  :— 

1.  1+J+2+I+  ....  to  12  terms. 

2:  5+4^^+3^+  ....  to  20  terms. 

8.  8+1+6+  ....  to  17  terms. 

4-  f +1+  ....  to  50,  and  to  n  terms. 

^'  i+i+i+  ....  to  100,  and  to  2n  terms. 

^'  i+i+l+  ....  to  51  terms. 

^-  i+i+i+  .  .  •  •  to  100  terms. 

8.  a— 2a+3a-4a+  ....  to  29i  terms. 

9.  («+«)*+(a*+»*)+(a -!»)*+  ....  to  4i»  terms. 

10.  ?=14.!LZ:?  j.li:2+  ....  to  n  and  to  2»  terms. 

n    ^    n         n 

11.  l+5lr£.^IL?+  ....  to  8n  terms. 

n— 1  '^n  — 1 

12.  fL±^  .  ?i=25^  ....  to  (211+1)  terns. 

13.  •1+-2+-3+-4+  ....  to  100  terms. 

14.  J!-L?f +??+  ....  to  » terms. 

in. 

1.  Insert  three  arithmetical  means  between  -012  and  -132. 

2.  Insert  nine  arithmetical  means  between  9  and  109. 

§10 
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3.  Find  ten  arithmetical  means  between  a  and  5. 

4.  Find  a  series  of  arithmetical  means  between  1  and  21,  such  that 
their  sum  has  to  the  sum  of  the  two  greatest  of  them,  the  ratio  of 
11  to  4. 

5.  The  sum  of  n  arithmetical  means  between  1  and  19  is  to  the 
sum  of  the  first  n^2  of  them  as  5  is  to  3 ;  find  the  means. 

6.  The  sum  of  any  number  of  arithmetical  means  between  a  and  h 

is  to  the  same  number  between  -  and-,  as  ad  is  to  unity. 

a        0 

7.  Shew  that  the  difference  between  the  sum  of  an  arithmetical 
series  and  the  sum  of  the  arithmetical  means  between  every  two  con- 
secutive terms,  is  equal  to  half  the  sum  of  the  first  and  last  terms  of 
the  arithmetical  series. 

8.  If  »  arithmetical  means  be  inserted  between  a  and  h ;  shew  that 

the  sum  of  the  whole  series  is  Ma+h),  and  n=^^V^»  where  m  13 

a — b — m 

the  difference  between  the  first  and  last  mean. 

IV. 

1.  In  every  arithmetical  progression,  shew  that  the  sum  of  any  two 
terms  equidistant  from  the  first  and  last  terms  is  equal  to  the  sum  of 
the  first  and  last  terms ;  and  the  sum  of  the  first  and  third  of  three 
equidistant  terms,  is  equal  to  twice  the  second. 

2.  The  successive  second  differences  of  the  squares  of  the  natural 
numbers  form  an  arithmetical  progression  whose  common  difference 
is  2. 

3.  Write  down  the  arithmetical  series  whose  7th  and  10th  terms 
are  respectively  15  and  21. 

4.  Shew  that  a  certain  number  of  terms  of  an  arithmetical  progres- 
sion may  be  found  of  which  the  algebraic  sum  is  equal  to  zero,  provided 
that  twice  the  first  term  be  divisible  by  the  common  difference,  and 
the  series  ascending  or  descending  as  the  first  term  is  negative  or 
positive. 

5.  The  sum  of  an  even  number  of  terms  of  any  arithmetical  pro- 
gression, whose  common  difference  is  equal  to  the  least  term,  is  four 
times  the  sum  of  half  that  number  of  terms  diminished  by  half  the 
last  term. 

6.  In  an  arithmetical  series,  if  the  common  difference  be  equal  to 
-twice  the  first  term ;  prove  that  the  quotient  of  the  siun  divided  by 
the  first  term  is  a  perfect  square. 

7.  Ha  denote  the  sum  of  n  terms  of  the  series  of  the  natural  num- 
bers beginning  with  unity ;  shew  that  8«+ 1  iB  a  square  number. 

8.  Having  given  the  sum,  the  first  term,  and  common  difference  of 
an  arithmetical  progression,  find  the  number  of  terms,  and  shew 
generally,  that  if  one  of  the  roots  be  a  negative  integer,  the  solution 
ttttjr  be  adapted  to  another  series. 
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9.  The  first  two  terms  of  an  arithmetical  progression  being  together 
equal  to  18,  and  the  three  next  to  12;  how  many  terms  beginning 
with  the  first  must  be  taken  to  make  28  ?  Explain  the  reason  of  the 
double  solution. 

10.  The  sum  of  x  terms  of  the  series  3,  4,  5,  &c.y  is  25,  and  y  terms 
of  the  series  5,  4,  3,  &c.,  is  14 ;  find  the  values  of  x  and  y,  and  explain 
their  meaning. 

11.  The  squares  of  all  the  odd  numbers  are  found  among  the  terms 
of  the  arithmetical  series  1,  9, 17, 25,  33,  41,  &c.  Prove  this,  and  shew 
at  what  intervals  they  occur.  Apply  the  result  to  discover  how  many 
of  the  first  100  terms  of  the  series  are  not  square  numbers. 

12.  How  many  terms  of  the  series  1,  3,  5,  7,  &c.,  are  equal  to  the 
number  123454321  ? 

V. 

1.  Find  the  first  term,  common  difference,  and  number  of  terms  of 
the  arithmetical  series,  the  mth  and  nth  terms  of  which  are  a  and  ^, 

and  its  last  term  a +^' 

2.  Given  the  (m+»)th  and  the  (fit^n)th  terms  of  an  arithmetical 
series ;  find  the  mth  and  nth  terms ;  and  conversely. 

3.  The  nth  term  of  an  arithmetical  series  is  i(3n^l),  and  the  sum 

of  n  terms  is  ^(3n+l) ;  find  the  series. 

4.  The  sum  of  n  terms  of  an  arithmetical  progression  is 
n{a--}>f-\'r^ah ;  determine  the  series,  and  write  the  nth  term. 

5.  Prove  that  1,  3,  5,  &c.,  is  the  only  arithmetical  series  whose  first 
term  is  1,  in  which  the  first  half  of  any  even  number  of  terms  is  one- 
third  of  the  second  half. 

6.  Of  the  two  series  2,  5,  8,  11,  &c.,  and  3,  7,  11,  &c.,  each  ex- 
tending to  100  terms ;  how  many  terms  of  the  two  series  will  be 
identical  ? 

7.  If  the  sum  of  m  terms  of  an  arithmetical  progression  be  equal 
to  the  sum  of  the  next  n  terms  and  also  equal  to  the  sum  of  the  next 

« terms:  prove  that  ^    ^  ^^^ *--- — -^-^ ^. 

n/?  viii^ 

8.  If  a,  5  be  the  first  and  nth  terms  of  an  arithmetical  series,  d  ^  V 
the  pth  terms  from  the  extremes,  and  d  the  common  difference ;  shew 
that  o'  V  —ah  =  (p— 1  )(n— ;?)d». 

9.  If  «  be  the  sum  and  d  the  common  difference  of  an  arithmetical 
series  of  n  terms ;  shew  that  the  difference  of  the  squares  of  the  first 

and  nth  terms  is    ^  *"  ^    . 

n 

10.  If  the  series  of  the  natural  numbers  be  arranged  in  the  groups 
1,  2-1-3,  4-1-5+6,  &c. ;  find  the  sum  of  the  nth  group.  Also  if  the 
odd  numbers  be  arranged  in  a  similar  manner,  1, 3-1-5,  7  +  9-1-11,  &c. ; 
find  the  sum  of  the  nth  group. 
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1 1 .  If  there  be  a  series  of  terms  forming  an  arithmetical  progression 
whose  common  difference  is  d,  and  if  sets  of  p  oonsecutiye  terms  be 
taken,  the  first  of  each  set  being  the  same  as  the  last  term  of  the  pre- 
ceding set,  then  the  series  of  the  sets  will  form  an  arithmetical  pro- 
gression whose  common  difference  is  p{p — l)d. 

12.  If  a  series  of  terms  in  arithmetical  progression  be  divided  into 
groups  of  n  terms  in  each  group,  and  the  terms  of  each  group  be  added 
together;  the  results  shall  form  an  arithmetical  progression  whose 
common  difference  is  n'  times  the  original  common  difference. 

VI. 

1.  If  a,  3,  ^  be  in  arithmetical  progression;  shew  that 

(a-0"-2{(a~5)»+(i-r)>}. 

2.  K  - — ,    ,  '  be  in  arithmetical  progression :  shew  that 

h+c     a+e    a+* 

„  X  ^ 

3.  If  ; — ,    ,   . ,  be  in  arithmetical  progression,  prove  that 

ft— c    r— tf    a— 6 

fl^+c»— 2y_g+ft+g 
a«+,j«-2i»         2      • 

4.  If  .= — - — ,   -,   ; —  be  in  arithmetical  progression, 

prove  that  *~^        ^^ 


b — e~  a+b — e 

5.  Jfa,b,e  be  the  mth,  nth,  and  |?th  terms  respectively  of  an  arith- 
metical progression ;  shew  that  (m — n)c+{p — m)b+(n—p)a  -  0. 

6.  If  a,  b,  c,  dhein  arithmetical  progression, 

then  shall  4(^ab+bc+cd+da)^a^+li^+c^+<P+e{a^+bd), 
and  3{ae+bd)'-3{bc+ad)^a^'^d^'^2{b^+<^)^2{ad+be+cd). 

vn. 

1.  If  «|,  «2,  «3  be  the  sums  of  n  terms  of  three  arithmetical  pro- 
gressions of  which  the  first  term  of  each  is  unity,  and  the  common 
differences  1,  2,  3,  respectively,  then  shall  «s+'i  —  2«,. 

2.  If  «|,  »„  ig  be  the  sums  of  n,  2fi,  3n  terms  respectively  of  an 
arithmetical  series ;  shew  that  ^  =  3(«| — ^i). 

3.  If  ««  represent  the  sum  of  n  terms  of  an  arithmetical  series ; 
shew  that  «.^ — 2«.4«+^m-i  ™  ^»  ^^^  common  difference. 

4.  There  are  n  arithmetical  series,  the  first  term  of  each  of  which  is 
a  and  common  difference  b ;  shew  that  if  there  be  taken  n  terms  of 
the  first  series,  (n— 1)  of  the  second,  &o.,  to  the  nth  inclusive,  the 

sum  of  the  results  will  be  ^^^21,{a+i{n—l)b}. 

5.  If  there  be  n  arithmetical  series,  the  fint  terms  of  which 
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1,  2,  3  ... .  and  their  common  differences  3,  5,  7  .... ;  sliew  that  the 
fium  of  n  terms  of  all  the  series  is  i[2n*+{n^iy}. 

6.  There  are  m  arithmetical  series,  each  beginning  with  1,  and 
having  1,  2,  3,  &c.,  as  their  common  differences ;  shew  that  the  snm  of 
their  nth  terms  is  i{(«— !)»»'+(» +l)m}. 

7.  If  «|,  8if  8^ .  ,  ,  8j,  denote  the  sums  of  p  arithmetical  progressions 
continued  to  n  terms ;  the  first  terms  being  1,  2,  3,  &c.,  and  the  com- 
mon differences  1,  3,  6,  &c. ;  shew  that  *i +»,+«,+  .  .  .  *p  =  i{np+  l)np, 

8.  If  «i,  8^,  8i ,  .  ,  8j,  denote  the  sums  ofp  arithmetical  series  each  to 
n  terms,  the  first  terms  are  the  first  p  even  numbers,  and  the  common 
differences  are  the  first  p  odd  numbers  respectivelj ;  shew  that 

9.  If  «i,  iif  8i,  «4 .  . .  f^ii  denote  the  sums  of  n  terms  of  2n  arith- 
metical progressions  whose  first  terms  are  the  same,  and  whose  common 
differences  are  respectively  h,  2h,  3^, . . «  2nb ;  shew  that 

«*+*♦+«•+   •   •  •    +**»— {«i+«I+«6+   •  •  •   +«J«-l}  =  2  ' 

vin. 

1.  How  many  strokes  does  a  dock  strike  in  twelve  hours? 

2.  The  three  digits  of  a  certain  number  are  in  arithmetical  pro- 
gression ;  if  the  number  be  divided  by  the  sum  of  the  digits  in  the 
units  and  tens  places,  the  quotient  is  107;  but  if  396  be  subtracted 
from  the  number  its  digits  will  be  inverted.    What  is  the  number  ? 

3.  The  interior  angles  of  a  rectilinear  figure  are  in  arithmetical  pro- 
gression; the  least  angle  is  120°,  and  the  common  difference  is  5°; 
find  the  number  of  sides,  and  construct  the  figure. 

4.  A  debt  can  be  discharged  by  paying  2b.  6d.  the  first  weeky  5s.  the 
second,  and  so  on,  in  one  year ;  what  is  the  last  payment  and  the 
amount  of  the  debt  ? 

5.  If  100  stones  be  placed  in  a  straight  line  in  succession,  one 
yard  from  each  other,  the  first  being  one  yard  from  a  basket ;  what 
distance  will  a  person  go  over  who  gathers  them  up  singly,  returning 
with  each  to  the  basket  ? 

6.  A  sets  off  and  travels  5  miles  the  first  hour,  6  the  second,  7  the 
third,  and  so  on ;  ^  sets  off  3  hours  later,  and  travels  15  miles  an 
hour ;  find  when  JB  overtakes  A,  and  when  A  overtakes  B. 

7.  Suppose  two  persons,  A  and  B,  go  round.the  world  at  the  equator. 
A  goes  eastward,  one  mile  the  first  day,  two  llie  second,  and  so  on,  in 
arithmetical  progression.  B  goes  westward,  at  an  uniform  rate  of  20 
miles  a  day.  Find  where  they  will  meet,  and  interpret  the  negative 
Tcsult,  supposing  the  circuit  of  the  earth  to  be  23,661  miles. 

8.  It  was  observed  that  firom  the  8th  to  the  19th  of  June  of  a 
certain  year  the  thermometer  rose  half  a  degree  daily,  and  that  the 
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arithmetical  mean  of  these  twelye  different  positions  of  the  ther- 
mometer was  1 8f  degrees.  At  what  degree  did  it  stand  on  the  8th 
day  of  June  ? 

IX. 

1.  Insert  three  harmonical  means  between  a  and  h. 

2.  Insert  four  harmonical  means  between  6  and  26. 

3.  Insert  six  harmonical  means  between  1  and  20. 

4.  Continue  the  harmonical  progression  ....  3,  4,  6,  ....  both 
ways ;  how  far  can  it  be  continued  ? 

5.  If  h—a  be  the  harmonical  mean  betvreen  c-0  and  d—a;  then 
shall  d^e  be  the  harmonical  mean  between  a—e  and  h—e, 

6.  Shew  that  the  difference  between  the  first  aad  last  of  n  harmonical 
means  between  a  and  h,  bears  to  the  difference  between  a  and  h,  a  less 
ratio  than  n—  1  to  n + 1 . 

7.  In  any  harmonical  progression,  the  product  of  the  first  two  terms 
is  to  the  product  of  any  two  adjacent  terms,  as  the  difference  between 
the  first  two  is  to  the  difference  between  the  other  two. 

8.  Given  the  mth  and  nth  terms  of  a  harmonical  series ;  determine 
the  first  and  second  terms. 

9.  If  191  and  n  be  two  arithmetical  means  between  a  and  5,  a,nip 
and  qy  two  harmonical  means ;  then  shall  mq  =  np, 

10.  If  h+Cy  a+e,  a+b  be  in  harmonical  progression ;  show  that 
or,  h\  ^  are  in  arithmetical  progression ;  and  conversely. 

11.  If  a,  3,  ^  be  in  arithmetical  progression,  then  ah,  ac,  and  he  shall 
be  in  harmonical  progression. 

12.  If-f.il-.,  I   Jjil_  be  in  arithmetical  progression;   then  shall 

1 — ab        1 — he 

0,  Y'  ^  ^^  ^  harmonical  progression. 
h 

X. 

If  a,  3,  «  be  in  harmonical  progression,  prove  that  the  following 
quantities  are  respectively  in  harmonical  progression :  — 

1.  a,  a  — r,  a— 5.   2.  e,  e-^a,  e^h.       3.  - — ,  ,  — ?_. 

h  +  c    e+a    a+b 

.       ah        ac        ho  -    a  h  e 

a+h'  a+c    hTc'  '  h+c-a^  a+c—h^  a+h-e* 

^1.1   1,1  1.1 

a    h+o     h    a-\-e  e    a+b 

XI. 

If  a,  h,  e,  d  be  in  harmonical  progression,  verify  the  truth  of  the 
following  equivalents : — 

1.      1+1-1+1.       2.     1     •     1     •     '^       11 


—a    b—o    a     e  a — h    h — e    c — a     e     a 
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8.   l^flnP+^i::*!  =  0.     4.  «'+«»>24',  and  generally  a»+<^>2i". 
2a  — 0       2e—o 

6.   *±f+*±f-2. 
b—a    h—e 

6.  Z{h'^a){d^c)  =  {C'-h){d^a), 

XII. 

1.  Tf  a,h,  e  are  positive  quantities  in  harmonical  progression,  and 
^"+i'+^=  1 ;  shew  that  h  is  less  than  the  reciprocal  of  the  square 
root  of  3. 

2.  If  -  =   f  "^  ^ ;  then  is  ^  a  harmonical  mean  between  a  and  h, 

h    2h'+ao 

3.  Shew  that  (a:»+y»)(a?'+ary+y»),  ar*+ary+y*,  (a?'+y')(a:»-«y+y') 
are  in  harmonical  progression. 

4.  If  a,  5,  c  be  the  mth,  nth,  and  p^  terms  respectively  of  a 
harmonical  progression,  then  (w— n)flJ+(p- w)atf+(»-r)^(?  =  0. 

5.  If  £llf  =  ?Z^ = ?Z!?  and  »,  c',  r  be  in  arithmetical  progression, 

px         qy         rz 

then  shall  x^  y,  z  be  in  harmonical  progression. 

6.  If  a,  3,  <;  be  in  arithmetical  progression,  and  a,  3,  c?  in  harmonical 

progression ;  shew  that  4=1  —  (^"""^)  . 

7.  If  the  harmonical  means  between  each  pair  of  the  three  quantities 
a,  i,  e  be  in  arithmetical  progression,  then  3^,  a^,  r'  shall  be  in  har- 
monical progression.  But  if  the  harmonical  means  be  in  harmonical 
progression,  then  a,  5,  c  shall  be  in  harmonical  progression. 

8.  If  n  arithmetical,  and  the  same  number  of  harmonical  means  be 
inserted  between  two  quantities  a  and  h  ;  and  a  series  of  n  terms  be 
formed  by  dividing  each  arithmetical  mean  by  the  corresponding  har- 
monical mean ;  the  sum  of  the  series  will  be  equal  to 


XUL 

Find  the  sums  of  the  following  geometrical  series : — 

1.  l-f-2-l-4-f-84-  ....  to  10  terms  and  to  n  terms. 

2.  1—2+4^8+  ....  to  80  terms  and  to  n  terms. 

8.  14-_-|-_+_4-  ....  to  20  terms,  and  ad  infin. 
2     4    8 

4.  1—-+^—-+  ....  to  20  terms,  and  ad  infia. 

2     4     8 

5.  9  -  6+4  ....  to  20  terms,  and  ad  infin. 
G.  100+40+16+ to  50  terms. 


22 

7.  -+1+-+  . . .  •  ad  infin. 

4  6 

8.  7-^+^-  &c 14  tams. 

o        64 

9.  -.+-+__+  ....  ad  infin. 
4     5     25 

10.  l+_+__+  ...  to  n  terms. 

4     16 

9 

11.  2+3+--+  ....  to  20  texmsy  and  to  2n  terms. 

12.  -.—-+-_—  ,  .    .  to  3n  terms. 

4  3    27 

15.  3?+2l+  ll+  ....  to  30  terms. 

8       4      2 

16.  l+?+2+l+4+A+,  &c.,  to  n  terms. 

3  9  27 

17.  -+ — + +,  &c.,  ad  infin. 

6     25^125     '       ' 

18.  1— A+±-.,  &c,  ad  infin. 

5  15^46 

19.  fl^»+a-*5+a-»i»+ to  n  terms, 

20.  (?Y— 6*+2.15*— to  8  terms. 

21  1  ,  1,1. 

•   V2(l  +  V2)"*"(l+V2X2+V2)-^"(2+^/2)(3+v^2)'^  •  *  ' 

ad  infin. 


1.  In  every  geometrical  progression  of  a  finite  number  of  terms, 
the  product  of  any  two  terms  equidistant  from  the  first  and  last  terms 
is  equal  to  the  product  of  the  first  and  last  terms. 

2.  Shew  that  eyery  term  of  the  series  1,  2,  4,  8,  ftc,  is  greater  by 
uniiy  than  the  sum  of  the  terms  which  precede  it. 

3.  In  every  geometrical  progression  consisting  of  an  odd  number 
of  terms ;  the  simi  of  the  squares  of  the  terms  is  equal  to  the  sum  of 
all  the  terms  multiplied  by  the  excess  of  the  odd  terms  above  the 
even. 

4.  In  every  geometrical  series,  the  sums  of  evexy  successive  n  terms 
are  in  geometrical  progression;  find  the  sum  of  si  such  series,  and 
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shew  that  the  result  is  the  same  as  that  for  the  sum  of  inn  terms  of 
>the  first  series. 

5.  In  any  geometrical  series,  if  tlie  (p+^)tib.  term  be  equal  to  m, 
and  the  (p  —  q)ih  term  to  n ;  the  ^th  term  is  equal  to  (mn)^  ancL  the 

•^  term  to  m(  ^  j^ ;  prove  also  the  converse^ 

6.  iBxplain  what  is  meant  bj  a  limit,  and  prove  that  the  siun  of 
the  series  a+ar*\-ai^+  .  .  .  ar"~S  approaches  a  finite  limit  when  n  in- 
creases indefinitely,  and  find  that  Hmit. 

7.  If  a,  h,  c,  d,  &c.,  be  n  quantities  in  geometrical  progression ; 

shew  tliat  ,  ,  --^  &c.,   are  alsd  in  geometrical  pro- 

..gresslon,  and  &d  their  sum. 

6.  "Which  is  the  greater  sum,  _+-+7-+>  &c.,  ddini^il.^  olt 

4    8     16 

-+■-+ — +  Ac.,  ad  infin. 
3     9    27  * 

9.  The  first  term  of  an  infinite  geometrical  series  is  2", .  whose 
common  ratio  is  ^ ;  shew  that  the  sum  of  aU  the  terms  after  the  nth 

10.  Hie  first  term  of  a  geoaretri^al  series  continued  ^  infiftHum  is  1 ; 
BxA  any  term  is  equal  to  the  sum  of  all  the  succeeding  terms.  £e- 
quired  the  series. 

1 1.  If «,  by  6  be  the  jE>th,  £th,  and  t&i  terti&s  of  a  geiMn^trical  pro- 
.gression ;  shew  that  a^^.h'^.nr^  «*  1. 

12.  If  P  be  the  product  and  8  tli«  stmi  of  the  terms  of  a  geomeMeal 
series  of  n  terms,  and  8^  the  sum  of  their  reciprocals ;  ahew  that 

13.  If  «,  ^e  sum  of  2fi  terms  of  a  geomeMoal  sori^  whose  first 
term  is  a  and  common  ratio  r,  be  equal  to  k  times  tiie  (M4-l)th  teim ; 
shew  that  ife«*{a^+(r— l>a}-». 

14.  lia,  h,  0,  i  be  in  geometrical  progression ;  then  shall 

{a±hy,  (h±e)\  (e±dj\ 
1)0  also  in  geometrical  progression. 

XV. 

1.  If  «ji,  #1,  «,  be  the  sums  of  three  geometrical  series,  having  their 
fibret  terms  in  geometrical  progression,  the  number  of  terms  and  the 
common  ratio  being  the  same  in  each ;  prove  that  Si.s^ »  6,^. 

2.  If  «i,  «,  denote  the  sums  to  be  terms  of  two  geometrical  series, 

having  a  for  their  first  terms,  the  same  in  each  series,  and  the  common 

Tatio  of  one  the  reciprocal  of  that  of  the  other,  and  if  /  be  the  last 

term  of  the  first  series ;  then  asi^h^. 

§  1^ 
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3.  If  8r  denote  the  sum  of  a  geometrical  series,  of  wKich  a  is  the 
first  term,  r  the  common  ratio,  and  n  the  number  of  terms ; 

then«J"^»— «?:?^i-2r«^. 

4.  If  P  be  the  sum  of  a  series  formed  by  taking  the  first  and  eyerj 
l»th  term  of  an  infinite  geometrical  series  whose  first  term  is  I,  and  the 
common  ratio  a  proper  fraction ;  Q  the  sum  of  the  series  formed  by 
taking  the  first  and  every  j^th  term ;  prove  that  P«(  Q— 1/  =  0^(^—1)'. 

5.  If  «  be  the  sum  of  n  terms  of  the  series  x+:i^+s^+  . . .  .,  and  / 

be  the  sum  of  the  reciprocals  of  the  terms ;  then »  — - — . 

6.  If  «i,  #j,  «, .  . .  •  ««  denote  the  sums  of  n  geometrical  series  whose 
first  terms  are  0,  20,  3a,  .  .  .  na  respectively,  n  the  number  of  terms 

and  r  the  common  ratio;  then  *i+«a+«B+  . .  .  +«,  =  ^l-ZL..i!LL_J!??. 

r— 1         2 

7.  If  «i  represent  the  sum  of  an  infinite  geometrical  series  whose 
first  term  is  a  and  common  ratio  r,  «,  the  sum  of  the  squares  of  the 

terms,  «,  the  sum  of  the  cubes,  &c. ;  shew  that  -4- -4-.+,  &c.,  inde- 

«i    «j    H 

finitely  continued  = ^""'^ 


a— 1       r 

8.  «i,  ^,  «5 .  .  .  «{,.!  be  sums  of  n  geometrical  progressions  each  to  n 
terms,  and  whose  first  terms  are  respectively  a,  3a,  5ii .  .  .  {^x-  l)ff, 

and  r  the  common  ratio ;  prove  that  «i+*j+«5+  .  .  .  «,..i » \f^^\)na, 

r— 1 

9.  If  «,  denote  the  sum  of  an  infinite  geometrical  series,  of  which  a 
is  the  first  term  and  r  the  common  ratio ;  %^  the  sum  of  the  squares  of 
each  term,  «|  of  the  cubes,  and  so  on ; 

Then  shall  «i— *s+«s—  &c.,  =  -^  .  IhT. 

1 — a    r+a 

10.  Between  each  pair  of  the  («+l)  quantities  x,  y;  x,2y;  a?,  Ay; 

&c.,  are  inserted  n  geometrical  means,  and  if  i»|,  m^,  m^  &c.,  be  the  nth 

means  respectively  of  each  pair ;  prove  that 


m 


XVI. 

1.  When  unity  is  added  to  the  greatest  of  three  numbers  in  arith- 
metical progression,  they  are  in  geometrical  progression ;  shew  that 
the  least  term  is  equal  to  the  square  of  the  common  difference. 

2.  If  a,  3,  c,  d  be  four  numbers  in  geometrical  progression ;  find 
what  number  added  to  each  of  them,  the  squares  of  the  sums  shall  be 
in  arithmetical  progression. 

3.  If  the  arithmetical  mean  between  a  and  h  be  double  of  the 
geometrical  mean ;  then  a  :  5  : :  2+>/3  :  2-  v/3. 
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4.  If  <i,  &,  0  be  in  geometrical  progression,  and  x^  y  be  the  arith- 
metical means  between  a,  h  and  h^  o  respectively ; 

prove  ?  =  1+1,  and  2  =  ?+f . 
Q    X    y  X    y 

5.  If  the  jith,  ^th,  rth,  and  «th  terms  of  an  arithmetical  progression 
be  also  in  geometrical  progression ;  prove  that  jp— ^,  St^^t  r—s  are  in 
geometrical  progression. 

6.  If  three  quantities  are  in  an  increasing  arithmetical  progression ; 
shew  that  the  second  has  a  greater  ratio  to  the  first  than  the  third  has 
to  the  second. 

7.  Gtiven  the  sums  of  the  even  and  the  odd  terms  of  a  geometrical 
progression  of  2n  terms ;  required  the  rth  arithmetical  mean  between 
thei'th  and  ^th  terms. 

8.  Determine  four  numbers  in  arithmetical  progression,  which 
being  increased  by  2,  4,  8,  and  15  respectively ;  the  sums  shall  be  in 
geometrical  progression. 

9.  Prove  that  the  arithmetical  mean  of  any  number  of  positive 
quantities  is  greater  than  the  geometrical  mean. 

10.  If  inf  fn,  denote  the  nth  terms  of  two  geometrical  progressions 
whose  first  and  second  terms  are  respectively  a,  a+h,  and  a,  a^h  ^ 
then  shall  i^  x  fn  be  the  nth  term  of  a  geometrical  progression  whose 
first  and  second  terms  are  a\  a^—h*. 

11.  J£  a,  h,  c  he  three  numbers,  and  x,  y,  s  other  three,  each  in 

geometrical  progression;  and  if-,  -,  -  be  in  arithmetical  progres- 

X    y     z 

sion;  thena+mo?,  h+my,  e+mz  shall  also  be  in  geometrical  progression, 

m  being  any  integral  number. 

xvn. 

1.  If  a,  bf  ehe  in  geometrical  progression,  and  a+x,  h+x,  ^+r 
be  in  harmonical  progression ;  find  the  value  of  x, 

2.  If  between  each  two  successive  terms  of  the  series  a,  or,  ar^,  &c., 
consisting  of  n+1  terms,  a  harmonical  mean  be  found ;  find  the  sum  of 
the  n  means. 

3.  If  the  geometrical  mean  between  two  quantities  x  and  y  be  to 
the  harmonical  mean  as  1  to  n;  shew  that  a;  is  to  y  as  1 +  >/!—»» 

to  i^^jiz::^, 

4.  If  between  two  numbers  there  be  inserted  two  arithmetical 
means  ^i,  a^ ;  and  two  harmonical  means  h^,  h^ ;  and  if  a  harmonical 
mean  be  inserted  between  a^  and  a^;  and  an  arithmetical  mean 
between  ^|  and  h^  \  then  the  geometrical  mean  between  these  is  equal 
to  the  geometrical  mean  between  the  original  numbers. 

5.  If  the  arithmetical  means  between  the  pairs  of  quantities 
ii9X\hyy\ef%hQ\u  arithmetical  progression,  the  geometrical  means  in 


2d 

:g6oinetrfeal  progt^g^ion,  atid  the  Iianttimioftl  ttieiaia  in  liAittioiiioal  pro- 

.^essioxi;  shew  that  ^ -I  — | >  =2^— a-c,  or  hy^ae. 

{a     e    h ) 

6.  Three  quantities  a,  5,  «  are  (1)  itt  arithmetical  progression,  (2) 
i«i  geometrical  progression,  (3)  in  harmonioal  progression ;  find  the 

value  of  °^  "^^    in  eadi  case. 

7.  If  0,  (,  0  be  in  arithmeittoal, «,  y^  i  in  harmoaieal,  and  (tt^  i^,  ez 

in  geometrical  progression;  then  shall  -4--'*-'f — 

y    X     c    a 

&  If  ^  ^  >  bo  in  arithmetical  progressioui  or,  iy,  ez  in  geome- 
d     0    ^ 

vtHcal  progression,  and  ^,  ~  ,   .    in  haxmonical  progression ;  plroye 

yz    xz    zy 

that  *V— rf)*+4fl?^(a»— 5c)(<?-*aJ)  =  0. 

9.  If  y  be  the  harmonical  mean  between  ^  and  t,  and  x  and  t  be 
respeGtiyely  the  arithmetical  and  geometrical  means  between  a  and  h ; 

10.  llar  =  if  =  ff,  and  if  a,  8,  ^ be  in  geometrical  progression,  then 
shall  X,  y,  zhein,  harmonioal  progression. 

xvin. 

1.  Prore  that  a  geometrical  mean  betwe^i  two  qfuantities  is  a  mean 
proportional  between  an  arithmetical  and  a  harmonioal  mean  between 
the  same  two  quantitieSy  and  shew  of  these  three  mean  terms  which  is 
•the  greatest. 

2.  If  to  three  quantities  in  arithmetical  progression  a  fourth  pro- 
portional be  found,  the  three  last  term*  of  this  proportion  will  be 
in  haimonical  progreesioa. 

3.  Erove  tf^>^«,4^  is  positiye,  sero,  or  aegatiyei  according  as 
Oi,  a^,  a^  a^  are  in  arithmetical,  geometrical,  or  harmonical  progression. 

4.  If  a,  &,  0  are  in  arithmetical  progressioni  and  h^  Cj  d  are  in  har- 
monical progression;  shew  that  a,  &,  «,  d  aro  in  geometrical  pro- 
gression. 

6,  If  0,  &, «  be  in  arithmetical  progression,  h^  e,  d  in  geometrical 
progression,  and  e^df  em  harmonioal  progression ;  prove  that  a,  c^  e 
are  in  geometrical  progression. 

6.  If  a,  h,  e  be  three  quantities  such  that  a  is  the  arithmetical 
mean  between  h  and  «,  e  the  harmonical  mean  between  a  and  h ;  prove 
that  h  is  the  geometrical  mean  between  a  and  e, 

7.  There  are  three  numbers  in  harmonical  progression.  If  unify 
ibe  subtracted  from  the  first,  the  progression  becomes  geometrical ; 
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T)ut  if  4  be  subtracted  from  the  tliird,  it  becomes  aritlimetical ;  what 
sie  the  numbers  ? 

8.  If  0  be  the  difference  between  the  arithmetical  and  geometrical 
means  between  two  quantities;  and  b  the  difference  between  the 
arithmetical  and  harmonical  means;  find  the  values  of  the  two 
quantities.  ^ 

9.  If  three  numbers  be  in  arithmetical  progression,  the  products  of 
{he  first  and  second,  first  and  third,  second  and  third,  are  in  harmonical 
progression. 

10.  If  a,  h,  ehe  in  geometrical  progression ;  then  shall  a+h,  2b,  h+e 
be  in  harmonical  progression. 

11.  If  0,  ^,  c  be  in  harmonical  progression;  then  «— i^  45,  e-^ib 
are  in  geometrical  progression. 

12.  If  ^  and  y  be  the  arithmetical  and  harmonical  mean  respectively 

between  a  and  b ;  then  -  and  -  will  be   respectively  the  harmonical 

X         y 

and  arithmetical  mean  between  -  and  -. 

a         b 

13.  The  difference  of  the  arithmetical  and  geometrical  means 
between  two  numbers  is  13,  and  the  difference  between  the  geometrical 
and  harmonical  means  is  12 ;  what  are  the  two  numbers  f 

XIX. 

1.  Find  the  amount  of  an  annuity  of  £140  payable  quarterly  for 
three  years,  compound  interest  being  allowed  at  5  per  cent. 

2.  K  £600  be  lent  without  interest,  and  to  be  repaid  by  a  bond 
for  £800  in  3  years ;  what  interest  did  lender  in  fact  take  if  compound 
interest  be  allowed  ? 

3.  What  annuity  can  be  purchased  for  £1,000  to  continue  20  years, 
.allowing  (1)  3  per  cent.,  (2)  5  per  cent.,  at  compound  interest? 

4.  A  person  has  a  capital  of  £2,000,  which  produces  him  interest 
tit  5  per  cent. ;  if  he  spend  every  year  £180,  find  in  how  many  years 
he  Tdll  be  ruined,  having  given 

log.  2- -30103,  log,  3 --47712,  log.  7  =  -84510. 

5.  A  person  borrows  £300  to  be  paid  back  by  equal  instalments 
in  30  years,  and  pays  interest  each  year  at  4  per  cent,  on  the  portion 
not  paid  back ;  find  the  whole  amount  of  interest  he  pays. 

6.  A  person  places  £10,000  in  the  funds  at  5  per  cent. ;  the  first 
year  he  spends  the  whole  interest ;  the  second,  third,  &o.,  years  he 
spends  twice,  three  times,  &c.,  the  same  interest ;  how  long  will  his 
property  last  ? 

7.  A  sum  of  £1,000  is  lent  to  be  repaid  with  interest  at  4  per  cent, 
per  annum  by  annual  instalments,  beginning  with  £40  at  the  end  of 
the  first  year,  and  increasing  30  per  cent,  each  year  on  the  laat  pre- 
ceding instalment ;  how  soon  will  the  debt  be  paid  off  I 
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log.  2-.-3010300,  log.  3  = -47712. 

8.  If  a  national  debt  of  a  thousand  millions  of  pounds  has  a  tenth 
part  of  its  existing  amount  paid  off  every  year ;  in  how  many  years 
Tvill  it  be  reduced  to  less  than  half  of  its  original  amount,  supposing^ 
money  bear  interest  at  3  per  cent.  ? 

9.  If  an  estate  be  sold  for  £5,000,  which  produces  a  dear  rental  of 
£200  a  year ;  at  what  rate  was  the  interest  of  money  reckoned  ? 

10.  Freehold  estates  are  usually  valued  at  so  many  years'  purchase^ 
that  is,  at  so  many  years'  rent ;  find  how  many  years'  purchase  must 
be  given  for  an  estate,  (1)  when  money  bears  interest  at  3^  per  cent., 
(2)  at  4  per  cent.,  (3)  at  5  per  cent. 

11.  If  a  person  purchase  the  reversion  of  an  estate  after  20  years 
for  £500 ;  what  rent  ought  it  to  produce  that  he  may  make  6  per  cent, 
of  his  money  ? 

12.  Find  what  sum  would  be  required  to  purchase  a  government 
annuity  of  £20,  to  continue  15  years,  when  the  price  of  the  3  percent, 
consols  is  such  as  to  yield  an  interest  of  £3  5s.  per  cent.,  both  the 
interest  and  the  annuity  being  payable  half-yearly  ? 

log.  1-01625 --0070006,  log.  6-16571  =  -789983. 

XX. 

1.  A  person  owes  P  pounds,  on  which  he  pays  interest  yearly.  Tho 
principal  is  to  be  repaid  by  fixed  annual  payments  in  n  years ;  what 
annual  payment  must  be  made  at  the  same  rate  of  interest  so  as  to  be 
just  able  to  pay  the  interest  annually  and  the  principal  when  it 
becomes  due  ? 

2.  If  there  be  n  annuities  of  1,  2,  3  ....  n  pounds  respectively 
left  unpaid  for  n  years ;  shew  that  their  amount  at  simple  interest  will  be 

^     ?"    +  >  r  being  the  interest  of  one  pound  for  one  year. 

2  4 

3.  If  an  annuity  be  payable  for  2m  years,  r  the  interest  of  one 
pound  for  one  year,  P  and  Q  the  present  values  of  the  annuity  for  the 
first  and  last  halves  of  the  time  respectively;  shew  that  P=  Q(l-)-r}". 

4.  A  person  left  a  pounds  to  purchase  three  annuities,  each  of  the 
same  yearly  value,  but  to  continue  for  m,  n,  p  years  respectively ; 
determine  what  portions  of  the  sum  must  be  apportioned  for  the  three 
several  annuities,  compound  interest  being  allowed. 

5.  If  a  debt  of  a  pounds  increasing  at  compound  interest  be  dis- 
charged in  n  years  by  annual  payments  of  -  pounds, 

tn 

then(l+r)"(l-fwr)  =  l. 

6.  The  present  value  of  an  annuity,  to  continue  for  a  term  of 
years  at  a  given  rate  at  compoxmd  interest,  is  equal  to  m  times  the 
present  value  of  tho  same  annuity  to  be  paid  only  during  the  latter 
half  of  the  same  term ;  find  when  the  annuity  will  cease. 
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7.  Find  the  present  worth  of  Ay  2Ay  SA,  .  .  .  nA  pounds  due  at 
the  end  of  1,  2,  3  ...  n  years  respectively  from  the  present  time,  and 
find  the  value  when  n  is  indefinitely  -great,  compound  interest  being 
allowed. 

8.  If  P|  represent  tne  sum  of  the  present  values  of  n  annuities,  to 
commence  at  the  expiration  of  2,  4,  6,  &c.,  years  respectively,  and  to 
continue  in  perpetuity ;  and  P,  the  sum  of  n  others,  to  commence  at 
the  expiration  of  1,  3,  5,  &c.,  years,  and  to  continue  in  perpetuity; 
shew  that  P,  =  (I  +r)Pi,  where  r  is  the  interest  of  one  pound  for  one 
year,  compound  interest  being  allowed. 

9.  Shew  that  the  sum  of  the  present  values  of  n  separate  annuities 
is  equal  to  the  present  value  of  the  amount  of  the  annuities  when  cal- 
culated at  compound  interest,  but  is  not  equal  when  simple  interest  is 
allowed. 

10.  If  P  be  the  present  value  of  an  annuity,  to  continue  for  ^  years, 
and  P+  Q  for  2p  years ;  shew  that  the  annuity  is  equal  to 

11.  A  person  spends  a  certain  part  of  his  income  every  year,  and 
adds  the  remainder  to  his  principal ;  shew  that  his  expenditure  in- 
creases in  geometrical  progression,  and  find  his  comparative  income 
at  the  end  of  the  nth  year. 

12.  If  a  man  spends  p  pounds  a  year  more  than  his  income,  of 
which  the  deficit  is  taken  from  his  capital,  which  was  originally  P 
pounds,  bearing  interest  payable  yearly ;  find  in  what  time  he  will 
become  penniless. 

13.  A  freehold  estate  of  A  pounds  a  year  is  left  for  the  equal  benefit 
of  two  charitable  institutions;  how  many  years  must  one  of  them 
hold  it  before  the  other  resumes  it  to  possess  it  in  perpetuity,  sup- 
posing compound  interest  be  allowed  ? 

XXI. 

1.  There  are  two  numbers  in  the  proportion  of  ^  to  |;  which  being 
increased  respectively  by  6  and  5,  are  in  the  proportion  of  f  to  ^. 
Hequired  the  numbers. 

2.  Two  numbers  are  in  the  ratio  of  4  to  5 ;  if  one  be  increased 
and  the  other  diminished  by  10,  the  ratio  of  the  resulting  niimbers  is 
inverted ;  find  the  numbers. 

3.  There  are  two  numbers  such  that  if  unity  be  added  to  the  first 
and  5  to  the  second,  the  results  are  in  proportion  as  4  to  5 ;  but  if  19 
be  subtracted  from  the  first  and  15  from  the  second,  they  shall  be  as 
19  to  24  ;  find  the  two  numbers. 

4.  Three  numbers  are  in  continued  proportion,  the  sum  of  the 
least  and  greatest  is  51,  and  the  sum  of  the  two  greater  ones  is 
60 ;  required  the  numbers. 

5.  There  are  three  numbers  in  geometrical  pr?gression,  whose  sum 
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is  14 ;  and  tlie  sum  of  tlie  first  and  second  is  to  the  sum  of  the  second 
and  third  as  1  to  2  ;  required  the  numbers. 

6.  There  are  four  numbers  proportional^  of  which  the  third  is  the 
product  of  the  first  and  second,  while  the  fourth  is  the  sum  of  the 
second  and  third,  and  the  product  of  the  first  and  third  is  equal  to  the 
4Bum  of  the  second  and  fourth ;  required  the  numbers. 

7.  Given  the  sum  of  three  quantities  in  geometrical  progression, 
and  the  sum  of  their  reciprocals,  to  find  the  quantities  themselves. 

8.  Divide  111  into  three  parts  so  that  the  products  of  each  pair 
may  be  as  4  :  5  :  6. 

xxir. 

1.  The  sum  of  four  numbers  in  axithmetical  progression  is  56,  and 
the  sum  of  their  squares  is  864 ;  what  are  the  numbers? 

2.  The  sum  of  seven  numbers  in  arithmetical  prog^ssion  is  28, 
and  the  sum  of  their  cubes  is  784 ;  find  the  numbers. 

3.  There  are  four  numbers  in  arithmetical  progression,  the  sum  of 
the  squares  of  the  first  and  second  is  34,  and  the  sum  of  the  squares 
of  the  third  and  fourth  is  130 ;  find  the  four  numbers. 

4.  The  sum  of  three  numbers  in  harmonical  progression  is  11,  and 
the  sum  of  their  squares  is  49 ;  what  are  the  numbers  ? 

5.  If  the  product  of  three  numbers  in  harmonical  progression  be 
576 ;  what  are  the  numbers  if  their  sum  be  26  ? 

6.  The  sum  of  three  numbers  in  harmonical  progression  is  191, 
and  the  product  of  the  first  and  third  is  4032  ;  find  the  numbers. 

7.  From  each  of  three  numbers  in  harmonical  progression ;  what 
number  must  be  subtracted  that  the  three  differences  may  be  in 
geometrical  progression  ? 

8.  Four  numbers  are  in  harmonical  progression,  the  first  and 
fourth  are  6  and  10  respectively ;  find  the  equation  which  connects  the 
second  and  third. 

9.  Determine  the  arithmetical  progression  when  the  number  of 
terms  is  1 1,  the  sum  of  the  terms  220,  and  the  sum  of  their  cubes 
147400. 

XXIII. 
Find  the  «ums  of  the  following  series : — 

1.  l'+8»+5«+ +n\       2.  l»+3»+5«+ +n\ 

3.  l*+3*+5*+ +n\       4.  p— 3*+5«-7»+ ±n\ 

5.  l»-3«+5»-7»+ ±»».       6.  1*— 3*+5*-7*+ ±n*. 

7.  1.2»+2.3*+3.4»+ +»(«+l)'. 

8.  1.3»+3.5>+5.7'+ +(2»— l).(2n+l)». 

9.  1.2»+2.3«+3.4»-f n.(n+l)». 

XXIV. 

Verify  the  truth  of  the  sums  to  n  terms  of  each  of  the  following 
series: — 
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1.  2+6+14+80  +  62+ +(2"— 2)  =  2"+'— 2(«+2). 

2.  4  +  10+28+82+ 4.(3-+i)  =  ^{3-+i+2«— 3}. 

8.  8+6+11+20+ +(2-+»)  =  i{2"+»+«'+«— 4}. 

4.  1+3+7+15+ +(2«— 1)  =  2"— («+l). 

5.  1+5+13+29+ +(2»+i— 3)  =  2-+'— 3n— 4. 

6.  1+6+23+76+237+ +{3-— («+l)} 

«i{3-+i-(»+l)(n-2)+l}. 

7.  1  +  11+111+1111+ +|(io--l)«i?{10"-l}-5. 

8.  7+77+777+7777+ +i(10"— 1)  =  HOO"— l}-^a". 

XXV. 

1.  1 +-+-+_-+-_  ....  to  n  tennB. 
2     4      8      16 

o      3,7    ,11   ,15  .       . 

^'  10+i^+io^+ro*----*^^*"™'- 

4-    TT;+:^+-r;r+-;;+  •  •  •  •  ad  infin. 
10     20     40     80 

5.  -+__+_-+_-+  .  . .  .ton  terms. 
4     4'     4'     4* 

6.  l+2a:+ac»+4«"+  ....  to  »  tenns. 

7.  l+3a?+6a?'+7«"+  ....  to  n  terms. 

8.  l+4aj+9a5»+16«»+ ad  infin. 

9.  l+8a?+27aj»+64aH»+  ....  ad  infin. 

10.  2+6«+12a:»+20a^+ ad  infin. 

11.  l+16a?+81«»+256a;»+ ad  infin. 

12.  l  +  32x+24ac>+1024a;>+ ad  infin. 

13.  1+??+?^!+!?+ ad  infin. 

a      or      tr 

14.  (a;+a?-»)+2(a^+ar»)+3(«»+a?-»)+  ....  to  » terms. 

XXVI. 

1.  Find  the  sum  of  the  squares  and  the  sum  of  the  cubes  of  the 
first  n  natural  nimibers  without  assuming  any  general  formulae. 

2.  If  n  be  an  even  niunber,  shew  that 

„+2(„_l)+3(„_2)+  ....  +|(2+l)=l.<!H^^. 

3.  Having  given  the  expression  for  the  sum  of  the  squares  of  the 
first  n  natural  numbers ;  shew  from  the  expanded  form  of 

(1+2+3+  ...  +ny, 
that  the  sum  of  the  products  of  the  first  n  numbers  taken  two  and  two 
together  is  i^n{n'^—  1  )(3n+ 2). 

4.  Between  each  two  consecutive  terms  of  a  series,  consisting  of 
the  squares  of  a  series  of  numbers  in  arithmetical  progression,  a 
geometrical  mean  is  inserted;  shew  that  each  term  in  the  original 
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series  is  an  arithmetical  mean  between  the  inserted  terms  adjacent  to 
it,  and  find  the  sum  of  n  terms  of  the  series. 

5.  What  is  the  general  form  of  triangonal,  what  of  pentagonal 
numbers  ?  Shew  that  there  is  one  and  only  one  case  in  which  the  same 
number  can  be  both  triagonal  and  pentagonal. 

6.  Write  the  first  five  and  the  nth  of  the  series  of  triagonal 
numbers,  and  find  an  expression  for  the  sum ;  and  shew  that  the  sum 
of  any  two  consecutive  triagonal  numbers  is  a  square  number. 

7.  If  any  triagonal  number  be  multiplied  by  8  and  the  product 
increased  by  unity ;  the  result  is  a  square  number. 

8.  Shew  that  the  sum  of  the  series  l'+3'+5'+  ...  n*  is  an 
hexagonal  number. 

xxvn. 

1.  Find  an  expression  for  the  number  of  balls  in  a  pyramidal  pile, 
(1)  when  the  base  of  the  pile  is  an  equilateral  triangle  having  n  balls 
in  each  side,  (2)  when  the  base  is  a  square  with  n  balls  in  each  side, 
(3)  when  the  base  is  a  rectangular  parallelogram  having  m  balls  in  its 
leng^  and  f»  in  its  breadth. 

2.  Wliat  is  the  difference  of  the  number  of  balls  in  a  square  pile 
and  in  a  triangular  pUe,  each  consisting  of  20  courses  ? 

3.  Apply  the  formula  to  find  the  number  of  balls  in  a  rectangular 
pile  which  contains  1 6  in  length  and  7  in  breadth ;  and  verify  the 
correctness  by  finding  the  sum  of  the  successive  courses  of  the  pile. 

4.  Wliat  is  the  number  of  balls  in  a  rectangular  pile  of  which  the 
length  of  the  lowest  course  is  double  the  breadth  ? 

5.  There  is  a  pile  of  iron  shot,  eaoh  six  inches  in  diameter,  on  a 
square  base.  Had  there  been  one  shot  less  in  the  side  of  the  square, 
the  weight  of  the  pile  would  have  been  less  than  before  in  the  ratio 
of  55  to  91 ;  find  the  number  of  shot  in  the  base  of  the  pile ;  and  it 
being  given  that  a  ball  of  iron  one  foot  in  radius  weighs  2048 
poimds,  and  that  the  volumes  of  spheres  vary  as  the  cubes  of  their 
radii ;  find  the  weight  of  the  shot  in  the  pile. 

xxvnE. 

1.  If  «!,  Oi,  08,  04 .  •  .  .  a.  be  a  series  of  quantities,  such  that 
a^a-tf^a',,  0*8  r:  0^*4,  ^4""  ^s^^f  &c* ;  determine  a^  in  terms  of  a^  and  a,. 

2.  In  the  series  a|  +  0|-f-a|+  ....  '■{•<h+a»+i+  ....  the  (n+l)th 
term  is  derived  from  the  preceding  terms  by  the  formula 

a.^,.?K!Ltl);   shew  that  a.^t^,^ 
^       2»— «»  4— 3«i 

3.  If  n  become  1  +-i  where  n  is  a  positive  integer;  prove  that  the 

n 

sum  of  the  terms  1  H-2n+ 3»^+ >  &c.,  indefinitely  continued,  is  equal  to  nK 

4.  K  any  three  consecutive  terms  be  taken  of  the  series 

l*+2*+3»+4»+ 

the  sum  of   the  first  and  third  is  always  less  than  double  of  the 
second  term. 
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6.  Yerif  J  the  correctness  of  the  reversion  of  the  series. 


(1)  If  ^  =  y-l.  +  ;---,  &c.; 

Ji        o       ** 


theny  =  ^+^+j^3+j^,&c 

<2)  Ka:  =  y+2yH3y«+4y*+&c.: 

then  y  =  a? — 2:r*  4-  ^jc*—  1 4**+ &c. 

6.  Shew  that  (l4-a:)(l+a^)(  1+^)4-  ....  to  n  factors  =-t— ^- 

7.  Find  the  sum  of  (j:— l)+3(4?— 2)  +  5(a?— 3)+  ....  to  n  terms. 

8.  Determine  the  limits  of  the  ratios  of  the  following  series  when 
the  number  of  terms  is  indefinitely  continued : — 

,jx   l+2a;+3ar'+4a:'+ /o\  1— 3ar»+5j;*— 7a:<^+ 

9.  If  «=  1+J.+JL+1+ ad  infin. 

^2"     3"     4" 

and  «'=  1— —+——_+  ....  ad  infin. ; 
2"    3"    4" 

ahew  that  *:«'::  2-* :  (2— »— 1). 

10.  Qivejiar^+{x+iy+(x+2y+  ....  to  8  terms  =380;  find  a;. 

11.  U  ^!±l!+^2^+fl±£+  ....  to  :.  terms  -flHitlZ,  find  x. 

xxrx. 

1.  Shew  that  double  the  discount  of  any  sum  of  money  is  a  har- 
monical  mean  between  the  sum  itself  and  the  interest  upon  it  for  the 
same  time. 

2.  Compare  the  sides  of  a  right  angled  triangle,  when  the 
squares  described  on  the  three  sides  are  in  harmonical  progression. 

3.  On  the  perpendicular  of  an  equilateral  triangle  another  equi- 
lateral triangle  is  described,  and  on  the  perpendicular  of  this,  another, 
and  so  on  continually;  find  the  sum  of  the  areas  of  all  the  triangles. 

4.  The  sum  of  £100  is  to  be  divided  among  four  persons  so  that 
the  shares  shall  be  in  geometrical  progression,  and  the  difiperence 
between  the  extremes  shall  be  to  the  difference  between  the  means  as 
37  to  12. 

5.  If  «|,  «|, «,  denote  the  sums  of  n  terms  of  each  of  three  arithmetical 
series  whose  first  terms  are  unity,  and  their  common  differences  in 

harmonical  progression ;  prove  that  n=     i-<8— <i'<»-^*i.<i  ^ 

6.  If  a  mixture  be  made  of  two  substances,  first  in  equal  volumes 
and  next  in  equal  weights,  the  specific  gravities  of  the  mixtures  may 
be  found,  and  they  wiU  be  in  the  first  case  an  arithmetical  mean,  in  the 
second  a  harmonical  mean  between  the  specific  gravities  of  the  simple 
substances. 


EESULTS,     HINTS,     ETC.,     FOE     THE     EXERCISES     ON" 
AEITHMETIOAL,    HAEMONIOAL,    AND     GEOMETBIOAL 


PROGRESSION. 


I. 


1.  "^-^"t^A     2.  n\     S.  n(n+l).     4.  420.     5.  5580. 

6.  89700.     7.  1999000.    8.  8725.    9.  -200. 
10.    -1674;    11.  200.     12.  4752. 

13.  1-8  +  5-7+  .  ..  to45tenns  =(1  +  6  +  9+  . ..  to  23  terms) 

— (8  +  7  +  11  +  . . .  ta22  terms). 
1-8+6-7  +  9-...  to  2n  terms  =(1  +  5  +  9+  tonterms) 
-(8  +  7+11+. ..  tonterms). 

14.  1-8  +  15-22+..  .  to  60  terms  =(1+16+29+.  .  .  to  25  terau) 

-(8+22+8C+.  .  .to  25  terms). 
1-8  +  15-22+ . .  .  to(2»+l)  terms  =(1  +  15  +  29+...  to  (n+1)  terms) 

-(8  +  22  +  86+.  . .  tonterms). 

11. 
1.  45.     2.  -248f     8.  280J.     4.   -  6055 J  and  !^3?i^^\ 

6.   -2425  and  ^^"•'*\     6.  442.    7.  841  J.     8.  -na. 

9.  4«(a«-(4ii-8)a»+n»}.    10.  i(»-l)and -1.    11.  ri^ 

12.  (211+1).  }^+^^-f)|.     13.605.    14.  Mi 
ia-b        a+6     i  2n 

111. 

1.  Since  there  are  3  means,  there  are  5  terms  in  the  series. 

Let  x=com.  diif.    Then  '012 +a^  '012  + 2a;,  '012  + 3a;,  denote  the  means, 
and  •012  +  4a;=the  fifth  term  =  132,  .*.  4a;='12  and  aj=-03. 
Hence  -012 +«= '012 +'08= '042,  -012+23?= -012+ -068= '072, 

•012  +  3a;=  -012  +  '09=  '102 
.*.  *042,  '072,  '102,  are  the  three  arithmetical  means  hetween  *012  and  '132. 

2.  The  nine  means  are  19,  29,  39,  49,  69,  69,  79,  89,  99. 

Q    fru^^^    -™10a  +  6    9a  +  26    8a  +  36    7a  +  46    6a  +  56    5a  +  6*    4a  +  7h 
8.  The  means  are -^j-,   __,   -^^j-,   ^-3^-,  — ^,  -j^»  _^. 

Sa  +  Bh    2a  +  96    a  +  10& 

4.  The  nnmber  of  means  is  9,  and  the  common  difference  is  2. 
6.  The  nnmber  of  means  is  B,  and  the  common  difference  is  2. 

IV. 

1.  Let  a  denote  the  first  term,  d  the  common  difference,  and  n  the  number  of 
terms  of  the  series.    Also  let  T^  denote  the  nth  term. 

The  pth  term  reckoned  from  the  last  term  of  the  series  will  be  the  (n— p  +  l)tk 
term  reckoned  from  the  first. 
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Then  T,=a-h(j9-'l)d,  Tn^^i==a-¥(n'p)d,  Tn=a  +  n-ld 
.-.  2'^+r«_,H-i=2a+(n-l)d,  and  T,  + r»=2a  +  (?i  -  l)d. 
Also  Tp+Tp^t=a  +  {p-l)d+a  +  {p  +  l)d=2{a'{-pd)==2T^i. 
3.  Let  X  the  first   term,   y  the  common  difference;    then   x-\-6y=loy    and 
x+9y=^2l,  from  which  the  first  term  and  common  difference  can  be  found. 

7.  85+l=(2»+l)«.    8.  See  Art.  4,  pp.  3—6. 
10.  aj=5  :ind  - 10  : 7/=7  and  4.    See  Art.  4,  p.  4. 

12.  Let  X  be  the  nnmber  of  terms  of  the  series,  then  :r'  =  123454321:  find  x. 

V. 

1.  Let  X  denote  the  first  term,  y  the  common  difference,  and  z  the  number  of 
terms; 

thena;  +  (wi-l)y=a,  a!+(n-l)y=»6,  x  +  {z—l)y=^a+b  :  find  as,  y,  «. 

2.  Here  T«+«=o+(m+w-l)rf,    J„_H'^a  +  (m— n- l)d, 

.-.  T'«+,+  7*«-»=2a  +  2(OT-l)<Z=2{a+(m-l)rf}=27*«, 

Hence  r,=4{r,+,+r,-,}, 

or  the  mth  term  is  equal  to  half  the  sum  of  the  (m  +  7i)th  and  (m  -  n)th  terms. 

3.  Let  X  denote  the  first  term,  y  the  common  difference, 

thenjc+(n-l)y=l(3w-l)  and  !|{2.c  +  (»-l)yj=^(3tt+l). 

Whence  x=^  and  y-  J. 

4.  Let    X    denote    the    first    term    and    y    the    common    difference,    then 

jSf,=-/2x  +  (n-  l)yl,  which  is  an  identical  expression  with  nia  —  h)^  +n*a6,  so  that 

ti(x-l')+!i!l^=7i(a-6)«+n2rt*.     .-.^'^aj,  and  aj- ?'=(«- 6) » 

.*.  y-^2ab  and  a:^«»-a6  +  6«. 
6.  Let  T^  and  T.  denote  the  general  terms  of  the  respective  series, 
then  T„=2  +  (w-l)3=3m-l,    r»=3  +  (m--l)4=4n-l,  .'.  T',-r„=4?i-3?7?. 
now  4n— 37n=o,  when  identical  terms  occur  in  the  two  series,  and  .'.  47i— 3m, 

.   !»_3_«_1_12_15_ 
'  *m"4~8~"12""16""20~      • 
Hence  the  4th,  8th,  12th,  16th,  &c.,  terms  in  the  first  series  are  respectively 
identical  to  the  3rd,  6th,  9th,  12th,  &c.,  terms  in  the  second. 

8.  «'y-a*={a+(i7-l)d}.{a+(n-i?)d}-a{a+(»-l)ef}=tp-l)(n -;?)(£». 

9.  Here  T,' +  r-={a+(n-l)rf}a -a*=2(n-l)a(i  +  (n-l)«d» 

91     2 

=  (»-l)d{2a  +  (n-l)rf}x2>«- 

2(ii-l)d  n  f         .  ,     20i-l)i/5 

=-hr--2-^2a  +  (n-lW}=^— ^— 

10.  In  the  first  group,  the  common  difference  being  unity,  the  first  term  of  the 
»th  group  is  }(w*  -  »  +  2),  and  the  sum  is  ^(/i*  +  n). 

In  the  second  group,  the  common  difference  is  2,  and  the  first  term  of  the  nth 
group  is  n*  ~  »  + 1,  and  the  sum  is  «*. 

11.  Let  a  be  the  first  term,  and  5j,  «„  «,,  &c.,  bs  the  sums  of  the  sets  of  the  p 
terms; 

and  5j  -  «,  =i?CP  -  IH  *a  —*«  ^i'd'  -  l)^f  &c. 

12.  Let  a  denote  the  first  term,  d  the  common  difference,  and  «„  jj,  Ss*  &c., 
the  sums  of  the  successive  groups  of  n  terms  each. 
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Th«„.-«„    {»'-n)<i    .  _«„  .  (8n«-n)rf  „,.J^*~*^  Ac 

VI. 

1.  Herea-6=6— c,  and  a  +  c=26,  also  a— c=26-2c=2(&-c) 

,".(a-.c)«  =  4(6-c)2=2(6-c)' +  2(6 -c)«=2(6-c)«  +  2(a-6)^  =  2{(6 --)'  +  (« -&)'}. 

112 

2.  Here -| = ,  then  multiplying  these  equals  hy  (a  +  6)(y4-c)(a  +  c) 

b+c    a+b    a+c 
there  results  (6  +  c)(a  +  c)  +  (a  +  6)(a  +  c)=2(a  +  6)(6  +  c),  whence  a«+c^=^26«. 

5.  Note.     The  expression  (»i-n)c+(p-wi)6  +  (m-p)a=o   can  be  arranged  in 
the  form  {c-b)m'^(a—c)n-\-{b—a)p=Ot  which  indicates  also  an  arithmetical  pro- 
gression in  which  m,  n,  p  are  respectively  the  ath,  6tfa»  and  cth  terms ;  and  that 
Ihe  two  seiics  have  their  common  differences,  one  the  reciprocal  of  the  other. 
&  KeTQ  a-b—b-c=c-d  i  ::  a+c=2b,  b  +  d=2e,  a  +  d=b  +  c 

and(a  +  c)»+(6+d)«  =  46«+4c». 

or  a«  +  6*  +  c«  +  d *  +  2ac + 26<i= 46«  +  4c* 

adding  icLc-\-ibd  to  these  equals 

.•.  o«  +  6«+c«+d«+6(ac  +  W)=4(6*+c*+ac  +  W): 

but  8inco6+d=2c,  .'.  6*+W=26c 

ando+c=26  .".  ac+c'=26c 

.'.  b^  +  bd+ac+c^=ibc 

also  4bc={b  +  d){a-\'C)=ab  +  cui  +  bc  +  ed, 

Hence  .*.  o«+6*+c«+d«+6(ac+W)=4(a6+a<i+6c+crf). 

VII. 

1.  Here»,+»a=-(n  +  l)+?(3w-l)=2n«=2»a. 

2.  If  a  denote  Hie  first  term,  and  d  the  common  difference, 
then«i=-{2a+(»-I)(2},  »,=?5{2a  +  (2»-l)rf},    8^^—{2a  +  {Zn-l)d] 

and»,-»i=?{2a  +  (3»-l)rf}=i.??{2a  +  (37i--l)rf}=l.*, 

IL  If  a  denote  the  first  term, 

then«H^+«H-j=^^{2a+(n+8)ft}+!L±2^2a+{n+l)6} 

A  A 

=2(n + 3)a + {»*  +  6n + 7)6 
«nd2«,+i=?li-?{2a+(»+2)6}=(n+8)a+(»«  +  5»+6)6,  .\««+4+«ii+i-2»h-i*»6- 

4.  Here'*{2a+(»-l)6}=iia+^i)i^ 

!L2i{o^+ (n  -  2)6}  =(n  -  l)a+ (!L:il)|Lz2L^ 

!^|2a+(n-8)6}Ho»- 2)«+i!lz2)i!Ll?)5, 


n-3 


{2a+(n-4)6}=(n-8)a  +  l!Ll8J^i)?, 


2    *  'J     *  2 

Then  the8umofn  +  (n-l)  +  (w-2)+. . .  to  n  terms  =K»+I)n. 
Next  to  find  the  sum  of  «(»-l)  +  (n -!)(«- 2) +  (n-2)(Ji-8)+  &c.,  to(»-l)tcnM, 
or  of  1.2  +  2.3  +  3.4+  ...  (»-2)(n -!)  +  (»- l)ti>  reversing  the  oid«r. 
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Since  1.2.3  +  2.8.4  +  8.4.5+  . ..     (»-2)(n-l)»+(n-l)n(n+l)'> 

-1.2.8-2.3.4- ...-(»-2)(n-l)n-{n-l)n{«+l))       ' 

orl.2.8  +  2.8.(4-l)  +  3.4(5-2)  +  ...  +(n-l)n{(n+l)-(»-.2)}=(»-l)»(n  +  l) 

or  1.2.8  +  2.3.3. +3.4.3+  ..  .  +(n-l)7i.8=(n-l)n(»+l), 

.••  1.2  +  2.3  +  8.4+  . . .  +(n-l)n=i(n-l)n(n  +  l). 

Hence  the  sam  of  the  lesnlts  =i(n+l)na+|(fi- l)n(n+l)&=in(n+l){a  +  ^(n- 1)6^ 
9.  «2+«4 +«.  +  .. +«ni»=^{2»<»+(n-l)fi(n+l)6}, 

•nd«,+«3+«a+  .  .«i»-i=^{27io+in.»»5}. 

VIII. 
1.  78  strokes.     2.  a;=6,  y=4,  s=2,  the  nmnher  is  642. 

3.  By  aid  of  £nc.  I.  82,  cor.  1,  the  equation  -(235  +  &c)  +  360=180ar. 

from  which  z=6  and  —1,  and  the  figure  has  six  sides. 

4.  Last  payment  £6  10«.     Amount  of  debt  £338. 

5.  6  miles  1300  yards. 

6.  Suppose  A  travels  x  hours,  then  ^i£Jlr/=15(a;  -  8),  whence  a;=15  and  6  houn^ 

also  B  trayels  12  and  8  hours.     Explain  these  results. 

7.  Let  a;  be  the  number  of  days,  then  ^^^^  ^  +  202=23661.    Find  values  of  x. 

2 

8.  16*». 

IX. 

1.  The  three  harmonioal  means  are  — ~,  j.      ^,  >  «nd  ^      , . 

a  +  3&    2a+26  3a+b 

2.  The  four  means  are  7-^,  8f ,  II4,  and  l^. 

8.  The  six  means  are  1^,  !«.  Hi,  2*,  8i,  6*. 

4.  Shew  that  2;,  3,  4  are  in  harmonical  progression,  also  that  4,  6,  ^  are  in  har- 
monical  progression. 

6.  Shew  that  the  ratio  of  ( ^!Ltllf? -  (!L±iif!? ]  to  (a-b)  is  less  than  the  ratio 

C   a+nb        na+b  > 

of  n-1  to«+l. 

7.  See  Art  7,  p.  7,  and  shew  that  the  ratio  of  2!ii±il?to  °^^-^^)^^  isequal 

a+iU  fM  +  l 

to  the  ratio  of  l!L±l>£f_a  to  t-<"W. 

a  +  nZ  fia  +  2 

8.  Let  a,  i  denote  the  mth  and  nth  terms  respectively  of  a  harmonical  pro- 
gression ;  then  - ,  -  are  the  mth  and  nth  terms  of  the  corresponding  arithmetical 

d    b 

progression. 

Let  X  denote  the  first  term,  and  y  the  common  difference, 

then~s=:a;+(m— l)y  and  ^s=x+(n-l)y:  find  a;  and  y. 
a  b 

9.  Let  X  denote  the  common  difference  when  a,  m,  n,  b  toe  in  arithmetical 
progression ;  then  a-^x^sm  and  a+2x=n ;  and  when  a,  p,  q,  (,  are  in  harmonical 

progreisioDy  .^.-.o,  and  — — aV. 
a+aj  o+2« 

Then  ±!^=^,  and  ^-t, ...  ?!«?,  andi»ip«ng. 
a+2x    n  a+2a;   p         n    p 
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10.  From  a+c=?^5L±M±£)  may  be  deduced  a«  -  J«=6'  -  e\ 

a+c+26 

11.  Since  a,  5,  c  are  in  arithmetical  progression*  a+c=2&,  multiply  these  equals 
by  ode,  then  a«(a&+&c)=2ai.&c,  and  .'.  ac—   ,  \ ^,  or  oc  is  a  harmonical  mean 

between  ab  and  &c. 

12.  Here  iL"t_. .  _JL^_26,  whence  by  reduction  there  arises 

1—ab    1— 6c 

(a-i-c)(l  +  6«)=2a6c(l+6«),  .-.  l:^.?fi,  t.«.  a,  1,  c  are  in  iJ.P. 

b    a+e  0 

X. 

1.  Here  h-^^,  and  a*  +  hc=2ac,  ,',  ul-bbe- 2ac=^o,  add  2a»  - 2db  to  each  side, 
a-{-c 

2c«  -2ac-ab-\-bc=2a^  -  2ai=2a(«-6)  or  (2a-  6)(a  -c)=2a(a-6), 

. '.  a  -  c=:  — ^^"  ^ — ,  or  a  -  c  is  the  harmonical  mean  between  a  and  a  -  ft. 
(a-6)  +  (a-c) 

8.  Since  a,  6,  c,  and , ,  — — ,   are  respectively  in  harmonical  pxo« 

b  +  e    c+a     a-^b 

session, 

.  •.  1 ,  r. ,  1,  and  itl,  11^,  fLii,  arc  respectively  in  arithmetical  progreasion. 
a    b    c  a  b         c 

1+1=?,  and?(fL+£L>±f+£±». 
a    c     6  5  a         c 

Deduce  the  former  from  the  latter,  and  then  reverse  the  process. 
Here  2(a+c)_6jfc    g  +  6    6c+c«-fa*+a5 
6      ~   a         c    ~  oc 

and  2a"c+2ac«=6«c  +  6c'  +  a«6  +  aft*, 

whence  c(a-6){c+a  +  6}=a(6— c){aH-ft  +  c}, 
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•  ••ac-&c=o6-ac,  andai  +  6c=2ac  .•.-+-=-. 

a    c    0 

A    Ti.r.  2(a  +  c)     a+6    ft+c   ^,1     1     1     1     11     1.1     „„,i  1     1    2 

4.  Here  _i '-— h-r-i  or-  +  --i — !._=!-.  +  _+- j.-.  ana — — =-. 

Eeverse  the  process. 

6.  From  t+j^g    a+t-e^2(a+e-6)^  ^y  ^  ^^„^ 
a  c  6 

!>'<;  +  ftc'  +  a*&  +  oJ' = 2a'c  +  2ac*,  from  which  may  be  found  6(a  +  c)=2ac,  then  re- 
verse the  process,  as  in  Ex.  8. 

XI. 

1.  Hero  b=^  then  b-a^^'^lZ^^,   and  6-c=^:L^-, 
a  +  c  a+c  a-^c 

•      ^  1  a+c        a+e       a  +  c    i  1_1  )      a+c  e-a    a+e    I     I 

*  *  6-a     b-G  ~~a(c  -  a)     c{a-c)^c+a'  \  a"  c  )  "^e-a'  ac  *~  ac  ~~  e    a 

5.  Here  b^^  ^^^,  Izl^^ZS,  and  a-6=^(lZ.?). 

a+e    a    a+c       a       a+c  a+e 

NeiU_^.  *=J2_,  "JL^^fZf ,  and  e-6=^izi!l. 
a+c    c     a+c       c       a+c  a+c 

Again2a-J=2«-^=i^.  aad??Z»=J2_.«d2«-*      ^ 


a+c    a+e  a        a+c  e       a+e 


3D 

Hence  ^<'^>+?^=^  +  tZE:^o. 
2a-b  ^  ie-b        2         2 

5.  Hero  6=,-?!-,  i+aJ'^-"'\  6-«=2£r£!,  .-.  ^^^LtH, 
a-hc  a-\-c  a+c  b-a     c-a 

Next  S+c=?^i!,  and  b-e='f^z£, 
a+c  a-hc 

ft+c     Za+e     mi.««  6  +  a    b  +  c     Sc  +  a    8a  +  c    ^ 
.'.  - — = -.     Inen +  - — = + =2, 

b-c    oc-c"  b—a    b—c     c^a      a~c 

XII. 

1.  This  follows  at  once  from  XI.  Example  4.    a«  +c«>  2J»  .'.  a'  +  6«  +c«>  S6« ; 

buta«+ft«+c»  =  l,  .-.  1>36S  and  36»<1,  .-.  J<vV 

2.  By  clearing  the  eqaatlon  from  fractions,  and  transposing  one  term  from  each 
side,  the  common  factor  may  be  removed,  and  the  result  is  2ab='<iei-bc. 

4.  -,  >,  -  are  the  mth,  nth,  pih  terms  respectively  of  an  arithmetical  pro- 
a    b    c 

gression.     Let  x  be  the  first  term,  y  the  common  difference,  then  x  +  {m-l)y=~  . 

a 

x+{n-  l)t/=    ,   a? + (p  -  l)y=-  .    Eliminate  x,  y. 
b  c 

5.  First  - — .'=  — ^ ,  .  • .  €wjry  -  qxy^apx  -pj-y^  and  a{qy  -px)=xy{q  -p), 

px        qy 

Next  ^LUlL—^Jll^  .  \  arz  -  ryz=aqy  -  qyz,  and  o(rs  -  qy)=yt{r  -  q). 
qy        rz 

Hence  ^^l^^^—^i^^lPl,  hut  q—p^r-q,  because^,  j,  r  are  in  arithmetical  pro* 

rz  -  qy     z{r  -  q) 

gression.     .  • .  ^l]LZJ^~^ ,  and  qyz  - pxz — rxz  -  qxy, 
rz-qy     z 

.•.3(yi+a;y)=(|?  +  r)a»,  and?^^=^i±r=2,  .-.  y==^L, 

xz  q  x  +  s 

.  *.  X,  y,  3,  are  in  harmonical  progression. 

6.  a+c=26,  andi  +  ?==?,  thenc=26-a,  and  IJ^AJ^^.. 

a    d    b  d     b    a       ab 

•   g    (2g-6)(2&-g)    a&-2(g-6)V    ^     2(g-ft)« 
'  d~~  ab  '^         ab         ~^  ab      ' 

7.  The  harmonical  means  between  a,  b;  a,  e;  b,  c;  tare ,  J^ ,    ~~L ; 

0+6     a+c     6+c 

and  these  are  in  arithmetical  progression, .  •.  —^  + =  — ^ . 

°  a  +  b     b  +  c      a-tc 

From  this  equality  by  reduction,  (a«  +c')&-=2ac'. 

8.  See  Art.  3,  i»p.  2,  3 ;  and  Art.  6,  pp.  6,  7. 

XIII. 
1.  2>o-l,  and  2"-l.    2.    -|(2>o-l),  and  -J{(-2),-l}.     8.  2-»(2»o-l), 

•nd2.     4.|.2;i-l,andf.  5.1j?i;Z?lN,and5l.    6.  15!ll?!!. 
8     2>»  '        6(      3"       )  ^  3       6*' 

*  16         8»*  ^^  3    4»-* 


17""' 


and  ? i-.     12.  -£-.lILJ:£-.     18.  If     14.  4,     15.  l.i ^-.      16.    Thii 

2a»-»  100      9»"-»  8        3** 
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series  obyiously  can  be  separated  into  the  foIlowiDg  two  series  : — 

1  +  2  +  4+  .  .  .  .  to-  terms  if  n  be  eyen,  or  -—  terms  if  n  be  odd, 

2  '2 

and  -+-  + — +  ....  to  -  terms  if  »  be  eyen,  or  !Ll—  terms  if  n  be  odd. 
3    9    27  2  2 


17.  1.      18.   A.     19.  ?^     20.  i\^'^)^\    21.  i. 
25  a-ft  6*(10*-1) 


XIV. 


8.  Let  a  denote  the  first  term,  r  the  common  ratio. 

Then  a+ar+ar^+  .  .  .  to(2n  +  l)  terms  -£l!^lzy, 

r-1 

'and  a>+a«r«+a'r*+  .  .  .  to  (2»+l)  terms  ^^^l^—lzH 

r*~l 

Also  a+ar<+ar*+  .  .  .  to  («+l)  terms -?^i!! uli, 

r*  — 1 

ar+ar»+ar»+  .  .  ,  ton  terms  -Si!! iZ.'. 

JJxc«8  Of  Odd  .bove  ,v«n  tom.  -"('^^-^  _  '^^'-^>  .2(lf!!l±i). 

r«— 1  r'-l  r+1 

Hence  ^(^*"-''-^)  ^  «(^''-^^  +  l)_«'(^-*^'-l) 
r-1  r+1      "      r*-l 

6.  Let  a;  denote  the  first  term  of  the  series  and  y  the  common  ratio,  then 

ajyH-r-i««w»j  and  ay*^"**"* ;  by  taking  the  product  of  these  equals,  x^y^f-^^mn, 

and  xyr  i=(mn)ft  the  ^th  term. 

i_ 

Next  take  the  <iuoacnt,::^ii:^'=~  or  y*-™.  .•.y-/™\\ 

A'yp-*-!     n  n  \  n  / 

i_ 

And  since  xy»-^-^  «iC2^>.y'=m, .  •.  ay»-*  =  ~=m(  5.  p,  the  ^h  term. 

yp        \m/ 

6.  See  Art.  10,  p.  8. 

7.  It  may  be  shewn  that  the  common  ratio  of  every  two  successive  terms  of  the 

series  is  -,  the  first  term  being  — - — .    The  sum  of  n  terms  wiU  be  found  to  be 

,  .         1       a*  -  c*     1 
equal  to .-.- — 1-.— i-. 

8.  The  limit  of  each  series  is  the  same. 

9.  The  nth  term  of  the  series  is  2«(-)      =2,  and  the  series  after  the  nth  term 

is  l+i  +  i+  ....  the  limit  of  whosesum  is  — -—2. 

10.  Let  X  denote  the  common  ratio,  the  first  term  being  unity.     Then  the  nth 
term  is  sc*~S  and  according  to  the  problem, 

ae^»-aJ»+af+»+af+«+  ad  infin.=-^;  .'.  1--^  l-oj-n; 

1  —  35  1-35 

•*,  2a;=l  and  a;»i,  the  common  ratio.    The  series  is  1  +^  +  2+  fto. 

11.  Let  a;  be  the  first  term  and  y  the  common  ratio,  then  xj^^=^a,  xy9-^m>h 

I  1 

ay"-i-c,  andir^-^,  V"'-*;  •'•  y"(^)'~*»  "^  ^  ^0^' 
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and  a«-'.6'-*'.c»'-«-.l. 
12.  Let  a  denote  the  first  term,  r  the  common  ratio. 

Then5=^i!:!zl),   • l_.rizl,...jL-a*r-S  and    }  4  {  "=a«-.r<-»\ 


«(«-i) 


P=a.ar.ar^  +  .  .  .  ar»-^-a».ri+«+-+<»-i)=a".r""r^  .'.  P*  «a«".r"<«-i). 


« 


Hence  P«  «    -1 

13.  g«^^^  \  and*=A:.r".    Eliminate  r". 

r-1 

14.  Suppose  r  the  common  ratio,  then  a,  ar,  ar*,  ar'  are  respectively  equal  to 
€tf  bf  c,  d. 

And(a±ft)»«a«(l±r)«,  (a±c)*=a«rMl±r)S  (c±<i)«-aV*(l±r)». 
Hence  (a±&)«,  (6±c)«,  (c±(i)*  have  a  common  ratio  r*(l±r)«. 

XV. 

1.  Let  a,  oi,  a&'  be  the  respective  first  terms  of  the  three  series,  r  the  common 
ratio,  and  n  the  number  of  terms. 

Then  ..»^i^nil),  ,,«f^zl,  .3-^^^<^-^)  ;   ...  !l«l, 
*       r-1  '        r-l  '         r-1  «,     6' 

^«1;   .-.  ll«i!  and  5 j»,-«a>. 

2.  Let  r  denote  the  common  ratio  in  the  first  series,  and  n  the  number  of  terms 
in  each  series. 

Then  #1=^^^^,  ««=.J?L,  ^ J ^  ,  gr*-'=/.    Whence  oj^-faa. 

r-1       ~ ZJZi (     r-1  r+1     S 

^a(2i^-H  -  2jj^2ar{(r«)-- 1 }  _^^/^ 

r«-i  ;ti:o^ 

4.  Instead  of  the  ^th  and  q\h  terms  as  printed  in  the  question,  read  the  (p  +  l)th 
and  (^ + l)th  terms. 

The  first  series  is  l+t^'+r«J»+  ....  ad  infin.=— i— .-P. 

The  second  series  1  +r»+r*»+  ....  ad  infin.  «= —Q. 

1— rt 

.M=P-i^,iV*=P-l,7*=:^\  .-.  r={^ji 

i-«-<2t^,  i?^-g-i,  '^^^t  .••  *•-  j  ^} '• 

.-.  {P-Vf.^=(Q-\Y.t^. 

r-1  r-1  r— 1 

*  r-1     J  >        r-1         1.2 

10.  See  Art.  11,  p.  10. 
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XV  r. 

1.  If  a  be  the  least  term,  d  the  common  difference,  then  a,  a+d,  a+2d  are 
in  arithmetical  progression,  and  a,  a+d,  a  +  2<£+l  are  in  freometrical  progression. 

2.  Let  X  be  added  to  each  term,  then  the  snms  are  a-hx,  b+a^  e+x,  d+x,  ami 
the  squares  of  these  quantities  are  in  arithmetical  progression,  or 

(a+aj)«  +  («2  +  aj)'=(6+c)«  +  (c+ar)',  the  value  of  aj  is  the  number  required. 

3.  Here  4(a+6)=2(a6)*,  .-.  a  +  6=4(a6)^  and  a«  +  2aft  +  6«=16aA,  subtractiti^ 
4ab  from  these  equals,  a«— 2a6+6'=12a6,  .*.  a-6=2>/3(aA)»,  and  a+b=i[ab}*. 
Hence  a :  6: :  2  +  4/3 : 2 ->/3. 

4.  Hdrea<j=6«,  a;=4(o+6),  y=i(6  +  c). 

Then  \K-^+  ^=-^  J 1  +  1 1  ==  J(!!it£y_^_L=?. 
a;    y     a  +  6    6  +  c    a*  +  c*(c*      a*)      (ol  +  c*)(ac)*    (oc)*     6 

5.  Let  X  denote  the  first  term,  and  y  the  common  difference, 

then  x  +  (p— l)y,  «  +  (g — 1  )y,  as  +  (r  -  1  )y,  a;  +  («  -  l)y,  are  in  arithmetical  progression, 
and  these  are  also  in  geometrical  progression.     Shew  that  {p—q){r~8)={q—ry. 

6.  If  a,  a+df  a  ■{■2d  be  the  terms  of  the  progression,  shew  that  —11-  is  greater 

a 

a-[-d 

8.  Let  V,  a;,  y,  2  be  in  arithmetical  progression,  then 

2x=r  +  y,  2y=a;+2,  and  i7+z=a;+y, 
and  V + 2,  a;  +  4,  y  +  8,  2 + 15  are  in  geometrical  progression, 
.-.  (i;+2)(s  +  16)=(x+4)(y  +  8);  find  the  Talues  of  r,  a^  y,  s;. 

11.  If  m  be  added  to  -,  -,  -  respectively, 

X    y    z 

they  become , ^,    . 

X  y  z 

Make  the  product  of  the  first  and  third  equal  to  the  square  of  the  second. 
,j^^^  (a-^mx){e+mz)Jb  +  my)*^  ^^^  ^^^^^   ^,^^  x,  y,  2  are  in  geometric.! 

xz  y* 

progression,  .  * .  (a  +  mx){c  +  m:)  =  (6  +  my) « ,  or 

ac  +  {cx-\-az)m  +  m^xz=b^+2bmy-hm*y*  ; 
but  ac—b^,  because  a,  b,  c  are  in  geometrical  progression,  and  m^xz^^iti^y*. 

Hence  j/j(ca?  +  a:)=2»i6y,  and  i —  =    -     ,  or-  +  -= — ,  or-,  -,  -,    are    m 

xz  y*  2    a;     y  z    y    x 

arithmetical  progression, 

.  *.  a  +  )nx,  b  +  my,  e  +  ?nz,  are  in  geometrical  progression. 

XVII. 

1.  a...<^_±5J^?^.     2.  See  Art.  7,  p.  7. 
o  +  c-"26 

4.  Let  Pf  q  denote  the  two  numbers,  then  the  two  arithmetical  means  are 

^x  =  l{^P  +  q\  andaa  =  i(j)  +  2g). 

And  tho  harmonical  mean  between  o,  and  o,,  — ifj*,—''^  P'rq)\p+iq) ^ 

ai+a,  ^{p-^q) 

Next,  the  two  harmonical  means  are  6,  r=     ^  ,    69  =  — ^ . 

*     p  +  2q      '     2p  +  y 

And  the  arithmetical  mean  between  6,  and  6.  is  _Llt_«^ pq\P  +  qi — 

2         2(i?+2jK22i+y>' 

.'.  geometrical  mean  between   — i^i-  and     >      ?=s(tw)*. 

di+ag  2 
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5.  The  arithmetical  means  i{a+x),  J(A  +  y),  J(c+2)  are  in  arithmetical  pro- 
gression.    The  geometrical  means  (ax)*,  (6y)*,  («)»,  in  geometrical  progression,  and 

the  harmonical  means -^^ ,  — ^,  — ■,    in  harmonical  progression.      Form    the 

a+x    6+y     c+2 

equations  and  eliminate  x 

8.  Hew  2|?=5+!.  JV=«»««.  «<i  - ?^^. 

b     a    c  xz     a*xy+c^yz 

Eliminate  x,  y,  z,  and  the  result  will  give  the  equation  required. 

9.  Here  y-..=^,  2a;=a+ft,  and«*=ad. 

x-\-z 

Then  y=^  =t  2(«  +  *)(«*)*        2(a  +  b) 


85+25    a+2(a6)»  +  6 


10.  Since  a»=B»,  .*.  a^f,  also  since  €F=^bf,  .•.  c=s6*,   .•.  «:=&■  *» 


but  ac=6»,    .♦.  &•  '=6»,  .•.?^4.?^=2,  .-.  y=_,  that  is  y  is  the  harmonical  mean 

«       «  2  +  2 

between  x  and  z. 

XVIIl. 


1.  See  Art.  5,  note,  pp.  5,  6. 


2oe 


6.  Here   &=— ^  c«=W,  rf=— .     From  the  first  and  third  equality, 

bdj^^±^.  (wd  c«=W,  .-.  c«=f!^t£l,  whence  a«=c«. 
c+«  c+« 

6.  Since  a=i-li,  and  (?=— — ;  .*.  acs=6(2a— c)  andd=2a~c,  whence  ac=6'. 

2  a  +  o 

7.  Let  a;,  y,  s  denote  the  three  numbers  in  harmonical  progression, 

then  y=z — ^ ,  (x  -  l)z=sy',  and  2y=a; + s  -  4 :  from  these  equations  find  the  values 
as  +  y 

of  a^  y,  2. 

8.  Let  Xf  y  denote  the  two  quantities ;  then  ?^>  (xy}i=a,  and 

z 

^^ZJL ^—b.    Find  x  and  y  from  these  equations. 

2       a  +  y 

9.  Let  a,  &,  c,  be  in  arithmetical  progression,  then  b—\{a-\-c)\  shew  from  this 

that  ae=  ,   '    ,  or  that  ac  is  the  harmonical  mean  between  ah  and  5e.    Reverse  the 
ab-^-bc 

operation. 

13.  Let  X  and  y  denote  the  two  numbers,  then  i(x  +  y)  -  (a;y)*=13, 

and  {xy)\^?^^\2.    From  the  first  equation  tel-y*)«=26, 
a;+y 

and  from  the  second  ?^I?>!1?LJ^=.12.    Whence  M=1?= A, 

x-\-y  x+y    28    13 

and  2(^^12  ^  ^^  (fLt^!):^26    ^^  (^-y*)'_l     ...  (?i±y!)!^25. 
x+y     18  a;+y        13  aj+y        13  (x*-y*r 

Substitute  these  values  in  the  first  equation,  2—234,  and  y=104. 

XIX. 

1.  £450  25.  2\d. 

2.  A  little  more  than  10  per  cent. 
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3.  At  3  per  cent.,  £67  25.  d<2.  nearly ;  at  5  per  cent.,  £80  4«.  6d.  nearly. 

4.  If  n  be  the  number  of  years,  then  »=, — ^    ?^  ~  ?^  i — ri  which  can  be  de- 

■^  log7  +  log3  -  log2 — 1 

termined  from  the  logarithms  given. 

5.  Each  annual  payment  is  £17  95.  Sd.,  and  the  whole  sum  paid  for  interest  is 
£220  95.  3(2.  The  logl*04= '0170333  and  logS '243889= '5109990  will  facilitate  the 
calcolation. 

6.  Six  years  and  scarcely  five  months. 

8.  It  will  be  reduced  to  one  half  iu  4}  years  nearly,  and  in  5  years  to  less  than 
one  half  of  the  amount. 

9.  The  interest  was  reckoned  at  4  per  cent.  per.  annum. 

10.  30|§  years'  purchase,  when  money  ia  at  8^  per  cent. ;  25  years'  when  at  4  per 
cent.,  and  20  years*  when  at  five  per  cent. 

11.  The  estate  is  an  annuity  in  perpetuity  after  the  expiration  of  20  years,  for 
which  the  sum  of  £500  is  paid  down.  The  annual  income,  reckoning  money  at  & 
per  cent.,  is  only  £96  45.  3^. 

XX. 

1.  See  Art  10,  note,  p.  12,  on  the  present  value  of  an  annuity. 
8.  See  p.  12,  note  on  the  present  value  of  an  annuity  to  commence  after  in  yearsw 
and  to  continue  for  n  yeara. 

4.  Let  Xf  t/f  z  be  the  three  portions,  then  x-hy  +  z=:a,  and  if  p  pounds  be  the 
value  of  each  annual  payment, 

thenx=>'.<.l-tr)!^l.   y^P.(l+r)>--l,    «^^.tl+Z)'_zl. 
r     (1  +  r)"       '     r     (l  +  r)»   '         r      {l  +  ry 

Then  lf=LlLl±rt!.    «     l.rll±rtl.     Buta:+y+.=«. 
X    l-(l+r)-"    X     l-(l+r)-"  ^ 

Whence  x=—, {l-(l+r)->}a 

3-{(l  +  r)— +  (l  +  r)--  +  (l  +  r)r' 
Similarly  for  y  and  z. 

5.  The  amount  of  the  debt  a  is  a(l+r)" ;  and  the  amount  of  the  annual  pay* 

mentooff  i.gj<^+'->'-M. 
m      m\         r         i 

7.  Let  P„  P,,  P,  ...  Pa,  denote  the  respective  present  values  of  the  n  sums. 

^ '.-Il'-IT-,|.  "-Tl'-ilT^t- '-¥l'-,-.>Sil' 

"-'•-tI'-oT*)- 

.\Pi+P^+  ...  +P,=— {1  +  2  +  3+ .  ..  +»} 

A      (,         2  3  n      ) 

^r(l  +  r)l    "^(l+r^  +  Cl  +  r)'"**"  '      (l+r)-i 
=  \Mn+l)    (l+r)*-wr-l  )    A_ 
i     1.2  (1  +  r)— »r«     S' r' 

8.  HereP,=-  }  — + — ?      +'.  . .  + ^ } 

_     A       \  1  1  1_     I 

r(l  +  r)«l*"^(l+r)«"^(l  +  r)*'*"  "•  '^Cl+rp-^i* 
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Hence  :Pl=-fi-xtM=f7X-^•  •'•  ■P.=^.a  +  »-V 
9.  See  notes  pp.  11,  12. 
10.Hen,P=^[l-^}.«dP+«=4(l-^^].    Dividing  «»' 

latter  by  the  former  equality,  .  * .  ^^=  1  +  ^^^^  whence  |=  TfijrTvii' 

18.  If  oae  of  the  institutions  enjoy  the  benefaction  for  w  years,  the  other  is  to 
enjoy  it  in  perpetuity  after  the  expiration  of  m  years.  If  A  denote  the  annual 
income,  and  r  the  interest  of  one  pound  for  one  year.     Note,  p.  12. 

A    ( (l+r)'*-  1 ) 
Then  the  present  value  for  m  year8=  -.  <^        ^         i . 

A        1 
And  the  present  ralue  in  perpetuity  after  m  year8=— .  . 

...-1.  j  (i+r)!;zl  I  =d.      ^_,  snd(l  +  r)-.l=l,  .•.(l+r)«=2, 
r     (    (l+r)*    )      r  (l+r)* 


andm: 


log2 


log(l+r) 

If  money  bear  interest  at  5  per  cent.,  the  first  institution  must  retain  the  estate 
for  14^  years  nearly,  before  the  other  enters  on  the  perpetuity. 

This  method  may  be  extended  to  calculate  how  long  2,  8,  4,  &c,  institutions 
should  in  succession  hold  the  estate  before  a  3rd,  4  th,  5th,  &c.,  respectively  enter 
upon  it  to  hold  it  in  perpetuity. 

If  a  second  institution  is  to  hold  it  for  n  years  after  the  first  has  held  it  m  years^ 
Ijeforc  the  third  enter  upon  the  perpetuity. 

r^    .  v*,.,^*  ^  x,^/  (l  +  ^-i**-!  ( 

Th«  first,  as  before,  holds  for  m  years,  and  present  Talue=  —  ^    d+r)*    ) ' 

The  second  holds  for  n  years  after  wi,  and  present  value=  —  •  j  7|  .  y\»+v  ( * 

And  the  third  holds  in  perpetuity  after  (m  +  n)  years,  present  worth=-  •TrZ^Aw+ir' 

Then  ^  0±±Z1==^  (l  +  ^-r-l    A  (l+r)"-!    A         I 

r'  (l+r)-        r'(l+r)~+**   r '(l+r)"+»  ~  r '(l  +  r)'"+»* 

From  these  equations  (1  +r)-=2,  and  (1  +r)-=? ,  and  n=    ^^^    ,  m=l?S?ri^ 

^2  log(l+r)'  log(l  +  r* 

In  the  same  manner,  the  calculation  may  be  made  for  4  or  more  institutions. 

XXI. 

1.  Let  z  and  y  denote  the  numbers,  then  -=-,  and  ^J— =  *  ;  find  z  and  y. 

y    4  y+5    6 

2.  Let  z  and  y  denote  the  numbers,  then  -==-,  and  ^        =--. 

y    6  y-10    4 

4.  Let  z^y,  x  be  the  three  numbers,  then  y'=a»,  a;+z=51,  y+2=60,  from 
which  may  be  found  ^=22}  and  12,  2=37^  and  48,  z=lZ\  and  8. 

6.  Let  r,  a:,  y,  z  be  the  numbers,  then  vz=zy,  y=vz,  s=a:  +  y,  vy—z+z.     Find 
the  values  of  v,  x,  y,  z, 

7.  Let  z,  y,  9  denote  the  numbers,  a  the  sum  of  the  numbers,  h  the  sum  of  their 
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reciprocals,  then  y^=xz,  a;+y+2=a»  -4--+-=b,    Find  x,  y,  t, 

X    y    z 

xy    xz     ys 

8.  Let  X,  y,  z  denote  the  parts,  then  a!+y+2=ll,  and  -7=-f='^* 

4        O        O 

XXII. 

1.  Let  X—  2y,  x-y,  x-k-y,  x-{-2y  denote  the  four  numben^ 

then  (x—2y)  +  (a;  -  y)  +  (« + y)  +  (as + 2y)=56, 
and(a;-2y)«  +  (aj-y)*+(a;+y)«  +  (aj+2y)«=864. 

4.  Let  a^  y,  2  denote  the  numbers,  then  y=zL^^  a+y +2=11,  ««  +y*  +2*=49l 

SC  +  2 

5.  Let  a,  y,  2  be  the  namben,  y= ,  a;yz=576,  a;+y+2=26. 

SB  +  S 

7.  Let  a,  6,  c  be  the  three  numbers^  then  &=— ^,  and  let  a;  be  the  number  snb- 

a+c 

tracted  from  each,  then  (6-»)'=(a— a!)(c-aj),  from  which  equation  x= 1 •  , 

but  a+e=^,  ,\  x=^\,         .=^^9  the  number  required. 
b  2{b^'ac)    2  ■  ^ 

8.  18«=lly,  andl3j:  +  lly=180. 

9.  Let  a  denote  the  first  term,  d  the  common  difference,  then  220—\^i2a  +  lOd^ 

an^  a-i-  Jk2"B20.     For  the  sum  of  the  cubes  of  the  eleven  terms,  see  Art  14,  p.  13. 

The  series  is  6,  8,  11,  14,  17,  20,  23,  26,  29,  32. 

XXIIL 

l.neyen,!^(^.     2.  n  even,  !^!i^l     3.  n  eren,  »("' " ^X^^' - ^> . 
'       2.3  2.4  '  2.3.5 

4.  The  series  1>«  -  3«  +  5«  -  7«  +  9'  . .  .  +7i»,  may  be  divided  into  the  two  series 

1*  +  6*  +  9«  + ,  &c.,  and  -  (3*  +  7«  + 11*  + ,  Ac),  and  the  sums  of  each  series  can  lie 

found  by  means  of  the  formula  for  the  sam  of  the  squares  of  a  series  of  numbers 

in  arithmetical  progression.     Art.  14,  p.  13.     5  and  6  may  be  found  by  a  siniiUr 

process. 

7.  Since  2M=2*(2-l}=2»-2»,  3*.2=3»(3-l)=3»-3«, 

4«.3=4«(4-l)=4»-4«,  &c.,    .-.  1.2»  +  2.8«+8.4«+ +ft(n  +  l)« 

«={2«  +  3>  +  4»+  ....  +(n  +  l)«|-|2«  +  3*  +  4«+  ....  +(»  +  l)«}. 

XXIV. 
1.  The  general  term  of  this  series  suggests  how  the  terms  are  to  be  divided. 
Here2»-2=4-2«2,  2» -2-8 -2=6,  2* -2=16-2-14,  2« -2-32-2-30,  &c., 

and2  +  6  +  l4  +  80+ +(2»-2)-(2«+2«+2*  +  2»+ 2*+i 

-(2  +  2  +  2+  ....  tonterms)-2>(2"-l)-2n-2"+*-2(»+2). 
KoTE.  The  series  numbered  2,  3,  4,  6,  6  may  be  verified  in  a  similar  manner. 

7.  Here  11=??=12!::1,  111=^  J.^lzl,  llll=121zl,  &c. 
'  9      10-1  9        10-1  10-1' 

ft     TTpr«  7-7x1-^^^      7nO-l)     yy_7X99      7(10«-1)    ^ 

8.  Here  7-7x1 ^=-^^-^-,  77 —=    ^^    ^    ,  &o 

XXV. 

1.  The  first  five  series  come  under  the  general  form  in  Art  13,  p.  12.    Each  sum, 
however,  may  be  found  separately. 


^7 


.(l-i)=i+f+j+S+iS+  . . .  +f__l_2, 

2"-'-l     (2n-l)2— >  +  l 


.%  a 


2"  2* 

^(2n-1)2*-'  +  l 


n    4.10"-36n  +  6.1         «    ^         ^    i86       r    2.4"-6«-5.1 

^'   "  TOO—  +3-       ^'  *•        *•  '95-      ^-         8^4"       -"S- 

6,  Let»=l  +  2a;+8a;«++4x*+  ....  7u;*-i, 

«B=a;+2ic*  +  8a5»+  ....  (»-l)a;"-»+nx* 

.*.  (1 -«)«-! +a;+a;'+a;«+  ....  +«"-i-wx* 

a:"-!         .     l-(n  +  l)a;"  +  wx"+*. 

x-l  l-jc 

.     _1  — (n+l)x"+tiaj»+* 
,  5— ■ — - — —  —  , 

7    l+g-2j*-^  +  (l-2n)(l-g)j»       g     l+jc         g    l  +  Jg+g' 


10. 
13. 


2  J  J    l+lla  +  llg^f-a*         j2    l+26x  +  66a:«  +  26a5»+x* 


(a-6)« 
14.  (a;+aj-»)  +  2(a;«+aj-S)  +  3(a.s+a.-8)^  ....  to  «  terms 

-(a:+2a;«  +  8aj»+  ....  »w*)  +  (a;-»  +  2a;-«  +  8ar-a+  ....  nx-*), 

XXVI. 

1.  Sappose  the  possibility  of  ezpreasing  the  sam  of  the  sqaares  and  the  sum  of 
the  cubes  of  the  first  n  natural  nambers  in  a  series  of  the  powers  of  n,  and  first  for 
the  som  of  the  sqaares. 

Let  l«+2"  +  3«+  ..  .  .  +  n««^w«+-Bn»  +  Cn+2>, 

thenl»+2*  +  3«+ .  ...  +n«  +  (n+l)«=^(n  +  l)»  +  5(«  +  l)«  +  (7(n+l)  +  D, 

Bj  subtracting  the  upper  from  the  lower  equality, 

.-.  n«  +  2«  +  l--4{(n+l)«-n«}+5{(n+])«-w«}  +  C{(»+l)-n>, 

^ZAn*  +  {ZA  +  2B)n+{A+B+C). 
Since  this  expression  is  an  identical  equation,  it  follows  that  the  cone3|'onciing 
terms  are  equal, 

.-.  3^-b],  .'. -4«i, 

ZA-h2B^2,  25=2-3^=2-1-1,  .'.  -B«i, 

•   l«+2«  +  3'  +  4«+  +71^-^''    n«    n_yt(n+l)(2n+l) 

Next  for  the  sum  of  the  cubes. 

Letl«+2«+3»+ +n»=iAn*+Bn*-\-Cn*+J>n+Et 

Then  l«+2»+3»+  ....  +n»+(»+l)«-^(n+l)*+-»(»+l)»+C^n+l)« 

+2>(w+l)+J&. 
Subtracting  the  upper  line  from  the  lower, 
.Mi»  +  3»«+8n+l 

--4{(»  +  l)*-n*)  +  -B(w  +  l)»-n»}+(7{(ii  +  l)«-7i«}  +i?{(n  +  l)-n} 

«4^«« +  (6i<  +  85)n« +  (4-4  +  85 -f2(7)n  +  M+5-»(7+2>). 
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By  equating  corresponding  terms  of  this  identity, 

4^  +  35  +  2(7-8,  2C-.8-l-f-i,  .-.  C=J, 

4  ^  2^4         1«.2«  C      1.2     ) 

Note.  If  higher  powers  of  n  than  the  third  and  fourth  had  been  assumed  in  tiit 
^expressions  for  the  sum  of  the  squares,  and  of  the  cubes,  respectirely,  of  the  natural 
numbers  ;  it  would  have  been  found  that  all  the  coefficients  of  these  powers  wonld 
1)0  zero. 

XXVII. 

1.  The  number  of  balls  in  a  pyramidal  pile  of  n  courses  having  an  equilateral 
triangle  for  its  base,  is  equal  to  the  sum  of  the  first  n  of  the  series  of  triangular 
numbers. 

And  the  number  of  balls  in  a  pyramidal  pile  of  n  courses,  having  a  square  for  its 
base,  is  equal  to  the  sum  of  the  first  n  of  the  series  of  quadrangular  numbers.  See 
note,  p.  8. 

As  the  rectangular  base  of  this  pile  has  m  balls  in  its  length,  and  h  in  its 
breadth,  the  number  of  balls  in  the  ridge  of  the  pile  will  be  m-n+l,  also  the 
lowest  course  of  the  pile  is  composed  of  n(m+9t)  or  mn-^n*  balls. 

5.  Let  X  denote  the  number  of  balls  in  a  side  of  the  lowest  course,  then 

.  ^    ^^ — t-J  is  the  number  of  balls  in  the  pile,  and  if  w  denote  the  weight  of  each 
1.^.3 

ball,  then  <^-^'^)i^+'^)^  denotes  the  weight  of  the  pUe. 

(x-l)x(2x-l) 
But  if  the  side  of  the  lowest  course  had  contained  as—  1  balls,  then  r~o~9 

^ould  have  been  the  number  of  the  pUe,  and  (''^~^M^~^)^  its  weight     And  the 

1.2.8 

latio  of  their  weights  is  !^  "??!?"'"!?=—,  firom  which  x,  the  number  of  bails  in 

^  (a!+l)(2aj+l)    91' 

the  side  of  the  lowest  course,  may  be  found. 

To  find  the  weight  of  the  shot  in  the  pile. 

Here  20481b.  =»weight  of  an  iron  ball  12  inches  in  radius, 

ii>lb.=        „  „  6        „        „ 


2048     12*     2»     8*  8 

And  the  weight  of  the  pae=^^±lH?:|t^l>L?^  pounds,  when  the  value  of  x 

1.2.3 


is  substituted. 

XXVIII. 


'■••={^:j'- 


2.  In  the  given  formula,  take  n  equal  to  1,2,  3  respectively,  and  e!iminat« 
a,  and  a,  from  the  three  equations. 

8.  Here  H-2n+8ii*+  ...  ad  infin.», «n«,  when  n  becomes  1+-- 

(1— »)'  n 

4.  This  may  be  shewn  to  be  true  in  general  for  any  three  terms  whatever. 
Hcre(n-l)*+(w+l)*<2n*  (??+l)*<2n*-(»i-l)  , 
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n+l<4?i-4(?i=-:j  )>+»-!,  4(to'-w)*<4w-2,  2(?i' -w)^<  2n-I, 

4n*  - 4n  <  4»*  -4n+l. 
6.  For  the  series  (1)  let  y=An'\-£n'*-\-On*+Dn^-\-y  &c.,  in  which  A,  B,  Carft 
nnknown, 

then-?^i=  -^{^^n'+2^5»»,+(2^1C+i?«)7i*+   &c.} 
-f2(l=:  ^{-4»n«+3^-J?n*-f   &c.} 

Theiia;»y-?^-f^-l^+   &c. 
2      3      4 

which  is  an  indentity,  and  the  corresponding  terms  involving  the  same  powers  of  a? 
are  equal. 

•  •  .A  ^  1| 

2  2       1.2 

3  3       2     3     1.2.3 

2  4  2  4      6^8     2^4     1,2.3.4 

,  x^       a;'  a;*      ,    . 

^  1.2^1.2.3^1.2.3.4 

8.  The  former  ratio  is  ]  —^  \    ,  and  the  latter    ~^  . 

(  \-x  )  .r 

9.  Here#el4-  -A 1 f-  .  •  .  ad  infin. 

•      2"     3'     4" 

2s     2      2.2.  ,  .  <5 

.-.  _-- — L — — +  ...  ad  innn.  ■>. 

2*    2»^4"     G"  *\ 

...5(1- J_]  «i-I  rl_lxjL-  .  .  .ad  infin.  »/ 

*"*'''2*-»-l 

10.  ««3  and  —10.       11.  x^\. 

XXIX. 

1.  See  Ratio,  Proportion,  and  Variation,  Art.  5,  note,  pp.  7,  8. 

2.  Let  a,  ft,  the  sides,  c,  the  hypotenuse  of  the  right-angled  triangle,   havi  ^ 
a',  6',  c'  in  harmonical  progression. 

Then = ,  and  a-  +  &=»  =c'» .    Whence  may  be  found 

a«     6»     6^     c^  ^ 

c=±a(l±^2)»  and  6=±2*a. 

3.  The  sum  is  ?^^^.  [l  +  ?+(?V  +  . .  .  adinfin.]  . 

4.  Leta:^  ajy,  a;y^,  xy»  denote  the  four  shares,  then  a;+a;y4-a?y*+a;y«  =  100,  and 
«y»  -  X :  ai!?/*  -  a^ : :  37: 12,  determine  x  and  y. 

5.  Let  a,  &,  c  denote  the  common  differences  in  harmonical  progression, 


CO 


"*a*-=fl. 


*       *         '  2      ^  J  *,+«,-2«a 

6.  Let  V,  t/  be  the  yolumes,  w,  vf  the  weights,  and  s,  ^  the  specific  grayities  of 
the  two  substances.  Then  since  the  weight  is  equal  to  the  product  of  the  Tolome 
and  specific  gravity,  supposing  the  specific  gravity  to  mean  the  weight  of  an  unit  of 
volume;  then  wtmsv,  and  vf^flv'.  If  /'  be  the  specific  gravity  of  the  mixtare, 
then  ffr + «'i;' « w + if/  s»  (i7 + ^''y ,  and  t/(5" — s') « i(«  -  «" ).  If  the  volumes  be  equal 
or  r«f/,  then  *"— ff'=5-«",  and  2/'— «+i',  .'.  a" ^\{ji-{-fi), 

Xpxt  let  the  weights  be  equal,  or  ur — to',  then  -,  «*    and  -,  =r  *~    .■ ,  . * .  4r-— .  —  -» 

t/    *  u     «  -r         ^^-j'    « 

whence  «  «  — ;. 
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VARIATIONS,  PERMUTATIONS,  AND  COMBINATIONS. 

Art.  1 .  The  different  sets  that  can  be  formed  of  any  number  of 
things  without  regard  to  the  order  in  which  they  are  placed,  are  called 
their  combinations,  as  the  combinations  of  three  things,  a,  h,  o,  taken 
two  at  a  time,  are  ah,  ac,  he. 

The  different  orders  in  which  any  number  of  things  less  than  the 
whole  can  be  arranged  are  called  their  variations,  as  the  variations  of 
three  things  a,  h,  e,  taken  two  at  a  time,  are  ah,  ha,  ae,  ca,  ch,  he. 

The  different  arrangements  which  can  be  made  of  the  whole  of  any 
number  of  things  are  called  their  permutations,  as  the  permutations 
of  three  things,  a,  h,  e,  are  ahc,  cha,  ach^  hea,  hoc,  cah. 

The  number  of  the  combinations  of  n  different  things  taken  r  at 
a  time  is  denoted  by  "Cv,  the  number  of  variations  by  "Fry  and  the 
number  of  permutations  of  n  different  things  by  "P. 

If  the  combinations  of  n  things  be  taken  r  at  a  time,  and  n—r  at  a 
time,  the  latter  are  named  the  aymplementarif  camhinations  of  the  former. 

2.  To  find  exproBs^ifmB  for  the  numhers  of  variations  of  n  different  things, 
when  they  are  taken  1,  2,  3,  4  ...  n  a^  a  time. 

Let  01,  a^,  0s,  ^4, . . . .  0.  denote  the  n  different  things. 

First.  The  number  of  these  n  things  when  taken  one  by  one  is 
obviously  n,  and  "  F,  =  ». 

Secondly.  To  ffnd  the  number  of  the  variations  when  the  things 
are  taken  two  at  a  time. 

Of  the  n  things  0i  may  be  taken  and  placed  successively  before  eacli 
of  the  remaining  n—  1  things,  a^,  a,,  a^.... a^,  and  thus  form  »—  1 
variations  taken  two  at  a  time,  in  each  of  which  a^  stands  first ;  aud 
there  can  be  no  more  variations  in  which  a^  stands  first. 

Similarly,  a^  may  be  taken  and  placed  successively  before  a^,  a^,  a^ 
•  ...0.,  and  thus  form  »-l  variations,  in  each  of  which  a^  stcmds 
first. 

And  in  the  same  may  be  done  with  a^  a^.,  .a^  successively ; 
there  being  n— 1  variations  corresponding  to  each  letter  in  the  first 
place. 

Since  therefore  there  are  n  different  sets,  and  n- 1  variations  in 
each  set,  .  • .  "  F,  =  »(»—  1 ). 

Thirdly.  To  find  the  number  of  variations  when  the  n  things  are 
taken  three  at  a  time. 

Omit  01,  and  the  number  of  variations  formed  of  the  remaining 
n  - 1  things  taken  two  at  a  time  will  be  (n— 1)(»-  2). 


Then  placing  Oi  before  each  of  these,  there  will  (n— !)(»— 2) 
variations  taken  three  at  a  time,  in  each  of  which  a^  stands  first ;  and 
there  can  be  no  more  variations  in  which  Oi  stands  first ;  otherwise 
there  would  be  more  than  (»— l)(n— 2)  variations  of  the  remaining 
n  - 1  things  taken  two  at  a  time. 

Similarly,  omitting  a^,  there  will  be  (»— l)(n-^2)  variations  of  the 
remaining  n—l  things  taken  two  at  a  time.  Then  placing  o,  before 
each  of  these,  there  will  be  (n— l)(n— 2)  variations,  in  each  of  which 
^2  stands  first. 

And  the  same  may  be  said  of  a^  a^,....  a.  successively. 

Hence,  since  there  are  n  sets  and  (n~l)(n— 2)  variations  in  each 
set,  .•.•F5  =  «(«-lXn— 2). 

By  a  similar  process  of  reasoning,  "Fi  =  ii(n— l)(n— 2)(»— 3). 

And  generally,  if  r  things  be  taken  at  a  time,  and  it  be  assumed 
that 

"F^  =  ii(n— l)(ii— 2) («-r+l),  it  is  required  to  shew  that 

"F;+,  =  ii(n-l)(»-2) ....  (n-r+l)(n-r) ; 
that  is,  if  the  law  be  true  for  the  number  of  variations  of  n  things  taken 
r  at  a  time,  it  is  also  true  when  they  are  taken  r-f  1  at  a  time. 

For,  omit  a^  then  all  the  variations  of  the  remaining  n— 1  things 
taken  r  at  a  time,  are  («— l)(n— 2)(n— 3) ....  (»— r). 

If  a^  be  placed  before  each  of  these  variations,  there  will  be  formed 
(«— l)(n— 2)(«— 3)...(«— r)  variations  of  n  things  taken  r+1  at  a 
time,  in  each  of  which  Oi  stands  first. 

And  the  same  may  be  said  of  a^,  (h^  ^i""^m  successively.  Since 
there  are  n  sets  and  (n-  l)(ii— 2)(n-  3) . . . .  (n-^r)  variations  in  each 
set,  therefore  the  number  of  variations  of  »  things  r+l  at  a  time,  or 
•  K+i  =  n(n-l)(n-2) ....  {n^r). 

Hence,  if  the  law  be  true  for  the  variations  of  n  things  taken  r  at  a 
time,  it  is  also  true  for  the  variations  of  n  things  taken  r+l  at  a 
time. 

But  it  has  been  proved  true  for  n  things  taken  two  at  a  time,  and 
three  at  a  time.  Therefore  it  is  generally  true  of  n  things  taken  r 
at  a  time,* 

or,  -F;  =  n(n- l)(n- 2)(«- 3) .... («-r+l). 


♦  To  find  the  number  of  variations  of  n  different  things  taken  r  and  r  together, 
when  each  thing  is  contained  1,  2,  8 ....  r  times  in  each  variation. 

First  let  a  1  be  placed  before  each  of  the  n  things  a^,  a^*.,a^,  and  thus  fonn  n 
variations ;  and  in  the  same  manner  each  of  the  rest  of  the  n  things.  Then  sinoe 
there  axe  n  sets  and  n  rariations  in  each  set,  there  will  be  nxn  or  n*  variations  of 
the  n  thinfcs  taken  two  and  two,  indading  the  variations  a^a^,  a^a^,  kc 

Next,  let  a  I  be  placed  before  each  of  the  n'  variations,  and  form  it*  variations 
taken  3  and  3  together,  in  each  of  which  a^  stands  first,  and  the  same  may  be  dene 
with  each  of  the  remaining  things;  therefore  there  will  be  nxn\  orn*  variatioDs 
when  three  things  are  taken  8  and  8  together,  and  similarly  when  the  things  are 


It  is  obvious  that 

"^r+i=w(»-l)(n-2)....(n-r+l)(«-r)-(n— r)."r. 

And  if  r  be  taken  equal  to  »  in  the  expression  for  the  number  of 
variations  of  n  things  taken  r  at  a  time,  the  result  then  becomes  an 
expression  for  the  number  of  permutations  of  n  different  things;  that  is, 

"P=»<n-l)(n-2Xn-.3) 3.2.1. 

3.  To  find  an  expreiiionfor  the  number  of  permutationi  ofnthinge  whek 
r  of  them  are  identical,''^ 

If  the  r  things  which  are  identical  be  supposed  to  be  different,  they 

admit  of  r(r— l)(r— 2) 3.2.1    permutations,   but  when  they 

become  identical,  this  number  is  reduced  to  one. 

Hence  the  permutations  of  n  things  when  all  are  different  are 
r(r— l)(r— 2). . .  3.2.1  times    as    great   as    when  r  of  them    are 

identical.     But  n(»— lXn-2) 3.2.1    denotes  the  number  of 

permutations  of  n  things  when  all  are  different. 

taken  4  and  4  together.    And  generally,  when  the  things  are  taken  r  and  r  together, 
the  whole  number  of  Tariations  will  be  n^ 

To  find  the  number  of  variaiume  of  n  different  Qwnge  token  they  are  taken 
1,2,  B.,.,rata  time,  teith  rqteHtUme, 

Inatead  of  taking  away  a^,  let  a^  be  annexed  to  each  of  the  n  things,  and  the 
nnmber  of  things  becomes  n+1,  and  when  a^  is  placed  before  each  of  these  n  +  l 
things,  there  will  be  formed  n+1  variations  taken  2  and  2  (with  repetitions  of  a,), 
in  each  of  which  a^  stands  first. 

And  each  of  the  remaining  n-1  things  can  stand  first  in  each  set  of  n+l 
variation^  with  repetitions  of  the  a^,  a„  Ac.  Then  since  there  are  n  sets  of  the 
variations,  and  n+1  yariations  in  each  set,  the  whole  number  of  variations  of  n 
things  with,  repetitions  when  taken  2  and  2  together  is  n{n  +  1). 

Next^  when  a,  is  repeated  as  well  as  a^,  the  number  of  the  variations  with 
repetitions  of  then  things  is  (n+1  )(n+ 2),  and  when  a,  is  placed  before  each  of 
these  (n+l)(H+2)  variations^  taken  two  at  a  time,  there  will  be  (n+l)(n+2) 
variations  of  the  n  things,  taken  8  and  8  together  with  repetitions,  in  each  of  which 
a^  stands  first.  And  the  same  may  be  done  with  the  rest  of  the  n  things ;  therefore 
on  the  whole  there  will  be  n(n+ l)(n+2)  variations,  with  repetitions  of  the  n  things 
taken  8  and  3  at  a  time.  And,  generally,  when  the  variations  with  repetitions  are 
taken  r  and  r  together,  the  whole  number  of  variations  will  bo 

n(n+l)(»  +  2)...(n  +  r-l). 

*  The  truth  of  this  proposition  may  be  exhibited  in  the  following  f<)rm : — 

Of  the  n  different  things  let  the  last  r  of  them  be  supposed  to  become  alike, 
then  these  r  like  things  admit  of  only  one  permutation. 

If  a  I  be  taken  from  the  rest,  it  may  occupy  the  first,  second,  third,  Ace. . . .  and 
(r+l)th  place  in  the  order  of  the  r  like  things,  and  thus  form  r+1  different  per- 
mutations. 

Next,  if  a,  be  taken,  it  may  occupy  the  first,  second,  third,  ....  and  (r+2)n«I 
place  in  these  permutations,  and  thus  form  on  the  whole  (r+l)(r+2)  permutations. 

Similarly,  if  a,  be  taken  and  employed  in  the  same  manner,  there  will  result 
(r  +  l)(r + 2)(r + 8)  permutations. 

And  generally,  when  the  rest  of  the  n~r  things  have  been  taken,  there  wHl  be 
on  the  whole,  (r+l)(r+2)...  {r+(n-r)-l}Jr+(n-r)}, 

or  n(n  - 1) +.. .  .(r + 2X*' +1)  permutations. 


Hence  the  number  of  permutations  of  n  things  when  r  of  them  are 

identical  is  equal  to  '«(n-l)(»-2) . . .  (r+lMr-1) ....  3.2.1 

l«2.3...«f*, 

««(»— l)(n— 2) (r+l). 

If  in  addition,  there  were  also  9  other  things  identical,  but  different 
from  the  r  identical  things.  It  may  in  the  same  way  be  shewn  that 
the  number  of  permutations  is  equal  to 

n(n— l)(w—2) 8.2.1 

l.^.o.  .  •  .9*. 1.2. 3.  .  .  ,8 

Also  if  t  things  besides  the  above  named  were  identical,  the  numbor 
of  permutations  would  be 

n(»— l)(n— 2) 8.2.1 

laiS.Ua..   .Y*.!.^.*}.    ••    .4.1.2.0    .    •    •    •   t 

And  similarly  for  any  other  sets  of  identical  quantities. 

4.  To  find  an  expremmfor  the  number  of  the  combinatiom  of  n  different 
things  tohm  taken  2,  3,  4  ....  n  a^  a  time. 

Let  flu  Oj,  a, ....  0^  denote  the  n  different  things,  and  *C|  the 
number  of  combinations  of  the  n  things  taken  2  at  a  time.  Since  erery 
combination  of  two  things  admits  of  2.1  permutations,  therefore 
2.1."C3  is  equal  to  the  number  of  the  variations  of  n  things  taken  2 
at  a  time. 

But  ii(n— 1)  is  also  equal  to  the  number  of  the  variations  of  n 
things    taken    2    at    a. time.     Therefore    2.1."C',»n(n— 1),    and 

«/Y_»(»— 1) 

1.2 

.  Also  in  the  same  manner,  if  "C,  denote  the  number  of  combinations 
of  n  things  taken  3  at  a  time. 

'  Since  every  cconbination  of  3  things  admits  of  3.2.1  permuta- 
tions;, then  3.2.1k*(78  denotes  the  number  of  variations  of  n  things 
taken  3  at  a  time;  but»(n— l)(n— 2)  has  been  shewn  to  be  the  humt>er 
of  the  same  variations;  therefore  3.2.1."Ca  =  n(n— 1)(«— 2),  and 
.^__n(»-l)(»-2) 

And  generally. 

Since  every  combination  of  r  things  admits  of  ' 

r(r— l)(r— 2)  ....  3.2.1  permutations. 
Therefore  r..(r— l)(r— 2)  ....  3^.2.1  times  the  number  pf  com- 
binations of  n  things  is  equal  to  the  corresponding  number  of  varia- 
tions of  the  same  things ;  that  is 
r(r-l)(r— 2). . . .  3.2.1.*C:--r,-n(n-l)(n— 2). . . .  (n-r+1), 

and  consequently  "C, - K^-^C^-^) (>>-^+^) . 

1.2,3  •.  .r  ..Cr-l-1)  r4-l 


Or,  the  number  of  combinatioiiB  of  n  fhings  taken  r+ 1  at  a  time  is 

— .  times  the  number  of  n  things  taken  r  at  a  time.* 

5.  I%e  number  of  the  eomhifuUions  ofn  things  when  taken  r  at  a  time  is 
4qual  to  the  number  of  comhinatione  of  the  same  n  things  when  they  are  taken 
n^r  at  a  time,^ 


*  To  find  the  number  of  eombmatums  thai  can  be  formed  out  of  two  sets,  one  set 
consistmg  ofm  like  things^  and  t/ie  other  set  of  n  like  things,  die  laUer  beinj  different 
Jrom  the  former f  when  they  are  combined  in  every  possible  way. 

Let  one  set  consist  of  m  things  each  equal  to  a,  and  the  other  set  of  n  things 
<each  equal  to  6. 

Then  the  combinations  made  out  of  the  first  set  of  m  like  things  are  a,  aa,  cmo, 
^c,  or  o^  a*,  a* ... .  a"  are  m  in  number.  And  the  combinations  made  out  of  the 
other  set  of  n  like  things,  b,  bb,  Ibb^  &c,,  or  b,  &*,&'....&",  are  9i  in  number. 

The  number  of  all  the  possible  combinations  that  can  be  formed  out  of  these 
Afferent  sets  of  like  things  taken  singly,  2  and  2,  &c.,  will  be  (m  +  l)(n  + 1)  - 1 . 

If  a  third  set  of  p  things  each  equal  to  e,  were  taken  with  each  of  these  combina- 
tions, it  may  be  shown  that  the  total  number  of  all  the  possible  combinations  are 
im + l)(n + l)(p  + 1)  - 1.  And  it  is  obvious  that  of  these  combinations  the  number 
which  contains  c  is.  (m.+ !)(» + l)p.  .   . 

t  In  illustration  may  be  exhibited  the  series  of  combinations  of  7  and  of  8 
things  when  taken  1,  2,  3,  ^c,  at  a  time. 

^•"iT2:8X5~^^*  ''''"1.2.3.4.5    *"• 

^p  7.6. 5. 4.3.2__y  g^Tf  ^8.7.6.5.4.3_QQ 

*~1.2.3.4.6.6  **     1.2.8.4.6.6"" 

^p  7.6. 5.4.8.2. 1_^  grj  8. 7. 6.5. 4.8.2 « 

'""i. 2.8. 4.6. 6.7"  '  '     1.2.8.4.6.6.7"" 

•"1.2.8.4.5.6.7.8**  • 

It  may  here  be  observed  that  the  whole  number  of  combinations  of  8  things 
Is  greater  than  twice  the  whole  number  of  combinations  of  7  things  by  one. 

From  these  illustrations  it  appears  that  when  the  given  number  of  things  is  7, 
«n  odd  number,  the  maximum  number  of  combinations  is  85,  and  when  the  given 
number  is  8,  an  even  number,  the  maximum  number  of  combinations  is  70. 

These  examples  also  exhibit  the  truth  of  the  proposition  respeeting  comple- 
jnentary  combinations. 

When  the  number  of  things  combined  is  an  odd  number,  ta  7,  the  number  of 
•combinations  is  the  same  when  the  things  are  taken  1  and  6,  2  and  5,  8  and  4- 
together,  respectively ;  and  the  number  is  the  greatest  possible  when  the  ^ings  are 
combined  3  and  4  at  a  time.  ... 

When  the  number  of  things  is  even,  the  number  of  combinations  is  the  same 
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For  -C  ^Kw-l)(W"2)"-(>>-r-fl) 

1.2.3  .  .  .  .  r 

1.2.3 (»-r) 

=  n(»~l)(n~2) (r+1) 

""         1.2.3 («-r) 

DiTiding  the  fonner  equation  by  the  latter, 

"C, ii(n-l)(n-2) (n-r+1)  .  n(n-l)(n-2)  .  .  .  .  (r+1) 

"(7,,*'  1.2.3 r  •         i. 2.3  ....  (n-r) 

_n(n-l)(n-2)  ....  (n-r+1)            1.2.8....  (n—r) 
*"""  1.2.3 r  ^  n.(»-l)(n— 2) (r+lj 

_n(w-l)(w^2) (w--r+l)(n-r)  ....  8.2.1^^ 

1.2.3 Kr+l) (n-l)M 

Hence  "C-^C:.,. 

6.  Ibjind  when  the  number  of  the  comhinatums  of  n  things  is  the  (greatest 
possible. 

Let  n  be  the  giTen  number  of  things,  and  ^  of  them  be  supposed 

to  be  taken  at  a  time ;  then  .gf     K«-l)(w-a)  -  -  » (n-^+1)^ 

'  1.2.3 X 

Since  each  successive  factor  of  the  numerator  of  this  expression  is 
diminished  bj  unity,  while  each  successive  factor  of  the  denominator 
is  increased  by  unity ;  the  value  of  "C.  will  continually  increase  until 
the  last  factor  in  the  numerator  he  not  less  than  the  corresponding 
factor  of  the  denominator. 

First  Let  the  zth.  factor  of  the  numerator  be  equal  to  the  corre- 
sponding factor  of  the  denominator,  then  n— ;r+l  =Xf  and  2^  =  n+l, 

therefore  x  =  -X-.    But  as  x  is  necessarily  a  whole  number,  it  follows 

that  !LlL.  is  a  whole  number,  and  consequently  n  must  be  an  odd 

number. 

Therefore,  when  n  is  an  odd  number,  the  number  of  the  combina- 
tions of  n  things  will  be  the  greatest  possible  when  they  are  taken 


n+1 


at  a  time. 


2 

Secondly.    If  the  ^h  factor  of  the  numerator  be  the  last  which 
exceeds  the  corresponding  factor  in  the  denominator. 

when  taken  1  and  7,  2  and  6,  8  and  5  together,  respectively  ;  and  when  they  are 
taken  4  at  a  time,  the  number  of  combinationa  is  a  maximum. 

When  the  number  of  things  taken  to  form  a  combination  is  greater  than  half 
the  whole  number  of  things,  some  labour  in  practice  may  be  aaved  by  using  tuv 
complementary  combinations.  For  instance,  the  number  of  the  combinations  oi  20 
things  taken  13  at  a  time  is  the  same  as  the  number  of  the  combinations  of  the  same 
things  taken  7  at  a  time. 


at  a  time. 


Since  each  factor  of  the  numerator  is  one  less,  and  each  factor  of 
the  denominator  is  one  more  than  each  preceding  factor,  it  follows 
that  the  last  factor  of  the  numerator  which  exceeds  the  corresponding 
factor   of    the    denominator    can    exceed    it   by    one    only;    then 

n—x+l  =x+\,  and  2x  =  n,  therefore  ar=-,  and  consequently  n  must 

be  au  even  number. 

Then  when  n  is  even,  the  number  of  combinations  of  n  things  will 

be  the  greatest  possible  when  they  are  taken  ^  at  a  time. 

Since  "CJ.zr'C^,;  and  x  =  -^^,   when  n  is  odd,  .*.  n— a?  = ; 

and  the  number  of  the  combinations  of  n  things  when  n  is  odd,  is  the 
greatest  possible  when  they  are  taken  ^  "^     and  —^1-  at  a  time. 

^M  Aft 

Also  x  =  -.  when  n  is  even,  .*.  n—x  =  -;  and  the  number  of  com- 
2  2 

binations  of  n  things  when  n  is  even  is  greatest  when  they  are  taken 

n 

7.  The  sum  of  the  number  of  the  eomhinatione  of  n  things  taken  r  and 
r— 1  at  a  time,  is  equal  to  the  number  of  combinations  ofn+1  things  taken 
r  at  a  time. 

Here-fi  =  ^^^^-^^(^^^^  -"  (>*-^+^),       , 

1.2.3 r 

ftnd-r     ,  <n-l)(n-2) (n->r+2) 

""^   ^^' 1.2.3....  (r-1) ' 

•    •^j.-r     _n(n— 1)(«— 2)  ....  (n-r-f  1) 
,.     C7,+  C,., 1.2.3.... r 

.n^n-  l)(n— 2)  ....  (n-r+2) 

1.2.3 (r— 1) 

_f?(n— l)(n— 2) (n-~r+2)  /n— r+lj_,  ) 

1.2.3 (r-1)  '(        r     "^    J' 

_fi(n-l)(n— 2) (n— r+2)(n+l) 

«(»— l)(n— 2) (n— l)r        ' 

^(>t+l>(n-l) |(n  +  l)-r+l} 

1.2.3 (»— l)r  ' 

8.  7b  ^ni  an  expression  for  the  number  of  combinations  that  can  be 
formed  bg  taking  of  the  combinations  of  m  things  r  at  a  time,  with  the 

combinations  of  n  things  s  at  a  time. 

Here  'C,  =  «*(»»— !)(«»-" 2) (m^r+l)^ 

l.^.<5....f 

uQ  ^ n(n— !)(»— 2) (n-^s+l) 

Lib. 9.... 4 
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Now  when  each  comhination  of  the  former  set  of  tn  things  is  taken 
iv'itli  each  combination  of  the  latter  set  of  n  things,  the  combi- 
nations which  result  will  each  consist  of  r+s  things,  and  the  total 
number  wiU be  K»>»-1)  • .  •  (m-r+1) ^ n(n-l)(n-2)       (n-s+i) ^ 

This  process  can  be  extended  to  the  combinations  of  three  or  more 
sets  of  things,  each  set  forming  separate  and  independent  combina- 
tions.* 


*  There  are  certain  aeries  of  numbers  whidi  have  been  named  Figttraie  Numbers, 
and  may  be  snpposed  to  originate  from  a  series  of  units.     Each  series  of  theso. 
numbers  is  formed  from  the  foregoing  aeries,  by  adding  1,  2,   8,   &c.,   of  ita 
terms  to  form  the  corresponding  terms  of  the  succeeding  series,  as  will  be  obyious  in 
the  following  orders  of  Uie  figurate  numbers,  with  their  general  terms. 

Series  of  units  1,     1,     1,     1,     1,       1,      1,       1,      1,      1,  &c. 
F.  N.  of 
First  order      1,    2,    8,    4,    5,      6,      7,      8,      9,    10,... n. 

Second  order   1,    8,    6,10,15,    21,    28,    36,    46,    65,... ^^it^. 

1.2 

Third  order     1,    4,  10,  20,  85,    66,    84,  120,  165,  220^...?i^^l^%t?). 

1.2.3 

Fourth  order   1,    5,  15,  85,  70,  126,  210,  330,  495,  715,. . ,*(w+l)(»+2)(^->-8>^ 

&c.,  &c. 
And  the  general  term  of  the  series  of  figuratiTe  numbers  of  the  rth  order  will  be 

n(n+l)(n+2) (n-ff-1) 

It  may  here  be  remarked  that  the  successive  orders  of  the  series  of  figurate* 
numbers  arise  from  a  series  of  units  ;  but  the  different  series  of  polygonal  numbers 
are  produced  from  the  sums  of  arithmetical  progresmoos,  which  havie  the  same  first 
terms,  but  not  the  same  common  difference.  Hence  it  cannot  be  aflirmed  that  any 
series  of  figurate  numbers  (with  one  exception)  is  identical  to  any  series  of  poly- 
gonal  numberSb 


EXERCISES. 

I. 

1.  Explain  tlie meanings  of  the  words  combinations,  permutations, 
aud  variations,  and  give  examples. 

2.  Of  the  letters  a,  h,  e,  d,  e,  write  down  the  variations,  when 
taken  two  and  two,  and  their  combinations  when  taken  three  and  three 
together. 

3.  Beqnired  the  variations  of  every  four  of  the  six  characters 
a,  a,  a,  h,bf  e, 

4.  Of  what  number  of  things  is  the  number  of  permutations  120  ? 

5.  How  many  different  numbers  can  be  formed  by  the  permuta- 
tions of  the  figures  of  the  number  48555  ?     Write  them  out  fully. 

6.  How  many  numbers  can  be  formed  out  of  any  five  of  the  figures 
122333444455555  ? 

7.  How  many  numbers,  integral  and  decimal,  can  be  formed  with 
the  digits  012345,  taking  three  to  form  each  number? 

8.  How  many  fractions  can  be  formed  with  the  nine  digits,  taking 
one  only  for  the  numerator  and  denominator  of  each  fraction  ?  Shew 
how  many  are  identical  in  value,  and  how  maHy  pairs  of  which  one  is 
the  reciprocal  of  the  other. 

9.  Find  the  number  of  variations  of  five  things,  a,  3,  e^  d,  e,  with 
repetitions,  when  they  are  taken  2  at  a  time,  and  when  3  at  a  time ; 
write  also  all  the  variations  at  length. 

11. 

1.  If  the  number  of  variations  of  n  things  taken  3  at  a  tmio, 

be  12  times  the  number  of  variations  of  -  things  taken  3  at  a 

time ;  what  is  the  number  of  permutations  of  the  same  n  things  ? 

2.  The  number  of  oombinations  of  n+l  things  taken  n— 1  at  a 
time  is  36 ;  find  the  number  of  permutations  of  n  thing?. 

3.  If  the  number  of  combinations  of  n  things  taken  5  together 
he  proportional  to  the  number  taken  8  together,  as  3  is  to  5 ;  find  ». 

4.  The  number  of  combinations  of  a  certain  number  of  things  taken 
four  at  a  time  bears  to  the  number  taken  two  at  time  the  ratio  of  15 
to  2 ;  what  is  the  number  of  things  ? 

5.  The  number  of  variations  of  n  things  taken  r  at  a  time  is  272, 
and  the  number  of  combinations  136 ;  find  n  and  r. 

6.  If  the  ratio  of  the  numbers  of  combinations  of  n  things  taken  r 
at  a  time  be  to  the  number  taken  r— 1  at  a  time  as  9  to  4,  and  their 
variations  be  as  9  to  1 ;  find  the  values  of  n  and  r. 

7.  If  the  variations  of  n  letters  taken  three  together  be  six  times  as 
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great  as  tlie  number  of  combinationB  of  the  same  letters  taken  four  at 
a  time ;  find  the  value  of  n. 

8.  If  the  number  of  the  combiDations  of  2n  things  taken  n— 1  at  a 
time  be  to  the  number  of  (2n  —  1 )  things  taken  n  at  a  time  as  396  to  231 ; 
find  the  value  of  n. 

in. 

1.  Express  in  words  the  meaning  of  the  equation  "CsstV^i*  <^^ 
find  the  value  of  n  ? 

2.  There  are  n  things  of  which  i?  are  alike,  and  the  remainder  n— j9 
different.  Shew  how  to  find  the  number  of  variations  of  them  taken  r 
together?    Ex.  n  =  7,i?  =  3,  r  =  3. 

3.  Of  the  combinations  of  n  things  r  at  a  time ;  how  many  of  them 
do  not  contain  any  of  p  of  the  n  things  ? 

4.  Of  the  combinations  of  n  things  r  at  a  time,  how  many  of  them 
will  contain  q  out  ofp  of  the  n  things  ? 

5.  How  many  permutations  can  be  made  of  the  letters  a"3"  ? 

6.  Of  how  many  divisors  does  oTh'^e''  admit  ?  Find  the  number  of 
the  divisors  of  76500  ? 

7.  Shew  that  if  two  of  the  n  things  be  alike  when  they  are  com- 
bined r  at  a  time,  the  number  of  combinations  will  be  diminished  hy 
(w— l)(n~2) (n-r+1) 

1.2 (rll) 

1.  Of  the  combinations  of  20  different  things  6  at  a  time;  find 
how  many  of  them  do  not  respectively  contain  1,  2,  3,  4,  5  of  any  six 
specified  things  ? 

2.  There  are  16  things  of  which  3  are  alike ;  find  the  number  of 
combinations,  and  also  the  number  of  variations  of  those  things 
taken  4  at  a  time. 

3.  In  how  many  ways  could  combinations  of  6  things  be  chosen 
from  3  different  sets  of  n  things  each,  no  combination  having  more 
than  3  things  fromi  any  one  set  ? 

4.  How  many  of  the  variations  and  permutations  of  the  letters 
a,  h,  e,  df  0,  /  can  be  formed,  so  that  the  letters  a,  i  may  stand  first  in 
eaeh  variation  and  permutation  ? 

5.  Find  the  variations  of  7  letters  taken  4  together,  when  3  of  the 
7  letters  are  alike.  In  how  many  of  them  will  this  letter  appear 
twice  ? 

6.  In  the  variations  which  can  be  formed  from  the  seven  letters 
a,  h,  e,  d,  e,  /,  g,  taken  five  together,  find  how  many  will  contain  the 
letter  a. 

7.  How  many  arrangements  can  be  made  out  of  the  first  nine 
letters  of  the  alphabet,  all  the  letters  being  taken  in  each  arrange- 
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xnent,  and  no  two  of  the  first  four  letters  being  together  in  any 

arrangement  ?  .  ^- 

8.  How  many  combinations  will  there  be  in  ten  letters,  a,  h,  c,  d,  e, 

/>  y»  K  K  h  taken  five  at  a  time  ?    In  how  many  of  these  will  0,  &,  and 

e  occur  ? 

V. 

1.  Find  the  number  of  permutations  which  can  be  formed  out  of 
the  letters  composing  the  words  Mississippi,  Constantinople,  Helioga- 
balus,  misadministration. 

2.  How  many  combinations  can  be  formed  by  taking  one  vowel 
with  two  consonants  of  the  English  alphabet  for  each  combination? 
By  how  many  would  the  combinations  be  increased  if  the  vowel  was 
made  to  occupy  the  first,  the  second,  and  the  third  place  of  the  three 
letters? 

3.  How  many  different  sums  oould  be  paid  with  nine  pence,  nine 
shillings,  nine  sovereigns,  and  nine  ten-pound  notes  ? 

4.  How  many  different  sums  can  be  formed  with  a  guinea,  a  half- 
guinea,  a  crown,  a  half-crown,  a  shilling,  and  a  sixpence  ? 

5.  A  square  is  divided  into  16  equal  squares  by  vertical  and 
horizontal  lines.  In  how  many  ways  can  4  of  these  be  painted 
white,  4  black,  4  red,  and  4  blue,  without  repeating  the  same  colour 
in  the  same  vertical  or  horizontal  row  ? 

6.  Shew  that  if  r  of  n  things  be  of  one  kind  and  all  the  rest 
different,  the  number  of  permutations  of  the  n  things  is  equal  to  the 
number  of  the  combinations  of  n  different  things  taken  r  at  a  time. 

7.  Find  the  number  of  triangles  into  which  a  polygon  can  be 
divided,  of  4,  5,  6,  7  .  .  n  sides  respectively,  by  joining  the  angular 
points  of  the  polygons. 

8.  How  many  triangular  pyramids  may  be  formed  whose  edges 
are  six  given  straight  lines,  of  which  the  sum  of  any  three  will  form 
a  triangle  ? 

9.  If  a  bag  contains  8  white  balls  and  5  black,  if  7  be  taken  out 
at  a  venture,  how  many  different  sets  consisting  of  4  white  and 
8  black  balls  can  be  formed  ? 

10.  An  urn  contains  12  black  balls,  9  white,  and  6  red ;  how  many 
different  sets  can  be  formed  by  taking  3  black,  2  white  balls,  and 
1  red  to  form  each  set? 

TI. 

1.  In  how  many  ways  can  a  party  of  2»  people  be  arranged  in 
couples  ? 

2.  Shew  that  nine  persons  can  occupy  four  places  at  a  round  table 
3024  different  ways. 

3.  Find  the  number  of  ways  in  which  n  men  can  be  placed  in  a 
row,  so  that  two  given  men  shall  not  be  next  each  other. 
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4.  Out  of  2it  men  who  have  to  sit  down,  ludf  of  them  on  each  aide 
of  a  long  table,  p  particular  men  desire  to  sit  on  one  side,  and  q  on  tho 
other ;  find  the  number  of  ways  in  which  this  may  be  done. 

5.  There  are  three  candidates  for  a  certain  office  and  twelve  electors. 
In  how  many  different  ways  is  it  possible  for  them  to  Tote,  and  in  how 
many  of  these  ways  wiU  the  votes  be  equally  divided  between  the 
candidates? 

6.  Assuming  that  each  of  n  courts  sends  an  ambassador  to  each  of 
the  others ;  how  many  ambassadors  would  there  be,  and  in  how  many 
different  ways  could  Ihey  be  distributed  ? 

7.  From  a  company  of  50  men,  four  are  draughted  off  every  night 
to  guard.  lOn  how  many  different  nights  can  a  different  guard  be 
posted,  and  on  how  many  of  these  will  any  particular  soldier  be 
engaged  ? 

vn. 

1.  How  many  permutations  can  be  formed  on  the  musical  scale  of 
seven  notes  ? 

2.  How  many  different  changes  can  be  rung  with  a  peal  of  nine 
bells? 

d.  Find  the  number  of  different  arrangements  that  can  be  made  of 
the  prismatic  colours,  so  that  the  blue  and  green  shall  not  come 
together. 

4.  How  many  are  the  combinations  in  one  composition,  with  in- 
gredients of  six  different  tastes,  sweet,  pungent,  astringent,  sour,  salt^ 
and  bitter,  taking  them  by  ones,  twos,  &c.  ?    {LUwaii,) 

5.  In  how  many  different  ways  can  a  volunteer  shooting  at  a  target 
score  16  in  9  shots ;  a  bull's-eye  counting  8,  a  centre  2,  an  outer  1,  and 
a  miss  0  ? 

6.  How  many  squads  can  be  formed  of  a  company  of  100  men  ? 
How  many  men  must  be  taken  to  form  the  greatest  possible  number 
of  squads  ? 

7.  How  many  changes  can  be  made  by  throwing  1,  2,  3,  4,  5,  6 
dice  respectively  ? 

8.  The  four  faces  of  a  tetrahedron  are  marked,  as  a  oommon  die, 
with  one,  two,  three,  four  points ;  how  many  changes  can  be  made  in 
throwing  1,  2,  3,  4,  5,  6  tetrahedrons  respectively? 

9.  There  are  three  boxes  severally  containing  ni,  itt,  n,  letters ; 
how  many  different  combinations  can  be  formed  by  taking  ri,  r^,  r, 
letters  respectively  out  of  each  of  the  three  boxes? 

vin. 

1.  The  number  of  permutations  of  2n  things  whereof  half  are 
alike,  and  the  other  half  alike,  but  different  from  the  first  half,  is 
equal  to  the  greatest  number  of  combinations  that  can  be  formed  of  2n 
things  whereof  none  are  alike. 
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2.  The  ratio  of  the  number  of  combinations  of  4»  things  taken  2n 
togetlier  to  that  of  2»  things  taken  n  together  is  it'o  5  '     /n^Zm*' 
8.  If "  CUh  =  "^r+r/»  fij^d  the  value  of  ». 

4.  If  "l^-l^'-!^',  then  n  =  34  and r  =  14. 

2     "  3   "    4    ' 

5.  All  the  combinations  of  n  things,  p  of  one  kind,  q  of  another, 
and  r  of  a  third  kind  is  equal  to  (1  +l?)(l  +y)(l  +0  - 1. 

6.  Determine  the  number  of  combinations  and  of  yariations  Tfhich 
can  be  formed  with  <^Vi^d^  when  five  letters  are  taken  to  form  each 
combination  and  each  yariation. 

7.  There  are  n  alike  of  each  of  the  m  letters  a,  h,  e  . ,  .;  find  the 
whole  number  of  variations  which  can  be  made  of  them  without  taking 
more  than  n  letters  together. 

8.  If  o  points  in  a  plane  be  joined  in  all  possible  ways  by  in- 
definite straight  lines,  and  if  no  two  of  the  straight  lines  be  parallel, 
and  no  three  pass  through  the  same  point  (with  the  exception  of  the 
n  onginal  points),  then  the  number  of  points  of  intersection,  exclusive 
of  the  n  points  will  be  <n-l)(n--2)(n-3)^ 

9.  Supposing  the  three  sides  of  a  triangle  to  be  designated  by  the 
letters  a,  h,  e,  and  their  several  opposite  angles  by  A^  B^  C;  deter- 
mine (I)  the  several  combinations  of  these  six  elements,  taken  3  and  3 
together.  (2)  The  number  of  actually  different  cases  which  these 
contain  for  the  determination  of  any  fourth  element,  and  their  several 
formfl.  (3)  The  several  cases  in  which  this  last  problem  is  determinate, 
limitedi  or  unlimited. 


Verify  the  truth  of  the  following  properties  :  — 

1.  "f;— "-»r,=r.->F;.i. 

2.  "+»P=(w+l)."P. 

3.  -c=-!L.-»c;. 


n — r 


4.  "r,^«(M-l) (»-r)(n— r+l).T..,   if  r  be  greater  than  ? . 

5    ».^  ^  (2n>-l)(2»--3) . . .  >  (2n-2r+l)  ,^ 
*'  1.3 (2r— 1)  "     '■ 

fi(ir-  1) 


THE  })INOMLAIi  AND  POLYNOMIAL  THE0EEM8, 

Art.  1.  The  Binomial  Theorem  is  one  of  the  most  important 
theorems  in  the  science  of  Algebra,  as  it  is  equally  applicable  for  the 
processes  of  involution  and  evolution,  as  well  as  in  many  investiga- 
tions in  the  higher  branches  of  analysis. 

The  law  of  the  successive  coefficients  of  any  power  of  a  binomial 
was  known  to  Yieta ;  and  Briggs,  in  his  "  Trigonometrica  Britannica," 
appears  to  have  been  the  first  to  point  out  how  the  terms  of  any 
power  of  a  binomial  might  be  successively  deduced  from  each  other 
without  any  aid  of  the  lower  powers.  It  may  be  doubted,  as  Wood- 
house  has  remarked  in  his  *'  Principles  of  Analytical  Calculation," 
whether  Briggs  knew  how  to  express  generally  the  law  for  the 
formation  of  the  coefficients  of  the  expansion  of  a  binomial.  Newton 
was  the  first  who  discovered  that  the  binomial  theorem  was  as 
competent  to  denote  evolution,  or  the  extraction  of  roots,  as  it  was  to 
denote  involution,  or  the  raising  of  the  powers  of  a  binomial.  From 
this  extension  of  the  theorem  many  improvements  have  arisen  in  the 
higher  departments  of  analytical  science,  and  especially  in  logarithmic 
and  other  series.  The  process  by  which  Newton  made  his  discovery 
has  been  already  described  in  his  own  words.*  He  attempted  no 
general  proof  of  the  truth  of  the  theorem,  but  contented  himself  by 
exhibiting  its  truth  from  an  induction  of  particular  instances.  In  the 
examples  he  adduced  he  found  them  all  to  succeed,  and  verified  the 
correctness  of  them. 

The  first  general  proof  of  this  theorem  when  the  index  is  a  positive 
integer  was  given  by  James  Bernoulli,  and  was,  after  his  death, 
printed  in  his  "  Ars  Conjectandi,"  in  1713.  His  proof  is  based  on  the 
theory  of  combinations.  Since  that  time  numerous  attempts  have 
been  made,  with  more  or  less  success,  to  exhibit  a  general  demonstra- 
tion of  this  theorem,  whether  the  index  be  integral  or  fractional, 
positive  or  negative. 

Some  of  them  have  been  conducted  by  the  introduction  of  incre- 
ments, or  the  method  of  limits,  and  on  this  account  have  not  been 
regarded  as  satisfactory  elementary  proofs.  Euler  gave  a  proof  in 
which  he  employed  the  difiPerential  calculus ;  he  also  devised  another 
proof  depending  on  elementary  principles,  which  has  been  generally 
received,  though  not  without  objection. 

There  is  also  a  proof  which  is  made  to  depend  on  the  value 

*  In  the  third  and  following  pages  of  Section  III.  of  this  work. 
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©f  tlie  coefficient  of  the  second  term  of  the  expansion,  which  can  be 
Bhewn  to  be  equal  to. the  index  itself. 

The  development  of  the  multinomial  or  polynomial  theorem  was 
first  exhibited  by  De  Moivre  in  the  ''  Philosophical  Transactions  of  the 
Eoyal  Society." 

2.  To  Jind  an  expreMion  for  the  expansion  of  («+a)",  or  to  shew  th$ 
truth  of  the  binomial  theorem,  when  the  index  ie  a  positive  integer. 

It  is  obvious  that  the  products  of  two,  of  three,  and  of  four 
binomial  factors,  can  be  exhibited  in  the  forms 

(j?+fl,)(«+«i)(«+«i)(«+0-^*+(«i+«f+«»+«4>' 

Suppose  this  to  be  true  for  the  product  of  n  factors,  and  denoting 
the  successive  coefficients  by  <?„  Cf,  e^. ,  ,e,, . , <?«, 

(x+a^){x+a,)  . . .  («+a.)  =«*+<?,a:"-'+c,x*^+ . .  .+^"e,+ . . .  +c% 
of   which  product  the  first  term  is  x\  and  the  succeeding  terms 
involve  «^',  «^*,  &c. 

Also  the  coefficient  of  the  first  term  is  unity,* 
and  ^1  the  coefficient  of  the  second  term  is  the  sum  of  the  n  terms, 

e^  the  coefficient  of  the  third  term  is  the  sum  of  the  products  of 
every  two  of  them. 

^  the  coefficient  of  Hie  fourth  term  is  the  sum  of  the  products  of 
every  three  of  them,  &c.,  &c. 

Cr  the  coefficient  of  the  (r+l)th  ima  is  the  sum  of  the  products 
of  every  r  of  them,  &c,  ftc. 

And  e^  the  last  term  is  the  produtit  bf  fdl  the  n  terms. 

By  introducing  another  factor,  ^+tf.+iy  into  this  product,  it 
becomes  (a?+ai)(«4  a,)(a;+a»)  . . .  {x+a^^x+a^i) 

And  it  appears  that  ^i+a«+i>  the  coefficient  of  the  second  term  of 
the  produet,  consists  of  the  sum  of  the  second  terms  of  the  n+1 
binomials ;  also,  tho  coefficients  of  the  third,  fourth,  &c.,  terms  consist 
of  the  products  of  every  2,  3,  4,  &c.,  respectively,  of  the  second  terms, 
and  that  the  last  term  consists  of  the  product  of  all  the  n+l 
terms. 

Hence,  if  the  form  of  the  product  be  true  when  there  are  n  factors, 
it  will  also  be  true  when  there  are  n  +  1  factors. 

But  by  actual  multiplication  it  has  been  shewn  to  be  true  for  two, 

three,  and  four  factors;  it  is  therefore  true  for  4+1  or  five  factors, 

and  for  5  +  1  or  six  factors,  and  also  for  any  number  of  factors,  and 

eoosequently  it  is  generally  true, 

§XI 


«»= 
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that  is  (x+a^Xx+a.) . . .  (x+a^)=i:x^+€i^''^+e.^'*  +  c^*'^+  . . . 

+^^--+  . . .  +e^ 
Now,  when  «i,  <?,,  <?„...  a,  become  each  equal  to  a, 
then  <?i  =  a+tf+tf+  ...  to  n  terms  =  na, 

,,  =  aHa'+a'+  ...  to  !^^1)  terms  =<!Lll).a'. 

1.2  1.2 

^^+,3+^+...  to  !K!^Jl(gzi)  terms  ^^^-y^-^)  g,^ 

1.2.3  1.2.3 

&c.,  &c. 

tf,  =  a  '{•a'+a'^+  ...  to  -^ ;  ^   ^ — i  terms 

1.2 . .  .r 

^«(«-l|,^^(«-r+l)        ^^    ^^_ 

1.2 ..  .r 

f,  =  a .  a .  rt . . .  to  n  factors  =  a*. 

Making  these  substitutions  for  Ci,  e^,  «*,,  &c.,  in  the  expression 

it  becomes 

^         '  -1.2  ^         1.2.3  ^ 


^n(n-l)...(n-2+l)^.,^ . . .  +«., 
1.2 ...  r 


which  is  the  general  expansion  of  the  binomial  theorem  when  th& 
index  is  a  positive  integer,  and  the  (r+l)th  term  is 

n(n— l)...(»+r+l)^_,^, 
1.2.3, ..r 
The  theorem  may  also  be. written,  making  the  last  term,  and  suc- 
cessive preceding  terms,  the  first,  second,  third,  &c.,  terms ;  since  tho 
combination  of  any  number.  Of  -things  in  any  case  is  eq^ual  to  the- 
complementary  combination  of  the  same  number  of  things. 

^        ^  1.2  1.2.3 

The  expansion  of  {x-a)*  can  be  deduced  from  that  of  the  ex- 
pansion of  (tf+^)"  by  writing  in  this  expansion  — x  for  +j:, 

^         ^  1.2  1.2.3 

^  ^  ^  ^  Kn-l)...(n-r+l)^^,,.(_^^.^  ^  ^  ^  +(-*)% 

1.2..  .r 
in  which  the  terms  are  alternately  positive  and  negative. 
3.  lix^a--\, 

Then  (a?+«)"  becomes  (1  +  1)",  or 

2  -l+n+--^^-+ ^-^^ +---+1.2...{n-iy 

and  2-^1  ^n^-<''''^\''J^S)^^^  . . . 

1.2     ^         1.2.3 


or  the  total  number  of  the  combinations  of  n  things  taken  1,  2,  8 ... » 

respectively  at  a  time  is  equal  to  2*— 1. 
Also  (x'-ay  becomes 
n-n-=l-n4.<!LzL)     n(n-l)(n-2)    n(ii-l)(n-~2)(n^3)   ^^ 
^         ''  ^     1.2    "         1.2.3        "^  1.2.3.4  '       '' 

end  l+<^+<!^=?)<^ 

or  the  sum  of  the  coefficients  of  the  terms  in  the  odd  places  of  the 
expansion  of  {x+a)'  is  equal  to  the  sum  of  the  coefficients  in  the  even 
places,  and  each  is  equal  to  2"~^ 

4.  The  number  of  terms  in  the  expansion  of  (a?+«)"  is  «+l  when 
the  index  is  a  positive  integer. 

The  series  of 

Xm  Z  ,  Xm  Z    ,    a    •    ytl  ^   *-f 

The  first  power  of  x  occurs  in  the  second  term  of  the  series,  and 
the  indices  of  the  powers  of  x  in  each  successive  term  are  increased  by 
unity,  and  the  series  ends  with  the  nth  power  of  ^ ;  it  is  therefore 
obvious  that  the  series  for  (a+^)"i  when  n  is  a  positive  integer, 
consists  of  n+1  terms. 

5.  The  coefficients  of  all  the  terms  of  the  series  are  integers  when 
the  indek  is  a  positive  integer.* 

This  is  also  obvious  from  the  fact  that  the  successive  coefficients  of 
the  expansion  are  the  successive  numbers  of  combinations  of  n  things 
taken  1,  2,  3,  &c.,  at  a  time.  The  coefficients  of  the  terms  of  the 
series  reckoned  from  the  first  term  continually  increase  in  value, 
as  also  the  coefficients  of  the  series  reckoned  from  the  last  term,  and 

*  The  coefficients  of  the  terms  in  the  expansion  of  (a+a:)"  may  be  shewn  to  be 
integers  when  the  index  n  is  an  integer,  without  assuming  them  to  be  the  number  of 
combinations  of  n  things  taken  1,  2,  3 . . . .  ?» respectively  at  a  time. 

Generally  the  coefficient  of  the  (r+l)th  term  of  {a+xY  is 

n(n~l)(n-2).  ...(n-r+1) 
1.2.3....f* 
in  which  there  are  as  many  factors  in  the  numerator  as  in  the  denominator. 

First,  n  must  be  of  one  of  the  forms  2m  or  2m  + 1, 
and  .'.  one  of  the  first  two  factors  in  the  numerator  is  divisible  by  2. 

Secondly,  n  must  be  of  one  of  the  forms  8m,  Sm  + 1,  8m  +  2, 
and  .  *.  one  of  the  first  three  factors  in  the  numerator  is  divisible  by  3. 

Thirdly,  n  must  be  of  one  of  the  forms  4m,  4m  + 1,  4m  +  2,  4m  +  3, 
and  . '.  one  of  the  first  four  factors  in  the  numerator  is  divisible  by  4. 

Similarly,  n  must  be  of  one  of  the  forms  rm,  rm  +  1 nn  +  (r- 1). 

.'.  one  of  the  first  r  factors  in  the  numerator  is  always  divisible  by  r. 

Hence,  since  the  coefficient  of  the  (r+l)th  term  is  a  general  expression  for  any 
term,  and  it  has  been  shewn  that  it  is  divisible  by  some  whole  number  between  2  aud 
V  inclusive,  it  follows  that  every  coefficient  of  the  expansion  of  (a+se)"  will  be  an 
integer  when  the  index  n  is  an  integer. 
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lliat  when  n  is  an  even  number,  there  will  be  one  middle  term  of  ihm 
series ;  but  when  n  is  odd,  there  will  be  two  middle  terms. 

The  coefficients  of  the  second,  third,  fourth,  &c.,  terms,  reckoned 
from  the  end  of  the  series,  being  the  complementary  combinations  of 
the  second,  third,  fourth,  &c.,  terms,  reckoned  from  the  first  term  of 
the  series,  are  consequently  equal  to  one  another. 

Since  there  are  n+1  terms  in  the  expansion  of  (<i+^)">  ai^d  when  it 

is  an  even  number,  the  middle  term  of  the  series  will  be  the  |^+I  jtk 
term. 


^„_l)(«_2)..Y„_»+l)     .. 
of  {a^■xY  = ^-1 ia"^^ 


The  middle  term 

2 


n(„_lX„_2)...(»+l)    , 


1.2. (J.  •  •  — 


.  U'Z*, 


2 
This  may  be  exhibited  under  the  equivalent  forms 

if(n>^l)(n>2)....3,2.1^y^    ^^^  (»-lXn-3)..,,5.3.1    g^^y 

(I.2.O.**.  — I  I.2.U.*.. .— 

2/  2      2- 

When  n  is  an  odd  number,  n+1  is  an  even  number,   and  the 
two  middle  terms  of  the  expansion  of  (a+^p)"  are  the  -lL_th  and   \h» 

^?il3+lVferm3. 

These  two  terms  are x  *  «  *  ,  and 

2 

/  i\/  riv  II-V3    W-|-l 

,x  '  a  * . 

1    Q    'K  **""^    »+l 

2         2 

Tliese  also  may  be  exhibited  under  the  forms 

ii(n— l)(n-2)....3.2.1  ^  ^        ,  «(n-l)(n-2) . . . .  3.2.1  i±i  !^ 
--^ — — T^TT* — a  *  X*  .  and  -^—7 — — ttts — a  «  «  «  » 

(1.2.8....  ±+1)'  •  (1.2.3.. ..!i+IJ 

and  they  may  be  reduced  to 

t  X.  iS  •  o  .  •  • 
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(?i— 1)(»-3)...5.3.1 2^  ^^  ^ 

1.2...!^ 
2 

6.  When  the  exponent  is  a  negative  integer, 

The  expansion  of  (a+o?)*^  can  be  derived  directly  from  the  ex- 
pansion of  (a+ar)". 

Since  (tf +a?)""  =  ^ r-  = 

^         ^        {a+xy     fl"+na— »;f+&c. 

The  series  for  (»+«)""  will  be  found  by  dividing  1  by 
a'+na*~^;7-|-&c.,  and  as  at  no  step  of  the  division  can  the  remainder 
be  zero,  it  follows  that  the  number  of  terms  in  the  expansion  will  be 
unlimited,  and  the  expansion  will  be 

^        ^        a"     a»+*^     1.2      «•+*  1.2.3         a'+»^ 

,  w(w+l),.,(n+r-l)     af        ^^ 
1.2...r  ar^'" 

1.2  1.2.3 

^r<n+l) . . .  (n+r— 1)^_,,,^  ^  ^  ^  ^ 
1. 2 ...  r 

The  expansion  of  (a— a?)""  is  deduced  from  this  by  writing  —4?  for 

^        '  1.2  ^         1.2.8 

^n(n+l)...(«+r-l)^_^^^  . . 
1 . 2 . .  r 

7.  In  the  expansions  of  (a+a?)"  and  (a— a?)",  (« +x)~",  (a— a:)"",  if  a 
be  taken  equal  to  unity,  the  series  assumes  a  form  more  convenient 
for  effecting  expansions,  when  the  exponent  is  not  a  positive  integer. 
When  a  becomes  unity,  the  four  expansions  are 

/I  I    Ml     1  I        I  «(w — 1)    1  I  f»(w— 1)(« — 2)    ,  , 

(1  +*)■  =  1  +««?+    i2~  -^  +  ^    ^  2  3 ^    ^  •  •  •  • 

_^n(n-I)(n---2) . . .  (w-r+l)^_^_        ^^, 

1.2.3a.    .f 

-a:)"  =  l-«ar+  -V^-...^  .ar*— 1_^-A_ ^'.  jr'+  .... 

1.2 ..  .r 
(l+x)     _l     ,«+_^_.x      ^j__ r+.... 

»(n+lKit+2)...(n4.r-l)  w_iy+ 
^  1.2.3...r  '    ^       ' 
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■8.  TUe  expansion  of  («+«)"  may  be  exhibited  in  on  infinite  series 
of  tlio  following  four  forms  : — 

a  a  X  \        a-^-xj     ' 

I        a+j;J  I     ^ra+^^     1.2     \a+zy 

fi(n+lXn+2)       ar»  1 

■*■  1.2.3  •(tf+4;)»+----/ 

X  X  a_         \        a+x  j     ' 

(«+;r)"=:t-/  l-_fL  1""=*./  1+*  _i.  .  ^(^LLL)  _i'_ 
'  I        a+xf  \    ^I'a+x^    1.2     -(a+x/ 

,«(n+l)(n+2)       ««  ) 

^     1.2.3  ~'(S+sy'        / 

^'    ^  2«         a+a  x—a         \^     x+a ) 

a+x  x+a 

«(«+l)  /^-gy    i,(n+l)(n+3)  /i?-ay  ) 

^     1.2     'UW  1.2.3        '\x+al      j 

^'    ^  2x  xji-x  <»-ar  I       tf+a?j 

(a  far)"  =  2v/ l-^Z:^  1""- 

l,^n(a-A^n{n+\)  /a-^\«    ii(n+l)(n+2)  /o^ify....    I 
I        1  VaW         1.2     Afl+a?/  1.2.3        'VaW  J 

9.  7<i  ^n^  ^^0  expansion  of  the  polynomial  theorem  when  the  index  it 
fHrnitw  integer  and  t/i^  polynomial  consists  of  3,  4,  5,  or  any  numler  of 


The  ^expansion  of  any  power  of  a  polynomial  consisting  of 
3,  4^  5,  or  «»  terms  respectively,  can  be  directly  effected  when  the 
uiBflac  is  a  positive  integer  by  means  of  the  binomial  theorem. 

^First,  to  £nd  tlie  expansion  of  {a+h+e)*  and  the  general  tena 
of  dM  expansion  when  the  polynomial  consists  of  three  terms. 

Hero  a+h  orh+e  may  be  considered  as  a  single  quantity. 
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i.  Z  1. Z. u 

+  .--K 

and  each  of  the  termfi  (a+J)",  (<»+3)"~\  &c.,  can  be  expanded  by  the 
binomial  theorem,  and  all  the  terms  of  the  expansion  determined. 
To  find  the  general  term  of  the  series  inyolTing  t^i^^, 
"Herep+q+r  =  «,  and  n— j?  =  q+r.    Let  <f+^+^=»-hPi  or  a-j+nt 
And  the  (j'+l)th  term  of  the  expansion  of  {ai^i+ay 

^ n(n— l)...(»-p+l)^ ._,  ^^ 

1.2. ..p  * 

_  n(n-l) . . .  (n— jp+l).(n— ;?)(n— /? —1).. .3.2.1  ^^,  ^p^ 

1.2. ../?.(»— ^X^—i^—l)  •••  *^- 2.1 

1.2.../?.(y+0(2'+^— !)•• -^-^.l'   ' 
And  the  (y+l)th  term  of  a?i«+'  or  (^+5)'+' 

1.2. ..J- 

, (g+0(y+^-l) ' ' »  (y-f  l).r.(r~l) . . ,  3.2. t  ^  ^^ 
1.2.. .^.r(r-l).. .3.2.1 
Therefore  the  complete  term  of  the  expansion  of  {a+h+ey  in- 
Tolving  o'iv 

n(w— l)(w-2)...3.2.1  (y+rXy+r—l)>>.  3.2.1^^^ 

1.2 .  .  'P'{q+r){q+r'-l) ... 3.2.1 '         1.2 .  ..qA.2  . .  ^r 

^    w(n-l)fn->2)...8.2.1^^^^ 
1.2. .  ./?.1.2  ...^.1.2  ...r 
Jf  for  h  and  e  there  be  written  hx  and  co^,  the  general  term  of  tlio 
expansion  of  {a+hx+cj^y  will  be 

^         n(n~  3)...  3. 2.1        ^^.^^-htr 
1.2...|>.1.2...j'.1.2...r 
To  find  the  number  of  terms  in  the  expansion  of  (a+5+c)\ 

Here  {{a+h)+ey  =  (a+J)-+n(a  +  3)"-'^?^5::^.(a+*)-V+  . . .. 

The  number  of  teims  in  the  expansion  of  («+i)"    =  »+ 1 
"  n  >»  («+*)— *=n 

&c.  &c. 

ff  ft  tJ  c^  — 11 

ana(»+l)+«+(«-l)4....+2+l  =  (?tJ^+2):. 


.-.  The  number  of  tenns  in  the  expanwon  of  («+J  +  «)"  is  (^+iEK^+?}  . 

1  x^ 

Next,  to  find  the  expansion  of  (a-^h-^e-^dy,  and  the  general  teioa 
of  ihe  expansion,  when  the  polynomial  eoasieta^  of  four  terms. 
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Here  (a+h+e+d)'  =  {{a+b+e)+dY 
=  (a+b+ey+n{a+b+e)'-H+<lJ:^\a+h+e)-'d:'+  . . . +d', 

and  when  (a+h+c)*,  (a+i+c)"~*,  &c.,  are  expanded,  all  the  terms  of 

the  expanfiion  of  {a+h-i-c+i)*  can  be  detennined. 

To  find  the  general  term  of  the  series  which  involves  a^li^<f^. 
Here  i?+^+^+*  =  »,  then  n—p  =  q+r+9y  n^p  —  j'  =  r+t. 
Also  let  a+h+c+d^x^  +  a,  d+e+h  =  x^+h. 

Then  the  (jt>+l)th  term  of  (ar^-f  g)"  =  ^<'*~^]  ' '  ^(^"^+^\^^^^'^<^"■ 

XmJU»     .     ,    P 

>i(»-l)...(«-p+l)  {n^p){n'-p^l)...S,2A     ,., 
1.2...JP  '(«-.i?)(«-ii— l)...3.2.r  ' 

n(n-l)...3.2.1  ^„    . 


1.2..  .jp.(«— p)(j|-.^-.l).  .  .  3.1^.i 
Next,  the  (y+  l)th  term  of  x^'*  or  (ir,+i)"~' 

\        TiTT.q  '^^       •^• 

(n^;,X»-y-l)>>-(^+*+l)  (^+*)(>'+<-l)«->3»2  1^r^,i. 
1.2...^  •(r+*)(r+»— I)...3.2.I  *     '    ' 

Thirdly,  the  (r+l)th  term  of  x,'^-  or  [d+e)^' 

1.2. ..r 

(r+s)(r +9- I)...  (9+1)  j.(<— 1....3.2.1^^ 
~  1.2...r  '«.(«— 1)... 3.2.1 

Hence  the  complete  general  term  of  the  expansion  of  {a+h+e+d)* 
involving  i^h^tft^,  is 

n(ff— l)(n-2) 3.2.1 (»— jp)(n-/)— 1) . .  .3.2.1 

"1.2.3.../>.(tt~jt>)(«— jp— l)...3.2.ri.2.T7j^.(r4^Xr+i--l)..-3.2.i* 

.  ('•+«y;+«-i)---8-2-i.^.».^.j.. 

=  n(n->l)(n-2)...  3.2.1 ^,j,^^ 

1.2.3...j9.1.2.3...^.1.2.3...r.l.2.3...« 
If  for  3,  e,  d  there  be  written  hx,  cji^,  dju\  the  general  term  of  the 
expansion  of  (a +Ja; +««*+<&•)■  will  be 

»(»-l)(n— 2)...3.2.1 ^,jf^^,jjf+2r+i.^ 

1.2.3...jo.l.2.3...^.1.2.8...r.l.2.3...«' 
To  find  the  number  of  terms  in  the  expansion  of  (a+h+e+d)*. 
Here  {{a+h+e)-\-dy^(a+b+cy+n{a+h+e)^\d 

The  number  of  terms  in  the  expansion  of  {a+h+ey    =  ^^"^V^**"^^^ 


II  n  n 
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The  number  of  terms  in  tlie  expansion  of  (a+*+ff)"~*  =  ' 

&c.  &c. 


(a+J+<?)  =  3 


And  («+lXn+2)    n(n+l)     (n:;-l>  +3J     2J 

1.2         ^     1.2     ^     1.2     ^  1.2^1.2 

=  JL I  («+l)(«  +  2)+«(n+l)+(»-l)n+  . . .  +3.2+2.1  I 

_(w+l)(n  +  2)(n+3) 
1.2.3 
And  by  a  similar  process  may  be  found  tbe  expansion  of  a  poly- 
nomial and  the  general  term  when  it  consists  of  5,   6 .  • .  m  terms 
respectively,  as  also  the  number  of  terms  in  each  series. 

The  general  term  of  the  expansion  of  (a+J+(j+df+  . . . )"  can  be 
put  into  the  form 

ii(n—  1)...3.2.1  •li.rjf.   #«« 

1.2. .  .p.1.2  ...  1^.1.2  .  ..r.1.2  ..  .«.1.2  ...  ^,  &c. 

subject  to  the  condition  that|?+5'+r+«+^+  ...  =  ». 
If  for  hy  r,  rf,  «,  &o.,  be  written  hx^  <?a?',  dx^,  or*,  d:c. 
The  general  term  in  the  expansion  of 

{a^hx-\-e^^d3^^ex'^\  . . .  )• 
may  be  put  into  the  form 

«(«-l)(«-2)  . . .  3.2.1..^^.-^.^^. . . X*— ••  * 

Subject  to  the  conditions,  jP+y+**+«+^+ =»  and 

^+2r+3«+4<+ =  tlie  index  of  :2?  in  the  particular  term. 

To  find  the  number  of  terms  in  the  expansion  of  («+&+(;+ J. .  .)* 
when  the  polynomial  consists  of  m  terms. 

The  process  for  finding  the  number  of  terms  in  the  expansion  of 
(a+^+  . .  .)*  ^9  evidently  the  same  as  that  for  finding  the  number 
of  terms  in  the  expansion  of  (a+&+<7+<^)" ;  the  only  difference  is  that 
4  in  the  expression  for  the  number  of  terms  in  the  latter  becomes  m 
in  the  former,  and  the  expression  for  the  whole  number  of  terms  in 
the  expansion  of  («+5+<?+  . . . )"  is 

*  Tho  general  term  of  the  expansion  of  any  polynomial  can  be  employed  to  find 
the  snccessire  terms  of  the  exx>ansion. 

To  find  the  first  five  terms  of  the  expansion  of  (a  +  6« + esc'  +  dx*  +  ca;*  + . . . . )". 
Tho  general  term  of  the  series  is 

or  }fi  e  ^  e«  ,+jr+s.+4«... 

1.2... I?  1.2. ..9  1.2. ..r  1.2. ..«  1.2. ..t 
subject  to  the  conditions  j)+5r  +  r+«+<+  . , .-»»,  and  jr  +  2r+3*+ . . . .  ■>  Index  of  a;. 
Tho  first  term  of  the  expansion  inyolving  no  power  of  a;  is  obviously  a*. 
To  find  tho  second  term  involving  the  first  power  of  a^ 
In  thi8ca8C2!>+9a>nand9»l ;  .'.  |7«in-l, 


24 

(n+l)(w+2)(n+3)  ■ . .  (>»+w-l) 
1.2.3. ..(»»— IV  ' 

tirUcli  number  is  obviously  the  (n+1)  term  of  the  mth  order  of  the 
iigurate  numbers. 


and 


tlic  term  involving  2;=1 . 2. 3 . . .  » .  j      ^  ^"^ r;  •,-  {  «=»a""'^to. 

To  find  the  third  term  involving  x^, 

Hope|>+g+r=n,  and  g+2r=2,  which  can  be  satisfied  in  two  waj-a, 
when  7=0,  r=l  ;  and  when  q=2,  r=0. 

.".  p  +  0  +  l=»h  andj9=fi-l,  |?+2  +  0=n,  j?=»-2. 
Hence  the  term  involving  z^ 

(1.2...(n-l)  1^1.2. ..(»-2)  1.21 

To  find  the  fourth  term  involving  x*. 

Hene7+2r+8a«3,  and |?  +  gr+r +««=». 

*JLke  condition  g  +  2r + 3« = 3  can  be  satisfied  in  three  ways 
qmmO^  r»0,  «»1,  .*.  j?  +  l—»,  and^B^n— 2. 
gs-1,  rs-1,  *—0,        ^  +  l  +  l  =  n,  andj9»n-2, 
^eS,  r— 0,  s=0,       |?  +  3=n,  and2i«n-3. 

Hence  the  term  involving  x* 

«*1.2...n{ .-J .-.-4 . J  «• 

(1.2...(»-1)  1^1.2. ..{n-2)  1  1^1.2. ..(n-3)  1.2:3  J 

I  1.A.3  I 

To  find  the  fifth  term  involving  x^. 
H«re  j-f2r+3«+4<«4,  and^  +  g+r+s+f-sft. 
The  eqnatioBf +2r+8«+4<a4  can  be  satisfied  in  five  ways, 
.gr-O,  rmO,  5—0,  i—l,  .\  p+lmn,  andp^n-l, 
qmmOj  r-2,  ••O,  i—O,  .'.  jp  +  2»»,  and^»»-2. 
<^=1,  r»sO,  «»1,  «  =  0,  .".  p  +  l  +  lmn,  a&dj;»n— 2. 
<jrai2,  r-1,  »-0,  <=0,  .*.  i?  +  2-f-l  =  »,  andj^«»-3. 
g«4,  r«0,  »=0,  <«0,  .'.  |?  +  4=?i,  and/?«»--4. 
Hence  the  fifth  term  involving  x* 

,  a  •      „    \         a*->  «  a"-*  c'  a*-*         b  d 

(1.2...(»-1)  1^1.2.. .(M-2)  1.2  ^1.2...  (11-2)  1  1 


'*'l.2...(»-3)'l.2"l'*"l.2...(»-4)'l.2.8.4)* 

==.  1  ,u»^^1€-^*^^^^•"^>.a-'c»+lt(n-2)a"-«&d+^*t^^^)(^-^).a^-16'c 
*  1.2  '^  1.2 

n(n~l)(n-2)(n^8)^^^| 
^  1.2.8.4  i 

If  any  term  of  a  polynomial  be  negative,  it  will  be  found  more  convenient 
t»  write  it  positive,  placing  the  negatlFe  sign  over  the  term.  Instead  of 
<«<-te-ci;')",  write  (a  +  6*c  +  cc*)",  and  the  expansion  can  be  effected  considering  all 
the  terms  positive.  In  the  final  reduction  of  the  terms  so  afiected,  the  odd  powexa 
«iU  be  negative  and  the  even  powers  positive. 
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10.  To  prove  the  truth  of  the  hinomial  theorem  generally,  whether  <8ir 
index  he  integral  or  fractional^  positive  or  negative,  and  independent  I j/  €fUm 
theory  of  combinations. 

First  (a+5)*  may  be  put  under  the  form  a"(l  +a?)*. 

rora+*  =  /l  +  -^  =  a(l+;r),  if -  =  ar;  and  (a+5)-  =  a-(l+ar)-. 

In  the  following  proof  the  form  (1  +a;)"  will  be  employed  as  being 
more  simple  than  (<J+3)" : — 

By  involution,  evolution,  and  division,  it  may  be  shewn  that 
(l+«)«=l+2ar+a:»,  (l+a;)'=  l+3ar+ 3^ +:ir', 
(l+iF)-«  =  l-2a7+3ar«-  &c.,  (l+ar)-»  =  l-3a?+6:F'— &c^ 
(l+*)»=l+^ar—|««+  &c.,  (l+a:y  =  l+j2r- Jj:^^  &e., 
(H-3r)-»=l.--Ja?f  ?:c*+  &C.,  (l+arr»=  1— i3r+fr'+  &Cv 
It  appears  that  whether  the  index  be  integral  or  fractionaF^.  posi- 
tive or  negative,  the    expansions   proceed  regularly  by  increasmg 
powers  of  x^  and  that  in  every  case  the  coefiicient  of  the  second  tena 
of  each  expansion  is  equal  to  the  index  with  its  proper  sign. 

Hence  it  may  be  assumed  generally,  whatever  be  the  value  of  the 
index,  that  (1  +ar)-  =  1  +iM?+u4r»+-ffj:»+  (7a?*+  &c.,  when  jB,  C,  2>,  ftc^ 
are  to  be  determined.    In  this  expression  for  x  write  x-^-z. 
Then  {l+(ar+z)}'« l+«(a;+z)+^(a;+«)'+i?(ar+z)'+e(:5+s)«+ftcL 

=  l+»ar+^j;'+^a^+  (7ar*+  &c. 
+  w2+2-4z^+3-5z'a?+4(72"ar+  &c.   omitting  higher  powers  of  *- 
And  {(1  +^)+3}-  =  (l+^)»+n(l+ar)-»«+^(l+ar)'--y+  &c. 

=  1  +fW?+^^+^;r«+  Cip*+  &c. 
+n3{H-(n-l);p+^V+^«»+C7'«*+  &c.}+  terms  involving  a?,  js% 
&c.,  and  writing  A',  B,  C,  &c.,  for  A,  B,  C,  &c.,  whon  n  becomes  u — 1. 

=  \^nx+Ax^+Ba^+Cx^+  &c., 
+«2+n(« — l)zx  +  nA'z3!^+nB'za^+  &c. 
Since  the  two  series  which   result  from  the  two  expansions  of 
(i+x+zY  are  equal;  omitting  the  terms  which  are  common  in  th» 
two  series,  there  results  the  identity, 

2Azx+^Bzx*+4CzJi^+  Ac,  =n{n^l)zx+nA'%J!^+nBzr^+  &c. 
And  equating  the  coefficients  of  the  corresponding  powers  of  x, 

2A=n(n--l\  and  A  =!?(!L"ZL). 
^         ^  1.2 

And  putting  n- 1  for  «,  A'  =  C^-^X^-^)^ 

SB«nA\  andi?  =  g^^<^-^X^-^). 

3  1.2.3 

And  putting  n-1  for  n,  ^  =  (n^l)(n>-2)(»~3> 
^         *^  1.2.3 

4  (7=»  «^,  and  C=  ?^  -  !>(^-l)(^2Xi'i:3)  ^ 

4    ""  1.2.3.4 

and  so  on  for  the  successive  coefficients. 
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And  lastly,  substituting  the  values  of  A,  By  C,  &c.,  in  the  series, 
{\-\>xf^\^nx+Ax^-\'Bji^+Cx*+  &c.,  there  results 

/I  I    \.     ti       I  «(»— 1)    -J  I  «(«-l)('*""2)^ 
(l+a;)"«l+n^+A_J.a;'+-L.   ^  A^       V 

^(n--l)(n-2Xnj-3)  ^.^  ^^ 
^  1.2.3.4 

in  which  the  index  n  maybe  integral  or  fractional,  positive  or  negative, 

and  since  a-(l  +xY  =  ar(\  +- Y  =  («+>)% 

^  1.2.3.4  fl*  / 

1.2  1.2.3 

and  the   series  for  the  expansion  of  («+&)">  terminates  with  the 
(n+l)th  term,  when  the  index  n  is  a  positive  integer ;  *  but  the  series 

*  Since  the  saccessiTe  coefficients  of  the  expanded  binomial  (1  +»)"  denota  the 
nambers  of  the  combinations  of  n  things  taken  1,  2,  3,  ...  n  at  a  time ;  by  means  of 
the  products  of  two  or  more  binomial  series  some  cnrious  relations  may  be  found 
between  the  combinations  of  different  sets  of  things,  when  taken  1,  2,  3,  &c.,  at  a 
time. 

To  find  the  relations  between  the  corresponding  coefficients  of  the  two  series 
which  arise  from  the  expansions  of  (l+a;)"X(l  +  aj)"»(l+a;)'*. 

Let  Cy,  C^t  Cf.C^  denote  the  coefficients  of  the  expansion  of  (1 4- a;)". 

and2)„2>., /)„...  i?^        „  „  „  (l+x)«*. 

Then  (1  +  C^z + (7,a;«  + . . .  C^-ijb— >  +  C,a;-)(1  +  CiX  +  C,a;«  + . . .  C.-iaf-*  +  C^) 

orl  +  2C,a;+(C«  +  2C7J««  +  (2C,  +  2C,C,)x»+(2(7^  +  2C,C,  +  C,«)x* 

+  (2C7a  +  CyC^  +  2(7,C,)aj«  4  &c.  =  1  +  D,aj+i?,»«  +/>,«•  +l)^x*-{-D^x'  +&c., 
and  each  side  of  this  identity  consists  of  27i+l  terms,  and  by  equating  the  co- 
efficients of  the  corresponding  powers  of  x  on  each  side,  a  series  of  properties  wUl  be 
found  which  connect  the  combinations  of  2n  and  of  n  things  taken  1,  2,  3,  &c.,  at  a 
time.    For  instance. 

The  coefficient  of  x*  in  the  product  on  the  left  side,  restoring  the  value  of  n  ia 
^j»  ^ai  ^^9  ^^^  bearing  in  mind  the  property  of  complementary  combinations,  is 

(      1.2     i         (  1.2.3        ) 

And  the  coefficient  of  a;"  in  the  expansion  of  (l+a?p,  restoring  the  value  of  2it 

in  J)»,  is 

2H(2»-l)(2n-2)...(n  +  l) 

1.2. 3...  n 
Therefore !•+«•+  [2^)]  \  {Hi^Lz]^^]  \  kc 

v      1.2      *  I  1.2.3  J 

^  2ft(2n  - 1  )(2»-2)...(n+l) 

"  1.2.8... « 

Or  the  sum  of  the  squares  of  the  combinations  of  n  things  taken  1,  2,  3, .  • ,  n  at  a 
time,  is  equal  to  the  number  of  combinations  of  2n  things  taken  n  at  a  time. 

And  since  the  product  of  the  two  equal  series  on  the  left  bide  is  the  square  cf 


27 

floes  net  terminate  when  the  index  is  a  negative  integer,  or  a  positive 
or  negative  fraction. 

The  scries  for  the  expansions  of  («+i+c)",  {a+b+e+d)%  &c., 
^a+h+c+d+e+  . . .)",  and  of  {a+hx+cx^)\  (^a+hx+ex^+dji^y,  &c., 

{a+ia?+rjr+(ir'+ftr*+ )",  when  the  index  is  a  negative  integer, 

or  a  fraction  positive  or  negative,  may  be  exhibited  in  tiie  same  forms 
as  when  the  index  is  a  positive  integer ;  with  this  difference,  that  tlie 
numbers  of  terms  in  the  expansions  do  not  terminate  when  the  index 
is  not  a  positive  integer. 

Also  the  general  terms  of  each  series  is  subject  to  the  same  equa- 
tions of  condition  as  when  the  index  is  a  positive  integer. 

If  a  series  arising  from  the  expansion  of  a  binomial  be  neither 
wholly  convergent,  nor  wholly  divergent,  but  begin  to  converge  from 
aome  term  of  the  expansion,  the  term  of  the  expansion  from  which  the 
converging  begins  can  be  determined. 

Different  cases  will  arise  according  as  the  index  of  the  binomial  is 
integpral  or  fractional,  and  positive  or  negative. 

If  the  index  bo  a  positive  integer  the  number  of  terms  in  the  ex- 
pansion is  limited  to  n-f  1,  and  the  coefficient  of 'the  middle  term  is 
the  maximum  of  all  the  coefficients ;  but  if  the  index  be  a  negative 
integer  or  a  positive  or  negative  fraction,  the  number  of  terms  of  thf 
expansion  will  be  unlimited. 

11.  To  determine  that  term  in  the  expansion  of  (a+x)*  at  which  th 
eucceeding  terms  hegin  to  converge^  when  n  is  a  positive  integer » 

Let  2^,  T^Y  denote  the^th  and  (|'  +  l)th  terms  of  the  expansion  of 

Then  T,  =  ^^^7^) - ' ' ^""^^^^ ^\ a-''^'j^\ 
'  1.2...  (^-1) 

and  T;^,  -  <n~  1)  . . .  (n-p+2)(n^p+l) 

'+'"■  1.2...(p-l)./?  ' 

' '    7^  pa  pa 

one  of  them,  which  connsts  of  the  sum  of  the  sqa&res  of  every  term  together  with 
twice  the  product  of  every  two  consecutive  terms ;  the  sum  of  the  products  of  every 
two  consecutive  coefficients  of  these  terms  may  be  shewn  to  be  eq^ual  to 

fi.2"  (2n-l)(2»-8) 5.3.1 

fl  +  1*  1.2....(»-1)7» 

In  the  same  manner,  if  there  be  given  the  product  of  three  equal  binonaial  ex- 
pressions, (l+a;)''(l+x)"(l+a;)'*=(l+2B)**,  and  these  expressions  be  expanded  and 
arranged  according  to  powers  oix,  there  wiU  be  formed  two  identical  series,  of  which 
the  coefficients  of  corresponding  powers  of  a;  are  equal.  These  equivalents  will  ex* 
press  relations  between  the  combinations  of  n  and  S»  things  when  taken  1,  2, 3,  ftc, 
at  a  time. 

Also  if  the  identical  expressions 

(1  +x)"(l  +«)•=(!  +a:)-H-»  and  (1  +«)-'(l  +x)»{l  +a:)'=(l  +«)"+•+' 
be  expanded,  relations  between  the  combinations  of  m,  n,  and  m-k-n  things,  and  of 
m,  n,  p,  and  m-k-n-¥p  things  may  be  determined. 
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Now  tlio^th  term  will  be  greater  than  the  (p+l)th  ternt 

when  pa  >  (n — p+l  )ar, 
or  when  p{a+a;)  >  (n+ 1  )4?, 

and.',  when p>^JLtDf.. 

a+x 

But  as  p  must  be  neceBsarily  a  positive  integer, 

The  pih  term  will  be  greater  than  the  (p+l)tih  term  when  p  is  th» 

integer  next  greater  than  i^IT.  J?. 

And  this  obviously  holds  good  so  long  as  n  is  a  positive  mteger. 
The  coefficient  of  ihe  middle  term  of  the  expansion,  being  th» 
maximum  number  of  n  things,  is  ihe  greatest  coefficient ;  but  it  does  not 
follow  that  t?ie  middle  term  itself  is  the  greatest  term  of  the  series. 
This  will  depend  on  the  relative  values  of  a  and  z  in  any  particular 

series.    If  «  be  less  than  a,  then .  is  less  than  .    and    it    is- 

a+x  a+x 

manifest  that  this  multiplier  in  particular  instances,  when  the  values 

of  a  and  x  are  assigned,  may  diminish  or  increase  the  numerical  value 

of  p. 

But  if  »  =  — 1,  thon  j?>  tll+l^f  :=o,  and  the   method  fails  to- 

a+x 

determine  tho  point  of  convergence  when  n  =  —  1. 

Next.  If  n  be  a  negative  integer  different  from  unity,  the  series' 
does  not  terminate,  but  the  term  of  the  expansion  of  {a+x)'*,  at  whick 
the  convergence  commences,  can  be  found. 

j,^^  y^^n(n  +  l)(n+2)  .    .  (n+p-2)^.^^,^,^_^^^^ 

1.2.U  .  •  •  (/>""  1) 

*     '+'  1.2.3... (p-1):^  *    -^-^  ^'' 

.    r^,     n+p-1  aj-l)     _(«+p-.l)* 
J,  p  a  pa 

The/ith  term  will  be  greater  than  the  (p+l)th  term  numeiicallx 
when  pa  >{n+-p — 1)^,  neglecting  the  negative  sign, 

or  when  />(a — x)>  (n  —  1  )x, 

.-.  whenp>(^"^K 

But  BBp  must  be  necessarily  a  positive  integer, 
The  pih  term  will  be  greater  than  the  (|>+l)th  term 

when  p  is  the  integer  next  greater  than  ^^""  ^^ . 

#— a? 

If  n  be  a  fraction,  proper  or  improper,  positive  or  negative,  tho 

bei-ies  does  not  terminate  with  the  (ii+  l)th  term  of  tiie  expansion,  nuii 

p  may  be  less  or  greater  than  n+U 
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12.  From  the  expansion  of  the  binomial  theorem  to  deduce  the  exponential 

A^x^     AV 
theorem  a*  =  1+^4?+-— --+__-.-+  &c., 

1.  ^      1.  /.  t> 

where  ^  =(«—!) -i(«—l)»+K«—l)'—  &c. 
Here  a=:l+(»— 1, 
And  «'={!+(«— !)}• 

=  l+.(.-l)+{^-|}.(«-l)»+{^-^+f}.(a-l)' 

I  24     4  ^  24       4  /  ^         ^ 

+Dx^+  &c., 
by  finding  tho  terms  of  the  coefficient  of  Xy  and  denoting  the  co- 
efficients of  a?',  a;*,  &c.,  by  B,  C,  2),  &e.,  which  involve  only  powers  of 
a  and  numerical  quantities, 

andif  (a-l)-(i:il)!+^l)!_^lIV  &c.=^. 

Then  a'  =  l+iia;+^:c»+(7a;«+J9^^+  &c., 
and  this  expression  is  true  whatever  be  the  value  of  x»    Write  s  for  x^ 

then  a'=  l+^2+^«»+(72«4-2>2*+  &c. 
And  «•.«•  =  «•+'  =  l  +  ^(a:+«)+J9(a?+«)«+C(a?+2)«+J9(^+2y+  &c., 
but  a'a'  = «»'{ 1  +-4i?+^jc*+  (7;r»+2>a?*+  &c. } 
Equating  the  coefficients  of  x  in  these  identical  values  of  a'a% 
.\  A+2Bz+SCz^+iDi^+&c.=Aa'=A{l+Az+Bz^+Cz''+Dz*+&o.} 
Next  equating  the  coefficients  of  the  corresponding  powers  of  z 
in  these  identical  series, 

2^  =  ^»,  3C=AB,  AB-AC,  &c., 

whence  ^  =  ^.  C^~  =  -^,  i)  =  ^  =  _t^  +  &c., 
1.2'  3        1.2.3'  4        1.2.3.4^        ' 

.-.  g'  =  l+^:r+— +-^+    ^'"^    +  &c., 

^1.2^1.2.3^1.2.3.4  ' 

in  which^=(fl-i)-i!Li:l) +(?zl)^(«j=i)!+  &c. 

^         '  2^3  4 

If  e  denote  that  value  of  a  which  rendera  the  series  for  A  equal  to 
unity, 

then  d'  =  l+«+-5L+~-+ — -- — +&C.    Andif«  =  l, 

1.2^1.2.3^1.2.3.4  ' 

tf=l+l+— .  _L.„j 1 +&c.  =  2-7l828]8... 

^1.2^1.2.3^1.2.3.4^ 


EXEBCISES. 

L 

Expand  bv  the  binomial  theorem  the  ibilo  vin^  expreaaoos : — 

1.  («+ar:\  («+a4:\  {l-2ry.  i'l-S,*,   y+J^/.  {2s+Sff)'. 

2.  («x+*y  »,  >^»y:S  (a^+Sy:-,  (2*-3y,» 

s.  (2+^3;\  :v'2-  v'SA  (*+*t^_i)«,  >_»^_iy,  (2+ v-s}». 

4.  Cx+x-:«,  ;x-x-'/,  (x+x-)".  (x-*-/». 

n. 

Expand  the  following^  expreaaiona,  eadi  to  six  tanna*  and  vrito  tli* 
fih  term  of  each  seriee. 

1.  (i±x:-,  (i±x;-',  :i±x)-,  ;i±x:-',  :i±x:-»,  (i±x)-«. 
2-  (i±x)«,  (i±x;5.  (i±xi,  (i±x:i,  ti±x:j. 
8.  (i±x)-j,  (i±x:-j,  (i±x:-i,  (i±x:-»,  vi±-r:-». 

5.  y+s'},     (-2— 3x;i,      (ir+8y:->,      (x^+Sax^l,      (x»-2«x)-4, 
«»(««+x-",-!,  «-iy— ««x:-.\,  i«lrJ+«lx5}-». 

6.  {a+hy/-lf-,  (^.x-Jx^v'-i:?.  ;i+^*'-l)"'-.  {x+(l+x)-»}«. 

m. 

Yeiif  J  the  cortectness  of  the  fulloving  expansiona^  and  find  the 
Talae  of  each  to  four  places  of  decimala : — 

1.  5«=2(  l+Ll_lil.i+Lli?.i_Llii:2.1+  Ac  \ 

\        2  4     2.4  4*^2.4.6  4*    2.4.6.8  4*  i 

2.  8«  =  s|  l-l-i_i^!.l_iil?.i_LL.»j:5.1- &e.  I 

I        2  9     2.4  9»     2.4.6  9*     2.4.6.8  9*  j 

^  (         3  10*     3.6  10»^3.6.9  10*     3.6.9.12  10*    i 


+  &C- 


4.  (o50M.3{i+iJL^MYJLY+Jil:i.YJLY+&c.  \ 

^       '  \         o  243     5.10  \243/ ^5. 10.15  V2-I3/^  I 

^       '  (7  2*     7.14  2-^7.14.21  2**  f 

Cfjrk*»-^l         A*v  a  d.l  1  O.I.J  I       .  • 

^     '  1.2  3^1.2.3  3-^1.2.3.4  3' 

7.  Slioir  tliat  1+1+L^.  1,4.1:1:1.1+...  ^3*, 

3^1.2  3*^1.^.3  3^ 


I 
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3^2.4    l4j^2.4.6    (4i  3^  '^ 

IV. 
Yeiify  the  coirectness  of  the  following  expansions : — 

"•         '  2  l+«^2«.2  (l+a:)»^2'.2.3  (!+«)» 

8.5.7    _^ 
2'.2.3.4  (l+o:)' 

^  ^  ''  I    ^2  «+i+2.4  («+J)»+2.4.6  (a+J)» 

''        '^  (1.2      a»^         1.2.3  «»        / 

7.  (:r'-2).  =  ±:l  1 1-1._J_     l._i l._J_-&c.  \ 

^  '  X     \        i  («»-!)•     8  (a*-l)'     16  («*-l)'  /• 

8.|i±fr=i+«.(^  +<!i±i).f-2^y 

(1-*/  \lW         1.2       \l+x/ 

.n(«+l)(i»+2)  /Jf.Y+ 
1.2.3         Al+a:/ 

I  1+a;  /  \1+2j?/^     1.2      \l+2jf/ 

.♦i(n+l)(«+2)  /_f_V . 
1.2.3         Al+2a!/ 
10.  (l+a;)(l-x)-»  =  l+3a!+5«»+7a»+9;B*+  &c. 
11.(1  +x)(l  — jr)-»  =  1  +2'«+3'x'+4V+5V+  &c. 
12.  (l+4«+a;»)(l-j;)-^=l+2»«+3'«'+4V+fiV+  &c. 

V. 

1.  Expand  (l+«)''*^  in  a  series  of  ascending  powers  of  «. 

2.  Shew  that  ( 1  +x)-+«(  1 +«)"->«+*!^ll±l) .  (1  +a:)-«a!» 

+&c....=(l+a?)=\ 

3.  The  series  l+!!!.l+'<'*+^).i+g<g±lJi?±!).l,-t-&c.  =  2-. 

1  2^    l.a      2"^        1.2.3  2» 

4.  Shew  that  /-JL_l"=l+l  .i^J.    (jLbiX2n+l) 

In— 1)  n»^1.2.»*^       1.2.3.11^ 

.(n+l)(2»-H)(3ii+l). 
1.2.3.4.n» 

§11 
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«.Sh.,.i».i+.+(i+i)|V(i+!)(l+!)i'+....=(,-f)-. 

l+.«+<i+U.(jLY+... 


1.2    ^  2.3         +V    1.2    /         ~Sa        +•••««•+  "172- 

2(2»+l 

VI. 

Detennine  the  coefficient  of  sT  in  the  expansion  of  each  of  the  fol- 
lowing expressions: — 

1.  (l+a:+2a:«+34r>+...)«. 

2.  (l+2a?+3a;'+...)''. 

3.  (1.2+2.3j?+3.4x«+...y. 

4.  (l+ar)».(l-.r)-*. 

5.  (I— 2j:)-.(l-ar)--*. 
t).  (l+j;)«.(l-a:)-». 

7.  x{x^a)-K{x--hy\ 

And  the  coefficient  of  ^  in  the  expansions  of 

8.  (l+.r^)*.(l-a?)-». 

9.  (l_a?)(l+.r)--. 

vn. 

L  If  X  be  Tcry  small  compared  with  unity,  shew  that 

^  ^  4  nearly. 


l  +  v^(l-x)     i+»/(i-x)     24 

2.  If  «  and  y  be  nearly  equal,  shew  that 

W     *+y^  Ax  \yf     x+ijf 

3.  If  X  be  nearly  equal  to  unity,  aliev  that 

^~"^  =  ar^-' nearly, 
m — n 

4.  If  c  =  a— {,  and  is  small  when  compared  with  a  and  h ;  shew 
that  a**V— «''^+**^)"*-«-2c+3cj:»  nearly. 

5.  The  approximate  valne  of  the  ratio  of  <  ^^  >    ^    1 1  f    ^ 

the  same  as  the  approximate  ratio  of  (1+^)  **    to  1,  when  x  is  very 
•email. 


18 
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6.  The  expression  (l:igg)r'+(^-4^)l  =  i+3^  approximately,  if 

'^  (l-3*)-i+(l-4*)-«  2 

X  be  a  small  fraction. 

7.  Shew  that  il^^;^jHi=^  =  l+K*+y)+i(3*'+«y+8A 
rejecting  «*,  y*,  &c. 

8.  Expand  ;:T  x  ,  7" /^       n  ,  in  a  series  to  four  tenns  ascending 

(l+ar)-«+(l— ar)-| 

by  integral  powers  of  x. 

9.  If  a  and  n  be  integers,  then  the  expansion  of  {a+(a*+l)^y  has 
its  integral  part  odd  when  n  is  even,  and  even  when  u  is  odd. 

VIII. 

1.  Explain  how  Newton  discovered  that  the  square  rootof  1— a;* 
was  identical  to  the  expansion  of  (1—^*)*. 

2.  Determine  the  ratio  of  the  two  terms  which  inyolve  ^"^^  and  ^ 
in  the  expansion  of  (1— jr)~\ 

3.  If  A,,  ^r^.i»  l>o  respectively  the  coefficients  of  the  rth  and 
(r+l)th  terms  of  the  expansion  of  (^+tf)",  and  £r+i  be  that  of  the 
(r+l)th  term  of  the  expansion  of  {x+a)*"^^ ;  prove  that 

4.  Expand  (1^4^)'^  in  a  series  ascending  by  integral  powers  of  x 
and  write  the  nth  term. 

Shew  that  the  (n+l)th  term  of  (1— 4a;)'*  is  equal  to  the  middle 
term  of  the  expansion  of  (l+o;)*". 

Prove  that  the  sum  of  the  middle  terms  of  (1  +^)'"  for  all  integral 
values  of  »,  including  zero,  is  equal  to  (1  —  4j?)"*. 

5.  Assuming  the  binomial  theorem  for  a  positive  integral  index ; 
does  the  truth  of  the  equation 

(        n       n\n       /1.2  j 

X  being  a  quantity  between  0  and  1,  depend  on  the  interpretation  of 
fractional  indices? 

IX. 

1.  If  P  denote  the  sum  of  the  odd  terms  and  Q  the  sum  of  the 
even  terms  of  the  expansion  of  (a+h)*,  shew  that  P*— <?=  (a*— ^)". 

2.  Shew  that  4  times  the  product  of  the  odd  and  even  terms  of  an 
expanded  binomial  (tf+i)"  —  (a+J)^— (a— 3)'*. 

3.  Expand  <        .     "     \  »   &nd  express  the  result  in  the  form 

A  +  By/-^!. 

4.  Determine  the  middle  term  or  terms  in  the  expansions  of 
(x±jr^)\  when  n  is  a  number  of  the  forms  4»i,  4i»+l,  4iii+2,  4m-|*3. 
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5.  (1  + V— l)«-+(i— V— 1)2-  =  0  or  ±2"+\  aooording  as  n  is  odO: 
or  OTezi. 

6.  Which  is  rational  of  the  expressions 

7.  Find  the  valuea  of  (1+«)'^±(1  -ary+*  in  a  series  of  ascending; 
powers  of  0?. 

8.  Shew  that  the  expansion  of  (1 +>/2)*"  may  be  exhibited  in  the 
foUowing  forms, 

l+2«.2*+g!l^J!=ll).2+^<^»-^X2»-2).2,^.. . .  .^y.. 

1.2  ^  1»2.8 

3.+».8-^2l+<^.8--.2.+«i2=^^Z?).8-.2^. ...  2?! 

9.  To  determine  the  integral  and  the  decimal  parts  of  the  ex- 
pansion of  (2+>/3)%  in  which  w  is  a  positive  integer. 

X 

1 + - 1    beeomeB  con- 

vergenty  and  find  the  limits  ol  the  error  introduced  by  neglecting 
the  remaining  terms  of  the  series. 

2.  If  in  the  expansion  of  {l—xY*,  the  symbols  x  and  n  be  respec- 

tiyely  replaced  by~  and  40,  find  the  general  term  of  the  new  series. 

13 

3.  Find  the  first  negative  coefficient  in  the  expansion  of  (1+3^)^ ' 

4.  Mnd  the  value  of<!  1+—  j-iw  correctly  to  10  places  oldeei 

5.  After  how  many  terms  will  each  of  the  series  for 

(>/2+  ^sy^^f  respectively  begin  to  converge? 

6.  Find  the  remainder  after  n  terms  of  the  expansion  of  ,•  T  „,  ia 

(1— a?)* 

a  series  of  ascending  powers  of  x,  &c. 

XI. 

1.  Shew  that  the  coefficient  of  «"  in  the  expansion  of  (1— jp)~*  i» 
equal  to  the  sum  of  all  the  preceding  coefficients. 

2.  Shew  that  the  coefficient  of  x*  in  the  expansion  of  (1—^)"^  is 
equal  to  the  coefficient  of  of  in  the  expansion  of  (1-f  a?)"^*^. 

3.  If  a^  be  the  coefficient  of  Jf  in  the  expansion  of  (l+a;)% 

then  shall  Oo— a.+a2  -aa+ ...(— iy,tf,  =  (— IV"*"*.  -Hl-.a^j^ 

» 


Sv 
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4.  If  a„  a^i,  be  the  coe£B.oient8  of  xf,  sf~'^  respectively  in  th.9  expan- 
Bion  of  (1  -*)-,  prove  that  a,  =  «^,+(!±lXr+5^+3)(H±). 

•5.  Prove  that  the  difference  of  the  coefficients  of  the  (r+l)th  and 
rth  terms  of  the  expansion  of — -  is  equal  to  the  coefEcient  oi 

the  (r+l)th  term  of  the  expansion  of  — — t;^* 

6.  ProTe  that  the  difference  of  the  coefficients  of  :r^^  and  sf  in  the 
expansion  of  (l+^)"^^y  is  equal  to  the  difference  of  the  coefficients  of 
af^^  and  aT"*  in  the  expansion  of  (1+a?)". 

7.  The  coefficient  of  sT  in  the  expansion  of  ^-^^  is  equal  to  the- 

coefficient  of  af  in  the  expansion  of  ; — --. 

^  (1— jf)'"+^ 

8.  In  the  expansion  of   <  -^  >  ,  shew  that  the  coefficients  of  the^ 

(2r— l)th  and  of  the  (2r)th  terms  are  the  same. 

9.  If  a,  be  the  coefficient  of  ^  in  the  expansion  of  \  -^  >  i 

shew  that  (r+l)a^i— 2»<ir— (r— l)a^,  =  0. 

10.  If  (l+a?)".(l— ar)~*,  be  expanded  in  ascending  powers  of  a?,  the- 
coefficient  of  af^"^*  is  (»+2r)2"->. 

11.  The  coefficient  of  af+''"^  in  the  expansion  of  i-Z-i  in  ascend- 

ing  powess  of  x  is  2*"*{n+(»+2r)(n+2r+2)},  r  being  any  integral 
number. 

XII. 

1.  If  1,  (7„  Cs,  &c.,  be  the  coefficients  of  the  expansion  of  (1+^)% 
n  being  an  integer, 

thenl+^C.+J(7.+  ...  =  -^{2--l}. 

2.  If  P  and  Q  be  the  nth  terms  of  the  expansions  of 


(a«-a^)-4and(a»— a:»)-t;  then  :!  = 


a" 


Q     2a— 1 

3.  If  a^  be  the  coefficient  of  of  in  the  expansion  of  (1  +^)"»  n  being 
ft  positive  integer,  prove  that 

^  '  aj  a^^  a,  a._r      1.2 

(2)  («,+<»,)((»,+'»i) . . .  («.-!+«.)  =  tfiMj . . . ".-,  ot      -  • 

4.  If  01,   0^  a^,  ff^  bo  anj  four  consecutive  coefficients   of   an 


36 

-expanded  binomial,  prove  that  (<yia4+ «!«,)(«,— a,)  =  2(tf4rtj^—fl4rt/),  and 
shew  that  this  expression  may  be  put  under  the  form 


«1  +  «J       «»+«4       <*!+«» 

5.  If  C^  be  the  coefficient  of  the  rth  term  of  the  expansion  of 
(1+a;)",  n  beiDg  an  integer,  shew  that 

C^"  C,'+  Cj'—  . . .  ±  C'^+x  is  equal  to  zero,  if  »  be  odd, 

and  equal  to  ^'3-5"-(»-^). 2^,  if  n  be  even. 

l.^.o  •  •  •  — 
2 

6.  If  1,  (7i,  Cj . . .  C,  be  the  coefficients  of  the  expanded  binomial 
(14-^)"  when  n  is  a  positive  integer,  prove  that 

(1)  l+C,+C7.+C7,  +  ...+C7. ( 1.2.3...  »)« 

(2)  l.C.+  (r..C,+  (7,.C.+  . . .  +^^.C'.  =  S(;if [^ff^!^-!^^^^^^^^^^ 

7.  If  "6^  be  the  coefficient  of  af  in  the  expansion  of  (1+a?)",  and 
"■-D^  that  of  of  in  the  expansion  of  {X-^xY* : 

thenshaU  "^^     2^^^i^lo^''  o  »"fi>"A  =  "^-fir. 
n     (r+l)(f+2).  ..2r 

8.  There  are  |9  qoantities  a+h,  a+2&,  0+2*^^  &c.,  each  raised  to 
the  power  2p,    Shew  that  the  sum  of  the  (p+l^th  terms  is  equal  to 

1.2. ..p      '  '  '2'— r 

xni. 

1.  Find  the  terms  in  the  expansions  of 

ivhich  respectively  contain  the  factor  t^h^'^tfl, 

2.  Find  the  terms  in  the  expansions  of 

which  respectively  contain  the  factor  a'"^l^'^d'^^d\ 

3.  The  coefficient  of  a^  in  the  expansion  of  (9a'+6a:F+4a;*)~*  is 

4.  Write  the  coefficient  of  x^^  in  each  of  the  expansions 

(1  +i:'+a;*)*,  (1  +2a:+3a?7»,  (1+3^+5j?»)«  (2-  3*-  Ax'f,  (1  +4?+a:»)-*, 
(a+iar+(UJ*)^,  (1—4;— «■)"*,  (a;*— 6«+2^~*)~*,  respectively. 

5.  In  the  expansion  of  {a^lx+cji^Y^  find  the  coefficient  of  ^. 

6.  Write  the  term  in  the  expansion  of  (<j+i+<?)*+*  which  involves 

7.  The  coefficient  of  fl"5V  in  the  expansion  of  (a+i+c)**  is  equal 
..     3»(3«— 1) («+l) 

*^  (1.2 n)> 

8.  The  middle  term  of  the  expansion  of  (1  +^+^')''  is 
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{  i+«(„-i)+''('>-I^).0.-2X«-3)^  ^^  ,    .  I 
*i(«-l)...3.2.1^  if  n be  even, 

(<- I) 

or  +.J<*^.lhi^-^^  . *.,  if  „  be  odd. 


j:" 


d.  Tlie  coefficient  of  the  middle  term  in  the  expansion  of 

10.  What  is  the  12  th  term  of  the  expansion  of 

11.  Write  the  complete  terms  in  the  expansion  of  (a+b+c+dy^ 
which  contain  a'^<?*rf*,  <i*iViP,  <i*^<?»rf*,  (^lt^e*d\  respectively. 

12.  The  complete  term  in  the  expansion  of  (a+b+c+dy  which  in- 
volves <;"-»  is^^^7^2^V^^'{^+^'-*"'^'+^^'^+^^^'+^^'^+^«<^'+^^'^ 

1  .  2  •  u 

+  Sbc^+eabc}^ 

13.  Write  the  nth  term  of  the  expansion  of  (1— Sjt+Sj:'— Ta:*)"* 

14.  Find  the  number  of  terms  in  the  expansion  of  {a+b+oy^  and. 
of  {a+b+c+dy. 

XIV. 

1.  State  the  principal  steps  in  the  proof  of  the  binomial  theorem^ 
and  how  the  series  for  a*  is  derived  from  it. 

2.  Expand  a*  by  means  of  an  indeterminate  index  in  a  series  of 
ascending  powers  of  a;  {La  Chrange^  Calcul  des  Fonetiona). 

3.  Expand  d^  in  a  series  of  ascending  powers  of  x. 

4.  Express  d'^~*±^'^~S  in  series  of  ascending  powers  of  x. 

5.  Find  the  coefficient  of  ^"  in  the  expansion  of  (1— :f)~-V. 

6.  Shewthat^*  =  Y73+j^2:3^+^  2  3^^  7+.... 

I  1.2^1.2.3  J  1.2^1.2.3^ 

8.  Expand!  l-\ —  j    by  the  binomial  theorem, 

and  shew  that  the  value  of  the  series  when  nx  becomes  indefinitely  great 

is  1+1  +  i L— I— +&0.»tf. 

^       1.2^1.2.3 

9.  Shew  that  2--(n-l)2-«+i^.?K5i:iL).2-^ 

1 .2.0 


THE  THEORY  OF  PROBABILITIES. 

Art.  1 .  A  popular  writer  some  years  ago  declared  that  the  theory  of 
probabilities,  as  being  devoid  of  idl  certainty,  was  nothing  more  thaa 
**  an  elaborate  delusion."  Although  it  is  not  possible  to  determine 
with  certainty  whether  a  specific  event  will  or  will  not  happen,  the 
language  of  ordinary  life  implies  that  there  are  considerations  on  this 
subject  which  ought  not  altogether  to  be  disregarded.  The  ordinary 
events  of  human  life  are  spoken  of  as  possible  or  impossible,  probable 
or  improbable,  certain  or  uncertain ;  and  sometimes  with  qualifying 
epithets,  as  ''rather  likely,'*  "very  unlikely,"  or  "as  likely  as  not." 
These  and  similar  expressions  imply  a  comparison  of  the  evidence  greater 
or  less  in  favour  of  events  which  are  uncertain.  As  whenever  an  event 
of  one  kind  is  observed  to  happen  more  frequently  than  an  event  of 
another  kind,  the  former  is  expected  rather  than  the  latter.  And  if 
an  event  recur  constantly,  and  regularly,  there  must  be  some  intelli- 
gible cause  for  the  constant  and  regular  recurrence  of  the  like  events. 
Such  events  are  called  morally  certain,  while  other  events  which  do  not 
BO  happen  are*  named  uncertain.  There  are  also  some  truths  which 
are  universally  admitt^,  and  which  are  called  necessary  truths,  which 
eannot  be  denied  without  absurdity;  as,  for  instance,  every  adult 
human  being  in  a  healthy  condition  is  certain  of  his  own  existence, 
of  the  perceptive  power  of  his  senses,  and  the  reflective  power  of  his 
mind,  but  he  is  uncertain  how  long  his  senses  may  retain  their 
integrity,  or  for  how  many  years  his  life  may  be  continued.  By 
evidence  is  meant  whatever  facts  or  arguments  can  be  adduced  which 
tend  to  dispose  the  mind  to  admit  the  affirmative  or  the  negative  of  a 
proposition,  and  the  certainty  or  uncertainty  of  an  event. 

The  belief  and  disbelief  of  individuals  are  not  always  regulated  by 
evidence.  Persons  under  the  influence  of  feeling  or  other  bias 
frequently  believe  what  is  true  to  be  false,  and  what  is  false  to  be 
true,  with  a  wonderful  degree  of  sincerity,  and  without  the  least 
suspicion  that  there  might  be  evidence  on  one  side  or  the  other. 
With  the  majority  of  mankind,  and  womankind  too,  eanjident  auertum 
has  far  greater  influence  than  sound  reason  or  legitimate  authority. 

Even  at  the  present  time,  with  all  the  vaunted  intelligence  of  the 
nineteenth  century,  the  most  absurd  fictions  when  pronounced  with 
confidence  are  believed  as  truths.  It  occasions  less  trouble  to  take  for 
granted  emphatic,  plausible  assertions  than  to  examine  the  grounds  of 
evidence  by  which  such  assertions  can  be  rendered  credible  or  in- 
credible. 
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la  ordinary  language  the  words  probability  and  chance  are  employed 
iQ  reference  to  the  secondary  causes  of  future  events.  The  word  chancs 
does  not  signify  anything  as  really  existiug,  and  chance  cannot  be  the 
cause  of  any  event  whatever;  it  merely  serves  to  signify  human 
ignorance  of  the  true  cause.  In  mathematical  language  these  words 
are  generally  used  as  synonymous. 

2.  A  distinction  has  been  drawn  between  m&ral  and  mathematical 
chance,  the  latter  being  such  as  can  be  made  subject  to  numerical 
calculation,  the  former  such  as  may  be  derived  from  experience  and 
observation.  Mathematical  chances  are  such  as  in  no  way  depend  on 
experience  or  observation,  but  simply  on  the  principles  of  combinatiou. 
Moral  chances  can  only  be  treated  in  the  same  way,  bearing  in  mind 
that  the  same  uncertainty  is  involved  in  the  mathematical  results, 
as  in  the  assumptions  made  in  the  estimation  of  the  number  of  facts. 
The  former  may  be  exemplified  by  considering  the  chance  of  throwing 
an  ace  with  a  single  die  ;*  the  latter  by  the  average  yearly  deaths  of  a 
given  number  of  persons  bom  until  the  whole  number  is  extinct.  As 
for  example,  suppose  a  thousand  children  bom,  and  the  numbers  which 
survive  in  successive  years  be  recorded  until  there  are  none  left  alive. 
Here  a  comparison  may  be  instituted  between  the  numbers  of  sur- 
vivors in  successive  years  and  the  original  number  of  births ;  and 
arithmetical  relations  can  be  expressed  between  them. 

*  When  a  common  die  is  thh)wn  from  the  hand,  by  the  force  of  gravity  we  know 
it  will  fall  totoards  the  earth  and  not  from  it ;  and  we  alao  know  from  the  form  of 
its  cnbical  figare,  having  dx  equal  sqnares  as  its  &ces,  if  it  fall  npon  a  plane 
horizontal  surface,  it  will  rest  with  one  of  its  faces  npon  that  surface  and  the 
opposite  face  turned  upwards.  But  as  the  six  faces  of  the  die  are  marked  with  one, 
two,  three,  four,  five,  six  points  respectively,  there  appears  to  be  no  particular 
circumstances  in  the  form  of  the  die,  nor  in  the  motion  given  to  it,  which  can  give 
any  assistance  to  assert  that  any  one  particular  face  rather  than  any  other  of  the 
six  faces  shall  be  turned  up.  All  that  can  be  certainly  known  is,  tiiat  one  of  the 
six  faces  will  be  turned  up.  Again,  if  two  dice  be  thrown,  all  the  possible  com- 
binations which  can  be  made  with  each  throw  is  86,  for  each  number  of  points  on 
the  faces  qf  one  of  the  dice  can  be  combined  with  the  numbers  of  points  on  each 
of  the  six  faces  of  the  other.  The  number  of  points  which  can  be  thrown  with  two 
dice  are  2,  8,  4,  5,  6,  7,  8,  9,  10,  11,  12. 

And  these  numbers  can  be  made  up  of  the  following  sets  of  points  of  one  dic^ 
taken  with  those  of  the  other: — 

2  points  can  be  thrown  in  1  way,   1  +  1 

8  „  „        2  ways,  1  +  2,  2  +  1 

4  m  II        3     „     1  +  8,8  +  1,2  +  2 

6  „  II        4     „     1  +  4,4  +  1,2  +  3.8  +  2 

6  „  II        5     „     1  +  5,6  +  1,3  +  8,4  +  2,2  +  4 

7  „  M        «     II     1+6,6  +  1,2  +  5,5  +  2,4  +  8,0  +  4 

8  „  M        5     „     2  +  6,6  +  2,8  +  5,5  +  8,4  +  4 

9  „  ft        ^     II     8  +  6,6  +  8,6  +  4,4  +  5 

10  „  „        8     „      4  +  6,  6  +  4,  5  +  5 

11  „  „        2     „     (f  +  6,  6  +  5 

12  „  ,.        1     „     6  +  6 
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The  probability  of  an  event  happening,  or  of  a  proposition  being: 
true,  means  the  degree  of  credit  which  ought  to  be  accorded  to  it^ 
This  depends  not  only  on  the  evidence  adduced,  but  also  on  the  fact 
that  the  mind  is  free  to  receive  impartially  and  admit  that  evidence^ 
Evidence  which  ought  to  be  the  most  conclusive  and  convincing,  when, 
offered  to  a  mind  enslaved  by  superstition,  prejudice,  credulity,  or 
scepticism,  is  about  as  effective  as  the  submission  of  colours  to  a  blind 
man  for  discrimination. 

It  is  scarcely  correct  to  speak  of  an  event  in  itself  as  probable  or 
improbable,  as  the  same  event  may  appear  probable  to  one  person  and 
improbable  to  another ;  and  under  those  circumstances,  different,  and 
even  contradictory  conclusions  may  be  drawn  respecting  the  same 
event  by  different  minds.  The  buman  mind  is  so  constituted  as  to  be 
capable  of  confounding  fictions  with  facts  and  taking  one  for  the 
other,  as  well  as  mistaking  sophisms  for  sound  reasons,  and  the  con- 
trary ;  so  that  the  mind  is  not  unlikely,  unless  great  caution  be  taken, 
to  mistake  the  false  for  the  true  and  the  wrong  for  the  right,  or  the 
converse ;  and  so  be  led  both  into  errors  of  judgment  as  well  as  of 
practice.* 
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Among  the  early  sophisms  with  which  the  Greeks  tried  the  power  «f  logic  u  a 
formal  mode  of  detecting  fallacies,  was  the  constroction  of  what  we  may  call  ivUeidal 
propositions,  assertions  the  truth  of  which  would  be  their  own  falsehood.  If  a  man 
should  say  '  I  lie,'  he  speaks  neither  tnith  nor  falsehood ;  for  if  he  says  true,  he  lies, 
and  if  he  lie,  he  speaks  truth.  Such  a  speech  cannot  be  interpreted.  Again,  th» 
Cretan,  Epimenides,  said  that  all  the  Cretans  were  incredible  liars ;  is  he  to  be 
believed  or  not !  If  we  believe  him,  we  must,  he  being  a  Cretan,  disbelieve  him.. 
Some  stated  it  thus  : — *  If  we  believe  him,  then  the  Cretans  are  liars,  and  we  should 
sot  believe  him,  then  there  is  no  evidence,  against  the  Cretans,  or  we  may  believe 
him,  so  that  the  evidence  against  the  Cretans  revives,'  &c  &c.  &c.  Befer  such  a. 
proposition  to  the  theory  of  probabilities,  and  the  difficulty  immediately  disappears.. 
Whatever  the  credit  of  Epimenides  as  a  witness  may  be,  that  is,  whatever,  upon  hia- 
word,  the  odds  may  be  for  his  proposition,  the  same  odds  are  there  against  him  from, 
the  proposition  itself.  These  equal  conflicting  testimonies  balance  one  another,  and 
leave  the  effect  of  other  testimonies  to  the  same  point  unaltered." — Formal  Logic 
(p.  210),  h^  Augustus  Dc  Morgan,  of  Trinity  College  Cambridge,  London^  1847. 
It  may  be  observed  that  the  words  of  Epimenides, 

Kp^rt  &cl  i^tvffraif  Ktuck  Bripla,  yarr4p§g  ifytd, 
can  scarcely  be  extended  to  mean  that 

*'  All  the  Cretans  were  incredible  liars." 

St  Paul  quotes  the  hexameter  of  the  poet  (whom  he  calls  vpo^^nyr),  in  his  Epistle 
to  Titus  (ch.  i  V.  12).  In  the  two  preceding  verses  many  (voAXol),  especially  of  the 
Jews,  are  censured,  and  St.  Paul  quotes  the  verse  as  a  true  testimony  that  the  vice 
of  lying  was  common  among  the  Cretans,  but  does  not  affirm  that  all  the  Cretans 
were  liars.  Both  Eustatius  and  Ovid  express  a  more  just  opinion ;  the  former 
states : — 'Zt<ri  fiXsur^/uai  irol  iath  iBwmp  tuH  vIKwp  jcoI  S^/uii^  voAA^i  ^/loruwt 
vcvoii}/i^mu,  as,  for  instance,  KpvfriC§uf  rh  ^tvitaBtu ;  and  the  latter,  "  Cretes  enmt 
testes,  nee  fingunt  omnia  Cretes."  Another  example  may  be  read  in  the  61st 
chapter  of  the  "Adventures  of  Don  Quixote." 
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It  18  also  more  probable  that  a  person  of  greater  intelligence  and 
tdxperience,  if  unbiased,  will  be  capable  of  estimating  the  circum- 
stances of  evidence  rightly,  than  one  whose  knowledge  and  intellectual 
power  is  circumscribed  within  narrower  limits.  And  consequently  the 
former,  with  due  attention,  may  naturally  be  expected  to  arrive  at 
a  more  distinct  conception  of  the  measure  of  probability  of  any  un- 
certain event.  But  here  a  difficulty  arises,  how  the  force  or  value 
of  evidence  can  be  made  a  subject  of  measurement.  It  is  usual  to 
speak  of  persons  as  having  enlarged  benevolence,  deep  insight, 
or  high  intellectual  power.  And  the  common  sense  of  mankind 
generally  awards  these  and  other  suitable  epithets  to  persons  who  by 
some  intelligible  acts  or  courses  of  conduct  have  exhibited  evidences 
that  they  possess  such  qualities. 

The  difference  of  intellectual  power  in  different  individuals  will 
occasion  some  difference  in  the  estimation  of  the  probability  of  events 
into  which  the  element  of  skill  may  enter.*  The  relative  skill  of  two 
persons  would  naturally  be  defined  by  the  ratio  of  the  average  number 
of  events  of  the  same  kind  favourable  to  one  and  to  the  other.  If  this 
ratio  be  constant,  the  comparative  skill  of  the  two  persons  is  a  constant 
number  which  may  be  employed  in  the  same  manner  as  chance  in 
calculation.  But  if  the  ratio  be  not  constant,  any  approximate  value 
may  be  used,  and  it  must  be  remembered  that  the  final  result  is  only 
attained  as  an  approximation. 

But  the  equality  of  intellect  and  experience  does  not  always  enable 
men  to  agree  in  what  is  the  truth  and  the  untruth  respecting  questions 
at  issue,  even  in  cases  where  their  honesty  and  impartiality  are  above 
all  suspicion;  This  is  seen  sometimes  in  the  opinion  of  judges  in  the 
courts  of  appeal  on  questions  where  the  evidence  is  complicated  and 
conflicting.  The  like  differences  of  judgment  occur  between  men  of 
ability  and  impartiality  on  questions  connected  with  theology  and 
morality.  These  and  other  differences  of  judgment  may  be  referred 
rather  to  the  data  and  the  difficulties  which  skill  and  experience 
encounter  in  attempting  to  separate  the  true  from  the  untrue,  and  the 
xight  from  the  wrong.f 

*  This  may  be  exemplified  in  the  caae  of  two  stadents,  both  of  whom,  it  is 
supposed,  have  an  equal  knowledge  of  the  principles  involved  in  a  paper  of  24 
problems.  One  can  solve  12  problems  out  of  the  24  in  the  same  time  that  the  other 
can  solve  8.  Here  f{  and  ^7,  or  }  and  |,  will  denote  the  value  of  their  respective 
knowledge  and  skUl  combined.  And  supposing  their  knowledge  equal,  then 
i  -  ^  «>i  will  denote  the  measure  of  the  skill  of  one  above  the  other. 

t  One  of  the  most  singular  instances  of  this  kind  is  to  be  found  in  the  follow- 
iDg  judgment  of  the  Holy  Inquisition  pronounced  on  the  heresy  of  Galileo  in  1633 : — 

"The  proposition  that  the  sun  is  in  the  centre  of  the  world  and  immoveable 
from  its  place,  is  absurd,  philosophically  false,  and  formally  hei^tical,  because  it  is 
expressly  contiaiy  to  the  Holy  Scriptures." 

"The  proposition  that  the  earth  is  not  the  centre  of  the  world,  nor  immoveable, 
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As  it  is  almost  impossible  to  discover  all  the  circumstances  which 
make  up  the  evidence  for  an  event  happening  or  not  happening ;  it  is 
obvious  that  an  event  may  admit  of  different  degrees  of  evidence,  from 
that  of  the  lowest  degree  possible  to  that  of  the  highest  degree 
probable,  or  that  degree  of  evidence  which  produces  the  conviction  of 
what  is  called  moral  certainty. 

3.  The  force  of  evidence,  or  the  value  of  it  as  infliiencing  belief, 
constitutes  the  subject  of  the  theory  of  probabilities. 

This  theory  consists  in  the  reduction  to  some  numerical  estimation 
the  relations  which  exist  between  the  number  of  ways  in  which  an 
etcut  can  and  cannot  happen.  Althoogh  it  is  impossible  to  determine 
with  certainty  whether  any  specified  event  will  or  will  not  happen,  it 
is  possible  to  ascertain  what  degree  of  probability  may  exist  for  the 
expectation  of  an  event  happening,  by  comparing  the  number  of  ways 
in  which  it  can  happeny  with  the  number  of  all  the  ways  in  which  it 
can  and  cannot  happen.  It  may  be  added  that  scarcely  any  event 
ever  falls  out  as  it  is  determined  by  calculation,  except  there  be  an 
indefinite  number  of  repetitions,  which,  one  with  another,  will  at 
length  always  produce  a  definite  result. 

This  remark  is  important ;  for  scarcely  ever  any  event  comes  off  at 
the  first  trial ;  but  in  repeated  trials,  it  will  be  found  that  the  number 
of  favourable  and  unfavourable  events  will  continually  approximate 
nearer  to  some  constant  ratio  as  the  number  of  trials  is  repeated. 
As  for  example  in  tlirowing  a  common  die,  the  ace,  on  one  of  the  six 
faces,  is  as  likely  to  turn  up  as  any  one  of  the  other  five.  There  is 
therefore  only  one  way  in  which  the  ace  can  turn  up,  and  five  ways  in 
which  it  cannot.  And  in  6  throws  it  is  not  certain  that  the  ace  will 
turn  up  once,  though  it  is  possible  that  in  the  6  throws  it  may  turn 

Ixit  that  it  mores,  and  alao  with  a  diomal  motion,  is  also  abeard,  philosophically 
idlse,  and,  theologically  considered,  at  least  erroneous  in  faith." 

The  infalUble  Papal  decree,  on  which  this  judgment  is  founded,  is  recognised 
in  the  following  declaration,  printed  on  the  seventh  page  of  the  third  volume  of  an 
edition  of  Newton's  "  Principia,"  which  was  edited  by  the  Jesuit  fathers  Le  Seur 
and  Jaequier,  and  published  at  Geneva  in  1742  : 

"  Newton,  in  this  third  book,  assumes  the  hypothesis  of  the  motion  of  the  earth. 
The  propositions  of  the  author  could  not  be  explained  otherwise  than  by  making 
the  same  hypothesis.  From  this  ciicnmstance  we  hare  been  compelled  to  personate 
the  character  of  another  ;  but  we  profess  to  obey  the  decrees  made  by  the  supreme 
pontiff  against  the  motion  of  the  earth." 

It  cannot  be  maintained,  without  perverting  the  plain  sense  of  Scripture,  that  the 
motion  of  the  earth  is  "  expressly  contrary  to  the  Holy  Scriptures."  Natural  phe- 
nomena are  described  in  the  Scriptures  aa  they  appear,  and  no  claims  or  pretences 
are  therein  found  to  explain  the  true  system  of  the  nniyerse. 

When  a  body  at  rest-is  seen  from  another  body  in  motion,  the  former  appears  to 
move  in  a  direction  contrary  to  that  in  which  the  latter  body  is  actually  moving. 
Tbe  iafallible  decree  of  the  supreme  pontiff  appears  to  have  been  ismed  without  any 
regard  to  the  distinction  between  real  and  apparent  motion. 
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up  more  than  once.  Nor  is  it  certain  that  the  ace  will  turn  up  twice 
in  12  throws,  nor  three  times  in  18  throws.  But  it  may  be  reasonably 
expected  that  the  ratio  of  the  number  of  times  the  ace  will  turn  up,  to 
the  number  of  times  that  it  will  not  turn  up,  will  continually  ap- 
proximate to  the  ratio  of  1  to  5,  as  the  number  of  trials  is  indefinitely 
Increased. 

In  the  same  manner,  if  a  coin  be  thrown  up,  as  it  has  only  two 
faces,  and  one  of  them  is  as  likely  to  turn  up  as  the  other  in  each 
throw ;  as  the  number  of  throws  is  increased,  it  may  be  expected  that 
In  an  even  number  of  throws  that  one  face  will  turn  up  as  many 
times  as  the  other  face,  when  the  number  of  throws  is  increased  in- 
definitely.* 

Events  are  said  to  be  independent  when  they  have  no  connection 
directly  or  indirectly  with  one  another,  or  when  the  success  or  failure 
of  one  does  not  affect  the  success  or  failure  of  another. 

Two  or  more  events  are  said  to  be  dependent  when  the  probability  of 
their  success  or  failure  is  altered  by  the  success  or  failure  of  some 
other  event. 

In  the  case  of  independent  evente,  as  there  may  be  several  ways  in 
which  a  possible  event  may  or  may  not  happen ;  the  probability  of 
any  event  happening  is  measured  or  defined  by  the  ratio  which  exists 
between  the  number  of  ways  in  which  the  event  can  happen,  and  tlie 
whole  number  of  ways  in  which  it  both  can  and  cannot  happen.  If  a 
denote  the  number  of  ways  in  which  an  event  can  happen,  and  h  the 
number  of  ways  in  which  it  cannot  happen,  then  the  fraction  or  the 

ratio  — ^  will  denote  the  probability  of  the  event  happening,  and 

— -  the  probability  of  the  event  not  happening.    And  the  ratio  of 

the  probability  of  success  to  that  of  failure,  and  of  failure  to  that  of 
success,  or,  as  it  is  called,  the  odds  far  and  against^  will  be  denoted  by 
the  ratios  of  a  to  &  and  h\x>  a  respectively. 

And  it  is  obvious  that  the  sum  of  the  probability  of  an  event 
happening  and  not  happening,  is  equal  to  unity. 

In  the  computation  of  the  chances  of  success  or  failure,  it  is  sup- 
posed that  all  the  chances  in  any  case  are  of  the  same  kind  and  are 
equal  to  each  other. 

4.  If  ieverdl  events  he  independent  ofeaeh  other,  the  probability  that  all 
of  them  will  happen  is  the  product  of  their  separate  prohahilities,^ 

*  Professor  de  Morgan,  in  his  "  Formal  Logic,"  p.  185,  states  that  one  of  his 
papils  tried  the  experiment  on  2,048  sets,  and  the  result  was  that  the  ratio  of  the 
number  of  tails  to  heads  was  2,044  to  2,048. 

t  This  proposition  may  he  otherwise  stated. 

If  there  be  two  independent  events,  whose  seiiarate  chances  of  happening  aro 

>.  and  -,  the  chanoe  of  both  of  them  happening  Is  — . 

m       n  mn 
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FinI)  6\ipp'd^d  there  be  two  eyentB. 

Let  01,  hii  ctit  ^i  denote  the  numbers  of  wbjb  in  which  the  two 
eyonts  can  happen  and  fail  respectively ; 

then  — -—  denotes  the  probability  of  the  first  event  happening, 

and  — -^  that  of  the  second ; 

hence  each  of  the  cases  of  ^^i+^i  can  be  combined  with  each  of  the 
cases  of  a^+h^f 

{(ii+hi){a^+hf)  =  a^a^+afif+a^i+h^hi  denotes  all  the  cases  of  suocesa 
and  failure  of  the  two  combined  events,  of  which  a^Oi  denotes  the  cases 
of  success,  and  hjjb^  the  cases  of  failure  of  both  events;  also  afi^ 
denotes  the  cases  in  which  the  first  event  happens  and  the  second  fails, 
and  0,3|  those  in  which  the  first  fails  and  the  second  happens, 


a,0. 


|wa 


is  the  probability  of  both  events  happening. 


and  p '/  the  probability  of  both  events  not  happening. 

Also  7 ^^ J-.  is  the  probability  of  the  first  happening  and 

(ai+*i)(«i+^) 

the  second  f^incr,  and  , — r-r^V — rr  that  of  the  first  failing  and  the 

second  happening. 

Next  let  there  be  three  events  whose  respective  probabilities  ara. 

gi  <>t  ^i 

«!  +  */     «1+V     «,+  ^ 

The  chance  that  either  one  or  the  other  wiU  happen  is  ^"*"^""   . 

mn 

For  the  chance  that  the  first  will  not  liappen  is  1 s — I-  ,  and  the  chance* 

m      m 

that  the  second  will  not  happen  is  1  -  .a— I—  • 

n      n 

And  therefore  the  chance  that  neither  will  happen  is  v^~  )Cw~   )^  ^j^^  ^^^  chance- 

91171 

that  either  one  or  the  other  wiU  happen  is  1  -  (>»--l)(»~l)^»^+»-^  . 


tnn  mn 


In  a  similar  manner,  if  there  be  three  erents  whose  separate  chances  are   •.,  - ,  - , . 

m    n    p 

Then will  denote  the  chance  of  all  of  them  happening, 

fnnp 

and  (l--)  r^--)  0"-)  the  chance  of  all  of  them  faiKng. 

Therefore  the  chance  of  some  of  them  happening  is 

1-  A-1^  A  — ^^  ^1-^^  ^mnp-hm  +  n-rp-jmn-hmp-^-mp) , 
"  \      fnj  \      nj  \     p)^  tmip  ' 

and  ^^  is  the  chance  of  the  first  and  second  happening  and  the  third  failing,  and^ 
mnp 

ao  for  other  events.  •   .  -.. 
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Then  each  of  the  cases  of  a^+h^  can  be  combined  Trith  each  of  the 
coses  of  {(ii+bi){ai+hi),  and  thus  form  {ai+hj){a^+bi){a^+bt)  combina- 
tions of  cases,  of  which  tho^  and  hfi^^  will  respectively  denote  the 
number   of    cases    of   success    and    failure    of    the    three    eyents, 

.-.   ^^^ -^  will  denote  the  probability  of  the  success  of 

three  events,  and  - — .  .  ,,  \*  '  , — tt-n  *^*^*  ^^  ^^^^  failure. 

In  the  same  manner  may  be  found  the  probability  of  four  or  any 
greater  number  of  events.  And  generally,  if  there  be  n  independent 
•events,  the  probability  of  the  n  events  happening  is 

(«i+*i)(«*+ W  •  •  •  (««+*-)* 

The  probability  can  be  determined  when  the  events  are  dependent, 
Xet  the  several  events  be  named  the  first,  second,  third,  &c.,  events. 
Tlien  the  probability  of  the  first  event  happening  must  be  considered 
.as  independent. 

The  probability  of  the  second  event  must  be  determined  on  the 
supposition  that  the  first  event  has  happened  in  some  way. 

Next,  the  probability  of  the  third  event  is  to  be  determined  on  the 
supposition  that  both  the  first  and  second  events  have  happened,  and 
80  on  for  the  rest  of  the  events. 

And,  lastly,  the  probability  of  all  of  them  happening  will  be  the 
-product  of  the  several  probabilities  thus  determined. 

5.  Ha/cing  given  the  probability  of  an  event  happening  and  failing  in  one 
4rial,  to  find  Uta  probability  ofite  happening  and  failing  onee,  twiee^  thrice^ 
^c.f  in  n  trials. 

Let  --^  denote  the  probability  of  the  event  happening,  and 


a+b  a+b 

of  its  failing  in  one  trial. 

Then  since  the  probability  of  the  event  happening  in  any  one  par- 
ticular trial  is  — - ;  and  the  probability  of  it  failing  in  the  remaining. 

a-\~b 

^— 1  trials  is -———-2 ;  therefore  the  probability  of  the  event  hap- 

{a-T'tf) 

-pening   in    one    particular    trial    and    failing   in    all  the    rest,  is 

,^  .  ,,  ;   and  since  there  are  n  trials,  the  probability  that  the  event 
{a+by 

will  happen  in  some  one  of  these  and  fail  in  the  rest,  is  n  times 

AS  great,   or  .— ttx-- 

{a-^6) 

Next,  since  the  probability  of  the  event  happening  in  any  two 
particular  trialB  and  failing  in  the  remaining  n— 2  trials,  is  .    .  ■  ^;  and 
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sinco  tliere  are  ^^^  ^  ways  in  wliicli  the  particular  event  ir^oy 
happen  twice  in  n  trials  and  fail  in  all  the  rest ;  therefore  the  proba- 
bility that  it  will  happen  twice  exactly  in  n  trials  is  ?>--~— ^^  —- . 

Similarly,  the  probability  that  the  event  will  happen  exactly  three 
times  m  n  trials  is     ^   ,  ^/^  . <rr ,  and  so  on. 

And  generally,  the  probability  that  the  event  will  happen  ex- 

actly  r  times  m«  trials  is  -^ ^-^ ^ \ .-r^— ^ . 

^  1.2.3...  r.(a+*)" 

Also  the  probability  of  the  event  failing  r  times  exactly  in  n  trials 

And  the  probability  of  the  event  happening  at  least  r  times,  and 
failing  at  most  n—r  times  in  n  trails  will  be 

1.2  1.2 ....  r 

(a+hy 

For  if  the  event  happen  in  every  one  of  the  n  trials ;  or  if  the 
event  happen  n— 1  times,  and  fail  once;* or  if  it  happen  n — 2  times 
and  fail  twice,  and  so  on ;  or  lastly,  if  it  happen  r  times,  and  fail  n — r 
times,  the  event  happens  r  times.  Therefore  the  whole  probability  of 
the  event  happening  at  least  r  times  in  n  trials  is  equal  to  the  sum  of 
these  separate  probabilities. 

6.  TofinA  the  value  of  an  expectation  of  several  prizes^  when  each  prize  i9 
subject  to  different  chances. 

If  there  be  two  prizes  denoted  by  p,  q^  and  a  chances  in  favour  of 
Pf  and  h  in  favour  of  q ;    then  the  probability  of  the  first  prize  is 

^    ,  and  of  the  second  prize,  — ^.    Therefore  the  expectation  for 


a+h  a+i 

the  first  prize  is  ^^ ,  and  for  the  second  i — .    And  the  value  of 
*^  a+h  fl+6 


the  whole  expectation  is  the  sum 


pa-\-qh 


a^-h 
Similarly,  if  there  were  a  third  prize  r,  and  e  chances  in  its  favour, 

the  probability  of  the  first  is ^-— ,  of  the  second = — ,  and  of 

^  ^  a'\'h+e  a+b+e 

the  third  — %-r-  •  And  the  expectation  for  the  first  is  — ^? — ,  for  the 
second  — i — ,  and  for  the  third  — ^ — ,  and  the  whole  value  of  the 
expectation  is€^ii-r-^>  ^^^  «>  ^^  ^o'  niore  than  three  prizes. 


EXERCISES. 
L 

1 .  Esplain  the  meaning  of  the  terms  certain  and  uncertain,  pro- 
bable and  improbable,  as  tliej  are  employed  in  the  theory  of  proba- 
bilities. 

2.  Define  the  mathematical  meaning  of  the  term  chance,  and 
explain  hov  the  chance,  favourable  or  unfavourable,  of  an  event  is 
denoted. 

If  out  of  1,000  persons  bom,  there  were  found  alive  at  the  ages  of 
10,      20,       30,      40,      50,      60,      70  years  respectively, 
590,     539,     470,     393,     315,     230,     143  persons; 
find  the  probability  that  a  person  alive  at  the  beginning  of  each  of  the 
six  decades  will  not  survive  to  the  end  of  it. 

3.  Explain  when  events  are  considered  dependent  and  independent ; 
and  prove  that  the  chance  of  an  event  contingent  upon  other  indepen- 
dent events  is  the  continued  product  of  the  chances  of  the  separate 
events. 

4.  If  there  be  a  chances  of  an  event  happening  in  one  trial,  h  of 
another,  c  of  a  third ;  find  the  probability  of  the  first  event's  hap- 
pening p  times,  the  second  q  times,  and  the  third  r  times,  in  p+q+r 
trials. 

5.  If  there  be  a  chances  of  an  event  happening,  and  h  of  its  failing 
in  one  trial ;  find  the  probability  of  its  happening  i  times  at  least  in  n 
trials. 

6.  If  a  be  the  number  of  chances  for  the  happening  of  an  event, 
and  h  the  number  for  its  failure  in  each  single  trial ;  find  the  proba- 
bility of  its  happening  p  times  and  failing  q  times  in  p+q  trials ;  and 
determine  how  many  trials  are  necessary  to  make  it  an  even  chance 
whether  the  event  will  happen  or  not. 

7.  Out  of  a+h  statements  by  the  witness  A,  only  h  are  true ;  and 
out  of  1^+^  statements  made  by  B,  only  h'  are  found  true.  What  is 
the  probability  of  the  truth  of  a  story  in  which  they  both  agree  ? 

8.  The  probability  of  A  speaking  truth  lap,  and  of  B  ^.  B  reports 
that  A  affirms  a  certain  event  took  place ;  what  is  the  probability  that 
it  actually  did  take  place  ? 

n. 

1.  How  many  different  throws  can  be  made  with  1,  2,  3  ...  n  dice 
respectively  ? 

2.  Compare  the  chances  of  throwing  an  ace  in  two  trials  with  one 
die,  and  in  one  trial  with  two  dice. 
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3.  To  find  the  chance  of  throwing  a  given  number  of  points  in  the 
iirst  of  two  successive  throws  with  a  single  die. 

4.  Find  the  probability  of  casting  an  ace  in  three  throws  with  one 
die,  or  at  one  throw  with  three  dice. 

5.  A  and  B  play  with  a  single  die,  each  making  three  throws. 
In  how  many  ways  can  A  score  8  points  and  B  7  points  ? 

6.  How  many  successive  throws  must  be  made  with  a  tetrahedron 
to  give  an  even  chance  of  throwing  an  ace,  the  faces  of  the  tetrahedron 
"being  marked  1,  2,  8,  4,  and  the  lower  face  reckoned  in  each  throw? 

7.  In  how  many  throws  of  a  single  die  is  there  an  even  chance  of 
throwing  an  ace  ? 

8.  Eequired  the  number  of  throws  with  a  single  die  in  which  a 
person  may  undertake,  for  an  even  wager,  to  throw  three  aces. 

9.  Find  the  probability  of  casting  1  ace,  2  aces,  and  3  aces  only 
Tespectively  with  10  dice  in  one  throw,  or  with  10  throws  of  one  die. 

10.  Four  polyhedrons  of  4,  6,  8,  12  faces  respectively  are  marked 
in  the  same  manner  as  a  die ;  find  the  chance  of  the  polyhedrons, 
when  thrown  together,  falling  on  any  one  of  the  four  faces  marked 
1,  2,  3,  4. 

ni. 

1.  If  seven  balls  be  drawn  from  a  bag  containing  eleven  in  all, 
five  of  which  are  white  and  six  black ;  what  is  the  probability  that 
three  white  balls  will  be  drawn  ? 

2.  If  an  urn  contain  10  white  balls,  12  black,  and  14  red;  how 
many  ways  can  2  balls  be  drawn  ?  How  many  pairs  contain  a  white 
and  a  black  ball?    What  are  the  odds  for  or  against? 

3.  If  an  urn  contain  20  balls,  5  white,  7  black,  and  8  red ;  what  is 
the  chance  of  drawing  a  red  ball? 

4.  A  bag  contains  12  balls  of  four  different  colours,  3  of  each 
colour ;  what  is  the  probability  of  taking  one  of  each  sort,  if  4  be 
taken  out  at  once  ? 

5.  Two  bags  each  contain  4  black  and  3  white  balls.  A  person 
draws  a  ball  from  each  bag ;  and  if  the  ball  be  white,  he  puts  it  into 
the  second  bag,  and  draws  a  ball  from  it.  Find  the  ohance  of  his 
drawing  two  white  balls. 

6.  There  are  three  urns,  the  first  contains  7  white  balls  and  1 1 
black,  the  second  9  white  and  9  black,  and  the  third  10  white  and 
8  black ;  what  is  the  chance  of  drawing  from  the  first  urn  a  white 
ball,  from  the  second  a  black  ball,  and  from  the  third  a  white  ball  ? 

7.  If  9  balls,  3  white,  3  red,  and  3  black,  be  distributed  at  random 
in  three  urns,  3  balls  in  each ;  find  the  chance  that  there  will  be  a 
red  ball  in  each  urn. 

8.  An  urn  contains  20  balls,  4  of  which  are  white.  If  a  person 
draw  out  5  at  a  venture,  find  (1)  the  probability  of  drawing  only  one 
white  ball ;  (2)  the  probability  of  drawing  at  least  one  white  ball. 
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9.  There  are  two  urns,  A  and  B,  the  former  containd  S  wliite^  and 
the  latter  3  black  balls ;  a  ball  is  taken  from  each  at  the  same  time 
and  put  into  the  other,  and  this  operation  is  repeated  three  times ; 
what  is  the  probability  that  the  urn  A  will  contain  3  black  balls*  and 
the  urn  B  3  black  ? 

10.  If  an  urn  contain  26  balls,  of  which  5  are  white,  6  black,  7 
red,  and  8  blue ;  what  is  the  chance  of  drawing,  when  10  are  drawni 
at  a  time,  1  blue  ball,  2  white,  3  black,  and  4  red  balls? 

11.  A  bag  contains  balls  of  different  colours,  of  which  11  are  red, 
and  such  a  number  white  that  if  4  balls  be  drawn  out  together,  the 
chance  that  they  are  all  red  is  equal  to  the  chance  that  2  are  red  and 
2  white.     Bequired  the  number  of  white  balls. 

12.  If  there  be  10  tickets  in  a  bag,  of  which  5  are  blanks  and  the 
other  5  are  marked  as  prizes  1,  2,  3,  4,  5  ;  what  is  the  chance  of 
drawing  10  in  three  separate  trials,  the  ticket  drawn  each  time  being 
replaced  ? 

13.  If  a  bag  contain  eight  tickets,  marked  1,  2,  3,  4,  5,  6,  7,  8; 
what  is  the  chance  that  the  number  17  will  be  made  up  in  four  draw- 
ings of  one  ticket,  each  ticket  being  replaced  when  drawn  ? 

14.  From  two  bags,  one  of  which  contains  12  tickets,  marked 
1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  12,  and  the  other  10  tickets,  marked 
1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  two  tickets  are  drawn,  one  from  each  bag; 
what  is  the  probability  that  they  have  both  the  same  number  ? 

IV. 

1.  In  a  game  of  pure  skill,  if  A's  skill  be  to  B's  as  3  to  1,  what  is 
the  chance  of  A's  winning  3  games  out  of  4  ? 

2.  The  probability  of  A  solving  a  problem  is  I,  and  of  its  being 
solved  when  both  A  and  B  try  it  is  f.  Find  the  probability  of  B 
solving  it. 

3.  A's  skill  is  to  B's  as  1  to  2,  to  C's  as  3  to  2,  and  to  D's  as  4  to  3 ; 
what  is  the  probability  that  A  in  3  trials  of  skill,  one  with  each  person, 
will  be  successful,  (1)  twice  exactly]  (2)  twice  at  least? 

4.  One  side  of  a  die  is  black,  two  are  red,  and  the  remaining  three 
are  white ;  what  is  the  chance  of  a  red  face  being  uppermost  three 
times,  the  black  twice,  and  a  white  once  exactly  in  three  throws  ? 

5.  If  on  an  average  9  ships  out  of  10  return  safe  after  a  voyage 
to  port,  find  the  chance  that  out  of  5  ships  expected  3  at  least  will 
arrive. 

6.  If  A  speak  truth  3  times  out  of  4,  and  B  5  times  out  of  6,  find 
the  chances  that  they  will  agree  in  their  statements  with  respect  to  an  . 
event  that  has  taken  place. 

7.  It  is  3  to  1  that  A  speaks  the  truth,  4  to  1  that  B  does,  and 
6  to  1  that  C  does.    What  is  the  probability  that  an  event  took  place  * 
which  A  and  B  assert  to  have  happened,  but  which  0  denies  ? 
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8.  A  speaks  tiutli  3  times  out  of  4,  B  4  times  out  of  5 ;  they  agree 
in  asserting  that  from  a  bag  containing  9  balls,  all  of  different  colours, 
4i  white  ball  has  been  drawn.  Show  that  the  probability  that  this  is 
true  is  ^, 

9.  What  is  the  chance  of  winning  the  first  game,  and  losing  the 
second  and  third ;  winning  the  third,  and  losing  the  first  and  second ; 
or  winning  the  second,  and  losing  the  first  and  third ;  supposing  the 
chances  of  winning  and  losing  are  equal  ?  The  chance  of  losing  three 
games  in  succession  is  also  |. 

10.  In  a  lottery  if  the  prizes  are  to  the  blanks  as  1  to  20 ;  find  the 
chance  of  gaining  at  least  two  prizes  in  six  trials. 

11.  If  in  the  French  Lottery  there  are  100  numbers,  5  of  which 
are  drawn  at  a  time ;  what  is  the  chance  that  2  only  of  5  specified 
numbers  will  be  drawn  ? 

V. 

1.  A  bag  contains  10  sovereigns,  5  florins,  3  shillings,  two  six- 
pences, and  1  penny.  Two  coins  are  drawn  out ;  prove  that  the  worth 
of  the  expectation  is  £1  Ot.  4}cf. 

2.  If  there  be  3  chances  for  ii,,  6  chances  for  8«.,  and  five  chances 
for  5i. ;  what  is  the  value  of  the  expectation  ? 

3.  In  a  bag  are  eight  bank-notes,  namely,  one  of  £20,  two  of  £5, 
and  five  of  £1 ;  a  person  is  allowed  to  take  out  three  indiscriminately. 
AVhat  is  the  value  of  his  expectation  ? 

4.  There  are  four  equal  chances  for  drawing  3«.,  5«.,  8«.,  10«.,  and 
six  blanks ;  what  is  the  value  of  the  expectation  ? 

5.  If  a  bag  contain  3  guineas,  2  sovereigns,  and  4  shillings,  and 
3  coins  be  drawn  out';  what  is  the  value  of  the  expectation  ? 

6.  In  a  lottery  of  100  tickets  there  are  4  prizes  of  £100  each,  10 
of  £30,  and  20  of  £5,  and  66  blanks ;  what  ought  to  be  the  price  of 
a  ticket  ? 

7.  A  bag  contains  a  number  of  tickets,  of  which  one  is  marked 
1,  four  marked  2,  nine  marked  3,  16  marked  4,  and  so  on,  and  a 
person  draws  a  ticket  at  random,  for  which  he  is  to  receive  as  many 
shillings  as  the  number  marked  on  the  drawn  ticket ;  required  the 
value  of  his  expectation  ? 

8.  The  lottery  at  Paris  consists  of  90  numbers,  out  of  which  5,  to 
be  drawn  at  hazard,  are  the  winning  numbers.  A  person  staking  his 
money  upon  naming  one  of  the  five  winning  numbers,  if  he  succeed, 
receives  15  times  his  stake ;  if  upon  naming  tteo  out  of  the  Byb,  he 
receives  270  times  his  stake ;  show  the  disadvantages  in  both  cases 
under  which  money  is  risked  on  these  conditions.  If  a  ticket  of 
100  francs  were  saleable  in  either  case,  what  would  be  its  real  value  t 


EE8ULTS,  HINTS,  ETC.,  FOB  THE  EXERCISES  ON 
VAEIATIONS,  PERMUTATIONS,  AND  COMBINATIONS. 

I. 

1.  See  Art.  1. 

2.  The  number  '  F',=5.4=20,  and  the  yariations  are 

ab,  ba,  ac,  ca,  ad,  da,  ae,  ea,  be,  cb,  bd,  db,  be,  ed,  cd,  do,  ee,  ee,  de,  ed. 

K    1     O 

And  *g,^  •   •    =10,  the  combinations  are  abe,  abd,  abe,  acd,  ace,  ode,  bed,  bee, 
1.2.8 

hie,  ede. 

8.  The  different  combinations  of  the  six  letters  taken  4  at  a  time  are 

aaab,  aaae,  aabb,  cuxbc,  abbe. 

aaeb  admits  of  4  variations,  aaab,  aaba,  abaa,  baaa, 

aaae  admits  of  the  same,  oooc,  cuiea,  aeaa,  caaa» 

aabb  admits  of  6  variations,  <iabb,  bbaa,  abab,  baba,  abba,  baab, 

also  a^be,  admits  of  12  variations,  aabe,  cbaa,  aaeb,  bcaa,  eadb,  baae,  abea,  acba, 

abae,  caba,  acab,  baea, 

and  ab*e  „  ,,  bbae,  eabb,  bbea,  acbb,  ebba,  abbe,  boicb,  beab,  babe, 

d>ab,  bcba,  abcb. 

4.  Generally  "P=1.2.3. 4.6.6...  (n-l)».     Here  120=1.2. 3. 4.6, 

Hence  "P=l. 2. 8. 4.6.     .*.  n= 6  things. 

6.  See  Art  8 ;  the  number  is  20. 

7.  First  find  the  number  of  combinations  of  the  six  digits  taken  8  at  a  time. 
Secondly,  the  number  of  permutations  of  each  of  these  combinations,  and  then  dis- 
criminate the  inUgraZ  and  the  decimal  numbers  of  three  digitq. 

8.  First,  if  1  be  made  the  numerator,  and  the  successive  digits  the  denominators, 
there  will  be  formed  the  fractions  \,  \,  ^,  \,  \,  ^,  },  \,  j,  which  are  nine  in  number. 
The  same  number  may  be  formed  with  the  rest  of  the  nine  digits  as  numerators,  and 
with  the  same  denominators.  Hence  there  will  be  formed  9  sets  and  9  fractions  in 
each  set,  or  81  fractions.  Then  separate  those  identical  in  value,  and  next  arrange 
in  pairs,  fractions  with  their  reciprocals. 

9.  See  note,  Art.  2. 

II. 

1.  n=10,  and  the  question  requires  the  number  of  permutations  of  it  things 
when  n=10. 

2.  n=8  and  —9,  n=8  will  give  the  answer. 

8.  n=7.        4.  n=12  and  —7,  n=12  answers  the  question. 

6.  Here*F;=272,  "^,=186,   .'.  -c;=^,  which  is  only  true  when  r=»2,  then 

iiK^=n(»- 1)=272,  and  n=17  and  —16,  n=l7  answers  the  question. 
6.  r=4,  »=12.        7.  »=7.        8.  «=6. 

III. 

1.  n«>12  and  — 7« 

2.  See  Art  8. 
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8.  If  the  p  tliingB  be  remoYedy  n  ^p  things  remain,  which  when  combined  r  at  9 
time  will  give  the  number  required,  supposing  that  n-pia  greater  than  r. 

4.  If  the  p  like  things  be  removed,  theie  remain  n-p  unlike  things.     If  the  y- 
like  things  be  combined  g  at  a  time,  then  'C^  indicates  the  number  of  the  combina- 
tions of  p  things  taken  9  at  a  time.    And  if  the  n  -p  unlike  things  be  combined 
r-  g  at  a  time,  then  "~'(7r-^  denotes  tiie  combinations  of  the  unlike  things. 

.'.  "-'Cr-f  X'C^  will  give' the  number  of  combinations  taken  r  at  a  time,  each  of 

which  contains  q  of  the  p  like  things. 

5.  Bj  Art  8.    The  number  is  ^M2n-l)...ln+l)  ^ 

1.2.. .n 

6.  The  divisors  of  a"  are  1,  a,  a*,  a',  .  . .  a*,  in  number  1+nu 

„         „         6-    „   1,  &,&»,&•,...  &•,  „         1+w. 

„         „         C    ,»  1,  ^  c*f  c*, . .  .  c^,  ,»         1  +p. 

.*.  The  number  is  (1 + m)(l + n)(l  +|>),  or  excluding  unity,  (1 + in)(l  +  »)( I  +  w)  - 1. 
Hero  76500-2«.8«.6M7.     Thenumberof  divisors  is  (1+2)(1 +2X1  + 3){l  +  l)- 72.. 
7    ,/T_»(^*-'lXw~2)...(n-r-fl)    — i^_(n-l)(«-2).>>(n-r  +  l)(«-r) 
'  1.2.8...  (r-l).f         '  '  1.2...(r-l).r 

.   nn     .-!/»     (n-l)(n-2).>.(n-r+l)    )n    n-r)      (n-l)(n-2)...(w-r  +  l) 
••    '''""      '^'"'         1.2... (r-1)  Ar"~J"  1.2...  (r-1)    *      * 

IV. 

1.  When  one  of  the  20  things  is  left  out,  there  remain  19  things  to  be  combined 
6  at  a  time.    And  when  2  sre  left  out  there  are  18 ;  and  so  for  the  rest. 

2.  There  are  18  things  different  and  8  alike.  First,  the  18  unlike  tilings  can  b»> 
combined  4  at  a  time.  Secondly,  the  18  unlike  with  one  of  the  like  tiling*  make 
14  different  things ;  these  can  be  combined^4  at  a  time.  Thirdly,  the  13  unlike  and 
two  like  things  can  be  combined ;  and,  fourthly,  the  18  unlike  with  the  three  like- 
things  can  be  combined  4  at  a. time...  Thesum  of  these  wiU  be  the  number  of 
combinations.  And,  lastly,  each  oombinatijon  of  4  things  can  be  varied^  and  the- 
sum of  all  the  variations  will  be  the  number  required. 

.3, .  Thet^  are  six  ways  in  which  the  required  combinations  from  three  sets  can  h^ 
formed  6  at  a  time. 
;  (1)  By  combimpg.8  things  from  the  first  set^  2  firom  the  second,  1  from  the  third. 

>»  »>  1  f»  If  ^  W  l» 

»f  •»      .        I  »»  »»  *         »»  >l 

••  »»  8         ff  ,,.  .1         ,y         pf 

99  »  2  „  If  8  „  ,, 

f»  >i  8         „  ,,  2s         „  „ 

and  then  taking  the  sum  of  these  combinations. 

4.  The  four  letters  e,  ci,  0,  /  may  be  arranged  taking  1,  2»  8,  4  respectively  to- 
form  each  arrangement ;  and  if  06  be  placed  first  in  each  of  these  variations,  the- 
whole  number  of  variations  and  permutations  will  be  found. 

6.  The  number  of  variations  of  the  6  letters  (,  e,  d,  e,  /,  g,  taken  4  at  a  time,  iff 
86  D,  and  if  a  be  placed  before  each  of  these  variations,  the  result  will  give  860 
variations  of  7  letters  taken  5  at 'a  time,  each  containing  the  letter  a. 

8.  Let  a,  6,  e  be  left  out,  and  d,  e, /,  g,  h,  k,  I  be  combined  2  at  a  time ;  then 
let  a,  6,  c  be  added  to  eaoh  of  these  combinations,  and  the  result  will  give  the  com- 
binations of  the  10  letters  in  each  of  which  a,b,e  occur. 

V. 

1.  See  Art  8. 

2.  Suppose  21  consonants  and  five  vowels, 

•»C,-?1:|?-210,  «(7j-^-B.    ThenbyArtS,  «»C,X»Ci=rl050. 


(2) 

»1 

8 

(3) 

»• 

2 

{*) 

99 

2 

(3) 

»» 

1 

(«) 

ft 

1 
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But  as  each  combination  of  3  letters  admits  6  permutations, 
The  increased  number  is  1050  x  6  «  6300. 

3.  Nine  different  payments  can  be  made  with  9  pence,  and  the  same  number 
with  each  of  the  other  sums.  Besides  these  4  sets  of  9  payments,  each  can  be 
combined  in  sets  of  2,  3,  and  4  payments;  The  sum  of  the  number  of  sets  will  be 
ih9  whole  number  of  payments. 

4.  One,  two,  three,  &c.,  coins  can  be  respectiyely  taken  to  form  the  different 
•sums;  the  total  number  is  63. 

6.  See  Art.  3  and  4. 

7.  Taking  the  general  case,  a  polygon  of  n  sides,  and  of  ft  angular  points.  Three 
^ints  must  be  joined  to  form  a  triangle.  The  number  of  triangles  is  therefore  equal 
to  the  number  of  combinations  of  n  things  taken  3  at  a  time.  This  may  be  verified 
9)y  the  particular  cases. 

VI. 
1.  See  Art.  3. 

8.  As  a  particular  instance  6  men  may  be  taken,  two  of  whom  must  not  be 
'placed  together  in  the  raiiation  of  places  the  5  men  can  ocsupy.  The  whole  number 
of  variations  of  6  things  is  6.4.3.2.1  or  120.  If  the  2  men  be  removed  3  remain, 
and  these  8  admit  of  8.2.1  or  6  permutations,  and  the  2  omitted  can  occupy  the 
first,  second,  third,  and  fourth  place  in  each  permutation  of  3  men.  If  24,  the 
number  of  permutations  in  which  two  specified  things  occur  together,  be  subtracted, 
the  remainder  will  give  the  number  required,  namely,  96.  Other  cases  may  be  con- 
sidered, and  then  the  general  case  of  n  men. 

4.  See  Art.  3. 

6.  Each  voter  may  vote  for  one,  two,  or  all  three  of  the  candidates. 

6.  As  n  courts  send  n-1  ambassadors,  the  number  of  i^nbassadors  will  be 
n(n-l).  The  number  of  ways  in  which  they  may  be  distributed  will  be  equal  to 
the  number  of  the  permutations  of  n- 1  different  things. 

7.  A  different  guard  can  be  posted  on  230,300  nights  ;  18,4^4  is  the  number  oi 
them  in  which  any  particular  man  will  be  engaged. 

VII. 
1.  See  Art  2.  2.  See  Art.  2.  4.  See  Art.  4. 

5.  Here  are  9  sets  of  4  things  of  the  respective  values  3,  2,  1,  0,  and  the  question 
requires  9  to  be  taken,  one  out  of  each  set  of  the  four  things,  so  that  the  sum  of 
the  9  things  shall  be  16.    As  for  instance,  8  centres  and  a  miss  wiU  give  16. 

7.  See  Art  4.  note. 

8.  The  only  difference  of  this  from  the  preceding  question,  is  that  there  are  four 
faces  of  a  tetrahedron,  but  six  in  a  die. 

9.  See  Art  8. 

VIII.  ^ 

7..  See  Art  3,  and  Art  4. 

8.  Since  »(?,_,' •"C'r+Z,  the  number  r+r^  must  be  complementary  to  r-t^, 

.«.  r+r'— n— (r— /)=n-r+r^,  .-.  n— 2r. 

5.  See  Art  4,  note. 

6.  a*b*c*d  consists  of  10  letters,  which  are  to  be  combined  5  at  a  time ;  6  may 
be  made  up  by  4  +  1,  3  +  2,  3  +  1  +  1,  2  +  2  +  1,  and2  +  l  +  l  +  l. 

Hence  the  following  different  combinations  can  be  formed  :^- 

a*b,  a*€,  a*d, 
a»6«,  a«c*,  6«a«,  6«c«. 
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a*be,  a*bd,  a^ed,  h*(u,  b*ad,  b*ed. 
o*ft«c,  a*b*d,  a^e^d,  a*c*b,  6«c»o,  l^c*d. 
a^bcd,  b^aedf  e*abd. 
The  variations  of  these  combinatioiis  bj  Art.  S  will  be  found  to  be  415. 
8.  First  let  three  points  be  taken  and  joined  in  erery  way  bj  straight  lines,  next 
four  points  in  the  same  manner,  then  five  points,  and  so  on.     Lastly  find  the  number 
of  intersections  when  there  are  n  points. 

IX. 

1.  *F;-n(n-l)(»-2) (n-r+1), 

and*->f;«(n-l)(n-2)...(n-r+l)(n-r); 
.-. -r,-— »r,-{»-(n-r)}.(»-l)(n-2) (n-r+1) 

8    'C ^^(»-^)'  «  '  (n-r-fl)   ^,^  _(n-l)(n-2)  .  .  .  (n-r+lKn-r) . 
1.2...(r-l)r     '         '  1.2...(r-l)r 

...  ^= JL-,  «id -(7,-.  JL-. -»C, 
*-»Cy    n-r  n-r 

5.  Hereto*  ^2^(^**-^)(2»~2) .  .  .  (2ii~2r+2)(2n-2r+l) 

1.2.S...(2r-l).(2r) 
^(2it-l)(2»-8) (2n>>2r-H)    2»(2yi~2) (2n-2r+2) 

1.3....'(2/'-l)  '  2.4 (2r) 

^(2?t-l)(2n-3) (2n~2r4-l)    fi(n~l) (n~r-H) 

■  1.3 (2r-l)  *  1.2 r 

_(2/i~l)(2n-8)....(2H-2r  +  l)^^ 

1.3 (2r-l) 

6.  Horeii^ii:ix-'C4X-+»C, 

n[n*  —  1) 

_  1 .2.8.4     n«(n»  -  l)(n«  -» 2)(n«  ■  8)     (n  +  2)(n-f  l)n(n-l)(?i-2) 
»(»«-l)^  1.2.3.4  ^  1.2.8.4.5 

_nVn«  -  l)(n«  -  2)(n*  -8)(n«  -  4) 

1.2  8  4.6 
-•'{7 


»  .    - 


EESULTS,  HINTS,  ETC.,  FOR  THE   EXERCISES  ON  THE 
BINOMIAL  AND  POLYNOMIAL  THEOREMS. 

I. 

1  -  lOx+iOx*  -  8(te»  +  8(te*  -  B2x\ 

64  -  960y + 6000y«  -  20000y»  +  87500y<  -  37500y»  +  15625y«. 
a»*  +  7a»«a:«+21a>o«*+86a»aj«  +  85a«a;«+21a<x*o  +  7aaa;ii  4.3.14. 

256aj»  +  8O02aj'y + 48884a;«y  *  +  48884a;»y» + 9072(te*y  ♦  +  108864a;»y »  +  81648a;«y  • 

+  84972ajy»+6661y»» 
The  other  examples  offer  no  difi&colty. 

The  ezpannon  of  (2  +  >/8)s  can  be  exhibited  in  the  form  862  +  209^^8. 
Also  the  expansion  of  (2 +»"')*  can  be  pnt  into  the  form 
(«♦  +  x~^)  +  4(x*  +»-*)  +  6,  aa  also  the  expansions  of  the  other  powers  of  x±x-'^ . 

II. 
The  following  are  the  series  which  arise  from  the  first  set  of  examples. 

(l±a:H-l+2a;+8a;"+4a:«+5a:*+6aj*+7««q:. .  .  +|w^*+.. . 
(l±a)-»-l?3aj+6««?10aj»  +  16«r»+21«*+  ...  +?<^±ll«i»-i+. . . 

(l±«)-*-l+^+10x« +2(te»  +  86«*T56«»+  . . .  +£i£±^(|±?}.ai»-»  + . . . 

1.2.8 

(l±»!)-«-lT5»+lfa'+8fe«+7(te«T12te»+...T^^Vlf''//^^*''^'^ 

l.^.v.4 

{l±a:)-«- 1  T6a;+21a:»  q:56aj«  +  126aj* +262a;» +. . . 

TP(/'-^^)(/'+2)(p^f8)(y+4)       , 

^  1.2.8.4.6 

The  examples  under  2  and  8  offer  no  difficulty,  as 

^        '  2        2.4  2.4.6  2.4.6.8  2.4.6...  2p 

The  first  example  under  4  is 

1.2  1.^.0 

n(»-l)(n-2)...g+l) 


1.2.8...? 


,  when  n  is  even. 


2 

n+1 


ii(n-l)(»-2)... 

or  + ^-^  •(«+*"*)  when  n  is  odd. 

l.A.S  ... '   _  ■ 
2 

6.  When  the  index  of  the  binomial  is  not  a  positive  integer,  the  expansion  will 

be  more  readily  effected  by  reducing  the  binomial  into  such  a  form  that  the  first. 

term  shall  be  unity,  as 


(a.+x.r.{,.(l+2;)]^-a--(l+£;) 
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r  I       »  o»^        1.2        a*^  1.2.8  a*  i 

-?f  1  .  «i  35*    w(m-n)  a^    m(m-w)(m-2n)  «•  .        ) 

-■a"  <  1  +  — . — u —i J. — +— i — ^  '^         .    . — +...> 

I       n  a»^  1.2.»«    a*^        1.2^8.n«         a*  ) 


I 


s« 


-and  if  reqaired,  a**  can  be  xnnltipiied  into  each  term  of  the  expansion. 

In  the  same  manner 
(a»n»+ai«t)-»-  {a«x»Cl+^)  j  "*-«-»Va,-A  A+A"* 

(       7  ^5         1.2,       Jt  1.2.8  a  ) 


\ 


^_V-,^}-     4a5*    4.11  ad    4.11.18  «.        ) 
I       7  «*^7.14  a«    7.14.21  a  \ 


III. 

The  binomial  theorem  may  be  sometimes  advantageously  employed  in  finding 
approximations  to  the  roots  of  nnmben  in  cases  where  the  given  number  is  not  au 
oxact  power.  The  method  can  be  applied  to  the  fifth,  serenth,  or  any  other  roots 
as  readily  aa  to  the  square  and  cube  roots. 

Wheu  the  number  whose  root  is  required  does  not  differ  greatly  in  excess  or 
defect  of  the  same  power;  in  such  cases,  the  conyergency  being  rapid,  the  required 
root  can  be  determined  to  six  or  seven  places  of  dedmaUiy  by  means  of  a  few  terms 
of  the  expansion. 

There  are  numerous  forms  of  series  which  result  from  the  expansion  of  exprcssiona 
by  the  binomial  theorem,  and  the  sums  of  such  series  may  be  determined  by  dis- 
covering  the  forms  of  the  binomial  expressions  of  which  the  given  series  are  the 
developments.  Where  no  direct  methods  can  be  discovered,  approximations  can 
always  be  made  when  the  series  are  convergent. 

1.  2*2860.  2.  2  8284.  8.  100382.  4.  8*6170.  5.  2*0044. 

6.  6-1961. 

IV. 

1.  See  Art.  8,  p.  20, 

l+^.l+£       1    ._! (l--^)"\  and  (1+«)I.A-    «   U 

l+«         1+x 
2.a  +  &-?(i±^— f ? Ji^JL,)"',  and  (a+6)»-a»(l--L.r* 

*.^'.JL.(l-l)     ,a„d    }Jt-|Ljl-lp. 
n-1    it-l    ,_1    \      »/  (»— 1)        I       HI 

H  n 

■r.  (*•  -2)1-  {'^^-] '-  [ i'*-^**^)-^ \ ♦.  j (»'-l)«-l  j « 

_!B»-1    j,  1         M 
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l  +  2a;  l-|-2;e 


V. 


8.   2 


1.  (l+a;)»4*-l+«i+»«+5!+5!  .  5!+  &C. 

2      8      6 

.1       i+x*    1.2     \i+x)  + — 1X5 — {tTx)  *•" 

-d+x)-.  j  i-yf^  j"",  by  Art.  8,  p.  20. 

-*'-^'-±-rS-(-r.---(--r- 

1  +  1  2 

8.  The  giren  expression  arises  from 

YI. 
1.  Here  (1  +«+ 2a* +8j:* +. .  .)^  =(1  -«+«*)•(!  -«)-«.     And  the  coefficients  of 
«■  in  the  product  of  the  two  expansions  will  be  found  to  be  ^i5!±lll. 

8.  Let^-1.2  +  2.ac  +  3.4^»  +  4.6a;»  +  ...(n+l)(«+2)a:% 

then/Rc»1.2^+2.av'+3.4«»+...  +(»+l)(n-h^.c-+» 
.'.  ^l-a:)«2(l+2a;  +  8j;»+4aj»  +  ...)-(n+I)(»  +  2)a»+>. 
4.  i{2(fi  +  l)«+(H+l)j.        6.  i(n-.6)(»«-l).        0.  i{2(n+l)«+(fi  +  I)}. 

10.  l«+2«+8«  +  ...  +(»+!)«. 

VII. 

1.  (1  -  a:)*=l-iaj+ Ac  =l-i«  nearly.    Similarly  (1 -«)*-!  ,»i«lieMly» 

and 1 I ^^ L-«£.nearlT 

l  +  V(l-«)    1  +  V(1-*)    2-iaj    2-iaj    24         ^' 
8.  Let  xsl + A,  when  h  is  small. 

Then  {«-«(!  +  A)-=il  +tnA+ &c  -1  +fii*  nearly,  and  fna^«w+ w«A  nearly, 
and  «-=«(l  +/*)"=!  -hrth+ko.  =1  +«*  nearly,  and  ffaj»«»«+ii«A  nearly. 

/.  ffUB"-iix"s(m-.n){l  +  (m+n)A} 

>  ^,^    "H-(w+n)^  nearly«(l+A)"+»=ar+"  nearly. 
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6.  ThTatioof  [«J^r  to£!.p^^ 

ib-x\         b*     /x--\ 

=l  +  ?<?^+iU  nearly 

=  (1+0?)    ■• 

=the  ratio  of  (1+x)   •*    to  1 
nearly  when  s  is  reiy  small. 

(l-a;)--*  +  (l+a;)->        \       9  248  9261 ^ 

®-   (l+*)'t  +  (l-xr»^2Jl+5x«  +  ILV  +  ?51?.a:«+&c 

(        9        243        9261 

"       8       81   "  729  ' 


VIII. 


1.  See  Section  III.,  pp.  3—6. 


IX. 


g+ftV-l    a  +  5V-l    «  +  ftV-l    g*-&»4-2a5V«l    a«-ft<    2atV~l 

6.  Expand  the  expressions,  and  find  their  sum  and  difference. 

8.  The  expression  (1  +  V2)**=  {(1  +  V2)'  }"=(8  +  2 V^)". 

9.  Here(2+V8)"=2-+t^^^2'-»3+!^i!Lliy^^ 

1*«  X.2.0.4 

+  V8fn.2»-^  +  ^**"^^^^'".^\2'*-*.34-..  \ 
*  1.2.3  '^ 

and  (2-V8)"^2>+!^l2-'.8  +  '^^"\)<:;;^](^-^).2--*.8«... 

1.2  1.2.3.4 

And  2+ V8  heing  greater  than  3  but  less  than  4,  is  partly  integral  and  partly 
decimal. 

Also  2  -  V8  being  greater  than  0  bat  leas  than  1,  is  wholly  decimal. 
.*.  (2+ V8)"  is  P<uily  integral  and  partly  decimal,  and  (2  -  V^)"  is  wholly  decimaL 

If  1  and  2>|  denote  the  integral  and  decimal  parts  of  the  former,  and  2>,  the 
decimal  of  the  latter, 

then  (2  +  v8)*+(2- V8)"=/+2>i+2>,. 

.'. /+D^+D,«2(2"+^^''"^\2"-».8+'*^'*"^^^'*~^^^"^U»^.8^  +  ...l 
*  ^  1.2  1.2.8.4  «» 

which  ia  wholly  integral,  as  all  the  coefficients  are  integral. 

.*.  /+/>,  +  2>«  is  an  integer,  and  /being  an  int^er,  D^+D^  most  be  an  integer 
oriero. 

Bat  since  2>|,  2>,  are  decimals  each  less  than  unity,  D^+D^  lies  between  0  and 
2,  and  1  is  the  only  integer  between  0  and  2,  .*.  Z)^  +2>,=1. 


59. 

^  1.2  1.2.3.4  ^ 

ia  the  integral  pert  of  (2  +  ^/Sy, 
and  D,«l  -i),«l  - (2- V^)"  the  decinjal  part  of  (2+ V8)". 
The  troth  of  the  general  form  may  be  illoAtrated  by  taking  n  equal  to  2,  8,  4,  &c* 

XL 

2.  The  coefficient  of  «» in  the  expansion  of  {l-a:)-r=i*'-(!:±A)(''+2M*'t?^>^ 

1.2. 3*  •  •  n 

and  the  coefficient  of  «"  in  the  expansion  of  (1 + x)^'^ 

_(n+r-l)(n+r-2). . .  {(»+r~l)-w+l} 
^  1.2.3...  n 

_(n4-r— l)(n-fr-2)...(r-H)r 
1.2... n 
Hence  it  appears  that  the  two  expressions  are  identical. 

5.  Let  "T,  denote  the  coefficient  of  the  {r+l)th  term  of     J      ,    and    ^^T,, 

"+Jrr-i  the  (r+l)th  and  rth  term  of 1 — -. 

(1  -  a:)"+» 

Thon-*-'r     -ny   ,~(^+^H^~^)"-('*  +  *'-^X^+^)    (n-f  l)(n-f  2) . . .  (w-t-r-l) 

*■  1.2. . .  (r-l).r  "*  1.2...  (r-1) 

,_(ii  +  l)(n  +  2)..  .(n+r-1)    \n±r    .  )  _n(»-H)(7i  +  2). . .  (n+r-l)    ,y 
1.2...  (r-1)  *  I     r    "     I""  L2.3...r  ""     ^ 

XIL 

2   *     8  •     4   •  L2^  1.2.8  ^         L2.8 

n(n-l)(n-2)(n-8)  1 

L2.3.4  J 

«  1    }(n+i)+(21i)!?.+ii±^^ 

j»  +  l<  1.2  1.2.8  J 

»    1    J,^(n+l)n.(n-H)n(n-l)_^         ,,1 

STii^n[T"+— 1.2:3 — ^'••'  V 

«JL}2"+>-l] 
n+lJ  i 

8.  a)  Here  (l+a:)-=l+ti«+5<^>«»+^<ILr^^ 

_^^n(n-l)..  .(n-r-Hl)^^ 
1.2....  r 

Andi=»,?2?=n-l,5?L«=n-2,i^=fi-8,  &c 

«0  «1  «S  *• 

/.fLi+??!« +!?!+.. .!!f^=»+(n-l)+(n-2)+(n-8)  +  &c.,  to  nterms-5<^^^ 
Oq      a^      a,  a».i  1.2 

6.  See  p.  26,  note. 

7    nn  _n{n''l)..,in'-r+l)       ,  .^  _n(n  +  l). . .  (n+r-1) 
'  1.2...r  '  '  1.2...r 

,  n-\-r       1.2.3....r       nn  mn  _«+*"        1.2.8. ..r 


fi     (r+l)(r+2)....2r  n     (r+l)(r+2). .  .2r 

it(n~l)..  .(n-r+1)  n(m-l)..  ..(n  +  r-l) 
1.2....  r  '  1.2....  r 

•r  (n-l-r)(n+r-l) ....  (m-l)n(fi  - 1) ....  (n  -  r-H)_,4.^p 
1.2.3....  r.(n+l)(r+2)....2r  *^ 


CO 

8.  The  eoefficients  of  the  (;>  +  l)th  terras  of  the  expansions  of  (a+()*^  {a+2b^ 
{a-h7rb)*f,  kc,  will  be  identical,  and  the  sum  of  these  terms  will  be 

?i!^z}h.LllS£±ll.af.bP.  }l  +  2'  +  2«'  +  2^  +  toiitcnn8] 
1.2.... jp  (  J 

1.2....  ji  1—2^ 

XIII. 

.  The  exercises  under  this  number  offer  no  difficulties.  Both  the  expansions  and 
the  particular  terms  of  expansions  required  may  be  readily  effected  by  means  of  the 
general  forms  given  in  the  preceding  pages  20 — 24. 

10.  When  the  index  is  fractional  or  negative  the  same  mle  applies,  as  in  the  case 
of  finding  the  12th  term  of  (a  ~  &b  -l- «x*  -  dx* +ex*)^:  the  equations  of  condition  to 
be  fulfilled  are  p+q-i-r-i-, .  .««|,  9r+2r+3*+. .  .  =  11. 

XIV. 

2.  Here  asl  +  (a  - 1).    Let  n  be  any  variable  number, 
thena"={l  +  (a-l)j" 

-{l+«(a-l)+!^^l>(a-l)«+»(^2)^^^^^ 

^l+\{a'l)'-^fL:^^(l:^^..Ani-Bn^  +  Cn*'i-...    by   collecting 

the  terms  of  the  coefficient  of  119  and  putting  27,  C,  kc,  for  the  coefficients  of 
•»**,  fi*,  Ac 

Let  (a-1) -  ^^I^^^llJ^  -kc^A,  and  Bn^  +  Cn*  +&c=P»t, 
2  o 

mm 

thena««l+^H+Pii«=l  +  (^+Pii)ii,  anda'sa"» 

m  m 

^(?.l)  ?(5-.l)(?-2) 

A  1.2  1.2.8 

1*2  1.2.8 

Now  this  is  true  whatever  may  be  the  value  of  n^  for  a«  is  obviously  independent 
of  the  value  of  «»    Let  n»0, 

..a'-l+Ax+-+—^+... 

in  which  .f=(«-l)-<gLllLV<*-^>'-&e.... 

2  8 


«•         X* 


8.  Here««-l+a!+^+JL-+... 

1.2    1.2.8 


.-.  e•«e»+'+^+V*•• 


-(i.i.A....)(i.x.S....)(i.*^4...:)(i4.^^....)... 

Find  the  first  six  terms  of  the  series. 
5.  In  the  product  of  the  expansions  of  (1  -  x)"^  and  ^,  find  the  aggregate  of  the 
products  of  every  two  terms  which  contain  «'". 
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7.  This  expression  may  be  deduced  from  the  identity 

f  1  +  f  j"  =s  I  f  1  •{•  -  j"  I ',  and  taking  n  greater  than  any  assignable  quantity. 

=l  +  x+~-^  + j^2^3 .+&C. 

\      «/  n        1.2      »»  i;3.3  »» 

1.(1-1)     l.(l-l)(l-?) 

„i.i.4-^,  V  j\  j,^ 

•••  i+*+-Tr-+ — 0:8—  ■"*"• 

1.(1-1)     ,  /i_l\(i_2^ 

-p+i+^l-+ Tas —  *^\ 

1  2 
Let  n  become  greater  than  any  assignable  quantity,  then  -,  -,  &c.,    respectfyely 

n  n 

become  leas  than  any  assignable  quantity,  and  therefore  may  be  rejected,  and  there 

8.  (i+iy'=i+»;.l+!^««j:2).J_+!E(!Erll(''2Ll2).J_+..;. 

V      mJ  ■  nx^      1.2        »«x«  1.2.3  n»x» 

1.(1-1)  i.(i-i)(i-l) 

— ij.i_i.     ^      nxf  ^      \      nxf\      nxt  , 
1.2  1.2.3 

when  X  becomes  indefinitely  great,  —  becomes  indefinitely  small. 

'  nx 

And  series  becomes  =1  + 1  + —  +  — -.  +. .  # 

1.2    1.2.3 

9.  The  sucoessirs  terms  of  the  giren  series  will  'be  the  coefficients  of  .x**  in  the 
rcspectiYe  expansions  of -= — ,    — -i — ^  z — .—,    —  f — 1-,  &c. 

But  these  terms  constitute  a  geometrical  series  continued  indefinitely,  the  first 

2**  ^~'^^ 

term  being ,  and  the  common  ratio  —  . 

2"+» 


Their  sum  is  . 

4— 4A*+a;» 


2"+'  2"      -.2''/l-*'i*^ 

(2-a-)«~/j_Jty~     \      2/     * 


And  2-fl  -i\  '«2"  ( I  +  2.?+S.^+4.^+. . .  +(»+!)-  +. . .  | 
\      2/  C  2        2»        2»  2"  I 

The  nth  term  of  which,  is  2\  (» + 1)^  f=  (n  f  1)j-. 
Hence  2»-(»-1)2»-H^2Z.?31|L"±).2--.»-  &c.=h+1. 


RESULTS,  HINTS,  ETC.,  FOR  THE  EXERCISES  ON 

PROBABLLITIEa 

I. 

2.  The  prol)alnIities  of  a  penon  aHva  at  the  beginning  of  each  of  the  following 
six  decades,  not  muriying  10  yean : — 

51 

1.  At  the  age  of  10  years  is  fi.« 


2. 


8. 


4. 


5. 


6. 


It 


9» 


ft 


f» 


ft 


20 


It 


30    ..      4^. A. 


40     ..        ^- 


60     ..        ^-^ 


60     ..        £IL=^. 
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1 

690 ' 

"n»' 

69 

1 

639' 

"«»• 

77 

1 

470" 

■6^' 

78 

1 

393" 

"5V 

85 

1 

816' 

"W* 

87 

1 

230" 

"2»' 

or  between  --. 
12 

and^. 

1 

"  6* 

1 

"  «• 

1 

"  6" 

I 

"  S* 

1 

"     8 

"  S" 

Dr.  Carpenter,  the  eminent  physiologist,  has  remarked : — '^t  has  been  ascertained 
that  from  about  the  age  of  18  to  28  the  mortality  is  much  greater  in  males  than  in 
females,  being  at  its  maximum  at  26,  when  the  viability  (or  probability  of  life)  is 
only  half  of  what  it  is  at  puberty.  This  fact  is  a  very  striking  one^  and  shows  most 
forcibly  that  the  indulgence  of  the  passbns  not  only  weakens  the  health,  but  in  a 
great  number  of  instances  is  the  cause  of  a  yeiy  premature  death." 


II. 

8.  Suppose  the  8  the  number  of  points, 

then  the  chance  of  throwing  8  in  the  first  throw  is  |. 

And  in  the  second  throw  the  chance  of  failure  is  f. 

Therefore  the  required  chance  is  ^Xi""A- 

4.  By  Art.  6,   the  probebiHty  is  ^''*"f^'\t^    And  when  a-1  and  6-5 

(a+o)* 

.-.  1  +  15  +  76^91^  the  probabiMty  required. 
216  216 

t)therwise  thb  probabiUty  of  faQure  is  fl.l^,  and  of  success  1-1!^. H. 

6»     216  216    216 

6.  In  each  of  his  three  throws  A  may  throw  1,  2,  8,  4,  6,  or  6  points,  and  the 

number  8  can  be  made  up  by  the  following  throws :— 

1,1,6;    2,2,4;    8,8,2;    1,2,6;    1,8,4. 

Kezt  B  in  three  throws  can  make  up  7  points  by  the  throws 

1,1,6;    2,2,8;    8,8,1;    1,2,4. 

6.  One  throw  gives   4  chances,  8  unfayourable^  and   1  fayourablei 

Two  throws  give  16       „      9  „  n       7 

Three       „         64       „    27  „  „     37 

Therefore  two  throws  give  the  odds  against,  9  to  7; 

three  throws  give  the  odds  for,  37  to  27,  greater  than  an  even  chance  by  j(L 


It 


It 
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7.  With  one  throw  there  ia       1  chanoe  favonrable  and       5  unlayounble. 
With  two  throws  there  are  11  chances  ,,  25  „ 

three     „        „         91        „  „  125  ,, 

four       „        „       671        „  „  625  „ 

five        „        „     3661        „  „  8126  „ 

&c.  &e. 

With  three  throws  the  odds  againgt  are  125  to  91; 

but  with  fonr  throws  the  odds /or  are  671  to  625. 

There  is  less  than  an  even  chance  in  three  throws,  bat  greater  than  an  even 

chance  in  four  throws,  and  still  greater  than  an  even  chance  in  five  throws,  &c. 

8.  Since  in  one  throw  there  is  one  chance  of  sacceeding  and  five  chances  of  failing, 

Suppose  X  the  number  of  throws,  then  |  -  > '« probability  of  failing  in  x  throwst 
But  as  the  wager  is  the  samfl,  fidling  and  succeeding,  this  probability  of  success  and 
failure  will  be  represented  by  -,  •'•}-(  *-■--»  taking  the  logarithms  of  this  equa- 

tion«{log6-log6}--log2,  .-.  x.-^^.l^gg-SM  nearly;   that  i^ 

the  chance  is  greater  than  3,  but  less  than  4,  and  nearer  4  than  8. 

In  4  throws  there  is  also  an  equal  chance  of  throwing  any  one  of  the  other  fire 
ISues  of  the  die. 

There  is  an  even  chance  of  throwing  two  aoes  with  two  dice  when  f  r^  j  -ar*  from 

which  xm24-605  nearly. 

9.  Fint  suppose  one  ace  to  be  cast,  then  setting  aside  one  die^  there  remain  9 
dice,  of  each  of  which  only  5  points  must  be  taken. 

The  number  of  combinations  of  these  will  be  5',  which  when  combined  with  all 
the  aces  in  the  10  dice,  will  give  10.5*;  and  the  number  of  the  combinations  is  6*^. 

.-.  The  probability  of  casting  one  ace  is  lM!«l?5il?52.1  nearly. 
^  ^  *  6»o      60466176    8  ^ 

Next  if  two  aces  be  cast,  then  setting  aside  two  dice  there  remain  8  dice,  of  each 

of  which  as  before  5  points  are  to  be  taken. 

The  number  of  combinations  of  these  will  bo  5',  which  when  combined  with  all 

10  9 
the  aces  of  the  10  dice  taken  2  at  a  time  will  give  — 1-.5",  and  the  whole  number  of 

1.2 
combinations  is  6  >  <>. 

.-.  TheprobaWlityof  c«t«gtwo«e.  -5:|^' .gg|J|.JJ  newly. 

Thirdly,  suppose  three  aces  to  be  cast. 

Then  >oC,  —  IM:?  the  number  of  favourable  chances  of  8  aces  with  10  dice,  and 
•     1.2.8 

5^  is  the  number  of  combinations  of  the  other  5  points. 

Therefore  the  probabiUty  of  casting  three  aces  is  l^^!.^.^^«^^nearly. 

10.  First,  the  chance  of  the  tetrahedron  falling  on  some  one  of  four  faces  marked 
1,  2,  8,  4,  isf-1. 

The  chance  of  tho  cube  falling  on  some  one  of  four  ISMses  marked  1,  2,  8,  4,  is 

f-f- 

The  chance  of  the  octahedron  falling  on  some  one  of  four  faces  marked  1,  2,  8,  4, 

isf-J. 

The  chance  of  the  dodecahedron  falling  on  some  one  of  fonr  faces  marked 

1,  2,8,  4,isTV-f 


« 
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.%  The  chanee  of  all  four  falling  on  flomd  Otke  of  fbnr  feces  is  1  xfKixi-i.      ; 
The  same  result  will  appear  from  the  consideration.  ^^' 

All  the  possible  cases  that  can  occur  with  the  four  polyhedrons  is  f^'^ 

4x6x8x12-2304. 
And  the  cases  of  the  four  specified  numbers  is  4  x  4x4x4«256> 
.*.  The  probability  required  is  ^^V  ""i* 


III. 
1.  Here  «(77="Oi=yi^J^^= all  the  combinations  of  the  black  and  white  ballsy 

r  J  o 

7  at  a  time ;  and'^Cj^^^^^all  the  combinations  of  the  5  white  balls,  8  at  a  time. 

xw  Baouw  reiuinu  i*  j  j.S^  1.2.3.4       880     83 

2.  Here  »«Ca=^-*--630  the  number  of  pairs  which  can  be  drawn. 
Of  these 'oa,»^^»45  pairs  of  white  balls.    Also 

nC,  -l|:iy  =.66  pairs  of  black  balls. 

1>2 

10  X  12=120  pairs,  one  white  and  one  black. 
lO^X  14  •  1 49  pain,  one  white  and  one  red. 
12x14—168  pairs,  one  black  and  one  red. 
And  since  there  are  120  favourable  chances  out  of  680  chances,  the  probability  of 

success  is  _=_ ,  and  the  probability  of  failure  is  1- — stZ.    Hence  the  odds 
630    21'  ^  ^  21    21 

against  are  as  17  to  4. 

8.  There  are  8  red  balls  and  12  not  red,  or  8  events  in  favour  out  of  20.    The 

chance  of  drawing  a  red  ball  is  -^  or  --• 

*  20        6 

4.  Here  ^^O^^    '    '    *  ==495,  all  the  possible  combinations  favourable  and 

unfavourable  of  the  12  UiiDga  4  at  a  time. 

Next  *(7i.*(7}.'Cj.*(7i«3.d.3.3»'81,  the  nwnber  of  favourable  combinations, 
of  the  12  things  4  at  a  time. 

.*.  The  probability  renuired  is  — r=^ 

*  ■     ^  495    65 

7       9      10 
6.  The  separate  probabilities  are  -L,   JL,  _  respectively. 

lo     lo     Xo 

.'.  The  probability  in  favour  of  the  event  fa  19X2^9'^  324 ' 

85     289 
the  probability  against  is  1  -  rx-.»ro^  and  the  odds  against  is  289  to  8^  or  greater 

824     324 

than  8  to  1. 

9.  Here  is  a  case  of  an  event  being  dependent  on  another  event.  After  the  first 
exchange  the  urn  A  contains  1  black  and  2  white  balls ;  and  B,  1  white  and  2 
black  balls. 

In  the  second  exchange  the  probability  of  a  white  ball  taken  from  A  is  *  t  slao  tho* 
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■probability  of  a  black  ball  taken  from  B  ia  also  - :  and  the  probability  that  both 

8 

-these  erents  will  happen  is  -v  -=-• 

8    8    9 

On  this  hypothesis,   that  A  now  contains  1  white  and  2  black  balls,  and  B 

-contains  1  black  and  2  white  balls, 

In  the  third  exchange,  the  probability  of  a  white  ball  being  taken  from  A  is 

- .  and  a  black  ball  from  B  is  also  -  :  and  the  probability  that  both  these  events  will 
3  .8 

happen  is-  x-=-' 
8    3    9 

4 

Now  since  the  probability  in  the  second  exchange  is  -  that  A  contains  2  black 

■and  B  2  white  balls.    Also  since  the  probability  in  the  third  exchange  is  -z  that  A 
•contains  1  black  and  B  1  white  ball, 

Therefore  the  probability  of  3  black  balls  in  A  and  8  white  in  £  is  gX^s^r 

10.  Here  '«'g,o=^^'^,^;^-„-.^'^^;' ''^^  all  the  possible  combinations  of  26  balls, 
10  at  a  time. 

And  «(7,=-  sets  of  bine  balls,  <»(7,«~  seta  of  white  baUs^ 
'    1  ^      *    1.2 

•C,=?44  wta  of  bkck  balls,  '(7^=?l:Mi_^  sets  of  red  balls ; 

*  1.2.8  1.2.8.4 

*  *       •       *     1  1.2  1.2.8  1.2.8.4 

.-.  The  chance  is  lid.L5^4.L«l5il^?^A5_17_Jl^^^  „^„^ 

1  1.2  1.2.8  1.2.8.4'    1.2. ...10      1062847     664 

11.  Let  X  denote  the  number  of  white  balls,  a;  + 11  is  the  whole  number  of  balls. 

Then  -+"(7,  ,(^-Hl)(a:-H0)(a^  +  9)(a:^8)    ^^  ,  ,^  ^ U^JIO^S 
-    *  1.2.8.4  '  ^       1.2.8.4 


»>C;  11.10.9.8 


is  the  probability  that  the  4  baUs  dr^wn 


•+»'C4"(i'  +  ll)(*  +  10)(a;+9)(aj+8) 
«rc  red. 

.'.  "(7,.'C,=y^.^^^i«thfl  number  of  ways  in  which  4  balls  can  be  drawn, 

1.2        1. ^ 

2  red  and  2  white, 


Hence 


^  ,  »>C4.*C, n.io.2.3.M^-i)_ 

*"**  ~«+ii6V  ""(a;+ll)(i  +  10)(a;  +  9)(a;+8)' 

11.10.9.8  11.10.2.8.a;.(ar-l) 


(a'  +  ll)(j:  +  10K«  +  9)(a:  +  8)     (a;  +  ll)(a;  +  10)(a:  +  9)(«  +  8) 
or  12=3^2  -\\  «=4  and  -  3.    The  nnmber  of  white  balls  is  4. 

12.  The  number  10  can  be  made  np  in  four  ways  by  taking  three  numbers — 

1,4,5;    2,8,6;    8,8,4;    4,4,2. 

ioC,»^Q-^-^»120,  ♦C7,-l:?:^  =  4,  .•.  the  chance  is  -ir-i. 
•      1.2.8  '        '     1.2.8  120     30 

13.  First  find  the  number  of  combinations  of  all  the  8  numbers  taken  4  at  a 
time.  Next  all  the  number  of  combinations  of  four  of  the  numbers  whose  sum  ia 
17,  bearing  in  mind  that  every  one  of  the  8  numbers  is  likely  to  be  drawn  each  time. 
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IV. 

1.  Since  A*b  skill  is  to  B'a  as  S  to  1.     This  implies  that  A  wins  8  games  whil» 
2^  wins  1.     .\  A*B  chance  of  winning  one  game  is  |,  and  B*b  }. 

6.  The  chance  of  the  correctness  of  A*b  affirmation  is  },  and  of  his  negation  J. 
And  the  chance  of  B't  affirmaticm  f ,  of  his  negation  is  ^. 
. '.  The  chance  of  A  and  ^s  affirmation  is  |X^i*  |,  and 
of  ^'s  and  B't  negation  is  ix^-*^. 
And  these  two  agreements  are  exclusive. 
.*.  The  chance  of  one  or  the  other  is  t+i^""i{. 
That  is  they  agree  in  16  out  of  24  of  their  statements. 

8.  The  chance  of  a  white  hall  being  drawn  is  ^ ;  of  its  not  being  drawn  g. 
The  chance  of  A  speaking  truth  is  ],  and  of  his  failure  J. 

t$        If      ^         »»        If  %  ff        ff        i* 

The  chance  of  A  and  B  both  speaking  truth  is  Sx  |  ^-1, 

and  the  chance  of  their  failure  is  ix|«"^. 

The  chance  required  is  — s'A —  ■■u. 

9.  Here  the  chance  "bf  winning  is  equal  to  the  chance  of  losing  a  game^  and 

therefore  is  equal  to  j^.    And  each  of  the  three  simple  chances  is  i. 
Therefore  in  each  of  the  three  cases  the  chance  required  is)xixii>f. 

10.  Bj  reference  to  the  general  fonnulay  Art  5.  ns6,  ra>2,  and  in.this  case  the 

chance  is  ^il±^S!t^l^^  ^here  a-1  and  6-20,  its  numerical  value  is  S?l. 
(a+6)«  •  21« 

11    Fiist  »®o(7  _1Q0.99.98.97.96    ,^  ^5^    ,,^  ^95.94.93 
•"      1.2.8.4.6      '       •'*1.2'         '■    1.2.8    ' 

95.94.93  5.4 


Then  »Ca.»»(7,-. 


1.2.8      1.2 


Hence  the  chance  required  is  ^00 ^^^-^^fM^  f  95.94.98  5J  |  ^ 

^  1.2.3.4.5        •   I     1.2.8     1.2  J 

V. 

1.  There  arel0  +  5  +  84*2  +  ls21  coins,  and  two  of  them  are  to  be  drawn.    The 
chance  of  any  two  being  drawn  is  /r,  and  the  expectation  is  Ax(£10  14s.  Id.). 

2.  The  chance  for  4s.  is  A;  for  8s.  -^^  and  for  6s.  •^. 

.'.  The  value  of  the  expectation  is  l£±i^[±^.§5  gi^j]]jQg,, 

4.  Here  4  +  6*10,  and  ^  is  the  equal  chance  for  drawing  each  prize. 

The  value  of  the  expectation  is  i±l±i±12.^-2|  shDlings. 

5.  The  bag  contains  9  coins ;  if  8  be  drawn,  the  chance  is  |,  or  ^  of  the  value  of 
the  coins ;  that  is  ^  of  107  shillings,  or  £1  158.  Sd. 

6.  The  price  of  a  ticket  will  be  the  sum  of  the  expectations  for  each  prize. 

There  aie  4  tickets  out  of  100  for  a  prize  of  £100  ; 

the  chance  of  a  piize  of  £100  is  —  or  -L, 
^  100        25 

and  the  value  of  the  expectation  of  this  prize  is  -i^aB£4. 

£50 
Similarly,  the  value  of  the  expectation  of  a  prize  of  £50  is  rrr  a£5. 

£5 

And  the  value  of  the  expectation  of  a  prize  of  £5  is  -J^— £1. 

5 
The  sum  of  the  expectations  is  £10,  the  value  of  a  ticket 
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CUBIC  AND  BIQUADRATIC  EQUATIONS. 

Art.  1.  In  the  theory  ot  equations  are  considered  equations  involT- 
ing  one  imknown  quantity,  which  is  supposed  to  admit  of  as  many 
values  as  the  highest  power  of  that  quantity  involved  in  the  equation.* 

The  notations  p^  q,  /%  &c.,  and  pi,  p^,  p^,  &a,  emfdoyed  as  the  co- 
efficients of  equatioui^,  are  to  be  considered  as  denoting  generally  the 

*  When  two  equations  are  ^ivea  involving  two  unknown  quantities,  either  of 
the  unknown  quantities  can  be  eliminated,  and  the  resulting  equation  will  involve 
only  one  unknown  quautity,  uml  the  highest  power  involved  in  it  will  depend  on 
the  powers  of  the  unkuowu  (|u  entities  in  the  given  equations. 

In  the  same  manner,  it  three,  equations  be  given  involving  three  unknown 
quantities,  any  two  of  the  unknown  qu*intities  can  be  eliminated,  and  an  equation 
found  involving  only  one  of  them.  lu  like  manner,  if  foitr  equations  be  given  with 
four  unknown  quaniidfa,  any  three  of  them  may  be  eliminated,  and  the  resulting 
equation  will  involve  only  one  ot  the  unknown  quantities. 

This  may  be  exempli (i  d  by  the  two  following  examples  : — 

1.  Any  two  of  the  uukno^vn  quantities  x,  y,  z  can  be  eliminated  between  the 
equations  z+y  +  z^p,  xij+x2-\-ijz=q,  xyz=r^  and  the  resulting  equation  will  in- 
volve only  one  unknown  quantity. 

Let  2/ and  :  be  eliminated,  then  y-k'Z=^p-Xf  yz=-.    Substitute  these  values  of 

X 

2/  +  3andy3inaj(y+«)  +  yr=(^,  and  a5(;»-a:)  +  -=g',  orx«— ^•+gaj-r=0,  an  equa- 

X 

tion  which  involves  x  only. 

In  the  same  manner,  if  x,  z  were  eliminated,  the  resulting  equation  would  be 
Z/*-py'  +  ffy-»'=0;  and  if  z,  y  were  eliminated,  the  result  would  be 
s*  -jw*  +<2«-r»0.  And  as  x.  y,  2  are  similarly  involved  in  the  three  given  equa- 
tions, any  one  of  them  as  x  must  represent  all  three  quantities  or  in  other  words, 
X  will  have  three  values  in  the  e  {uation  x»  -px"*  +qx-  r=0, 

2.  Any  three  of  the  unknown  quantities  sc,  y,  z,  v  can  be  eliminated  between  the 
equations  x-i-y-k-z+v^p,  xy+xz+x9-¥yz+yv+zv^q,  ayz+xyv'\-xzv  +  yzv  =  r, 
xyzv=8,  and  the  resulting  equation  will  involve  only  one  unknown  quantity. 

Let  y,  z,  V  be  eliminated, 

Here  x*  -^xy+xz+xv^px,  multiplying  the  first  equation  by  x, 

and  zy + as  +  xu+yzj-yv  +  zv=q,  the  second  equation 

-X*  +yz  +  yv  +  zv=q-px,    by  subtraction* 

— x'  +zyz+xyv+xzv=qx'^px*,  multiplying  by  x, 

xyz + X'fv + xzv  +  yzv=sr   the  third  equation, 

aj»  +  yzv=r  -  qx  +px^     by  subtraction. 

X* + zyzD=:^rx  -  qx*  +pz*  multiplying  by  x. 

xyzv^s the  fourth  equation, 

x*  ==pz*  -  qx*  +  rx  -  «  by  subtraction, 
or  x^-|>x*+9X*-fx+«=0,  is  the  resulting  equation  involving  x  only.  By  the 
same  process  may  be  eliminated  also  x,  z,  v ;  x,  y,  v ;  x,  y,  2,  respectively ;  and 
the  resulting  equations  will  be  of  the  same  form.  And  since  the  four  quantities 
X,  2(,  3,  V  are  similarly  involved  in  the  four  given  equations,  any  one  of  them  as  x 
must  represent  all  the  four  quantities,  or  x  will  have  four  values  in  the  equation 
X*  -  2WJ»  +  jx' -  rx + sst  0. 


second,  third,  &c.,  coeflScients  of  the  terms  of  an  equation  in  order, 
and  not  any  definite  numbers. 

By  the  root  of  an  equation  is  meant  any  number  which  when  sub- 
stituted for  the  unknown  quantity  satisfies  or  fulfils  the  conditions  of 
the  equation,  and  by  tbe  solution  is  meant  the  determination  of  all  the 
roots. 

The  coefficients  of  the  terms  of  an  equation  are  supposed  to  be 
positive  or  negative  numbers  not  excluding  zero. 

2.  Equations  have  been  classed  and  named  according  to  the  highest 
power  of  the  unknown  quantity  involved  in  them. 

Simple  equations  have  been  named  equations  of  the  first  degree 
as  involving  only  the  fijrst  power  of  the  unknown  quantity,  and 
quadratic  equations  have  been  designated  equations  of  the  second 
degree  as  involving  the  second  power,  with  or  without  the  first  power 
of  the  tmknown  quantity.  In  like  manner  cubic  and  biquadratic 
equations  have  been  named  equations  of  the  third  and  fourth  degree 
respectively,  as  involving  the  third  and  fourth  powers,  witli  or  without 
lower  powers  of  the  unknown  quantity.  It  will  be  seen  that  equations 
of  the  first  and  second  degree  will  be  found  to  be  auxiliary  in  the 
solution  of  equations  of  the  third  and  fourth  degree.* 

It  has  been  already  shewn  that  every  simple  equation  is  reducible 
to  the  form  x— a^O,  and  every  complete  quadratic  equation  to  the 
furm  ^-piX+p^^O;  and  if  a,  h  he  the  two  roots  or  values  of  », 
the  unknown  quantity  in  this  equation,  tben  x  =  a,  x  =  h  and  x^a  =»  0, 

•  In  1823,  Mr.  Back,  of  Qaeen's  College,  published  a  method  of  sol^tng 
algebraical  equations  by  reducing  them  to  the  ordinary  forme  of  quadratics.  His 
method  of  solution  for  equations  of  the  third  and  fourth  degree  will  be  understood 
from  examples. 

1.  An  example  of  an  equation  of  the  third  degree^  p.  10  : — 

Let  a:»-ea:«-4aj- 21=0,  «•  -  6a;  -  4=?1,  letfr=?l,  then  ii?ar=21. 

X  X 

anda:*.-ea:+9=w+18,  .'.  iK=3±(w+18)*.    If  t£;=: 8,  then  (to +  13)^-4, 
and  a;=:8±4=7  and  - 1 ;  but  tcxm»2l,  and  .*.  7  is  a  value  of  x  which  satisfies  the 
equation. 

2.  An  example  of  an  equation  of  the  fourth  degree,  p.  88  :— 

Leta;*-ra:»+9««  +  8a;  +  16=-0,   aj«-7aj+9=  -  (?+i?V  let  ?  +  l?=ii7. 
then  a;«-7je  +  9=-w,  and  «=Z±  Qiz.*!?)*.  (i) 


Butt£;=?+y.  .-.  t«c«-8«=16,  tnd«=t+*(!Ltll'.  (2) 

X       X*  1£>—  M 


2-^       2 

w 


If  «7=8,  then  from  (1)  a;=Z±ia4  and  8, 

ftt)m  (2)  x^\±\^i  and  —. 
8""8  8 

The  value  x^i  satisfies  the  equation. 

It  will  be  seen  that  the  value  of  io  is  to  be  found  ly  trioL 


^—5  =  0,  and  therefore  (a?— fl)(a:— J)  =  0,  or  a^-^  {a  ■^h)x+ ah  -0  is  an 
equation  identical  with  the  equation  a^  —piX+pt  =  0, . 

and  a?*-j!7ia?+j!7,  =  (a?— «)(:r— J)  =  «•— (fl+5)^+flJ, 

and.-.  — />i-— (a+i),^a'=tfi. 

In  the  same  manner  a  cubic  equation  may  be  formed  of  three 

simple  equations.     If  a,   b,   e  be  the  roots  of  the  cubic  equation 

a^—pia?+p^^Pi'^0,x^a,  07-5,  x^c,  and^— a  =  0, a?— 3  =  0,  a?-c  =  0, 

and  therefore  (x — a){x—h)(x—c)  =  0 

or  a^—{a+h+c)ji^+{ab+a€+he)x—ahe'^0 

is  an  equation  identical  with  the  equation  ^—Pi^+p^^Ps  =  0, 

and  .'.  -pi^  —{a+b+c)f  Pi=:ah+ac+hCf  — /?j  =  — ahc. 

In  a  similar  manner,  if  a,  b,  c,  d  denote  the  roots  of  the  biquadratic 

equation  x^—pia^-^p^'^-^p^+p^  «  0,  then  {x^a){x^h){x^c){x—d)  =»  0, 

or  xi^-'{a+b+e+d)3^+(ab+ac+ad+be'\'bd+cd)x* 

-^(abc-\-abd+a4fd+bcd)x+abcd=  0 
is  an  equation  identical  with  x*-^pypi^-\-p.^^p^'\'p^  =  Of 

— Pj=  — (ai<?+a3<?+tf(?(?+3«i)  =  ^[{a'\'b)cd'\'{c-\'d)ab} 

=  --{dbc'\-{ab'\-ae-\'bc)d]f 

+/>4  =  abed. 

Hence  the  following  relations  exist  between  the  roots  and  the  co- 
efficients of  an  equation,  when  the  coefficient  of  the  highest  power  of 
the  unknown  quantity  is  unity. 

The  coefficient  of  the  second  term  of  an  eqtuition  toith  its  proper  sign 
is  eqiLol  to  the  cdgebraiocd  sum  of  the  roots  with  their  signs  changed. 

The  coefficient  of  the  third  term  is  equal  to  tf^e  algebraical  sum  of  tlie 
products  of  evefy  ttoo  roots  with  their  signs  changed, 

TJie  coefficient  of  tl^  fourth  term  is  equal  to  the  algebraical  sum  ofUie 
product  of  every  three  roots  with  their  signs  changed,  d;c.  And  tJie  last 
term  is  equal  to  the  product  of  all  the  roots  with  their  signs  changed. 

Hence  also  it  appears  that  if  the  roots  of  an  equation  be  all  positive, 
the  signs  of  the  coefficients  of  the  terms  are  alternately  positive  and 
negative ;  and  if  the  roots  be  all  negative,  the  signs  of  the  coefficients 
may  be  shewn  to  be  all  positive.  Hence  it  is  evident  that  if  the  signs 
of  the  alternate  terms  of  an  equation  be  changed,  beginning  with  the 
second,  all  the  signs  of  the  roots  are  chauged.* 


*  If  +1,  +2,  +8  be  the  roots  of  an  eqaation,  then  a;=l,  x=2,  x=S,  and 
a;-l=0,  aj-2=0,  a;-8=»0,  .*.  (a;-l)(a;-2)(r-8)=0,  or  a;»-6«*  +  lla;-e=0,  an 
equation  whose  coefficients  are  alternately  positive  and  negative. 

If  ~1,  -2,  -3  be  roots  of  an  eqnation,  then  x=  — I,  a;=-2,  2;= -3,  and 
aj  +  l=0,  «+2=0,  a:+8=0,  and  .•.  (a:  +  l)fa;+2)(aj+8)==a;«+6a:"+llaj+6  =  0,  an 
equation  which  has  all  the  signs  of  its  coefficients  positive. 

And   obvionsly  if  the  signs  of  the  coefficients  of  the   alternate   terms   of 


3.  A  cubic  equation  a;*— i?ia?'+^j|«— ^,  =  0,  whose  roots  are  «,  ^,  r, 
may  be  considered  to  be  composed  of  a  simple  and  a  quadratic  equa- 
tion; for  if  a,  h  be  the  roots  of  a?'— jPia?+j3j  =  0,  then  (a?— a)(2r— 6)  =  0 
is  an  equation  identical  with  ^^-~Pi£+p»  =  0,  and  i£  x-e,  X'-e  =  0,  and 
therefore  (a:— a)(a?— J)(a?— c)  =  0  is  an  equation  identical  with 

(j?'— ^ia?+/?,)(a:— (?)  =  0.     Hence  (a^— /?jar+^,)(a:— 1?)  =  0  ia  an  equation 
identical  with  a^—pia^+p^^p^=zO, 

A  biquadratic  equation  may  consist  of  a  cubic  equation  and  a 
simple  equation ;  for  if  a,  h,  c,  d  be  the  roots  of  the  biquadratic  equation, 
^*— /'i-^+jpy  — iV?+i?«  =  0,  then  (ar— tf)(;j?— 3)(a?— c)(ar— rf)  =  0. 
But  it  has  been  shewn  that  if  a,  h,  e  be  the  roots  of 

^— jPiic'+i?a^-"i>i  =  0,  thena:'-;?,ar^+;>^— /?,  =  0,  and 
{x — a){x — b){x — c)  =  0  are  identical  equations. 

If  07  =  ^,  x—d^O,  then  {x'-d)(jx^—p^ai^+p^—'Pi)  =  0, 

and  (a? — a){x — h){x—e)(x — d)  =  0  are  identical  equations. 
Hence  it  follows  that  (ar— flf)(:c'*— j9,a:'-|-j9jir— ^j)  -0, 

and  x*—pia^+PfX'^'—ps''^+Pi  =  0  are  identical  equations. 
A  biquadratic  equation  may  also  consist  of  two  quadratic  equations ; 
for  if  a,  h  denote  the  roots  of  x^—piX+p^  =  0,  and  c,  d  the  roots  of 
s^—qiX+qt  =  0,  then  {^—Pi^+Pt){^—gi^+gt)  =  0  is  an  equation  identi- 
cal with  {x'—a){x-^h){x'^c){x^d)  --  0,  and  if  a,  h,  e,  d  be  the  roots  of 
^^^Pi^+Pr^'—PiP'^+Pi  =  0 ;  it  follows  that  {^—piX+PfXar—qiX+q*)  -  0 
and  x^-^piO^+p^—p^+p^^O  are  identical  equations. 

4.  As  an  equation  can  be  formed  when  the  roots  are  given,  so  also  an 
equation  can  be  formed  when  the  successive  coefficients  of  the  descend- 
ing powers  of  the  unknown  quantity  are  given. 

Let  1,  —^1,  +Pif  —pa  be  the  successive  coefficients  of  the  terms 
of  a  cubic  equation. 

First,  add  the  second  coefficient  — pi  with  its  proper  sign  to  x, 
and  multiply  the  algebraic  sum  by  a?,  then  x^x—p^)  =  ai^—piX. 

Next,  add  the  third  coefficient  +p^  to  this  product,  and  multiply 
the  sum  by  x,  then  x{x^'^pix+p^)  —  a^^pia^+p^. 

Thirdly^  add  the  fourth  coefficient  — />,  to  this  last  product,  and 
make  the  aggregate  equal  to  zero,  and  a^-^piS^+p^-^p^  :=  0,  is  a  cubic 
equation^  which  has  its  coefficients  ji|,  p^,  j?,  numerical. 

In  this  equation  it  is  not  known  whether  the  coefficients  ^i,  Pt^  Pt  &re 
or  are  not  directly  subject  to  the  same  conditions  as  when  the  roots  are 


X*  -  6x*  + 11«  -  6=0,  bti  changed,  beginning  with  tlie  ■eoond,  the  equation  becomes 
z*  +  62*  +  llz+ 6=0  an  equation  whose  roots  are  negative. 

And  in  a  Bimilar  manner,  if  1,  2,  8,  4  be  the  poeitivB  roots  of  a  biquadratic  equa- 
tion, the  equation  is  a;^  -  lOx*  +  35a;*  -  50a;  +  24=0,  and  if  the  alternate  signs  of  the 
terms  be  changed,  beginning  with  the  second,  the  roots  of  the  biquadratic  equation 
X*  +  10a:»  +  36a;*  +  60.r  +  24 =0  are  all  positive. 

ir  zrro  bo  a  root  of  an  equation,  it  will  assume  the  form  x*  -^PiX*  -^p^x*  -/>,«=:  0. 


known  to  be  definite  integral  numbers,  or  in  other  words,  whether 
the  roots  be  rational,  irrational,  or  impossible. 

And  the  biquadratic  equation  a?*— jPi^^+j^ja:'— ^ja:+j»4  =  0  may  be 
formed  in  the  same  manner,  in  which  the  coefficients  1,  — j^,,  +i?2«  ^P^t 
+p*  are  any  numbers  whatever,  subject  or  not  subject  to  the  relations  ^ 
which  subsist  between  the  coefficients  and  roots  of  the  equation,  when  • 
the  roots  are  rational. 

Hence  in  general  it  appears  that  the  direct  proposition,  '^  To  form 
an  equation  either  with  given  roots  or  with  given  coefficients,"  is 
always  possible;  but  the  reverse  process,  '*  To  determine  the  roots  of 
a  given  equation  in  terms  of  the  coefficients,"  is  not  so  simple  a 
process,  but  involves  difficulties  of  such  a  nature  as  have  not  yet  been 
fully  overcome.* 

A  general  formula  has  been  found  for  the  solution  of  quadratic 
equations,  and  of  such  as  can  be  reduced  to  the  form  of  quadratics ;  but 
no  general  formula  has  yet  been  discovered  for  the  solution  of  cubic 
and  biquadratic  equations,  or  equations  of  a  higher  degree.  The 
formulte  which  have  been  devised  for  the  solution  of  equations  of 
the  third  and  fourth  degree  are  both  limited  and  restricted  in  their 
application. 

The  relations  between  the  roots  and  the  coefficients  of  an  equation 
are  true,  not  only  for  equations  of  the  second,  third,  and  fourth 
degree,  but  also  for  equations  of  higher  degrees.  In  cases  where  the 
roots  are  so  related  that  terms  are  wanting  in  an  equation,  for  every 
term  so  wanting  there  arises  one  additional  relation  between  the  roots 
and  coefficients  of  the  equation.  These  relations  may  be  such  as  to 
aflbrd  facilities  for  the  solution  of  the  equation.  As  for  instance,  if 
the  roots  of  die  biquadratic  equation  a^^p^a^'\'p^se^'^p^'\-p^  =  0  he  so 
related  that  jpi,  p^,  the  coefficients  of  the  second  and  fourth  terms  of 
the  equation,  are  zero,  the  equation  becomes  ^+i'i^+i'4='0}  which 
can  be  solved  as  a  quadratic,  and  its  four  roots  determined. 

'1'      ■     ■■■-■«        ...     .1     _■  .. 

*  "The  sohttions  of  cubic  a:id  biquadratic  equations  have  been  known  for  nearly 
three  centuries  ;  and  all  the  attempts  which  have  hitherto  been  made  to  proceed 
beyond  them,  at  least  in  equations  in  which  there  exists  no  relation  of  dependeuct* 
amongst  the  several  coefficients,  and  no  presumed  or  presumable  relation  amongbt 
the  roots,  have  altogether  failed  of  success ;  and  if  we  consider  that  this  great 
problem  has  been  subjected  to  the  most  scrutinising  and  laborious  examination  by 
nearly  all  the  greatest  analysts  who  have  lived  in  that  period,  we  may  be  justified  in 
concluding  that  this  failure  is  rather  to  be  attributed  to  the  essential  impossibility 
of  the  problem  itself,  than  to  the  want  of  skill  or  perseverance  on  the  part  of  those 
who  have  made  the  attempt.  But  in  the  absence  of  any  complete  and  uncon- 
trovertible proof  of  this  impossibility,  the  question  cannot  be  considered  as  con- 
cluded, and  will  still  remain  open  to  speculations  upon  the  part  of  those  with  whom 
extensive  aad  well-matured  knowledge,  and  a  deep  conviction  founded  u^iou  it,  have 
not  altogether  extinguished  hope." — Repcrl  of  tJu  BrUUh  Association  j or  tlie  Ad- 
vancement  of  Science,  1833,  pp,  301,  307. 
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There  are  also  some  forms  of  equations  liigher  than  the  fonrth 
degree,  which  can  be  reduced  so  as  to  admit  of  solution  by  means  of 
equations  not  higher  than  the  fourth  degree. 

As  for  instance,  every  complete  equation  of  the  fifth  degree,  like 
every  equation  of  the  third  degree,  must  have  one  root  either  integral 
or  irrational ;  and  when  this  root  has  been  found  exactly  or  approxi- 
mately, the  equation  can  be  reduced  to  one  of  the  fourth  degree. 

An  equation  of  the  third  degree  may  have  three  integral  or  three 
irrational  roots;  one  integral  and  two  irrational;  or  one  int^;ral 
or  irrational  and  two  impossible.  In  cases  where  the  equation  con* 
tains  one  integral  root,  this  root  can  always  be  found,  and  the  equatiozi 
depressed  to  a  quadratic  which  will  give  the  other  two  roots. 

An  equation  of  the  fourth  degree  may  have  its  four  roots  all  integral, 
aU  irrational,  or  all  impossible ;  or  it  may  have  two  roots  integral  and 
two  roots  irrational ;  or  two  roots  integral  or  irrational  and  two  roots 
impossible. 

When  the  equation  contains  two  integral  roots,  these  can  be  f ound, 
and  the  equation  depressed  to  a  quadratic,  which  will  contain  the  other 
two  roots,  which  will  be  both  irrational  or  both  impossible. 

When  the  equation  contains  monomial  roots,  irrational  or  im- 
possible, these  can  be  detected,  and  the  equation  depressed. 

If  one  root  of  a  cubic  equation  be  known,  or  can  in  any  way  be 
determined,  the  equation  may  be  depressed  to  a  quadratic,  from  which 
the  remaining  two  roots  can  be  found. 

In  the  same  manner,  if  one  root  of  a  biquadratic  equation  be  kno  wn, 
the  biquadratic  can  be  reduced  to  a  cubic  equation,  and  if  two  roots  be 
known,  it  can  be  reduced  to  a  quadratic  equation. 

In  any  given  equation,  all  or  some  of  the  roots  may  be  rational  or 
irrational,  and  positive  or  negative,  or  impossible. 

If  the  integral  root  or  roots  can  by  any  process  be  determined,  the 
given  equation  can  be  depressed  to  one  of  lower  dimensions,  and  this 
depressed  equation  can  involve  only  irrational  or  impossible  roots,  or 
some  irrational  and  some  impossible.  If  the  limits  of  the  irrational 
roots  can  be  determined,  then  approximations  to  the  values  of  these 
roots  can  be  found  to  any  required  degree  of  accuracy;  and  the 
equation,  when  depressed,  will  contain  only  impossible  roots :  or  if  the 
impossible  roots  can  be  detected,  the  equation,  when  depressed,  will 
contain  only  irrational  roots. 

5.  lb  explain  the  method  of  finding  the  integral  roote  of  a  euhie  and 
of  a  biquadratic  equation. 

Let  s^—piix^+Pi^—pt  =  0  be  an  equation  of  the  third  degree. 

If  this  equation  contain  one  or  more  integral  roots,  they  must  be 
factors  of  the  last  term. 

Suppose  a  is  an  integral  root  of  this  equation, 
Then  «'— i>ia'+i?i«— !>«  -  0, 


.-.  il^a'^p,a+p^  lot  h^Q, 
a  a 

^irh  =  a^p,,  let  9lZ^  =  Q„ 
a  a 

and  Q»+^'  =  +L 
a 

From  this  process  it  will  appear,  in  order  that  a  may  be  an  integral 
root  of  the  cubic  equation  a^—pi^i^+P'^-'Pz  =  0,  the  final  result  will 
be  +1  .♦ 

The  labour  of  making  trial  of  all  the  divisors  of  the  last  term  of 
the  equation  may  be  considerably  lessened,  by  depressing  the  equation 
when  +1  or  -—1  are  among  the  roots,  and  by  excluding  all  divisors  of 
the  last  term,  which  are  greater  than  the  greatest  positive  root,  and 
less  than  the  least  negative  root,  and  trying  only*  the  divisors  which 
are  included  within  these  limits. 

The  same  process  with  these  limitations  is  applicable  for  finding 
the  integral  roots  of  equations  of  the  fourth  degree. 

6.  When  the  eoefficienU  of  equations  are  rational,  mposathle  roots  enter 
these  equations  in  conjugate  pairs. 

•  Determine  if  the  cubic  equation  a"  -  z'  -  2Ca;— 24 = 0  has  integral  roots. 
If  a  be  a  root  of  this  eqaation,  it  must  be  a  divisor  of  the  last  term,  and  may  be 
±2,  ±8,  ±4,  ±6,  ±12;  1  is  obviously* not  a  root. 
Then  a»  -  o«  -  20a  -24-0 

21«a«-a-20,  but?i«Ci 

£l±22-a.l.  buti±2^=(2. 
a  a 

a 
Try±a-±2  ±3  ±4  ±6  ±12 

then— -±12  ±8  ±6  ±4  ±2 

a 

C, +20-32  or  8        23  or  12        26  or  14    24  or  IG    22  or  18 
^i±?5»i6or-4      „    -4  „  4    „ 


^,  +  1-17  or  -3      „    -3  „  C    „ 


a 

Here  -  3  makes  the  final  result  of  ^iL±l  equal  to  +1, 

a 

therefore  -  3  is  the  only  integral  root  of  the  equation,  and  by  substituting  -  3  for 

X  the  equation  is  satisfied. 

To  find  the  other  two  roots,  as—  -  3,  and  2+3-0, 

^*~^*^  g^"^^-0,  or  «•  ~4x  -8=0,  which  gives  a;=2±2V8,  the  other  two  roots 
of  the  equation. 
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If  a+5>/— 1  be  a  root  of  the  cubic  equaiioii  a;*— ^4«*+^,a?— f|=»0 ; 
then  a—by/  —  !  shall  also  be  a  root. 

Since  x  =  a+hy/--lf  then  substituting  this  value  of  a;  in  the  equa- 
tion, it  becomes  fa+J^/  — 1)*— ^i(a+i^/— l)'+^,(a+i^/  — 1)— jp,«0, 

or  (a*— ^,a*+jpi«— jp,— 3aJ>+j0,*«)+(3(i*d— 2^ifl*+j?j3— 6•)^/— 1  =0, 
an  equation  consisting  partly  of  possible,  and  partly  of  impossible 
quantities. 

These  parts  are  each  equal  to  zero, 

and  {SaFb—2piab+pJf^lf^)y/'^l  =  0 ; 
.*.  By  subtraction, 
(a»— jp,«'+i?^— ^,— 3aa«+^,y)— (3««*  -  2p,ah+pjb  -  y)^/  - 1  =  0, 

or(a-V-l/-i^,(a-V-l)'+M«-^N/-l)"l'»  =  0. 
.*.  a—hs/  —  1  satisfies  the  equation,  and  therefore  is  idso  a  root. 

By  a  similar  process  it  may  be  shewn  that  surd  roots  enter  cubic 
equations  in  conjugate  pairs:  and  in  the  same  manner  an  equation  of 
the  fourth  degree  may  be  shewn  to  hare  one  pair  or  two  pairs  of 
impossible  or  surd  roots.* 

If  an  equation  be  known  to  have  one  impossible  or  surd  root,  a 
second  impossible  or  surd  is  also  known,  and  if  the  given  equation  be 
a  cubic,  it  can  be  depressed  to  a  simple  equation;  and  if  it  be  a 
biquadratic  equation  it  can  be  depressed  to  a  quadratic. 

A  cubic  equation  can  have  only  one  pair  of  conjugate  roots,  and 
one  real  root  positive  or  negative.  A  cubic  equation^  also  may 
contain  three  real  roots,  all  positive  or  all  negative ;  or  it  may  contain 
two  positive  and  one  negative,  or  one  positive  and  two  negative. 

A  biquadratic  equation  may  contain  two  pairs  of  impossible  roots,  or 
one  pair  of  impossible  roots  and  two  real  roots  both  positive  or  both 
negative,  or  one  positive  and  the  other  negative.  It  may  have  its  four 
roots  real,  all  positive  or  all  negative,  or  two  positive  and  two  negative, 
or  three  positive  and  one  negative,  or  three  negative  and  one  positive. 

If  all  the  four  roots  of  a  biquadratic  equation  be  impossible,  then 
whatever  numbers,  positive  or  negative,  be  substituted  for  the  un- 
known quantity,  the  results  will  always  be  affected  with  the  same 
sign ;  for  if  the  results  g^ve  different  signs,  one  root  at  least  would  lie 
between  the  two  results,  one  negative  and  the  other  positive. 

As  impossible  roots  always  enter  equations  in  conjugate  pairs  of  the 
forms  <i±i^/— 1  or  ±6n/— 1,  as  also  surd  roots  of  the  forms  <i±>/i 
or  ±i/h;  the  product  of  a  pair  of  conjugate  roots  of  the  forms 
a±.hy/^\  or  ±^^/  --1  is  always  positive ;  ^e  product  of  a  pair  of  roots 


*  The  determination  of  the  pain  of  impossible  roots  of  the  form  a±h>J~l  in 
any  equation  is  a  problem  of  considerable  diffii:alty.  The  theorem  of  Stnrm  for 
determining  the  number  and  siUiation  of  the  real  roots  of  an  equation,  may  be 
deferred,  as  also  the  researches  of  Bndan  and  Foorier. 
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of  the  form  a±  s/^  may  be  positiye  or  negatiye,  and  the  product  of  a 
pair  of  the  form  +  ^/5  is  always  negative. 

If  a  cubic  or  biquadratic  equation  contain  a  pair  of  roots  of  the  form 
±3>/  —  1  they  enter  as  two  positive  or  two  negative  roots ;  and  when 
such  roots  exist  in  an  equation  they  can  be  detected,  as  also  a  pair  oi 
roots  of  the  form  ±:y/h,  and  the  equation  depressed  to  one  of  lower 
dimensions.  Bat  the  nethod  of  detecting  pairs  of  roots  of  the  forms 
-^by/  —  I  and  ±>/3  does  not  apply  for  detecting  pairs  of  roots  of  the 
form  a±.h>s/  —  1  or  a±  ^/ J.* 

If,  however,  an  equation  involving  a  pair  of  conjugate  roots  of  the 
fjrma±3^  — 1  ora±>/5,  can  be  transformed  into  one  whose  pairs 
of  roots  are  of  the  form  ±5^—1  or  ±>/^,  such  roots  can  then  be 
detected.! 

7.  To  transform  an  equation  into  one  whose  roots  shall  be  the  reciprocals 
of  the  roots  of  the  given  equation. 

Let  s^-^f^3?'\'p^  —  jPs  ^  0  be  a  cubic  equation  whose  roots  are  a^h^c\ 
it  is  required  to  transform  it  to  an  equation  whose   roots  shall  be 
111 
a    h    e 

In  the  given  equation  for  x  substitute  -,  then  the  given  equation 

X 

becomes  --.^.1-^—^^3  =  0,  or  1— ^iar+j!?,ar'— jJsar^;-0, 
ar    or     X 

or  05''— ^^J-— =  0,  an  equation  whose  roots  are  _,_,-. 

Pt       P%     Pt  a    h   e 

*  If  the  equatton  a^  -  72*  +  1(Hb'  + 142  -  24  »  0  contains  two  roots  of  the  form  ±;  V^> 

then  g*  -f  1x*  +  IQg*  -  14a; -  24 ^O  „  „  ^\/h 

—  14a;»H- 282-0,  and  -«*+2-»0,  a;-»2,  a:=±V2,  are  the  two 

coiyugate  roots,   md  ^  '  ^^*  "^  \^'  **"  ^^''-  ^^  - 0,  or  2- -7a: +  12 »0  contains  the 

other  two  roots,  2=8,  2— 4.    The  truth  of  this  can  be  verified. 

t  For  example,  the  roots  of  the  equation  2^  -2»— 92*  -52+2—0  are  —1,  -2, 
2±|/3. 

Since2*-2»-9as*~52+2-0hasroot8— 1,  ^2,  2±V3 
2^+2»--92«+62  +  2«0        „  1,      2,  -2T\/8 

-22"-102-0,  and 2^+6— 0,  2— ±V-5         which  fails  to  give 
2±>/8,  the  two  correct  roots. 

The  equation  2*  +2*  +II2*  +92+18—0  involves  two  roots  of  the  form  ±h^  —1, 
then  2^-2*  +  ll2»-92  +  18-0  „  „  ?6i/ -1, 

205' +92-0,  and  2« +9—0,  2-±8^/-l, 
•*.  ±8x/  - 1  are  two  roots  of  the  equation,  and  this  may  be  verified, 
2-+3>/-l,  2-i-8>/-l,  then  2-81/  -1-0,  2+81/ -1=0, 
.-.  (2-8^/-l)(2+8^/-l)-0,  or2»+9»0, 

2^+2'+ll2^+92jj_8^Q    ^^^,^^^g^ 
2* +9 

and  2— ±i(~l±%/'*7)  axe  tlM  other  two  roots. 
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By  the  same  process  a  biquadratic  equation  may  be  transformed.* 
If  a,  b,  e,  d  denote  the  roots  of  the  equation 

then  a?*-:?>^+^-^  j-L  =  0  is  the  equation 
P*       P*      Pi     Pi 

whose  roots  are -,  -7,  -,  -=. 

abed 

If  the  given  equation  be  of  the  form  x^^px^+px^l  =^0,  let  -  be 
substituted  for  ar,  then  __-^4.€— 1  =0,  or  1— jpar+iw*— «*, 

The  transformed  equation  is  identical  with  the  given  equation,  and 
the  roots  of  the  transformed  equation  are  the  same  as  the  roots  of  the 
given  equation. 

Also  the  biquadratic  equation^*— ^jt;'+^^-j9:p+l  =-0,  when  trans- 
formed into  one  whose  roots  are  the  reciprocals  of  the  roots,  will  be  of 
the  same  form  as  the  given  equation. 

When  the  signs  and  coefficients  of  an  equation  taken  in  a  direct 
and  inverted  order  are  the  same,  the  equation  is  named  a  reciprocal 
or  recurring  equation. 

8.  To  transform  an  equation  into  another  whose  roots  shall  be  respeetivdif 
antf  multiples  or  submultiples  of  the  roots  of  the  given  equation. 

Let  ix^-'PiX^+p^--pi  =  0  be  a  cubic  equation,  whose  roots  are  a,  b, 
e,  it  is  required  to  transform  it  into  an  equation  whose  roots  shall  be 
ma,  mbf  mc. 

Assume  y  -  mx,  then  ^  ~  ^,  substitute  this  value  ot  x  in  the  given 

m 

equation,  .•.  iL«.^  4.^—^3  =  0,  orv'— ^if»y'+i?,mV— »»'j?j«0,isthe 

equation  whose  roots  are  ma,  mb,  mc. 

Next,  letys  —  ,  then  X'^my.     Substitute  in  the  given  equation, 


m 


.•.  m^y'^—p^mh/JfpMj^Pi  =  0,  or  y*— ^1(.  -j-^«.^  =  0  is  the  equation 
whose  roots  are  — ,  — ,      .f 


m    m    m 


*  By  means  of  this  transformation  an  eqnation  can  be  foand  of  which  the 
greatest  and  least  roots  are  respectively  the  least  and  greatest  roots  of  the  given 
equation. 

t  For  instance,  the  equation  x^  -Qx^  +  11a; -6=0,  roots  1,  2,  3,  is  transformed 
intoa;*—l&B'  +  99x- 162=0,  roots  3,  6,  9,  hy  multiplying  the  second,  third,  and 
fourth  terms  respectively  by  3,  3^,  3'.    And  conversely,  the  equation 
m*  -  18x«  +  99a;  -  162-iO,  toots  3,  6,  9,  is  transformed  to  x^-Sjc^+Hx-  6=0,  whose 


11 

By  the  same  process  a  biquadratic  equation  may  be  transformed. 
If  a,  bf  c,  d  denote  the  roots  of  the  equation 

then  y*^Pimy^+p^mY'-Pzni*y+fn%  =  0  is  the  equation  whose  roots 
are  ma,  mh,  me,  md. 

And  y*— M.  i^_:?^  •  :?*  =  Ois  the  equation  whose  roots  are 
m       mr      m      m 

abed 
m   tn   m   m 

9.  To  transform  equcUums  of  the  third  and  fourth  degree  into  otiters 
ijohoee  roots  shall  be  (1)  the  squares,  (2)  Uie  cvhes  of  the  roots  of  the  given 
eqiuUions, 

(1)  Let  a,  bf  c  be  the  roots  of  the  equation  a;*— ^ja^'+^ja?— ^3«0, 
then  a^-^p^^Pi^-^Pz, 

squaring  each  side,  a:*+2paar*+jp,V  =  />,V+2pi^^+l?,' 
and  ^— (i?i'— 2^,)ar*+(^,»— 2i?i|?,)a;»— 1?3*  =  0. 
Let  y  =  a^,   then  y*— (jPi*— 2j[?,)y*+(j7a«— 2i?||?s)y— i?»'  =  0,   is  the 
equation  whose  roots  are  a*,  b^,  <^,* 

(2)  Let  y^o^,  then  z  =  yl,  substituting  this  value  of  x  in  the  given 
equation ,  it  becomes  y  —  j^iy*  +i>jy * — i's  =*  0,  and  y  —^3  =  piyl  —p^y^ 
raising  eadi  side  of  this  equation  to  the  third  power, 

(tf-PiY  =  Piy-Piy-^PiP^{p^^-p^"')  -  PiY  -Pitf  -  ^PiP^iy  -pi)- 

Hence  f'-{p?''^PxPt'¥^i)y^-\'{p%-^iPtPz-¥'^Pz^)y-pi  =  ^  is 
the  equation  whose  roots  are  t^,  V,  c*. 

(1)  Next,  let  a,  b,  e,  d  be  the  roots  of  the  equation 
^*'^Pi2?+p^^p^'^-p4  =  0,  then  s^+PtX^+p4 = Pi^+p^>    Square  each 
side  of  this  equation  and  arraage  the  terms  in  order  on  one  side,  and 
«*-(jPi'-2i?,)a?« + (i?,»  -  2p,pi + 2i?4)4?*-(i?s*-  2p^p,)x'  +p^  =  0. 

Let  !i?  —  y, 

roots  1,  2,  3,  by  dividing  the  second,  third,  and  foorth  terms  by  3,  3^,  3'.  When 
the  coefficient  of  the  highest  power  of  the  unknown  quantity  in  an  equation  is  not 
onity,  or  if  any  of  the  coefficients  be  fractional ;  by  means  of  this  transformation  the 
equation  may  be  reduced  to  another  in  which  the  coefficient  of  the  highest  power  of 
the  unknown  quantity  shall  be  unity»  and  all  the  coefficients  integral. 

Also  an  equation  whose  coefficients  are  large  numbers  may  be  reduced  to  ono 
whose  coefficients  shall  be  smaller  numbers.  As,  for  example,  if  a;=10(>y,  the 
equation  x*  -  20000z -  5000000-0  is  reduced  to  y»  - 2y -  6«0. 

*  Since  the  square  of  every  quantity,  positire  or  negative,  is  positive  ;  if  a 
complete  cubic  equation  hare  its  roots  real,  positive  or  negative,  the  transformed 
equation  will  have  all  its  roots  positive,  and  consequently  the  signs  of  its  terms  will 
be  alternately  positive  and  negative.  If  therefore  the  transformed  equation  have  not 
the  signs  of  the  alternate  terms  positive  and  negative,  the  proposed  equation  must 
involve  two  impossible  roots.  The  equation  a:*  +2* — 22a;  -  40=0  has  its  roots  -  2, 
-  4,  +5 ;  when  transformed  into  an  equation  whose  roots  are  ( -  2)',  ( -  4)',  (+5)*, 
it  becomes  y»-43y«+128y- 160=0.  But  the  equation  aj*-9a:»-f  83a; -65=0, 
whose  roots  are,  +5,  2+3>/  - 1,  2—9^  - 1,  when  transformed  into  one  whose  roots 
are  (+5)«,  (2-^3^/-l)^  (2-8>/-l)«  becomes  y»-15y«- Sly- 4225=0. 
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then  y*-(jp,»-2j?,y +(^2-  ^xPz-^^Pdu'-W-^PiP^y^P^  -  0  is  the 
equation  whose  roots  are  a*,  4*,  c*,  rf*.* 

10.  To  traffsform  an  equation  into  another  whosp  roots  shall  he  reepeetwefy 
greater  or  Use  than  the  roots  of  the  given  equation  hy  any  given  qutmtiiy* 

Let  Q?^P)p^-\'P^'-'Pt  =  0,  the  given  equation  whose  roots  are  a,  h,  e, 
be  transformed  into  one  whose  roots  shall  be  a+e,  h+e,  c+e* 

Assume  y  =  x+e,  then  x  =  y—e. 

Substitute  this  value  of  x  in  the  given  equation,  and  it  becomes 
(y— .tf)«— .^i(y— tf)«-(-^j,^  -  d)— jPj  =  0,  the  terms  of  which  when  expanded 

and  arranged  give 

the  equation  whose  roots  are  respectively  a+e,  h+e,  c+e. 

By  the  same  process  the  equation  a^-^p^x^+p^—p^^O  can  bfr 
transformed  into  one  whose  roots  shall  be  a— «,  i—  e,  e^e. 

Assume  y=x-^e,  then  x-y+e  and  the  transformed  equatioik 
y'-iPi  -  3%*+(i?, -  ^Pie+Se^y-i^-p.e'+p.e  --p,) = 0  is  the  equation 
whose  roots  are  respectively  n— *,  i— «,  c — e. 

In  the  latter  transformed  cubic  may  be  noted — 

1 .  The  expression  ^—pie*+p^--Pz  is  identical  with  the  terms  of  the- 
given  equation,  having  e  in  the  place  of  a,  and  constitutes  the  last  ternt 
of  the  transformed  equation. 

2.  The  coefficient  of  the  last  term  but  one  S^^2pie+Pf  is  formed 
from  ^•^pi^+p^-'Pi  by  multiplying  each  term  by  the  index  of  the- 
power  of  e  and  reducing  the  index  by  unity. 

3.  The  coeffiifient  of  the  last  term  but  two  Se-^pi  is  formed  by 
multiplying  each  term  of  S^^2pie+p^  by  the  index  of  0,  reducing  th& 
index  by  unity  and  dividing  the  result  by  2.  f 

*  The  ttansfoimatioii  of  a  complete  biqandratic  equation  into  another  uSiose 
roots  shall  be  respectively  the  cubes  of  the  roots  of  the  proposed  equation,  may 
be  more  conveniently  effected  by  determining  in  succession  the  coefficients  of  the 
required  equation  in  terms  of  the  coefficients  of  the  proposed  equation. 

f  By  means  of  this  transfotmation  an  equation  may  be  transformed  into  another 
which  shall  want  the  seoond  or  any  othm:  term,  by  assuming  the  coefficient  of  this^ 
term  equal  to  zero^  and  finding  the  value  of  the  quantity  e  by  which  the  roots  of 
the  given  equation  are  to  be  respectively  increased  or  dliuinished. 

In  the  case  of  the  cubic  equation  z*—p^x*-\'p^x^p^^Of  the  second  tenn  dis* 
appears  from  the  transformed  equation  vrhenp^±Ze^O, 

The  third  term  disappean  when  &*±2ep,+|i,n0,  and  the  fourth  or  huit  temk 
when  e*±p^e^  •^Pte±p^=0,  or  when  4  is  equal  to  a  root  of  the  given  equation. 

When  the  second  and  third  terms  disappear  by  the  same  transformation,  then 
jp,±8cs0,  and  3e*±^i«+l>t~0>  by  eliminating  s,  then  i>i*»Sp«>  which  is  thfr 
lotion  which  must  subsist  between  the  coefficients  of  the  second  and  third  terma 
of  the  given  cubic  in  order  that  both  of  these  terms  may  disappear  in  the  trans- 
formed equation. 

By  A  similar  process  may  be  found  the  values  of  «,  in  order  that  the  second 
or  any  other  tenn  of  a  tranafonned  biquadmtle  equation  may  be  made  to  disappear. 
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By  a  similar  {ktocoss  it  may  be  shewn  that  if  a,  h,  e,  d  he  the  roots 
of  the  equation  s/^^-p^a^+PrX^-p^c+p^  —  O,  that 

+{p*+P^+P/^+Pi^+^*)  =  0 
as  the  equation  whose  rooit  are  a+e,  5+tf,  <?+«,  d+e. 

And  that  y*—(i?i—4«)y»+(i?,—3i?|tf+6e*)y»-(i?3— 2^,^+3^/— 4^)y 

is  the  equation  whose  roots  are  a^e,  h—e,  e^e,  d-^e. 

In  the  latter  transformed  biquadratic  may  also  be  noted, — 

1.  The  expression  e^  -  Pi<^+p^—p^+P4  consists  of  similar  terms  to 
ihe  proposed  equation  having  e  in  the  place  of  ». 

2.  The  coefficient  of  the  last  term  but  one  ^t^-^Spit^+ip^-^p^  is 
formed  by  multiplying  each  term  of  e^—p^+p^-'P^c+p^  by  the 
index  of  e  in  that  term,  and  reducing  the  index  by  imity. 

3.  The  coefficient  of  the  last  term  but  two  €^— Spjd+j^s  is  formed 
from  46*— 3/?ie'+2patf— jp,  by  multiplying  every  term  by  the  index  of  e 
in  that  term,  diminishing  the  index  by  unity  and  dividing  the  result 
by  2. 

4.  The  coefficient  of  the  last  term  but  three  ie^pi  is  formed  from 
^^^Spie+p*  by  multiplying  each  tenn  by  the  index  of  e,  diminishing 

the  index  by  imity  and  dividing  the  result  by  3. 

11.  Jfthe  iigns  of  the  Urm»  of  an  equation  whose  roots  are  possible  he 
arranged  in  order,  there  are  at  least  as  many  changes  of  signs  from  +  to  — , 
and  from  '^  to  +  ^  as  it  has  real  and  positive  roots  ;  and  at  least  as  many 
permanencies  or  continuations  of  the  same  signy  from  +  to  +,  and  from  — 
to  — ,  as  it  has  real  and  negative  roots. 

The  simple  equation  ^— a«=0  and  x-\'a^O  have  their  signs  H — 
and  ++  respectively. 

The  quadratic  equation  a^—piX-^-p^^O,  having  positive  roots,  has 
its  signs  H h,  which  gives  H — ,  — 1-,  two  changes. 

Let  the  equation  x—c-O,  whose  root  is  positive,  be  introduced  into 
the  quadratic  equation,  then 

or  3^—piS^'\'p^—pi «  0,  which  has  its  signs  -| h  — ,  and  gives  H — , 

— (-,  -| — ;  .'.  when  a  positive  root  is  introduced  into  a  quadratic 
•equation,  one  additional  change  of  signs  is  introduced  into  the  resulting 
<!ubic  equation. 

Next,  let  the  equation  ^— ef  ^  0,  whose  root  is  positive,  be  introduced 
into  the  cubic  equation  ^-^Pi^^-^-p^^p^  -  0 ;  it  becomes 
(a:* -i?i««+ii.ir— jpa)(a?—<0  =J?*~(jp, +<£)«*+ (<?Pi +/?«)«*--  (^i?»+^.> 

or  a;*— iJ^^'+i?*^— i't^+l^A^O,  whose  signs  H h— +  give 

+-,  -+,  +-,  -+. 

.*.  When  a  positive  root  is  introduced  into  a  cubic  equation,  one 
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additional  change  of  signs  is  introduced  into  the  resulting  biquadratic 
equation. 

In  the  same  manner  it  may  be  shewn  that  when  a  negative  root  is 
introduced,  it  will  be  found  that  a  permanence  of  the  same  sign  +  -f , 

or ,  would  be  introduced  into  the  requiting  cubic  or  biquadratic 

equation. 

Hence,  conversely,  if  the  signs  of  a  cubic  and  biquadratic  equation 
be  arranged  in  order,  there  will  be  as  many  positive  roots  in  the 
equation  as  there  are  changes  of  signs  from  +  to  — ,  and  from  —  to 
+  ;  and  as  many  negative  roots  as  there  permanencies  of  the  same  sign 
+  +  and ,  when  all  the  roots  are  possible. 

But  if  the  equation  contain  impossible  roots,  every  cubic  and 
biquadratic  equation  has  at  least  as  many  changes  of  signs  from 
+  to  —  and  from  —  to  +  &s  it  has  real  and  positive  roots,  and  at  hast 
as  many  continuations  of  the  same  signs  from  +  to  +7  &nd  from 
—  to  —,  as  it  has  real  and  negative  roots. 

But  as  every  pair  of  impossible  conjugate  roots  under  this  rule 
appear  as  two  positive  or  two  negative  roots,  the  rule  is  not  applicable 
for  discovering  pairs  of  conjugate  roots  of  the  form  a±h^^\  in 
an  equation. 

If  any  coefficient  of  an  equation  be  zero,  the  sign  of  that  term 
may  be  considered  positive  or  negative,  as  in  the  equations 
A^—PiH^+p^^Pi  =  0,  and  «*  '-piS^+p^^p^  +Pi  =  0,  if  the  coefficients 
of  the  second  terms  be  zero,  the  equations  may  be  written 
4?*±0ar'+jpjir--pj  =  0,  and  ai^  ±Oa^+p^^p^+p^  =  0,  and  when  the 
roots  are  possible,  both  signs  +  exhibit  the  same  number  of  changes 
and  permanencies  of  signs."*^ 

12.  Tb  explain  what  is  meant  hy  the  limits  of  the  roots  of  an  equation. 
Let  the  roots  of  the  equation  a^-^p^a^+p.^^p^^O  he  a,  b,  e;  a 
greater  than  h,  and  h  greater  than  e ; 

Then  a^-'p^x'+p^'-p^  =  («—  a)(«— 5)(j?--tf). 

*  The  tnith  of  this  may  be  illustrated  in  the  following  examples  : — 

1.  The  cubic  equation  x*-7x+6^0  hae  its  roots  +1,  +2,  -  8. 
When  the  term  whose  coefficient  is  zero,  is  restored,  x*±.Ox^  —  7x+6  «0. 

If  the  +  sign  be  taken,  the  signs  of  the  terms  are  +  +  -  +,  which  give  +  +, 
4-  - ,  -  + ,  two  changes  and  one  permanence  of  signs,  indicating  two  positive  roots 
and  one  negative  root. 

If  the  sign  —  be  taken,  the  signs  of  the  equation  are  + +,  which  give 

-f  -,  — ,  -  +•  two  changes  and  one  permanence,  as  before. 

2.  The  biquadratic  equation  x*  •'9x^+2x-{-Q'»0  has  its  roots  +1,  -3« 
+  (1  +  i/  3),  —  (>/3  -1),  and  when  the  term  whose  coefficient  is  zero  is  restored,  it  is 
x*±Qx*-9x^+2x+e  =  0. 

If  the  sign  +  be  taken,  the  signs  of  the  terms  are  +  +  -  +  +,  which  give  4-  -r , 
+  - ,  -  + ,  +  + ,  two  changes  and  two  permanences  of  signs. 

If  the  sign  —  be  taken,  the  signs  of  the  terms  are  +  —  +  +,  which  give  H — » 
— ,  —  +,  +  +,  two  changes  and  two  permanences  of  signs. 
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Let  mi,  m^,  m^,  ^4  be  four  numbers  sucli  that  m^  is  greater  than  a, 
m^  less  than  a  but  greater  than  h,  m^  less  than  h  but  greater  than  e, 
and  m^  less  than  c. 

And  let  mi,  nh,  mt,  m^  be  successively  substituted  for  x; 
when  X  =  Wj,  «•— |?j«'+l?jaf— jp,  becomes  (jwj—  »)(%—  ^)(wi— c),  which  is 

positive. 

'  x  =  m„  „  „  „         (fn,-a)(i«,—i)(m,—c),  which  is 

^  negative. 

«  =  «»  „  „  „         (»i,—aXw»—3)(m3-c),  which  is 

positive. 
,/      ar-m«  m  »>  n         (»i4-a)(w4—3)(»i4—c),  which  is 

negative. 

Hence  it  appears  if  each  of  the  four  numbers  between  every  two 
of  which  lie  ^e  three  possible  roots  of  a  cubic  equation  be  succes- 
sively  substituted  for  the  unknown  quantity,  the  four  results  are 
alternately  positive  and  negative. 

In  the  same  manner,  if  a,  b,  e,  d  be  the  roots  of  a  biquadratic 
equation,  oi^^Px^-^-p^—pyC-^p^  =  0, 

then  a?*— Pi«'+^j«'— ^^+/?4  =  (a?— «)(«—  i)(«— «)(a?— ci), 
and.  if  i»j,  m,,  mj,  m^  m^  be  numbers  such  that  mi  is  greater  than  the 
greatest  root  a,  and  m^  is  less  than  the  least  root  d,  aad  mj,  t/ts,  m^  lies 
respectively  between  the  roots  a,  h,  e,  d,  it  may  be  shewn  that  when 
ffij,  ffts,  m,,  m^  ms  are  successively  substituted  for  x  in  the  expression 
^—Pi^-k-Pit'^^P^+PAf  t^©  successive  results  will  be  positive  and 
negative  alternately. 

Hence  it  appears  that  numbers  which  are  limits  to  the  roots  of  the 
equation  (or  numbers  between  which  the  roots  lie),  when  substituted 
successively  for  the  unknown  quantity,  jfive  rentUs  alternately  positive 
and  negative. 

Conversely,  if  two  numbers  mi,  m^  when  substituted  for  x  give 
results  affected  with  different  signs,  one  root  at  least  must  lie  between 
these  two  numbers. 

And  if  a  series  of  numbers  jfi|,  m^  ^3, 1114,  taken  in  order  of  magni- 
tude when  successively  substituted  for  x  give  results  alternately  positive 
and  negative;  these  numbers  must  be  limits  to  the  roots  of  the 
equation,  or  the  roots  must  lie  between  these  numbers. 

If  every  number  greater  than  mj  when  substituted  for  x  gives  posi- 
tive results,  these  numbers  are  respectively  greater  than  the  greatest 
root  of  the  equation ;  and  if  every  number  less  than  m^  when  sub- 
stituted for  X  gives  negative  results,  these  other  numbers  are  less 
respectively  than  the  least  root  of  the  equation. 

If  the  results  arising  from  the  substitution  of  any  two  numbers 
for  the  unknown  quantity  be  both  positive  or  both  negative,  either  no 
root,  or  an  even  number  of  roots  of  the  equation,  lies  between  tho 
two  numbers. 

§12 
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13.  Ibjlnd  a  limit  greater  than  the  greate&t  poiitiv$  root  oftm  equation. 
Let  o^  ^,  ^  be  the  TOots  of  the  equation  ^—PiP^+p^^ p^^O,  and 

when  this  equation  ia  transfonned  into  one  whose  roots  are  respeotiTely 
diminished  by  e,  it  becomes 

If  such  a  value  can  be  assigned  to  e  which  shall  make  erexy  term 
of  the  transformed  equation  positive,  then  all  the  roots  are  negative, 
and  that  value  of  «  is  greater  than  the  greatest  positive  root  of  the 
proposed  equation."*^ 

If  the  signs  of  the  roots  of  the  given  equation  be  changed,  a  limit 
greater  than  the  greatest  root  of  this  equation  with  its  sign  changed  is 
less  than  the  least  root  of  the  proposed  equation. 

14.  lb  find  an  equation  whoee  rooie  ehall  he  limits  between  the  rooU  of 
a  proposed  equation  when  the  roots  of  the  latter  are  possible. 

It  has  been  shewn  that  when  a^^piX^+p^^p^^O  is  transformed 
into  an  equation  whose  roots  are  a^e,  b^e,  0— «,  it  becomes 

and  the  coefficient  of  the  last  term  but  one  of  this  equation  is  the  sum 
of  the  products  of  every  two  roots  with  their  sig^  changed, 

.-.  35*— 2/ij«+|^,  =  (tf— a)(*--i)+(*— a)(«--tf)+(«— 5)(6— tf). 
If  a,  h,  c  be  successively  substituted  for  e,  the  results  are  respectively, 

(a— J)(«— c)  which  is  positive, 

(J— a)(^--c)      „        negative, 

(tf— «)(«— J)      „        positive, 

therefore  0,  ft,  tf  are  limits  to  the  roots  of  the  equation  S^-^  ^i^+Pt »  0, 

and  substituting  x  for  e. 

The  roots  of  the  equation  3^— 2jp|^-f-|)|  =  0  respectively  Ue  between 
the  roots  of  the  equation  si^—pi'^+p^-^Pi  =  0,  and  if  1^,  ft'  be  the  roots 
of  3^-2^i^+i9,»0,  then  a,  e(^  ft,  ft',  0  are  arranged  in  order  of 

magnitude. 

The  case  here  taken  is  that  in  which  the  three  roots  of  the  cubic 
are  positive ;  the  same  process  applies  when,  all  the  roots  are  negative, 
or  when  two  are  positive  and  one  negative,  or  two  negative  and  one 
positive. 

By  the  same  process  it  maybe  shewn  that  the  roots  of  the  equation 


♦  When  X  u  written  for  e  in  8««  -SlPje+.P,  and  ^-Pi,  the  coeffldenta  of  the 
transformed  cubic  equation  ;  those  expressions  »»•  -2p,a;+j?,  and  Zx-p^  hare  been 
nimed   the   first   and  second  dorired   Amotions  of  the  giron   cuWc    eqiutioii 

Also  when  x  is  written  for  e  in  4«? -8;?,««+2pa«-|>,t  e««-Si?|«+|>„  and 
4«-p„  the  coefficients  of  the  transformed  biquadratic  equation;  these  expressions 
4x»  -Spiju'  +2/?aX-iJ„  6x'  -  ^P^x-k-pt  and  4«-Pi  have  also  been  named  the  first, 
second,  and  third  d«frired  functions  of  the  giren  biquadratic 


40;*— 3pia;'+2j9sr— jp,  =  0  are  limits  between  the  roots  of  the  equation 

Also  in  the  same  manner  an  equation  may  be  found  whose  roots 
shall  be  limits  between  the  roots  of  the  equation 

4a?'  -  3;pi«"+ 2p^  -  jp,  =  0. 

If  a  cubic  equation  contain  two  equal  roots,  the  limiting  equation 
will  contain  one  of  them,  and  the  proposed  equation  and  the  limiting 
equation  will  involve  a  common  factor  of  the  first  degreci  which  will 
contain  one  of  the  equal  roots. 

Also,  if  a  biquadratic  equation  contain  three  equal  roots,  the  limit- 
ing equation  will  involve  two  of  them,  and  the  given  and  limiting 
equations  will  contain  a  common  quadratic  factor  which  will  contain 
two  of  them.* 

If  all  the  four  roots  of  a  biquadratic  equation  are  impossible,  the 
limiting  equation  formed  by  the  ordinary  process,  being  a  cubic 
equation,  will  contain  at  least  one  real  root.f 

15.  To  investigcUe  the  solution  of  a  euhio  equation  by  the  method  oj 
Cardan. 

Let  a^—piSi^+p^^p^  =  0  be  a  complete  cubic  equation,  and  let  its 
roots  be  denoted  by  a,  h,  e. 

When  this  equation  is  transformed  into  a^^-qjc+r^O,  an  equa- 
tion wanting  its  second  term ;  i£a,  $,  y  denote  its  roots, 

thena  =  «+^,iS«6+^,-K  =  ^+^; 

.  o  o  o 

and  if  the  roots  of  the  transformed  equation  can  be  found,  the  roots 
of  the  proposed  equation  are  also  known. 

Assume  x  =  y+z,  then  the  equation  a;*—  qx+r  =  0  by  substitution 
becomes  y*+(3ys5  -  y)(y+«)+«'+r  =  0. 

And  since  y  and  z,  two  unknown  quantities,  have  been  substituted 
for  one — ^namely,  x ;  another  condition  may  be  assumed  in  the  solu- 

*  It  18  obvious  from  this  transformatioD,  that  if  a  cubic  equation  contain  two 
equal  roots  with  the  same  or  different  signs ;  and  if  a  bi<]uadratic  contain  two  or 
three  equal  root),  tbcse  equal  roots  can  be  detected  by  inspection.  As  in  tlie 
examples. 

The  cubic  equation  a:'  -ar^  -8a;+12»0,  can  be  put  into  the  form 
.7'  ~z'«2'a;+2'.8*0 ;  and  since  the  last  term  and  last  term  but  one  contain  the 
factors  2*,  2 ;  therefore  2  is  one  of  the  eqtud  roots  of  the  equation. 

The  biquadratic  x^+x*—  80a;'  +  76x  -  56  »-  0  can  be  put  into  the  form 
X*  ^x*-  2.3.5se'  + 19.2 'X-  7.2*  »0,  of  which  the  last  and  preceding  terms  contain 
the  factors  2*,  2',  2 ;  2  is  one  of  the  three  equal  roots  of  the  equation. 

t  The    equation    »♦  -  8«»  +  i2x*  -  80« + 126  -  0,    has    tlio    roots    1  ±  2  V  -  U 

3±4V-1. 

The  hmiting  equation  is  ix*  -24x»  +  Six  -  80  -  0,  or  x^  -  Qx^  +  21a;  -  20=0, 
>vhena:»l,  a>  ~6««+21a;-20«l-6  +  21 -20-22-26= -4,  a  negative  result, 
a!-2,  a;»-6z«+21a;-20:=8-24  +  42-20«60-44-  +6,  a  positive  result, 
.*.  one  root  of  the  equation  a;'  -6a;*+21j:-20»0  lifS  between  1  and  2,  and  is 
some  incommensurable  number. 
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tion.  Let  St/z^g  -=  0  be  tliis  condition,  then  s  -=  -^  and  ff  =^t  and  the 
transformed  equation  is  y*— ry'+^  =  0,  a  quadratic  equation.     Also 

s* — ni'+^  =  0,  an  identical  equation  is  obtained  by  substituting  the 

value  of  2  instead  of  y. 

Hence  one  of  the  values  y^,  found  from  the  former  equation,  is  a 
value  of  s'  found  from  the  latter. 

And  therefore  y»--r+/!f^q*,  z'^ ^ ^HJtl^iy ; 

^  2     \4     27/'  2     \4     27/* 

.Consequently 

"'+•-{ -i+(My)'M-i-64)}' 

But  since  y=  <  — -+{ — )  \  ;    y  has  three  values,  one  pos- 
sible and  two  impossible  ;*  and  similarly  since  «  =  ]  ^-^l f?)   i  * 

z  has  also  three  values  of  the  same  forms. 

And  since  ar«y+Si  these  values  of  y  and  s  appear  to  give  the 
following  nine  values  ofx : — 

y+«i         y+««f         y +•»*«, 
••y+«>        •V+«>         •y+^^f 

•y+««,         "V+ois,  •^y+^t'z. 

But  the  equation  of  condition  ys^^^  indicates  that  only  those  of 

the  nine  values  are  admissible  whose  products  are  rational  numbers ; 
that  is,  the  three  roots  of  the  transformed  equation  are  y+z,  fy+«^y 

*  Eveiy  number  positive  or  negative  has  three  cube  roots,  one  of  which  is 
numerical,  and  the  other  two  eymbolica],  or  imponible. 
To  find  the  cube  roots  of  +a*  and  -  a*. 
Let  z*  B*a*,  then  a;»(a')*«>a,  the  numerical  cube  root  of  a*. 
To  find  the  other  two  roots,  x*  —  a*  -"O,  and  x-a^mO, 

.'.  ^  ~*  «aa;*+ade+a*—0,  a   quadratic   equation,    of  which   the   roots   are 
x-a 

a-i(-l  +  l/-8)a,  a?-l(-l-V-8)«- 

And  the  three  cube  roots  of  (+a)«,  area,  K-l  +  V"  8)a,  K  - 1  -  \/~  8)0. 

Similarly,  the  three  cube  roots  of  (- a)*  are  -a,  i<l  +  V'-8)a,  i(l-^/-3)«. 

Ifa«>l,  then  the  three  cube  roots  of  +1  are  1,  i(~l  +  V-8),  i(-l~V~8y» 

and  the  three  cube  roots  of  —1  are  —1,  j(l  + V-8),  J(l- V-8). 

And  since  {l(-l-V-8)}*  =  i(—l  +  V~8),  or  the  square  of  one  of  thesym* 

boUc  cube  roots  of  +1  is  equal  to  the  first  power  of  the  other,  the  three  cube  roots 
of  + 1  may  be  conveniently  represented  by  1,  m,  m*,  and  similarly  for  the  three 
cube  roots  of  -1.    Also  i(-l  +  >/-8)  =  {J(-l-v^-8)}-», 

and  i(l  +  >/  -  8) -  {  J(l  -  V-8)}-». 
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^*y+aa,  of  which  the  first  is  rational  and  the  other  two  impossible, 
and  as  these  are  denoted  by  a,  fi,  y,  the  roots  of  the  proposed  equation 

Are  denoted  by  a « a— ^*,  h^0 — ?1,  <?  =  7--?i. 

In  order  that  Oardan's  method  may  be  applicable,  the  expression 
f -J— 1^  j  must  not  be  an  impossible  quantity. 

If  —>^9  then  f ^1  is  a  possible  quantity,  and  one  root  of 

the  equation  is  possible  and  the  other  two  impossible. 

If  —  =  ^,  then  (!l^l-\  =0,  and  two  roots  of  the  equation  are 
4     27  \4     27/ 

equal. 

Hence  Cardan's  method  is  applicable  when  two  roots  of  the 

cubic  are  equal,  as  well  as  when  two  roots  are  impossible."*^ 

If  —  <  ^ ,  then  I  !I.  i- j  is  an  impossible  quantity,  and  Cardan's 

formula  is  inapplicable ;  and  this  will  always  be  the  case  when  the 
three  roots  of  the  cubic  are  possible,  excepting  when  two  of  them  are 
equal. 

16.  To  inve%t%gaU  ih$  solution  of  a  biquadratic  equation  by  the  method  of 
Deeeartee, 

Let  x^'{'q3^'\'rX'{'S^  0  be  the  given  equation  when  the  second  term 
is  removed,  and  let  its  roots  be  denoted  by  a,  b,  e,  d. 

Suppose  this  equation  to  be  composed  of  the  two  quadratic  equa- 
tions it'+M:+/=  0  and  «•— «p+y  =  0. 


*  Solve  the  cubic  equation  a;*  -f  6x  -  2  *  0  by  Cardan's  rule. 

"-"^•-t-^i^-sri'^i-i-fT-f;)'!' 

Here,  comparing  x>  - (^ + r «>0  with  a;* +6x~  2  vO,  g=— 6,  r— — 2. 

••.«-{ -H.(l+8)*}»  +  {-l-(l  +  8)»}*-{-l  +  8}*  +  {-l-8}*-2*+(-4)J 

-2*-2*--(2>-2*), 

thatiB»--(2i-2»),  and  aj+{2*-2*)-0,  also  «•+(»«- 2=0, 
jps  ^  s^  —  2 
'•  — /9t-,Qh  ■■^'  ®'  *'  "*  ^^* "  ^*^* + (2* + 2 + 2») —0,  the  quadratic  equation  which 

will  give  the  other  two  roots,  which  are  impootible. 
Solve  the  cubic  equation  2*— 272+54*0. 

therefore  two  roots  of  the  equation  are  equal,  and  Cardan's  method  is  applicable, 

/.  »-{  -27}*+{  -27}*-  -8-8- -6  one  root, 

and aj+6-0,  but «»  -27«+64-0,  .'.  ^Ll^t^l-O, 

or  SB*  -6X+9-0  is  the  equation  which  contains  the  two  equal  roots  8,  8^ 

•*.  the  roots  are  8,  8,  6. 
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.-.  a?«— 2^a:«— 8a/^aj+(^*— 4J9)  =  0,  which  is  an  equation  identical 
with  a^+qx^+rx+i  •=»  0. 

Hence  q  =  ^2A,r=  —Sa0y,  s  =  -4"— 4-&. 

4  16    '  64 

From  these  equations  it  is  evident  that 

o    (t^  '^  4#     f^ 
~o '  >  ^- }  ^i"®  ^^6  coefficients  of  the  second,  third,  and  fourth 

^        16        64 

terms  of  the  cubic  equation  y*— %'+? — -  y «  0,  whose  roots  are 

2  16  64 

By  comparing  the  reducing  cubic  in  Euler's  solution 

with  y*— yy*+  (j'"— 4«)y — r*  =  o> 
the  reducing  cubic  of  Descartes ;  it  will  be  seen  that  the  roots  of  the 
former  equation  are  respectively  quadruple  of  the  roots  of  the  latter. 

Since  a?  =  04-/3+7  is  a  root  of  the  biquadratic,  and  «?,  ^,  y  are- 
the  roots  of  the  reducing  cubic;  it  follows  tiiat  ±0,  ±iB,  ±y  appear  to- 
fumish  eight  different  values  of  x.* 

*  To  solre  the  biquadratic  equation  a^— 25a;' +  60a; -86=0  by  £aler*8  methods 
Gonenlly,  tbe  redacing  cubic  of  «•  +qz*  +nB+»=0,  ia  y«  - |-y'  **"    jj"^ "  6i^^' 
It  follows  that  the  reducing  cubic  of  z*  -  25a;*  +  60a;  -  86=0  is 

Transforming  this  cubic  into  one  whose  roots  shall  be  four  times  as  groat,  by 
writing  4y  for  y,  it  becomes  y»  -50y«  +  769y  -  8600=0. 

The  roots  of  this  equation  have  been  already  determined  to  be  9,  16,  25  (p.  21). 

Hence  the  roots  of  y»-?5y«+^y-??5=0  are  ^,  1?,  ??,  which  are  rcspcc- 

2  16         4  4     4      4 

tively  the  value  of  ««,  /B«,  >«,   .-.  a=^,  iS=^,  r=%^- 

2  2  JB 

And  sinoe  the  last  term  t^  of  the  reducing  cubic  is  negative,  all  the  values  of 
^,   -=2,  ^  must  be  negative^  or  two  positive  and  one  negative. 

2         2         2 
The  four  roots  of  the  proposed  biquadratic  will  be 

-«-/B-7= -?----= -2-4= -6 
2    2    2 

-«+/'+>— |+-2+-2=2+l=3 
.-/,+7=8.^^|=-2+4=2. 
.+/,-7=3^^.|=+2-l=l, 
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But    h^B^^lL^  .\Qfiy^±t.     If  !!  be  positive,  the  product  ^ 
64  8  8' 

must  be  positive,  and  this  condition  requires  that  a,  /i,  y  be  all 

positive,  or  one  of  them  positive  and  two  negative. 

In  this  case  the  four  roots  of  the  biquadratic  equation  are 

a+/B+r,      «— /3— r,      --a+^--7,      -«— iS+7. 

If  -.  be  negative,  the  product  o,fiy  must  be  negative,  and  this  can 

8 

only  be  the  case  when  a,  /i,  y  are  all  negative,  or  when  two  are  positive 
and  one  negative. 

And  the  four  roots  of  the  biquadratic  are 

18.  To  wive  a  hiquadratie  equation  hy  the  method  of  Simpson,  or  of 
JVaring^  as  it  is  more  commonly  knoum. 

This  method  does  not,  like  the  methods  of  Descartes  and  Euler, 
require  the  transformation  of  the  equation  to  another  wanting  the 
second  term.  The  solution  is  made  to  depend  on  the  assumption  that 
the  given  biquadratic  may  be  made  equal  to  the  difference  of  the 
squares  of  two  algebraical  expressions. 

Let  «*+i?iic'+jp^+j?^+j94  =  0  be  the  proposed  equation. 

Assume  ^*+J?ia:'+ii»r'+^^4-ji;4  =  (a?'+|i?i +-4)*  -  (^a:+  Cf. 

Expanding  and  arranging  the  terms  of  this  equation 

=  «*+j?4:r»+(2^-.^+i|7iV+(i'i^  -  22?C>+^»-  (7*. 

or  1,  2,  8,  -  6  are  the  roots  of  x*  — 25j;'  +  60jc  -  36 =0. 

Solve  the  equation  z*  —  8jc'  +  14x»  +  4j;— 8=0  by  Euler'a  method. 

First  transfonu  the  equation  into  one  which  shall  want  the  second  term,  and  it 

17      1 
4>ecome8  »♦  -  10a;*  -  4aj  +  8=0,  the  reducing  cubic  of  which  is  y»  -  5y*  +-jy— t=Oi 

And  this  equation  transformed  into  one  with  integral  coefficients  is 

y»-10y«  +  17y-2=0. 

The  roots  of  this  equation  will  be  found  to  be  2,  4  +  >/15,  4-4|/15,  which  are 

17       1 
•double  of  the  roots  of  y»  -  5y«  +_y -  -=0. 

Hence  the  roots  of  the  reducing  cubic  are  a*  =1,  /3«=i(^  +  >/15),  r'=i(4  -  v/15), 
«nd  a=  ±  1,  /i=  ±  4(>/5  +  >/8),  7=  ±  J(>/6  -  >/3),  and  the  product  of  afiy  is  negative. 
Therefore  the  four  roots  of  the  biquadratic  x^  -  10a;*  -  4a; +8=0  are 
a+3+r=l  +  J(V5  +  N/3)  +  l(V5->/8)=l+>/5. 
«-i9-r=l-i(V5  +  V8)-i(V5-v^3)=l-V5. 
-«+i3-7=-l  +  J(>/^  +  ^/3)-J(^/5-V3)=-l  +  ^/8. 

-a-/i  +  7=-l-J(V5  +  N/3)  +  i(V5-\/3)=-l-V3. 
And  since  the  roots  of  a;^  -lOa;*  — 4js+8=0  are  respectirely  greater  by  2  than 
the  roots  of  x^  ~  8a;*  +  14a;*  +  4aj  -  8=0, 

.'.  3  +  >/5,  3  -  >/5,  1  +  s/3,  1  —  >/3  are  the  four  roots  of  the  proposed  equation. 
This  may  be  easily  verified  by  shewing  that  the  equation 

{x- (3 +  V5)}.{x- (3 ->/5)}.{aj- (l  +  ^/3)}.(x- (1  -  v^8)}«0,  is  identical  with 

X*  -  8a;*  +  14x»  +  4x-8=0. 
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Equating  the  coefficients  of  correeponding  powers  of  x^ 
...  2A^B'+ip^^p^         p,A-2BC^p,,         A^'-C^^p,, 
and  J5»  =  2^+ii>,"-i?„         2BC^p,A^p^         C^^A^-^p,. 
Now  obviously  -B*  x  C*  -  i{2BC)\  since  B*+2BC+  C«  is  a  complete 
square,  .-.  i2A+ip,*^p,XA*'^p,)'^{p,A^p^Y, 

OP  2^»^/»i».i«+2(i?4+i>ii>,)^-(Ji>iV^,-l?^,-j»^«)  =  0, 
a  cubic  equation  from  which  the  values  of  A  can  be  found  in  terms  ol 

Pli  Pt»  P99  Pi' 

And  since  £^^2A+  iPi*-pt  and  (7* «  A^^-p^, 

.'.  B  and  C  are  also  known  when  A  is  known. 
But  (a?+ijPi+^)*-(J?«+  (7)« 

•'.  «*+ Ji?i«+-i  +(J5«+  C)  =  0  and  a^+ip^x+A  -  (J5a?+C?)  =  0, 
are  the  two  quadratic  equations  from  which  the  four  values  of  «  caxk 
be  determined  in  terms  of  p^,  p^  p^  p^.* 

19.  To  explain  NewUm^s  mkhod  ofJMing  am  approximaie  value  of  an- 
incommeneurMeroot  of  a  euhie  or  Mqmdraiie  equation.^ 

Let  ie*— pid^+jv^-j^aO  be  a  cubic  equation  having  an  incom- 
mensurable root. 

*  Solve  the  equation  a^  -  4b* + &e*  -  8« + 8=0  by  Simpson's  or  taring's  method.. 
Assume  «*-4x»+8jb« -8«+8=(»« -2aj+-4)«-(2te+(7)» 

«SB*  -  te»  +  (24  +  4 --»•)«■- (14 + 2W>B-l--4»  -  C*. 
Equating  coefficients  of  conesponding  powen  of  a; 
24+4-i}*=8,  44  +  22M7=r8,^s.C*=:8.    EUminating^  and  (7,  the  cubic  equation* 
A*—iA^+5A^%=»0  is  obtained,  of  which  the  roots  or  values  of  ^  sre  1, 1,  2,  and 
taking  A=^2,  B:=0,  and  C=l. 

.-.  (a;«-2aj+J)«-(BK+O=(««-2«+2)«-l=0, 
and(a;*-2se+8}(«*-2»+l)»0,  and«»-2«+8=0^  aj«-2a5+l=0 
aie  the  two  quadratics  from  which  the  four  values  of  x  can  be  determined. 

It  is  possible  that  there  are  some  forms  of  biquadratic  equations,  the  solutioi^ 
of  which  may  be  more  readily  effected  by  making  the  solution  to  depend  on  the- 
assumption  that  the  given  equation  may  be  trsnsformed  into  the  sum  instead  of  the- 
difference  of  the  squares  of  two  slgebraical  expressions. 

f  Of  the  various  methods  of  approximating  to  the  incommensurable  roots  ot 
numerical  equations,  that  of  Newton  is  the  least  tedious  and  the  most  simple  and; 
direct  in  its  application.  Both  Lagrange  and  Fourier  have  pointed  out  the  dsicctsr 
of  Newton's  method,  and  great  caution  is  necessary  in  its  application,  espedaUy 
when  two  roots  falling  between  two  consecutive  integers  are  nearly  equal.  But^ 
notfdthstanding  the  objections,  it  is  capable  of  a  more  direct  and  ready  application 
than  other  methods.  By  substituting  in  the  given  equation  the  successive  approxi^ 
mate  values  obtained,  the  results  will  show  the  oorreotneas  or  Incorrectness  of  anj* 
of  these  approximate  values. 

Li^rsnge's  method  of  approximation  is  effected  l^  means  of  continued  fiaetions;. 

Mr.  Homer*s  method  of  approximation  is  a  process  requiring  suooessive  trans* 
formations,  and  a  series  of  operations  by  which  the  figures  of  the  root  are  found  in 
succeesion.  The  theorem  of  Sturm,  combined  with  the  method  of  ICr.  HonMr^ 
renders  the  theory  and  solution  of  numerical  equations  complete.  It  appear^  how* 
ever,  that  the  study  of  these  methods  may  be  advantsgoously  dsferred  until  the 
general  theoiy  of  equations  is  considered. 
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Let  a,  hhe  two  oonseeatiTe  numbeiBi  a  less  than  h,  which  when  sub- 
stituted  for  the  unknown  quantity  give,  one  a  positLve  and  the  other  a 
negative  result. 

Then  one  real  root  at  least  lies  between  a  and  h. 

Let  e  denote  some  number  less  than  unitji  and  when  a+e  is  sub- 
-etituted  for  x  in  the  g^yen  equation,  it  becomes 

This  equation  when  reduced  and  arranged  according  to  powers  of  « is 

but  since  e  is  less  than  unity,  ^  is  less  than  unity,  and  0*  less  than  d*. 

If  the  term  involving  e"  be  rejected,  then 

(«»— jpia« +jPi«--p3) + (3tf*— 2pia+i?,)*+ (3<i— p,>»  s=  0. 

If  also  *■  be  rejected,  (o^— i>ia*+pia— j?,)4-(3<i'— 2jPitf+p,)«-»0. 
If  values  of  e  be  obtained  from  these  equations,  the  value  of  #  when 
added  to  a  will  give  a+e,  el  nearer  value  of  x  than  a. 

If  the  value  of  a+'  when  substituted  for  x  in  the  given  equation 
give  a  result  having  the  same  sign  as  when  a  was  substituted  for  x ; 
ihea  a+eiB  nearer  the  true  value  of  x  than  a. 

A  still  nearer  approximation  may  be  made  by  repeating  the  pro- 
cess, and  the  approximate  value  may  be  made  to  approach  the  exact 
Talue  of  «  to  any  required  degree  of  accuracy. 

By  a  similar  process  an  approximation  can  be  obtained  by  dimintsh" 
ing  hy  #,  the  greater  Umit  h,  in  the  same  manner  as  has  been  done  by 
inereasinff  hy  e,  the  smaller  limit  a.* 

20.  In  the  solution  of  cubic  and  biquadratic  equations,  the  most  im- 
portant object  is  to  determine  the  commensurable  and  incommensur- 

*  Find  an  approximate  valae  of  one  of  the  roots  of  the  equation  a;* — 3a;+ 1=0. 

If«=l,  1—8  +  1=— 1  ;ifa5=2,  8— «  +  l=  +  2;.".  one  root  lies  between  1  and  2. 

Bat  if  «=1'5,  (1-5)*  -8(1 '6 -hiss  -  '^25,  and  .'.  one  root  lies  between  1*5  and  2. 

Let  z=^V5-he,  sabatitating  this  value  of  as  in  the  given  equation, 

(l-6+«)»-8(l-5  +  «)  +  l=0,  or  -•126  +  8-75«+4-5««+««=0. 

Since  e  is  less  than  unity,  let  e*+4'5«'  be  rejected,  then  3'75e~*125— 0,  and 
«=3*088  nearly,  .'.  9=1*5 +6=1 '5  +  '088=1-588  nearly,  an  approximate  value  of  one 
value  of  X, 

To  obtain  a  nearer  approximation. 

Let  X  =  1'588 +^,  and  by  a  similar  process  it  will  be  found  that 
4-05026^ +-00868=0,  and  ^=  -  -00091  nearly. 

.*.  2B=1 '588 +e'=l '588— '00091=1*68209  nearly,  a  nearer  approximation  than 
the  first.    A  still  nearer  approximation  may  be  found  by  repeating  the  process. 

But  if  only  e*  be  rejected,  then  4'6«*  +8'75e-  '125=0  is  a  quadratic  equation 
whose  approximate  roots  are  e='0821  and  «=  -  '8854. 

Taking  the  positive  value  of  e, 
a;=l'5+«=l*5  +  '0821=l*5821  nearly,  which  is  obviously  an  approximate  value 
of  z  nearly  equal  to  the  second  approximate  value  obtained  by  the  first  process. 

The  process  is  exactly  the  same  for  finding  an  approximate  value  of  an  incom- 
mensurable root  of  a  biquadratic  equation.  When  one  root  is  found,  the  equation 
fan  always  be  depressed,  if  a  cubic,  to  a  qoadxstic ;  if  a  biquadratic,  to  a  cubic. 
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able  roots,  as  these  only  are  capable  of  an,  inteUigiUe  intezpretation. 
Impossible  roots,  when  such  exist  in  an  equationj  do  not  admit  of  any 
such  interpretation. 

As  the  equations  which  most  frequently  occur  in  philosophical 
questions  and  investigations  are  such  as  involve  numerical  coefficients, 
the  real  roots  of  these  equations  can  in  general  be  obtained  either 
exactly  or  approximately. 

The  most  direct  process  for  the  solution  of  equations  consists  in 
first  finding  the  integral  roots.  If  an  equation  involve  roots  of  the 
form  ±1,  these  can  be  found  by  inspection,  and  other  integral  roots 
can  always  be  found  by  the  method  of  divisors. 

When  the  integral  roots  are  determined  the  equation  can  b^ 
depressed  to  one  of  lower  dimensions,  which  will  contain  only  incom- 
mensurable roots  or  impossible  roots. 

If  every  complete  biquadratic  equation  could  be  reduced  to  two  quad- 
ratic factors,  the  four  roots  could  be  directly  determined  by  the  solutioo 
of  a  quadratic  equation.  But  as  the  ordinary  process  for  such  a  reduc- 
tion involves  the  solution  of  an  equation  of  the  fourth  degree,  it 
therefore  fails  in  its  general  application.  Each  of  the  processes 
by  which  a  complete  biquadratic  equation  can  be  reduced  to  the  pro- 
duct of  two  quadratic  factors,  involves  the  solution  of  a  cubic  equation. 

Methods  of  approximation  can  be  applied  directly  for  finding  any 
incommensurable  root  of  an  equation,  to  any  required  degree  of 
accuracy,  when  the  two  consecutive  integral  numbers  are  known^ 
between  which  the  incommensurable  root  lies. 
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EXEBCISES. 

I. 

1.  Explain  the  principle  on  which  depends  the  ordinary  solution  of 
quadratic  equations.  Why  cannot  a  similar  method  be  applied  to 
solve  cubic  and  biquadratic  equations? 

2.  Shovr  that  every  cubic  equation  has  at  least  one  real  positive  or 
negative  root,  according  as  the  last  term  is  negative  or  positive,  and 
that  a  cubic  equation  cannot  have  more  than  three  roots. 

3.  Explain  how  any  equation  can  be  formed  having  g^ven  roots ; 
and  why  the  converse  process  of  determining  the  roots  of  a  given 
equation  cannot  be  effected  by  any  general  rule  for  cubic  and 
biquadratic  equations. 

4.  What  is  meant  by  a  real  and  by  an  imaginary  or  impomhU  root 
of  an  equation  ?  Write  the  general  form  of  a  complete  biquadratic 
equation,  and  shew  whether  the  general  assertion  that ''  an  equation 
has  as  many  roots  as  it  has  dimensions,"  ought  to  be  considered  as  an 
axiomatic  or  a  demonstrable  truth. 

5.  State  and  exhibit  the  relations  which  subsist  between  the 
coefficients  and  the  roots  of  an  equation,  (1)  of  the  third  degree,  (2) 
of  the  fourth  degree. 

6.  If  any  coefficient  of  an  equation  be  changed  in  its  value  or 
sign,  the  values  of  the  roots  are  changed. 

7.  If  the  signs  of  the  terms  of  an  equation  whose  roots  are  real 
be  alternately  positive  and  negative,  the  roots  are  positive,  and  if  all 
the  signs  be  positive,  the  roots  are  negative. 

8.  If  a  cubic  or  a  biquadratic  equation  have  only  one  change  of 
sign,  it  can  have  only  one  positive  root. 

9.  Every  equation  of  four  dimensions  having  its  last  term 
negative  and  all  the  coefficients  rational,  has  at  least  two  rational 
roots,  one  positive  and  the  other  negative. 

n. 

Form  the  cubic  equations,  each  of  which  shall  have  respectively 

the  roots, 

1.  3,  4,  5.         2.  —3,  4,  5.     3.  -3,  —4,  6.         4.  —3,  —4,  —5. 
6.  3,  ±>/2.     6.  5,  2±^/3.   7.  4,  2+ >/— 3.       8.  —1,  1±>/— 1. 

in. 

Form  the  equations  of  the  fourth  degpree  which  shall  respectively 
have  the  following  roots : — 

1.  2,  3,  4,  5.         2.  —2,  —3,  -4,  -5.         3.  —2,  3,  4,  —5. 
4.  9, 11,  ±s/b.         6.  3,  -3,  ±>/3.  6.  1,  —5,  ±>/— 3. 
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7.  ±>/3,  ±>/— 5.         8.  1,2,1  +  ^2.         9.  -1,  — 8,  1±  i^^  — 8 
10.  2+>/3,  3+  J2.     11.  2+^/3,2±^— 3.      12.  0,— 1,1±^— 1. 

13.  i{l  +  >/3±(2.3»)*},Hl-N/3±(-2.3*)}. 

14.  3±2^/-l,  ±>/-5. 

IV. 

Solve  the  following  equations  :— 

1.  a;*— 3a?— 110  =  0,  one  root  5. 

2.  a^— ll^+36a;-36  =  0,  oneroot  6. 

3.  6a;*-«"—75a?+ 100  =  0,  one  root— 4. 

4.  a;*+8a;*— 3a:— 24  =  0,  one  root  >/3. 

5.  «*— 6a;*+6ar+8  =  0,  one  root  1-  ^3. 

6.  «'-2«»-7a:+2  =  0,  oneroot2+^/3. 

7.  a:»—9a;*+ 19a?— 85-0,  one  root  1—4 >/—!. 

8.  a?*+4a;'  +  5a?*+2a:— 6  =  0,  one  root  — 1— >/3. 

9.  a?*+a?'— 8a?'— 16ar— 8  =  0,  one  root  l  +  >/5. 

10.  a?*+2a?'— 4a;*— 4a?+4  =  0,  one  root  v'2. 

11.  a:*— 3a?'+5a:'— a?— 10  =  0,  one  root  l+2^/— 1. 

12.  a?*— 3a;'-5a?*+13a?+6  =  0,  one  root  l  +  >/2. 

13.  a?*— 3a;^— 14a?'— 6a? +4  =  0,  one  root  3+^/7. 

14.  a:*+3a^—l0a?'— 54a?— 72  =  0,  one  root  — 2— >/— 2.  i 

15.  a?*— 5a?»+8a?'— 10a?+12  =  0,  one  root  —  >/- 2.  "^^ 

V. 

IFind  by  inspection  one  of  the  roots  of  each  of  the  following  equa- 
tions, depress  the  equations,  and  find  the  remaining  roots  :•— 

1.  a?*— 3a?"— a?+3  =  0.  2.  a?«-3a?+2  =  0. 

3.  2a?»— a?— 1  =  0.  4.  a?"— 7a?— 6  =  0. 

5.  a:'-2a?+4  =  0.  6.  a;*- 6a?— 9  =  0. 

7.  a?'+3a?»— 6a?— 8  =  0.  8.  4a;*— 3«'a?— «•  =  0. 

9.  2a?»+3a;»+5  =  0.  10.  a;*- 3a^a?+2ii»  =  0. 

11.  (a?-5)(«'-5a?+5)+»  =  5.      12.  a7(a?+l)(a?+2) -9x8x7. 
13.  3a?*+13a?»— 117a?— 243  =  0.     14.  a?*— 5a?»— a?+5  =  0. 
15.  a;»-a;*— 2a?— 2  =  0.  16.  a?*+4ar»+5a;*+2x-6  =  0. 

17.  a?*-4a;»-f8ar«— 16  =  0.  18.  a?*— 18ai»+99a;»-l62a?-280  =  O. 

19.  (a?-.3)(a?-4)(a?-5)(a?-6)-1.2.8.4. 

VI. 

Determine  whether  the  following  pairs  of  equations  have  roots  in 
common;  and  if  so,  find  them,  and  complete  the  solution  of  the 
equations : — 

1.  a;»-3a?*+lla;— 9  =  0and«'-5a;*+lla?-7-0. 

2.  a?'-9a;»+26a?-24  =  0anda;'-5a;*+lla?-7  =  0. 

3.  a;»-  10«»+27a?- 18  =  0  and  a?*-  lla;'+41a;*— 61a;+30  » 0. 

4.  a;*-4a;»+ar»-16;p+16  =  0  anda;*-6a;*+13a?*— 12a?+4  =  0. 
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6.  ^— 2ar»— 7«»+2&»?— 20  =  0  and  «*+4«»-2a:3--12iC+8  =  0. 

6.  a?*— 4«»+16iF— 16  =  0  and  2a^—17a!*+53ar»— 72a: +  36  =  0. 

7.  a?*+«»— 5«»— 7«+ 10  =  0  and  2«»—8«*— 10a:'+28;»»-  3U+14  =  0. 

vn. 

How  may  it  be  disoovered  wlien  an  equation  contains  equal  roots  ? 
Aflcertam  if  the  following  equations  contain  equal  roots  : — 
1.  «»—7«*+ 16a?— 12  =  0.  2.  «*+llar'+24ar— 36  =  0. 

3.  «»— 1  Bar' +  96it— 128  =  0.  4.  «»—3a?»— 45a: +175-0. 

6.  «*— «"— 8a:+12  =  0.  6.  9261a:»--13230a;»--4000  =  0. 

7.  ip*— 6«*+8a?— 3-0.  8.  4a^— 24a:»  +  45j:*-29a:+6  =  0. 
9.  «*— 33««+100«— 84-0.            10.  «*— 6a:*+8a:»— 2a;— 1  =  0. 

11.  *«+2«»-12«*— 40a:-82-0.     12.  a?*— 24i:*— 64a:— 48-0. 

vin. 

P.'rpUin  what  is  meant  by  a  recurring  equation.  Solve  the 
following  recurring  equations,  and  verify  the  fact  that  each  pair  of 

conjugate  roots  is  of  the  form  a,  - . 

1.  «'±1«0.        2.  «*±«*+a:±l  =  0.         3.  «■— 5a:»  +  5a?— 1-0. 

4.  ar»+7«*+7iF+3  =  0.        5.  z*+<ui^+aV+a^x+a*^0. 
6.  «*— «■— 4a^— «+l  =  0.         7.  2a?*— 5a:'+4a;»— 6a?+2  =  0. 

8.  12a:*-91a;»+l94a^-91a?+12-0.         9.  a:*+2a:*+2a:+l-0. 
10.  «»+9a:»+9a:»+l  =0.         11.  a^+2a:*+3a:»+3a:»+2a?+l  =0. 

12.  «»-ll;^+l7«»+l7a^-lla:+l-0. 

13.  2**— 15a?*+37a?»+37a?»+15ar-2  =  0. 

14.  6a^+26a?*+6a^— 6a^— 26a:— 5  =  0. 
16.  6a:»— 11a?*— 33a:*+33a:+lla:— 6  =  0. 
16.  a^— 3ar'+6a?*— 6a:»+3a:— 1-0. 

IX. 

Shew  that  if  the  sum  of  the  coefficients  of  an  equation  with  their 
proper  signs  be  equal  to  zero,  one  of  the  roots  is  + 1 ;  and  if  the  sum 
of  the  coefficients  of  the  odd  terms  be  equal  to  the  sum  of  the  co- 
efficients of  the  even  terms,  one  of  the  roots  is  —1. 

Solve  the  following  equations  :— 

1.  a:»+3a:*  +  9a:-13-0.  2.  «"-9«^+27a?- 19-0. 

3.  a:»-6a:*+lla:— 6-0.  4.  27aJ»—135a:"+225a?— 117  =  0. 

6.  «*—9a^+ 23a:— 15  =  0.  6.  7a:»+6a:*+a:+3  =  0. 

7.  3a:»—«*+ 18a:- 20-0.  8.  20a:»+3a:*+a?+18  =  0. 

9.  ^-6a:'+4«*-7«  +  7-0.  10.  ai{*+3a:*— 5a:*+8a:— 7  =  0. 
IL  a?*+4a!'— 13a:»-4a?+l2  =  0.      12.  a:*— lla:*+18a?— 8-0. 

18.  ^+13«»+33a:«+31a?+l0-0.  14.  a;*  -  6«» -  6a;* + 45a?— 36  =  0, 

16.  aj»+15a:»— 9a^+53a:»+8a:-48-0.     16.  a?*+2a!*-2a?— 1-0. 

17.  a;*+2a^— lOa:*- 20aj*+9a:+18  =  0.      18.  **  -  2a:»+2a?— 1  =  0. 


30 

X. 

Solve  the  following  equations : — 

(1)  When  the  roots  are  in  arithmetical  progression. 

1.  a;*— 15:c*+66jr--80  =  0.  2.  «»— 9ii;*+23a?— 15  =  0. 

Q.  *^--15a:»+71ar— 105-0.  4.  «•— 20a;»+ 11 7«— 162  =  0. 

5.  a?*-10af*+35a:'--50;p+24«0.  6.  a?*— 8«'+14«»+8ar-15  =  0. 

7.  a?*+22;c»+159a;'+418a?+280  =  0.  8.  a?*+«*— llip"+9«+18  =  0. 

(2)  When  the  roots  are  in  harmonical  progression. 

1.  ar»-lla;«+ 36a;— 36  =  0.  2.  8a:»-6a;*— 3a?+l  =0. 

3.  ar*—22jc*+144ar— 288  =  0.  4.  105a^— 7U*+15a:— 1  =.0. 

5.  4:»—23:c»+135a?— 225  =  0.  6.  6a;»— 15j;»+6«— 1  =  0. 

(3)  When  the  roots  are  in  geometrical  progression. 

1.  arS-7a;*+14^-8  =  0.  2.  4:»-iar*+39a?~27  =  0. 

3.  ar'— 14ar^  +  56j?-64  =  0.  4.  «'—26a:»+ 156a:— 216=0. 

5.  :r*  +  2a:'+4ar'+83r+l6=*0.      6.  a?*- 30«^+28««-960a?+ 1024  =  0. 

XI. 

1.  Shew  how  to  increase  or  diminish  the  roots  of  an  equation  by  a 
given  quantity,  and  state  some  of  the  uses  of  this  transformation. 

2-  Transform  the  equations  a:*+3a;*— 8:r+10  =  0  and 
ip^— 4:r'— 9^+20:r+32  =  0  into  equations  which  shall  want  their  second 
terms. 

3.  Transform  3jF'+15a;«+254:-3  =  0,  a?»-8a:»+24««+604:- 168  =  0 
into  equations  in  which  the  coefficient  of  the  second  term  shall  be  zero ; 
and  shew  that  the  value  of  e  which  causes  the  second  terms  to  vanish, 
will  also  cause  the  third  term  to  vanish  in  the  first  equation,  and  also 
the  third  and  fifth  terms  to  vanish  in  the  second  equation. 

4.  Transformic»-5«"+7a?-12  =  0anda:*-12a:'+30:r*-l6a?+48  =  O 
into  equations  wanting  the  third  term. 

5.  Transformtheequationie'— 9a^— 27«— 8«0into  another  in  which 
the  second  and  third  terms  disappear. 

6.  Determine  the  resulting  equation,  when  the  second  and  fourth 
terms  are  made  to  vanish  from  the  equation  ^+4d;'4.3a^— 2a;— 6  «  0. 

7.  Transform  the  equation  20;*- 2a:^+3«+6  =  0  into  one  which  shall 
have  all  its  sigpis  alternately  positive  and  negative. 

8.  Transform  the  equation  «■—«•— — ^-S-O  into  one  which  shall 

2 

have  all  its  terms  positive. 

9.  Transform  the  equation  So;*— 7^+2«--l  «0  into  one  in  which 
the  highest  power  of  the  unknown  quantity  shall  be  unity. 

10.  Transform  the  equation  ^—404; +89  =  0  into  one  whose  roots 
shall  be  (1)  the  sum,  (2)  the  difference  respectively  of  every  two  roots  of 
the  original  equation. 


\ 


31 

1 1 .  Transform  2 1 6ar»  -  5Q^+24x+ 11-0 

and  8a?*— 4a!»+12«*+2a?-.l  -0 
-into  equations  whose  coefficients  shall  be  integers,  and  the  co^cienta 
'  of  the  highest  power  of  x  in  each  equation  unity. 

12.  Transform. «'— 10x+4a0  into  an  equation  whose  roots  shall  be 
tlie  reciprocals  of  the  products  of  every  two  roots  of  the  given  equation. 

13.  Transform  the  equation  a^ ^ 6j^  +  II x^QsmQ  into  one  whose 
roots  shall  be  (1)  greater  than,  (2)  less  than  the  roots  of  the  given 
equation  by  4,  6,  6  respectively. 

14.  Find  the  two  equations  which  shall  respectively  have  their 
roots,  (1)  the  products  of  every  two,  (2)  the  products  of  every  three 
roots  of  the  equation  a?*+4a7'— 13x'+5a;+3*0,  and  shew  that  the 
residting  equations  will  be  of  six  and  of  four  dimensions. 

15.  Transform  the  equation  ^— 12a:'+41d;— 29  =  0,  (1)  into  an 
ev^uation  whose  roots  shall  be  the  squares  of  the  differences  of  the 
roots,  and  (2)  into  one  whose  roots  shall  be  the  differences  of  the 
squares  of  the  roots  of  the  given  equation. 

xn. 

Explain  the  method  of  divisors  for  finding  the  integral  roots  of  an 
•  equation,  and  shew  how  the  number  of  substitutions  may  be  lessened. 
Find  the  roots  of  the  following  equations : 
1.  ^^-4^—6^;+ 12  =  0.  2.  ar»— 9a;'+26a?— 24  =  0. 

3.  a:»— 4^— 7iP+10r=0.  4.  a:'— lla:»+38a?— 40«0. 
5.  4a;'+a:*— 13a:— 12  =  0.                     6.  Sa;*— 45a:»+73a?— 30-0. 
7.  af«+2ar'— 14a:'+2a?— 15  =  0.            8.  a:*— 5ar»+3a;«  +  2a?+8  =  0. 
9.  a?*— ear*— 27a?«— 4a;+36  =  0.         10.  a:*— ar'— 13aj'+16a?— 48  =  0. 

11.  2ar*— lU''+l9a:*+20x— 60  =  0.    12.  a?*— 6ar»+10ar»+4;p— 24  =  0. 
13.  3ar*—19a;«+ 34a;'— 45a?— 24  =  0.    14.  a?*— 40a:  +  39  -  0. 

XHL 
lia,  hf  e  be  the  roots  of  the  equation  a^-^ps^+qx — r  =  0;  find  in 
'  terms  of  the  coefficients  of  the  equations  the  following  expressions : — 
1.  a«  +  J«  +  <r».  2.  «»+i»+^.  8.  «*+J*+u*. 

4.  <r"+5-*+(r*.  5.  tf-«+J-»+<r».  6.  a-*+h-*+e^. 

7.  (a+tf-')+(ft+i-i)+(tf+r-»).     8.  (fl'+0+(^'+*-^)+(^+0- 
9.  {a+h){b+c){c+a).         10.  a'i»+a»c»+iV.         11.  a»+i*+c». 

15.  /?z.nvi*=fivi— r. 

\a+bi   +\b+e)   ^\  c+a  f 

16.  (aS—JW)(iJ—aW)(«J— •!*»). 

§12 
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XIV. 

If  «,  3,  €,  ibe  the  roots  of  the  equation  a?*— 'p«*+ya^— ra?+«  — O. 
find  the  yalues  of  the  following  expressions  in  terms  of  the  coefficients 
of  the  equation : — 

1.  a^+y+c'+dK        2.  a«+^+c»+rf».        8.  c^+h*+i^+d\ 

4.  a-*+h-^+cr^+d-K        5.  a-^+b-^+ir^+d-*, 

6.  h-^+h-^+<r*+d-*.        7.  a'hed-hVaed+e'abd+tPia^ 

8.  (i+<?— a-<f)(tf+a— 8— rf)(fl+J— <?— rf). 

t^ahaeadhehded 

10     ^'       h^       (^       d^  1 1    ^^^  I  ^^^    ^^    ^^'^ 

12.  ««i'+fl*c«+fl^rf'+ftV+ft«(i*+<^<^. 

18.  «*iV+fl«i«rf«+aVrf»+ftVrf*.         14.  «»+i»+(j»+cP. 

15.  Given  a:'— 5ir*+5;r'+6j:— 6  =  0,  whose  roots  are  a,  B,  e,  — di 
required  the  sum  of  the  four  functions  of  the  roots  of  the  form 
4i+2h+Sc+4d^  in  terms  of  the  coefficients  of  the  equation. 

XV. 
Find  the  roots  of  the  following  equations : — 

1.  «*— 13a?' +44z— 32  =  0,  one  root  double  of  another. 

2.  12d;"+13dj'— 20a?+4  =  0,  sum  of  two  roots  one  third  of  —4. 
8.  «*— 15x'+66*— 80  =  0,  sum  of  two  roots  13. 

4.  a*+2a»— 21ar+18  =  0,  quotient  of  two  roots  —2. 

5.  a;'— 12aj'+47a?— 60  =  0,  difference  of  two  roots  2. 

6.  a;'— 12a;— 16  =  0,  one  root  the  square  of  another. 

7.  8j;'+  Ha;'— 5a;— 2  ^  0,  one  root  the  sum  of  the  reciprocals  of  the 
other  two. 

8.  a;'+4a;'— Ojp— 36  =  0,  two  roots  of  the  form  ±tf. 

9.  ic*- 4a:*— 3jr+12  =  0,  two  roots  of  the  form  ±>/tf. 

10.  24;^— 11  ar'+ 17a;— 6  =  0,  two  roots  of  the  form  a,  a"". 

11.  aj"— 10a;*+27a;— 18  =  0,  a,  h,  e,  roots  such  that  a  -  28,  i  -  Sc. 

12.  a;*— 17a;"+  94a;— 108  =  0,  two  root*  in  the  ratio  of  2  to  3. 

13.  ar'— 16a;*+68a;— 80  =  0,  roots  proportional  to  1,  2,  3. 

14.  a^^4ai^+x+e  =  0,  one  root  3,  find  value  of  c. 

15.  a;*— 31a;^+300a;— 900  =  0,  roots  successive  triangular  numbers. 

XVI. 
Find  the  roots  of  the  following  biquadratic  equations  :-^ 

1.  «*— 4x*+5x*— 16a;+4  =  0,  two  roots  of  the  form  «,  -. 

2.  ^— lla;'+41.t;  — 61a;+30  =  0|  sum  of  two  roots  equal  to  the 

greatest  root. 

3.  a;*— 45a;?— 40j;+84  -0,  difference  of  two  roots  3. 
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4.  a;*— 7a:»+ll«*+7a;— 12  =  0,  3  is  the  product  of  two  roots. 

5.  a:*+«»— 62a;»— 80ar+1200  =  0,  product  of  two  roots  30. 

6.  a?*-47a;*— 126a?— 80  =  0,  product  of  two  roots  equal  to  that  of 
the  other  two. 

7.  ar*— 10>+36j?'— 50a?+24  =  0,  roots  of  form  tf+ 1,  3  +  1. 

8.  6a?*— 43a;»+107a5»-108ar+36  =  0,  roots  of  form  a,  *,?,-. 

h    a 

9.  a^— 4a?»+ll«*— 14ar+10-0,    roots    of    the    form    a+h^^l^ 
a+2i>/— 1. 

10.  a?*— 2aV+4fl3'a?+a^— i*  =  0,  one  root  of  form  a+h<^  —1. 

11.  a?*— 2<M;*+ia^ +«?+/=  0,  a  is  the  sum  of  two  roots. 

12.  a?*— Sar*— 7a:*+27a?— 18  =  0,  two  roots  of  the  form  ±a. 


xvn. 

Transform  the  equation  a^—px^+qx—r  =  0,  whose  roots  are  a,  h,  e,. 
into  equations  whose  roots  shall  be  respectively — 

1.  a+h  —  Oy  a+e-b,  h+e—a.        2.  a{h+c),  h{a+c)f  c(a+h), 
3.  fl»+«,  i»+^  c^+e.  4.  a^+be,  b^+ac,  t^+ab. 

6.  a^±b%  b^±(?,  i^±aK  6.  a\b+e),  **(«+<?),  (?»(«+*)• 

7.  ah{a-^b\  <«?(«  + ^),  bcib-^-c).       8.  a+b-^ab^  a+^+ar,  b-\'e-\-bc, 
9.  {a^b){a+c\  {b+e){b+a),  (c?+a)((?+J). 

10.  «»+J»,  a'  +  c*,  i*+(?».         11.  a+a«+a',  i+J"+*S  <?+c*+<^. 
jn       1  1  1  ^n    ab     ae    be 

a+3    3+^    ^+^  c       6      « 

^.       (l,3lVtf&«  ^1.111111 

"•    l+a'  -c+i'  i+b-       ^*-  P+i''  b'+?'  ?+?• 

16.  «+^ ,  a+i ,  c+\ .       17.  a'+i'+Jj; ,  i'+c'+i ,  o'+c'+i  .. 
oc         ae         ao  ao  be  ac 

lg  c  b  ^  IQ       ^^^  ^^^  ^^^ 

a+i — e    a-{-c — b    b+e — a  ab-^bc*  ac+be    ab+ae^ 


»•{'-?}■■  {'-f'}"  {"-?}■• 


xvin. 

1.  Determine  the  relation  between  the  ooefficients  of  the  equation 
a^— jva^'+^a^— ra?+«  =  0,  in  order  (1)  that  the  second  and  third  terms 
may  yanish  by  one  transformation,  also  (2)  the  third  and  fourth  terms. 

2.  Transform  s^+qx^+rx-}'S  =  0  into  an  equation  whose  roots  shall 
be  the  squares  of  the  reciprocals  of  the  roots. 

3.  Shew  that  the  third  term  of  the  equation  a;*— ^+£a?— r  =  0^ 
cannot  be  removed  by  transforming  the  equation  if  3q  be  greater 
than/?'. 

4.  Form  the  cubic  equation  whose  roots  shall  be  a-^bK 


34 

5.  Sliew  thftt  the*  roots  of  the  eqaatioQ^c'+S^x'+s^— ^==0  are 
arespectively  the  squares  of  the  roots  of  the  equatioa  a^+qx+r^O. 
6*  The root»  of  a^+mx+n=: 0  are  «„  ^i ;  the  roots  of  ^+p»+f  =  0 

are  a.,  h:  form  tiie  equation  whose  roots  are  ^  .  ?? .  -i ,  -' . 

7.  Jf  a,  hy  e  be  roots  of  «*4-jM:*+?a:+r  =  0;  find  the  equation 
whose  roots  shall  be  a+b^  a+c,  b+c,  and  apply  the  residting  equation 
to  the  equation  whose  roots  shall  be  the  sum  of  every  two  of  the  roots 
•of  the  equation  «■—  8:c*+23a?— 22  =  0. 

8.  If  a^  b,  e  be  the  roots  of  the  equation  a^'\'qx'^r  =  0  ^  find  the 
equation  whose  roots  shall  be  •'-flft-f^',  a'—^c+c*,  ^— fec+c". 

9.  Transform  the  equation  ^— ^+9'^— ra;+««0,  whose  roots  are 
a,  b,  c,  d,  into  one  whose  roots  are  ab-\'Cd,  ac'\'bd,  ad+bc, 

10.  Transform  the  equations  ai*— a:*y'+y*  =  85  and:ry(a;' — y*)  =  18  into 
two  other  equations  in  which  the  new  values  z,  w  shall  be  z—a^-^y*^ 
-to^xify  and  (Ediew  that  the  resulting  equation  involving  only  z  is 
5»— 85«»+324  =  0. 

11.  Eliminate  x  and  y  between  the  equations 

and  solve  the  resulting  biquadratic  equation. 

12.  Transf(»m  the  equation  d;*— /^id^+^v^— i?s»0  into  an  equation 
whose  roots  shall  be  the  squares  of  the  differences  of  tiie  roots  of  the 
given  equation  ;^  and  shew  that  the  differences  of  the  roots  of  tiie 
given  equation  are  respectively  equal  to  the  differences  of  the  roots  of 
^e  transformed  equation. 


1.  Prove  that  impossible  roots  of  the  forms  a±i>/— 1  and 
•±b^ — 1  exrter  equations  with  integral  coefficients  in  conjugate  pairs ; 
SA  also  surd  roots  of  the  forms  a+  s/  ^  and  ±  >/  d. 

2.  Prove  that  a  cubic  equation  whose  coefficientB'  are  whole 
numbers  has  no  fractional  root,  and  shew  why  it  does  not  ^pply  to 
the  equation  «• — a^+aj  =  0. 

3.  If  Ja+>/J  be  a  root  of  ii;'+jw;'+3'd?+r  =  0,  then  a^-^-pa-^q  is  a 
factor  of  r ;  ^  not  being  a  perfect  square,  and  p,  q,  r  integers. 

4.  If  a^+qx'\'r=0  have  a  root  of  the  form  ^{a+y/b)  where  >/i  is 
irra<lioiiai,  i^w  that  a  is  a  root  of  the  eqna/tion  :^+qx-^r'a9^ 

5.  II  <i+^>/~l  boarootol  the  equatMNi  ^'+7^+'*"^»  then  tf  is  a 
root  of  8«'+2^4f-r  -O,  and  3<i*-  J*  =  — ^ ;  but  if  a+b»y  - 1  be  a  root 
of  flj*— jP«*— r- 0,  tken  «^ia  a  root  of  8a^— 8pa^+2|Ar+y  =  0. 

6.  Find  a  condition  that  j^+2|^+4!r«— «wO  may  have  tw» 
imaginary  roots. 

7.  Transform'  ^ — 4«'-i-10ar*— 12dr+9«0  into  an  equatioa  whose 
roots  shall  respectively  be  less  by  unity,  and  from  the  result  shew  that 
the  roots  of  the  proposed  equation  are  afl  impossiMB. 
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8.  If  a+hs/^l  be  a  root  of  a?*+j>a?*+ j'«'+r«+«  =  0  ;  then  two  of 
the  roots  wiU  be  i{— (p+2a)±(ii»— 2y— 2fl'  +  2J»— -^^iL-V  I . 

9.  A  biquadratic  equation  cannot  have  all  its  roots  real,  if  the 
coefficient  of  any  term  be  less  than  a  mean  proportional  between  those 
of  the  two  adjacent  terms. 

XX. 

*  1.  Shew  that  a?-'7x*+lSx—lO  can  never  be  negative  for  any 
value  of  X  greater  than  unity. 

2.  Find  between  which  of  the  roots  of  a^— 9^+23;v— 15  =  0  the 
number  2  lies. 

3.  Find  a  number  greater  than  the  greatest  positive  root  of  the 
equations  ic*—  64f+23  =  0  and  a?*—  8a:'+12a^+16a;  —  39  =  0  respectively. 

4.  Find  a  number  greater  than  the  greatest  negative  root  of  the 
equation  a7'+4a;*-  31a;  -  70  =  0. 

5.  Determine  a  limit  less  than  the  least  positive  root  of  the  equa- 
tions a^+Sx*-  8«-  64  =  0  and  a?*— 3a;'— 5a;" + 2a? -|- 3  =  0. 

6.  Find  a  number  less  than  the  least  negative  root  of  the  equation 
-ipS_4aJ-.:P+20  =  0. 

7.  Find  the  superior  and  inferior  limits  of  the  roots  of  the  equation 
4j3_3a^_l  1^^21=0. 

8.  Find  a  number  less  than  the  difference  of  any  two  roots  of  tho 
equation  a;*  —  7a? + 7  =  0. 

9.  Find  the  number  and  the  situation  in  order  of  the  real  roots  of 
the  equation  a?" — 5a?*+7a?— 36  =  0. 

10.  Bequired  the  number  and  situation  of  the  real  roots  of  tho 
equation  x*-2x^^  7a?*+10a?+10  =  0. 

11.  Find  two  limits,  one  of  which  is  greater  than  the  greatest,  and 
the  other  less  than  the  least  root  of  a?*— I9a;*+117a?*— 261a?+162  =  0. 

12.  Fiud  the  number  of  real  roots  of  a?*— 4a?'+ll  «0  and  the  con- 
secutive integers  between  which  they  are  placed. 

13.  Find  the  first  figure  of  one  of  the  roots  of  the  cubic  equation 
«»— 17aj»+54a?— 350  =  0. 

14.  Find  the  first  figure  of  one  of  the  roots  of  the  biquadratic  equa- 
tion af*+3a?'-f2a?*-h6a?- 148  =  0. 

XXI. 

1.  If  the  successive  substitution  of  of  and  h'  in  any  equation  for  tho 
unknown  quantity,  give  residts  affected  with  different  signs,  then  one 
at  least  or  an  odd  number  of  roots  lies  between  t^  and  h' ;  but  if  the 
results  are  affected  with  the  same  sign,  an  even  number  of  roots  or 
none  at  all  lies  in  the  above-named  interval. 

2.  Find  the  limits  of  a  and  c  in  order  that  the  equation 

a;*—  ioj^-  2aV+  I2<^x+c  »  0  may  have  three  real  roots  equal. 
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8.  If  the  real  roots  of  a  biquadratio  equation  be  sabstitated  in 
the  limiting  equation,  the  results  will  be  altematiyely  positive  and 
negative.    Ex.  «?•— 10a!»+36a?'— 50iP+24  =  0. 

4«  In  a  complete  cubic  equation  a^—/^^+l't^--i'i»0,  if  the  square 
of  the  coefficient  of  the  second  term  be  less  than  Uiree  times  the  co* 
efficient  of  the  third  term,  the  proposed  equation  has  a  conjugate  pair 
of  impossible  roots. 

5.  Shew  that  every  number  which  written  for  x  in  the  equation 
^  -^pa^+qa^+rx+t »  0  makes  it  and  all  the  derived  factions  positive 
is  a  superior  limit  of  the  positive  roots  of  the  equation. 

Ex.  1.  a?*— 2««+10a:— 8-0.        Ex.  2.  «*+«*— 10«»— a? +15-0. 

6.  If  Of  hf  e,  d  be  the  roots  of  a^^pia?+p^-'j9^+p^=^0f  and 
44^—  3pi^+2p,a;- ji,  =  0  be  the  limiting  equation ; 

then    ^—^i^+^Pf^-Pt  ^    ^     I     ^     I     ^     I     ^    . 
s^^-p^+p^—p^+p^    a?— a  "*"«— 3  "*"d?— «  "*"a?— i  * 

7.  Given  the  equation  4a^-f  9a^~12a?+270;  employ  the  roots  of 
its  first  derived  equation  to  discover  the  number  and  position  of  ita 
real  roots. 


xxn. 

Investigate  Cardan's  method  of  solving  a  cubic  equation,  and  solve 
the  following  equations,  first  shewing  when  the  method  is  applicable 
by  applying  the  criterion : — 

1.  «'+8a?+4  =  0.  2.  a!»— &r+6  =  0. 

8.  a^+ftr-32  =  0.  4.  a^-^ 8*-  18  =  0. 

6.  «»+ea?+20  =  0.  6.  ic»— 68»— 870  =  0. 

7.  a^-8a?*+15«-t-50»0.  8.  «*+2A;*4-2a?+4«0. 

.    9.  «•— 6a:»+l0a:-.8  =  0.  10.  2«»+8«»+16«— 1  «(ar+8)*. 

11.  «•— 4««'+6««4r— 2«^-0.      12*  «•— «•— 6*+21  =0. 


xxnr. 

Solve  the  following  biquadratic  equations : — 

By  the  method  of  Descartes. 

1.  a?*— 6«»+8«"+6a:— 9  =  0  2.  a^-6«*-4p+80aO. 

3.  «*— 3«»— 42ar— 40-0.  4.  «*+4«*— «+6  «  0. 

6.  «*+8a:«+«*— a?— 10«0.  6.  «*-6««+ar*— iar+12-(k 

By  the  method  of  Euler. 

1.  a?»+S«"+2flf+3«0.  2.  a^-2«*4-18a^--15==0. 

8.  «*—25«'+ 60a?— 86^0.  4.  a^— &r'-*4«+80  =  0. 

By  the  method  of  Simpson  or  Waring. 

I.  **-ar»+12«»-12«+4  =  0.       2.  a^— 6a!»-14«»— ie«+8  =  0. 
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8.  a?*— 124?— 5=0,  4.  ^•+2«*+5«»+2a?+4  =  0. 

6.  «*— 12«*+12iP-8-0,  6.  a^— 88«*+210««+638iP+289  =  0. 

XXIV. 

Explain  Newton*8  meihod  of  approzixnation  to  the  incommensur- 
able roots  of  an  equation,  and  determine  the  conditions  for  a  saccessful 
application  of  his  method. 

Find  an  approximate  value  of  an  inoommensorable  root  in  each  of 
the  following  equations : — 

1.  «:•— 2«-6  =  0.  2.  2«*—«»+«— 3000-0. 

3.  a!»-7«-l=0.  4.  «*+9«— 20  =  0. 

5.  «•— 4«»— 7«+24  =  0.  6.  «*— 5a!»+8«*+35ar— 70  =  0. 

7.  «*— 2«»+2«»-6a?-3  =  0.  8.  «*— 5a:»+7a^-5ar-6  =  0. 

9.  **-8«*+8d?— 5  =  0.  10.  «*— 5a!»— 2««+16;p— 3-0. 


1.  The  equation  «■— |?«"+j'«— r-0  has  two  equal  roots,  shew  that 

one  of  them  is      ^^  •    Is  the  oonyerse  necessarily  true  ?    Find  the 

6j^— 2jr 

third  root. 

2.  The  root  common  to  the  equations  s^+pa^+qx+r  =  0  and 
^■l-p'«'+^«+f'  =  0  is  real,  if  q-^  =  2{(i>-|/)(r-r')}». 

3.  If  the  roots  of  «'+aa^+i»+<' =  0  be  of  the  fbrm  a,  1,  /3;    shew 

a 

that  e{a-^e)  =  3—1. 

4.  The  product  of  the  two  unequal  roots  of  a^-^hx^+cx-^d^O  is 
«qual  to  unity;  prove  that  the  third  root  will  be  equal  to  ^Z£. 

5.  If  two  roots  of  the  equation  aa^+SM+Qex+a^mO  be  equal, 
then  shaU  4(«?-8«)(M-(>»)-(«/-ft<>)*-0. 

6.  If  «'+;«-hr>«0  have  two  equal  roots,  the  product  of  the  roots 

of  its  limiting  equation  will  be  -*l^)  • 

7.  If  the  equations  d^+l'^+TaB+r-O  and  S2^+2px+q»0hjKfB  a. 
common  root,  each  equation  involves  the  same  £iotor  of  the  first 
degree,  and  27r»+2(2p*-9j')pr+^(4j'— j>*)  =  0. 

8.  Shew  that  if  a«"+3«'+<»+<i-0  and  (^«*+aV+<^a?+<f  =  0  have 
A  common  root,  the  coefficients  must  satisfy  the  relations 

adf-^i^d    M'-h'd    crfWrf 

9.  Shew  that  the  equations  aai^+ha^+cx+d^O 

and  <£K^+«3^.f  &B+II  =  0 

will  have  two  roots  in  common  when  the  following  conditions  are 

fdlfiUed:— 

flic— fl*i— 3*i— 

'^      Jo- 
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10.  If  the  eqnatioM**— Pj«+^i  =  0,  «•— |?,a?+£,-0,  «^— |?,»+ft=0 
Ixave  roots  h,  c;  e,  a;  a,h  respectiyely,  the  equation 

has  its  roots  a,  h,  e, 

11.  If  a^+pa^+qx+r^O,  a^+qa^+rx+p  j^O,  «*+ra5*+^«+p  =  0 
have  a  common  root ;  shew  that  ^ +H  »  2pq» 

12.  If  each  of  two  pairs  of  the  equations  (u^+hx+e-O, 
ha^+ex+a^Of  em^+ax+b-O  have  a  common  root;  prove  that  a 
common  root  exists  for  the  third  pair,  and  that  if  they  all  have  a 
common  root,  «^+6*+c'  =  3<ibc. 

13.  The  roots  of  the  equation  a^+Spa^+Sqx+r  =  0  cannot  be  all 
real  if  ^  be  greater  than  jp'  or  pr  greater  than  q*. 

14.  Ji  a,  a,  e  be  the  roots  of  the  equation  x^+Sp2^+qx-\'r  =  0f  and 
€,  Cf  a  be  the  roots  of  a^+BpiO^+q^+ri^O,  then  shall 

Sip^p,)^l^  =  (^P^:i:r^,  and  fL  =  (rrOK 
P+Pi  r+r^  9pp, 

15.  The  roots  of  the  equation  a^^pa^+qx-^r^O  are  a,  h,  c,  and  the 
roots  of  a:"— jE>V+^a?— r' «  0  are  a,  3,  <f .  Determine  e  and  <f  in  terms 
of  the  coefficients  of  the  equations. 

XXVI. 

1.  shewthat-l?.+JL.  Jl.=  i,and?£nl+??=:i+?::i=5 

are  identical  equations  with  real  roots. 

2.  Solve  the  equations  «*— 7a;»+36  =  0  and  «»-8a!*— 10j?+24  =  0, 
the  former  of  which  has  one  root  equal  to  3  times  one  of  the  roots  ol 
the  latter. 

3.  Having  given 

(^-l)(a.-2)(a:-3)+a(«— 1)(«-2)+^(«— l)+tf  =  0, 
determine  the  values  of  «,  h,  e,  so  that  4,  5,  6  may  be  the  three  roots 
of  the  equation. 

4.  If  3^+ps^+qx+r  =  0,  of  which  the  roots  a,  h,  c  axe  real,  be 
satisfied  by  «  »  3+  ^/8,  it  will  be  satisfied  by  a;  ~  — r. 

5.  The  roots  of  ^e  equation  ax^+hx+c^Of  are  two  of  the  roots  of 
the  cubic  equation  i^a^+{i^'-ae)hx+c'^''0;  find  the  third  root 

6.  If  a,  h,  e  be  the  roots  of  the  equation  x^^Sx+7  «  0,  determine 
the  numerical  values  of  tf*+^+^  And  a'3'+a^^+^^- 


1.  If  «  be  the  sum  and  p  the  product  of  the  roots  of  the  equation 
.T^{ax+h)  -  {a+hx)  «  0,  then  aa+hp  «  0. 

2.  Qiven  the  equation  af^p^+qx-r^O  whose  roots  are  a,  l,  c; 
express  (s*  ^)'  in  terms  of  c. 
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3.  Ifpq  =  f*y  what  is  Uie  nature  and  yalue  of  ilid  roots  in  the  eqa^" 
tion«*— j»?+^«-r«0?    Ex.  «*—3«*+4a:- 12:^0. 

4.  Solve  the  equation  a^+poi?+qz+r=0,  when  3pr=£^  and  apply 
it  to  find  the  roots  of  «»— 4a:'+6a;-  3  =  0. 

5.  If  a,  h,  e,  arranged  in  order  of  magnitude,  be  the  roots  of 
a^Spaf+Zqx-^r^O;  shew  that  the  equation  ra?'— 2^*a?+rjr »  0  contains 
the  greatest  and  least  of  them. 

6.  Determine  the  ratio  of  rp  to  ^  in  the  equation 

aa^+  ha^y+exj/^+di^  =  0. 

7.  Solve  the  equations  cu^+bx^+cxy'+d^  =  0,  and 

da^+ea^l^+hxy^+01^  =  0. 

8.  Given«+y  =  «,«'+y*=a",«'+y*  =  J*;  shew  that  2»-3«"«+2J*«0. 

9.  Prove  that  the  product  (a^+ax+m){a^+hx+m){^+ex+m)  will 
contain  no  powers  of  x  whose  indices  are  not  multiples  of  3,  i£ 
a+h+e=^0  and  a^+d^+<^  =  6m;  and  by  means  of  the  resulting  ex- 
pression determine  the  roots  of  a;*— 20^+343  »0. 

10.  The  equation  -J^  4.  -%  j._^ 4._f*    =  0  will  be  satisfied  by 

^  x+b^^x+hi^x+b^^x+b^  ^ 

only  one  finite  value  of  ^,  if  ai+<(j+ai+04  =  O, 

and  aA+tfji^j+fljJj-f  fl^J^ssO. 

11.  Find  the  values  of  a?,  y,  z  from  the  equations  ary-|-;r;s;+y^ '  26, 

«y(«+y)+«2<j?+«)+y«(y+z)  =  168, 

and  «y(«*+y*)+2r«(a:'+j0+ys(y*+«^)  =  638. 

12.  The  surface  of  a  rectangular  parallelepiped  is  22  square  inches, 
the  length  of  its  diagonal  is  V 14  linear  inches,  and  its  solid  content 
is  6  cubic  inches ;  find  its  edges. 

13.  Shew  that  impossible  roots  in  an  equation  lie  under  the  fonn  of 
two  positive  or  two  negative  roots  in  equations  in  which  they  occur. 
Determine  whether  the  equation  ^— (a'+^+^)^--2ad^  =  0  has  im- 
possible roots. 

XXVUl. 

1.  If  a*+p«»+^«*+ra?+l  =  0  and  a?»+ra;»+(^«*+p«+l  =  0,  have 
a  common  root,  then2>+r»^+2. 

2.  If  x^-^-px-^-q  =  0,  and  x^+qa^-^-p  =  0,  have  two  roots  in  common ; 
find  the  relation  between  p  and  q. 

8.  The  equation  a^+ra?+# = 0  has  equal  roots  when  ( ^  j  =  f  ^  j  ; 

and  no  real  root  when  (^j  is  less  than  (-1  • 

4.  The  equation  a?*-jpa;*+g^a*— «?+#  =  0  has  two  pairs  of  equal 
roots :  find  their  value  in  terms  of  the  coefficients. 

6.  If  a?*+4|>«*+6j'ai"+4ra?+#  =  0  have  throe  equal  roots»  prove  that 
5'«+2p^-r*— y«— ^  =  0,  *— 4pr+3£'-0, 
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6.  Shew  how  to  find  the  equal  loote  of  an  ^natioiL  Doee  the 
method  apply  to  the  case  where  the  same  imaginary  root  oooozs 
more  than  once  in  an  equation  ?  Apply  the  method  to  find  the  equal 
lootfl  of  the  equation 

^+lS«»+33aj"+31«+ 10  -  0. 


XXIX. 

1.  Shew  that  the  value  of  the  expression 

^-.28«»+277«»— 1134ap+792, 
if  ^  be  between  6  and  8,  cannot  exceed  8. 

2.  Besolye  ^-  5d^+4p  into  its  simple  factors. 

3.  Shew  that  ^+2a;*+jr;r'+r«+«  =  0  becomes  a  quadratie»  if 
g  =  r+l.    Solve  the  equation  a?»+2«"+9«*+84?— 9=0. 

4.  Solve  the  equation 

(»+ 1)(*+2)(*+3)(«+4)  -  (a:+l)«+(*+2y+(«+3)«+(a?+4)«. 

5.  Find  the  roots  of  the  following  equations,  if  the  equation 
j^.iatJ^35a:S.50a:+24»0  contain  all  the  different  roots  of  the 
-equations  «"—7«"+14«— 8  =  0  and  a*—6»'+ll«— 6  =  0. 


1.  In  the  equation  ^— jxb*+;^— fo^+t-O,  detennine  the  con- 
(1)  that  the  sum  of  two  of  the  roots  shall  be  equal  to  the  sum 

oi  the  other  two,  and  (2)  that  the  product  of  two  of  the  roots  shall  be 
-equal  to  the  product  of  the  other  two. 

2.  Solve  the  equations  «*-2iu^+(<^— ^>i^+2«i^— i^i'-O,  and 

24<««+aaf  -  7)(«»+»- 8)  -  21  («»+8«- 8)  -  9(«»+ar- 7). 
8.  The  equation  «*— 2(|?+g>r»+2(p— f)«— 1  has  four  real  roots 
nrhen  27jp^f'— (j*— jj'— !)•  is  negative. 

4.  If  —  1,  — o^  —3,  —0  be  the  roots  of  the  biquadratic  equation 

a^+l>i«*+i¥B"+l>,«+l>4  -  0, 
then  shall  |9|-ji,+/^*|^4=s  1. 

5.  If  a,  ^,  ^  be  the  roots  of  the  cubic  equation  «*— j'l^'+iV^^j'^"  0, 

tiien  (1-a)«+(a-1'.)'-(1+^)(1+J')(1+0. 
\  And  if  0,  3,  tf,  i  be  the  roots  of  ^— i'l^+l'^— l'r^+i'4 ""  0, 

j         then  also  (l-i^+i»4)'+(ih-A)'-(l+«*)(l+^(l+0(l+^)- 

6.  Qiven  ^+ap+^«0  and  «*+€!ir-fy»0;  shew  that  the  final 
equation  determining  y  will  be  a  biquadratic  wanting  the  second  and 
fourth  tenns  if  0*+4»0'— 1^-0. 

7.  Bequired  the  conditions  to  be  satisfied  that  in  the  divisicii  of 
«*— ^— rr— «  by  s^'\'ax'\'b  the  remainder  may  be  sero  independent 

af  the  value  of  d?  after  three  terms  of  the  quotient  have  been  obtained; 
and  when  these  conditions  are  satisfied,  obtain  an  equation  for  finding 
6  from  ^,  r,  «  giveUi  and  shew  how  to  solve  it. 
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XXXI. 

1.  If  the  coefficients  of  a  reciprocal  equation  be  whole  nnmben^ 
shew  that  it  can  have  no  oommenenrable  roots  except  +1  and  —1. 

2.  A  recurring  equation  of  five  dimensions  can  be  reduced  to  on» 
of  four  dimensions,  and  the  roots  can  be  found  by  the  solution  of 
an  equation  of  two  dimensionB,  and  a  recurring  equation  of  six 
dimensions  may  be  solyed  by  means  of  an  equation  of  three  dimen- 
sions. 

3.  A  recuxring  equation  of  four  dimensions  has  its  roots  of  the 

form  a,  -;  h,  ^i   and  an  equation  having  all  its  coefficients  whole 

numbers  cannot  have  a  fractional  root.    Shew  that  these  two  pxopo* 
sitions  are  not  inconsistent. 

4.  In  the  transformation  of  a  given  equation  into  one  whose  roots 
shall  be  the  reciprocals  of  the  roots  of  the  given  equation ;  £nd  under 
what  conditions  the  transformed  equation  will  be  identical  to  the  given 
equation. 

5.  Transform  the  equation  a^+^+^+^-fl=0  into  one  whosoi 
toots  shall  be  the  squares  of  the  roots  of  the  given  equation;  andshew^ 
from  the  roots  themselves  that  the  transformation  is  correct. 

6.  Fkove  that  the  equation  whose  roots  are  a,  h,  ^,  -^is 

g(*»+l)+(j«+|j^+l>r»=lMr(^+l)(^+l). 

7.  Transform  :p*+4«*— &i?~4»0  into  a  reciprocal  equation  by- 
increasing  each  of  the  roots  by  the  same  quantity;  and  then  find  its 
roots. 

8.  Determine  the  roots  of  df*--4.2^«*+6.4^a^— 4.8^ui;+2  =  0. 

9.  Shew  that  the  sum  of  the  squares  of  the  roots  of  the  recurring 
equation  ^+pa^'^q^+px+l  =  0  is  lees  than  the  sum  of  the  squares  of 
the  roots  of  the  reducing  quadratic  by  4. 

10.  In  the  recurring  equation  a^+pai^+q^+px+l^O,  whose  roots, 
are  a,  i,  e,  d,  prove  that 

xxxn. 

1.  Determine  the  relations  which  subsist  between  p,  q,  r,  in  the 
equation  ^•^pa^^qx-^f'^O,  (1)  when  the  roots  are  in  arithmetical 
progression^  (2)  when  they  are  in  haimonical  progressioUi  and  (8) 
when  they  are  in  geometrical  progression. 

2.  Form  the  equation  whose  roots  shall  be  the  arithmetic, 
harmonic,  and  geometric  means  between  the  roots  of  the  equation 

8.  Transform  «*— jKe'+gx— r  -  0|  whose  roots  are  a,  i,  c,  into  an 
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^nation  whose  roots  shall  be  mean  proportionals  between  every  two 

roots. 

4.  Solve  the  equation  {ie+(ii){x+ai)(x+a^)(x+a^)  =  d;  a^,  a,,  a,,  a^ 
being  in  arithmetical  progression. 

5.  If  a^-^px^+qX'-r^O  have  its  roots  in  harmonieal  progression, 
shew  that  the  equation  yV-  (p^*— 3^r)«+(^— 3pjT+9r")  =  0  contains 
the  greatest  and  the  least  roots. 

6.  If  the  roots  of  a:*— /?d?'+ j'ar— r  =  0  be  in  harmonieal  progression, 
and  p,  q  be  integral ;  then  r  is  the  square  of  the  greatest  root. 

7.  The  harmonic  mean  of  two  roots  of  the  equation 

6d;»— ««-.75a?+100  ^  0  is  2  ; 
find  the  roots. 

8.  Find  in  terms  of  m  and  a  the  roots  of  the  equation 

x*+paa^+(m*+m)a^a^+rax + a*  =  0, 
which  are  in  geometric  progression. 

9.  If  the  roots  of  the  equation  (u/^+hji^+cx+d  »  0  be  in  harmonieal 
progression,  prove  that  c*  =  4bd,  and  c*  +  40000?  =  0. 

10.  Shew  that  if  the  two  roots  of  a  biquadratic  equation  be  an 
arithmetic  and  harmonic  mean  respectively  between  the  remaining 
two,  the  product  of  the  greatest  and  least  roots,  or  of  the  two  others, 
shall  be  equal  to  the  square  root  of  the  last  term  of  the  equation. 

Hence  solve  the  equation  a;*— 30a;'+320;i:'-  1440ii?+2304  «0. 

xxxin. 

1.  Shew  the  advantage  which  arises  in  the  solution  of  a  cubic 
equation  by  Cardan's  rule,  by  first  transforming  the  complete  equa- 
tion ^+Pi^+Pf'^+P3  =  0  into  the  form  s^+qx+r  =  0. 

2.  Point  out  from  the  inconsistency  of  the  assumptions  made  in 
Cardan's  solution  of  a  cubic  equation,  that  the  method  fails  when  the 
three  roots  are  real,  except  in  one  case. 

8.  If  «  =  (±a')*+(±^')*,  determine  all  the  values  of  x  for  which 

the  values  of  (±a')^(±J')*  are  possible. 

4.  If  1,  «,  iS,  be  the  roots  of  4:»+l  =  0,  shew  that  •?+/9'»  -2. 

6.  If  the  equation  a^—qx+r  =  0  have  two  of  the  roots  a±3>/— 3 ; 

then  shaU-r+l^.^  }-(«-«)». 

6.  If  a  be  the  possible  root  of  the  cubic  a;*— ya?+r  =  0,  which  can 
be  solved  by  Cardan's  method ;  then  must  a  be  greater  than  2»yi. 

3 

7.  In  the  solution  of  a  cubic  equation  by  Cardan's  method,  shew 

that  the  expression  —  J{(y+*)—(y ""*)>/ "•^}  contains  the  two  im- 
possible roots. 

8.  Theformula«=  {r+^/(r*— g')}4-|-{r— V(r»— ^)}*,expressesthe 
complete  solution  of  the   equation  («'-2r)'— 27^*3?' «0.     In  what 
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mann&r  oan  the  formula  be  modified,  so  as  to  express  the  roots  of  the 
equation  ^^Sq:i!'>^2r  ^  0  only, 


xxxrv. 

1.  If  tf  be  the  sum  of  two  roots  of  the  equation  x^-^-q^+rx+s^^O, 
then  (without  consideration  of  the  reducing  cubic)  shew  that  ^  has 
only  three  different  values. 

2.  Express  the  four  values  of  the  unknown  quantity  in  the 
biquadratic  equation  in  terms  of  the  roots  of  reducing  cubic  equation. 

3.  If  a  biquadratic  equation,  when  deprived  of  its  second  term,  has 
the  coefficient  of  ^  positive,  two  of  the  roots  at  least  are  imaginary. 

4.  Prove  that  Descartes'  solution  of  a  biquadratic  equation 
succeeds  when  all  the  roots  are  possible,  and  when  two  of  them  are 
equal. 

5.  The  sum  of  the  roots  of  Descartes'  reducing  cubic  is  equal  to 
the  sum  of  the  squares  of  the  roots  of  the  biquadratic. 

6.  If  a  be  one  of  the  roots  of  Descartes'  reducing  cubic,  the  four 
roots  of  the  equation  xi^+qx'^+rx+8  =  0,  are 

2-1      2     4^2  Vai'  2^1      24     2y/a) 

7.  Prove  that  the  roots  of  Descartes'  reducing  cubic  are  re- 
spectively quadruple  of  the  roots  of  Euler's  reducing  cubic. 

8.  Express  the  roots  of  the  cubic  equation  employed  in  the  process 
of  solving  a  biquadratic  equation  by  Euler's  method,  in  terms  of  the 
roots  of  the  biquadratic. 

9.  Explain  why  the  general  root  of  Euler's  solution  of  a  biquad- 
ratic is  assumed  to  be  entirely  surd,  and  on  what  the  index  of  the  surd 
depends. 

10.  Find  the  roots  of  the  equation 
a^^2{a*+h*+(^)x^''Sab€x+2{i^+h*+<^)—{a^+h*+c*y  ^  0 

by  Euler's  method  of  solving  a  biquadratic  equation. 

11.  Shew  that  the  reducing  cubic  in  Euler's  solution  of  a 
biquadratic  equation  will  have  its  roots  real,  except  when  the  original 
equation  has  two  possible  and  two  impossible  roots. 

12.  In  the  solution  of  the  biquadratic  equation  by  the  methods  of 
Descartes  and  Waring,  shew  that  the  product  of  the  roots  of  the 
reducing  cubics  will  be  the  same  in  each  case  if  7r*+4q8  =  0. 

13.  Shew  that  if  x^+4ha^+6ca^+4dx+e  can  be  expressed  as  the 
difference  of  two  squares  (js^+2bx+mf'-{px+q)\ 

then  ffi»— 3c»i*+  {Ahds)m+Seo  -  2hU-^2d^  =  0. 

14.  Shew  that  the  solution  of  a;*+p^+^^+' =  0  may  be  made  to 
depend  on  that  of  the  cubic  4y'+(4p— #)y— (p**— r*)  =  0 ;  and  if  a,  J, 
Cf  d  be  the  roots  of  the  given  biquadratic,  the  roots  of  the  auxiliary 
cubic  are  i(«i+<?rf),  i(<w+M),  \{(id-\'hc). 
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XXXV. 

1.  If  a,  h,  Cf  d  be  the  four  roots  of  the  equation 
s^-^pa^^q^^rx+t  =  0,  determine  the  equation  whose  roots  shall  be 
respectively   the   products  of    erery  three  roots  of  the    proposed 
•equation. 

2.  If  a,  /9  be  two  roots  of  s^-^-ps^+qx+r^O;  shew  that  the  other 

two  roots  wiU  be  -•-+f  ±  {  (^J+;^,  }  '• 

8.  If  the  equation  d^+|M^+r  s  0  and  a^+qx+i  »  0  have  a  common 
xoot;  determine  the  equation  which  connects  the  coefficients  j»»  q,  r,  «. 

4.  The  equation  s^-^pa^+qx^l »  0  has  four  real  roots  if 

{'-?}'- {^r 

"he  greater  than  unity,  and  only  two  in  the  contrary  case. 

5.  Determine  the  four  roots  of  the  biquadratic  ^+4^X'^^^0  by 
means  of  a  quadratic  equation. 

6.  Determine  the  four  roots  of  the  biquadratic  equation 

(^a^h)(a--e)  +  ^b^e){h^a)  +  (c-«)(<?-J)  "    ' 

7.  Depress  to  a  cubic  the  equation 

a^'-pa^+qa^''n!^'\'qssi^'-'P^x+^  =  0. 

8.  Beduce  a^— /w^+jri'-ne'+w*— w?*+r«*-ja^+|MP-laO  to  aft 
equation  of  four  dimensions. 

9.  Beduce  the  equation 

^4.aj«-.9«»+&B»— 8«»— 8«*+3a*-»«"-f«+l -0 
to  simple  and  quadratic  equations,  and  find  all  the  nine  roots. 
10.  Shew  that  the  equation 

when  l*+m*+n*  >■  1,  can  be  put  into  the  form 

I*  m*  ft* 


s 


HINTS,  RESULTS,  ETC.,  FOE  THE  EXEEOISES  ON 
EQUATIONS  OF  THE  THIED  AND  FOUETH  DEGEEE. 

I. 

1.  See  Section  VIII.  pp.  1,  2.  The  solution  of  a  qnadratic  equation  is  effected 
by  making  the  tenns  which  inrolve  the  unknown  quantity  a  complete  second 
power.  If  the  terms  inrolying  the  unknown  quantity  of  a  cubic  or  biquadratic- 
equation  be  arranged  on  one  side,  and  the  known  quantity  placed  on  the  other, 
there  is  no  general  method  known  by  which  the  terms  can  be  increased  or  diminishoct 
80  as  to  become  a  complete  third  power  in  one  case,  or  a  complete  fourth  power  m 
the  other. 

3.  See  p.  3.  5.  See  p.  8.  7.  See  p.  8. 

11. 

1.  Leta;s8,  aj=4,  «=6;  thena;--3=0,  a;— 4=0,  a;— 6=0, 

and  (a;-8)(a5 -  i){x -  6)=0,  or  x*  -  12a;«  +  47a; -  60=0l 

2.  a;*-6a;«-7aj+60=0.  8.  a;»  +  2a;«- 23a; -60=0. 

4.  a;»  +  12a;«  + 47a; +60=0.        6.  a;» -8a;*  -  2a;+6=0. 

6.  a;*-9a;«  +  21a;-6=0.  7.  x»-8a;«  + 28a;- 28=0.        8.  a;»-x'+2=0i 

III. 

1.  a;* -14a;»+71a;«- 164a; +120=0.        2.  a;^  +  14a; »  +  71a;«  + 154a; +120=0. 

3.  a;*-27x«  + 14a; +  120=0.  4.  x*-20as»  +  94a;«  + 100a; -495=0. 

5.  a;*-12a;«+27=0.  6.  a;*  +  4a;»-2a;«  +  12a:-16=0. 

7.  a;*  +  2a;«  - 15=0.  8.  a;*  -  8aj»  +  7a;«  -  a;  -  2=0. 

9.  a;*  +  2x«-3a;*  +  2a;+6=0.  10.  a;*-10a5»  +  82a;«-84a;+7==0. 

11.  a;*-8a;«  +  24a;«-82a;  +  7=0,  12.  a;*-a;»  +  2a;=0. 

18.  a;*-2a;»  +  4a;«-2a;+l=0.  14.  «♦ -6a;»  + 18a;« -30a; +  65=0. 

IV. 

1.  Since  6  is  one  of  the  roots,  a; =6  and  as-  6=0,  and  ?_I.?£lii_=0, 

a;-6 

or  a;»  +  5a;  +  22=0,  a  quadratic  which  gires  the  other  two  roots,  a!=i(  -  6±  i/  -  63). 

2.  a;=2,  a;=3  the  other  two  roots.        8.  a;=2i,  a;=8^  the  other  two  roots. 

4.  Since   +V8  is   one   root,    —  V^    is    another,   then  a;=  +  \/3,  a;=— V^; 

ar-  V3==0,  a;+ V3=0,  («-  V3)(a;+ V3)=0,  or  «»  -3=0,  then  ^!JJ^Z.^^=0, 

a;*  —  8 

or  a; +  8=0,  .*.  ar=  -  8,  the  third  root. 

5.  a;- 4.  6.  x=-Z  7.  a;=7. 

8.  a;=l±V-2.  9.  a;=-l,  a;=-2.  10.  a;=— 1+V3. 
11.  a;=2,  a;=-l.              12.  a;=3,  a;=-2.  13.  a:=-l,  ar=~2. 
14.  a;=4,  aj=-8.              16.  a;=3,  a;=2. 


V. 

1.  The  equation  as* -8a;'*- a; +  8—0   is  the  same  as  a;' (a:  -  3)  -  (a;  -  3) »  0,  or 
(a;-8)(a'-l)—0,  .'.  «-3a0  and  x*-li»0,  .*.  a;-8  anda;«*±l. 

2.  a;»-3a;+2-0,  or a5»-a;— 2a;+2«0,  or a;(a;»-l)-2(a;-l)=0, 

or(«-l)(a5>+a!+2)-0,  .'.  a;-l«0  anda:'+a!+2-0. 
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3.  2aj»-«-l«0,  or «»-«+«» -1-0,  oric(x«-l)  +  (a5-l)(a5«+a:+l)=0, 
or(ar-l)(2a:«  +  2aj  +  l)-0,  .'.  a;-l«0,  2a5«+2aj+l-0. 

11.  («-5)(x«-6a;+5)+«-6,  (x-5)(aj«-6«+6)  +  (aj-6)-0, 

or  («  -  6)(«— 6a! + 6) »  0. 

12.  »(« + l)(aj + 2) -  9  X  8  X  7 = 7(7  + 1)(7  +  2),  an  identity,  .*.  «-7,  one  of  the  roots. 
19.  The  equation  (a;-3)(a;-4)(«-6)(a!-6)-1.2.8.4 

—(7— 6)(7— 6)(7— 4)(7— 8),  an  identical  ezpreasion : 
.*.  7  is  one  of  the  roots.    Or  thus, 
Since  the  addition  of  unity  to  the  product  of  fonr  conseeatiye  nnmbers  makes  the 
m  a  complete  sqoare,  .'.  (aj—8)(x—4)(«—6)(a;—6)  +  l— 1.2.8.4  +  1, 
expanding  and  extracting  the  square  root  of  each  side,  a;' ~  9a; +19 —  ±5,  which 

gives  the  four  roots  of  the  equation. 

VI. 

1.  When  two  or  more  equations  have  roots  in  common,  whether  real  or  imaginaiy, 
the  equations  involve  each  a  common  factor  which  will  contain  the  equal  root  or 
roots. 

If  a;»— 8«*  +  ll«— 9=0  and  a!»-6a5*  +  llx— 7=0  contain  a  common  root; 
«*  -  Zx*  +  llx  -  9  and  x*-  5a;*  +  11a;  -  7  have  a  common  factor,  which  will  be  found 
to  be  a;  - 1,  .*.  x- 1=0  and  a;=l,  the  root  common  to  the  two  equations. 

If  the  two  expressions  have  no  common  factor,  there  is  no  root  common  to  the 
two  equations. 

VII. 

When  an  equation  contains  two  or  three  equal  roots,  the  limiting  equatbn  will 
always  contain  one  or  two  of  these  roots  respectively,  and  the  given  and  limitiTig 
equations  involve  a  common  factor. 

1.  The  limiting  equation  of  x*  -  7a;*  +  16a;~12=0  is  8x*  -  14x+16=0,  and  the 
expressions  8x*  —  14a;  + 16  and  x*  -  7x*  +  16a;  - 12  have  a  common  factor  which  by 
the  process  described.  Section  V.  pp.  1,  2,  will  be  found  to  be  x- 2,  and  2-2=0, 
•'.  2=2,  one  of  the  equal  roots. 

7.  The  limiting  equation  of  the  biquadratic  x*  -  6z'  +  8a;  -  8=0  is 
4a;»-12»+8=0,  or  a;»-8a;+2=0,  the  expressions  a;»-8a5+2  and  a;*-6a;»  +  8aj— S 
have  a  common  factor,  a:*  ~2a:+l,  and  a;'  - 2a; + 1=0,  or  (a;- 1)'=0  and  «=1. 

The  given  equation  has  three  roots  each  equal  to  1. 

VIII. 
1.  The  three   roots  a;*  +  l=0  are  1,  |(-l  +  i^-8),  ((-i-^.S);  and  th« 
three  roots  of  «»- 1=0  are  -1,  i(l  +  V-8),  J(l- V-8). 

Aboif«=Z±tVz8,  then-^-^^-^^-^■^^-^-^-^V'S 

2  2  2         ^-1  +  ^-8 

_        1+8  2  1 


2(-l  +  V-8)     -l+V-8~a 
2.  The  rootsof  a;*+a;'+x+l=0are  -1,  ±V— 1:  and  of  a;*- a;* +«- 1=0  are 

1,  ±n/-i. 

8.  a;=l,  a;=2±VS.  4.   -1,  i{2±V-5).  6.  a;=«+V6±l)a. 

0.  a?'— 8a;+l=0,  x*  +2ar+l-i0  are  the  two  quadratics  which  give  the  four  nwts. 

7.  2a;*-5a;«  +  4aj«-5a;+2-0,  a:*-5a;«+2a;«-5a;+l-0, 

2  2 


(a!*  +  2a;«  +  l)-|r(««  +  l)«0,  (a;«+l)«-|e(»«  +  l)-0,  (a;«+l)(a;«+l-55\-0, 
••.  a6*+l«0,  a;»— --+1-0,  are  the  two  quadratics  fiw  finding  the  four  roots. 

4 
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9.  as»  +  2a.-*  +  2a;+l«0,  ©f  («»  +  l)  +  2aK«*  +  l)-0,  or 
(«+!)(»♦+«* -x«+a5  +  l)-0;  .'.  sb+I—O,  and  as* +«»—«•+ as +1-0,  or 

(«•  + 1)« +a<aj«  + 1) -8aj«,  a  quadratic,  from  wWch  ««  + 1 +?«i^^. 

11.  «»+2aj*+3«»  +  8««  +  2«+l«0,  or  (»»  +  !)  + 2aj(»*+l)  +  8aJ«(aj+l)-0,  or 
(aj+l)(«*+»»  +  2a5«+«+l)-iO, .'.  aj+l-Oaiida:--l,anda5«+a?*  +  2««+a;+l«0, 

...  (x.+24)  +  («+l)+l-0.   (x+l)V(«+|)+l=0. 
Letx+i-iZ,  then  2» +2+1-0. 

X 

12.  The  fire  roots  are  -1,  i(8±^/5),  i(19±^/357). 

10,  ««-8»«+(te*-(te«  +  8a;-l=0,  or  (a;*- !)(«♦- 8«»+ftB«-8a: +1)=:0, 

/.  «'-l»=0  and  aj*-8a;*  +  te*-8a!+l=0. 


IX. 

Of  the  eqaations  nnder  this  nnmber  each  contains  at  least  one  root  +1  or  -1, 
which  is  rendered  possible  by  certain  relations  between  the  coefficients  of  the  terms 
of  the  equations.    See  Section  lY.  pp.  28,  24. 

1.  The  equation  as*  +  32'  +  9x— 18=:0  has  the  algebraical  sum  of  its  coefficients 
with  their  proper  signs  equal  to  zero.    In  this  case  x*  +  Sx*  +  9x  - 13  is  divisible  by 

a-l,andif  85-1=0,  *!±l^!±^zl?=0,    or  a;«  +  4a;+18=0   is   the   quadratic 

a;-l 

which  contains  the  other  two  roots. 

5.  2'— 9a;*  +  23«-15=0.      Here   1-9  +  23-16=0,  and  os-l  is   adivisor  of 

«»-.9a;«  +  28«-16,  thenfl=i^l±P^^i:i^=0,  or««-8a:+15«0. 

X— 1 

6.  7x'  +  Sx*+x+d=0,  in  which  the  sum  of  the  first  and  third  coefficients  is 
equal  to  the  sum  of  the  second  and  fourth,  or  7  +  1=5+8,  and  x+ 1  is  a  divisor ;  if 

a;+l=0,  ^^!L!:^!+£±l=o,  or  7x«-2x+8=0,  a  quadiatio  which  contains  the 

x+1 

other  two  roots. 

13.  x«  +  18x*+83x>  +  31x+10=s0.  Hero  1  +  83  +  10=18  +  81,  and  x+1  is  a 
divisor. 

Ifx+1=0,  «"  +  18g'  +  88x«+31x+iq^(^   orx«  +  12a'«+21x+10*0. 

x+1 
An<I  since  1+21^12  +  10  in  the  equation  x*+12x'  +  21x+10=0,  x+1  is  a 

divisor,  and  if  x+ 1=0,  «!±12xM^21x+10^j^^  or  x«  +  llx  +  10=0. 

x+1 

And  again  since  1  + 10=11  in  the  equation  x^  +  llx+ 10=0,  x+ 1  is  a  divisor, 

andifx+l=0,5l±Ii£±l?=0,  orx+10«0. 

x+1 

The  equation  is  (x+l)'(x+10)=0,  which  has  one  root  -10,  and  three  roots 

each  -1. 

14.  x«  -  Sx*  -  fix* +45x- 86=0.    Hero  1-5-6  +  46-86=0,  x-1  is  a  divisor; 

if  X  - 1 =0,  then  g^-fa*"fa*  +  ^Sx-8g=,o  or  x»  -  4x»  -  9x + 36=0,  a  cubic  which 

X— 1 

hj  inspection  can  be  put  into  the  form  x*(x  -  4)  -  9(x  -  4)»0,  or  (x  -  4)(x*  -  9)>"0, 
.*.  »— 4=0,  and  »•  -  9=0,  .•.  x=s4,  x=±8,  and  x—1. 
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X. 

(1)  When  the  roots  acre  in  arithmetical  picgrenion. 

1.  z*  -  16a;*  +  662; -  80=0.    Let  a-b,  a,  a-hh  denote  the  three  roots, 

then  -(a-6)-o-(a+6)=-16,  and  -(a-6)X-aX -(a+ft)--80; 

.-.  8a»15  and  as6,  also  5(25- &'H80;  .'.  d«»9  and  d«^±8  ; 

.'.  a-&=5-8»2,  a»5|  a+6«-8,  or  2,  5,  8  are  the  thiea  roots  of  the  equation. 

(2)  When  the  roots  are  in  harmonical  progression. 

1,  as'  -  llx*  +  86a;  -  86s=0.    Let  a,  &  denote  the  first  and  third  roots, 

then  .^^  is  the  second,  and  a, -,  h,  wiU  denote  the  three  roots  in  order, 

a+h  a-tb 

and  a+ — —+ 5aill,       ■    =86.    Find  a  and  5  from  these  equations. 
a+b  a+b 

Otherwise  the  giyen  equation  may  he  transformed  into  one  whose  roots  shall  be 

the  reciprocals  of  the  roote  of  the  giyen  equation,  and  then  the  roots  of  the  trans- 

formed  equation  will  be  in  arithmetical  progression. 

(3)  When  the  roots  are  in  geometrical  progression. 

1.  «* — 7x+ lie  -  8  «0.    Let  ~,  a,  a5  denote  the  roots, 

then  ^+a-|-a&s7,  ^XaXab=^B  ora*s8  ;  .*.  a»%  and  5»2  andl; 

therefore  1,  2,  4  are  the  roots. 


XL 

1.  See  Art.  10,  p.  12. 

2.  See  Art.  10,  p.  12.     The  required  equations  are  y»-  lly-f  20=0 
and  y*  -  15y*  -  6y + 40=0. 

8.  The  resulting  equations  are  27y*  +  98  ■■  0,  and  y*  +  92^=0. 

4.  Let  x=y+ef  then  the  equation  a;*  -  5a;*  +7a;— 12a0  becomea 

y  • + (3<  -  6)y« + (8««  -  lOe + 7)y + («•  -  5e«  +  7«  - 12)=0^ 

7 
and  it  ie  required  that  8e'  -  10e+7=0,  whence  e=l  and  -. 

If  aj-l,  then  y»-2y«+ 2=0.    If  «=I  then  27y«  +  54y«- 276=0. 

8 

(2)  Let  «=y +e,  then  the  equation  x*  -  12a;*  +  80a;*  -  16a; + 48*0  becomes 

y*  +  (4e  -  12)y»  +  (6«*  -  86«  +  30)y*  +  Ue»  -86c*  +  60e  -  16)y 

+ (e*  - 12«»  +  80«*  -  16t5 + 48) = 0. 

Here  6s*  -  86«+30«0,  and  s-6  and  1. 

If«=l,  then  y'»-8y*+ 12y+ 61-0.     If  «-6,  y*+8y»-116y-152«0. 

18.  First  find  the  roots  of  the  given  equation,  next  form  the  equations  whoso  ' 

roots  shall  be  increased  and  diminished  by  the  given  numbers. 

XIL 
These  ezereises  $xe  tnbjeet  to  the  general  method,  of  whieh  an  example  is  given  in 
the  note,  p.  7.  When  the  coefficient  of  the  highest  power  of  the  unknown  quantity 
is  greater  than  unity,  let  the  equation  be  transformed  into  another  having  unity  for 
the  coefficient  of  the  highest  power  of  the  unhnown  quantity.  The  number  of  bub- 
stituiions  may  be  restricted  by  finding  the  superior  and  inferior  limits  of  the  loota 
of  the  given  equation. 
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XIIL 
1.  ji«-2g.  2.  i>»-8pj+8r.  8.  ;>*-4p*j'-4pr+2g«. 

r»     '  '  r*  '  r* 

7.  p+t  8.   (i^»  +?!)  -  2(j+?).  9.  i^-r. 

10.  9*-S|p^+8r«.  11.  p«-6p«gr+4i»«r+8iig«+2i?«j-5jr.  12.  ^• 

18.  ?2:Jr.  14.  Pl±l!±rl±l^ 


\a+bS        \b+eS        le-^-a  ) 


(«-5)«(fr-t-c)«(c4-a)'  +  (ft-c)«(g-f6)«(c+a)*H(g-o)*(«->-t)«(ft+c)« 
""  (a+d)»(6+c)«(c+a)« 

^ +e){ab+ae+he)  ■  So^e]}  -24a«ft»c* 

(a+ft)«(ft  +  c)*(c+a)« 

8(a« +  5« +c«K«'i* +  «•€'+*•«') +  S«'*'«* +2{a»6« +a«c» +ft»c« +o5c(a*+ft* 

-fc»)~4a&g(«  +  6+c)(gft+ac+6c)  +  12a*6*c*-2la«d»c* 

(a  +  6)«(6  +  <;)»(c  +  a)« 

8(a«+6«+c«)(a«6«+a«c«+6V)  +  2{a»ft»+a»(;«  +  6»c»+«ftc(a»+ft»+c«)} 

Bat  since  a+(+eaji,  ad+ac+6c=j',  abcr,  .*.  a*+5*+c»=»p*-2j, 

o'5«+a«c«+6V=g«-2|ir,  a«+ft«+c««i»»-8pg+8r. 

AlaoBlnce(a+6+c)«=a»  +  6*  +  c»+8(o+6)(5+c)(c+aX 

.•.  j>»s=j>» -8j>g+3r+8(a+6)(ft  +  c)(c+o), 

•iid(«+>)(6+c)(c+a)«jro-r,  •lBoa*6S4-a«c*+6'c'sf*-8r(|i9-r), 

•l^t  """isTi!  '*"ij+st 

_8(j>«-2g)(g«-2i»')  +  2{g«~8pgr+8r*+r(p»--8jy+8r)}-4pgr-6r« 

_8|>V-4(|>«r-fj?gr+g*)  +  6r* 

16.  (a*  +  6M)(6*+aM)(ct-a*ft^)= (a*  +  6»  +c«)at6M-(o«6»  +aV +&««•) 

=(/i«-2g)r*-(y«-5lpr). 


XIV. 

The  exercises  under  this  number  require  no  remarkSi  as  tiity  nny  be  eflbetod  in 
the  same  manner  as  those  under  tlie  preceding  number. 

1.  p'— 23-.        2.  !>•— 8i?y+8r.        8.  p*— 4p«g+4|w+29r«— 4f. 

12,  18  are  the  coefficients,  q*'~2pr+28  and  2qs^r*,  of  the  third  and  foorih 
terms  of  the  equation  which  contains  as  its  roots  the  squares  of  tha  loots  of  the  given 
equation. 

14.  |i*— 6j>»j+4|>V+8/>g«  +  2p*j— SjT— 5p». 

15.  Tlie  sum  of  the  total  number  is  60(a  +  b-t-e+d).    The  roots  of 

a;4«5a:»j.5a.«x5as-6=0  are  ±1|  2,  8. 


<v' 
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XV. 

1.  «*'18a;*  +  44x-82sO.    Let  a»  2a,  &  denote  the  roots, 
ihen8a+ft-13,  2a«ft-82,  a'ft-W,  6-18-8a, .'.  8a«-18a«+16-0, 

or8a»  +  8-18a«+18-0,  or8(a«  +  l)-18(a«-l)=0, 
.-.  (a+l){8(a«-a+l)-18(a-l)}-0,  or  {a+l)(8a«-16a+16)-0;   .'.  a+1-0 
and8a«-16a+16-0, .'.  ais known,  andft-W- 8a.    The  roots  are  -1,  —2,  +16. 

2.  12aj»  +  13a«-20«  +  4-0,  .'.  a!*  +  ifa5' -f«+J-0*  Let  a,  -6,c  denote  the 
roots,   then  the  algebraical   sam  of  two  roots  a-ft«— f,  and  —a+ft-c—H^ 

«|;  .-.  c--(a-6)-ii-f -«-*«*,  and ad-i^-|. 
From  the  equations  o-  6-  -  |  and  ad=f ;  a«f  and  -2,  and  6=2  and  -J.. 
The  three  roots  are  },  -  2,  i. 

8.  Leta,  6,  cbethe  roots,  then  a+6-18,  but  a+^  +  c- -15,  .'.  c=-2one  of 
the  roots,  and  a&;«80,  .*.  6e<-40  and  a+&=18.     Hence  a  and  6  can  be  found. 

4.  The  three  roots  are  -  6,  8,  1 . 

5.  The  three  roots  are  8,  4,  5. 

6.  The  roots  are  -2,  -2,  4. 

7.  Let  a,  6,  c  denote  the  roots,  thenaa-'-+-  or  ahc^h-^-^ 

b    c 

8.  If  «*  +  4aj«-9a;-86-0  have  two  roots  ±o,  then  x» -4a:*-9«+86«0  has 
two  roots  +a  ;.•.«»  +  4»«  -  9a:— 86  and  x*  -  4aj«— 9a;+86  hare  a  common  quadratio 
factor. 

10.  The  third  root  is  obviously  +  8. 

11.  Herea+&+c=10,  and a=26,  &a8c;  .*.  26+ 5 +^6= 10,  and (» 8. 

12.  Ii6t  2a,  8a,  6  denote  the  three  roots. 
18.  Jjet  a,  2a,  8a  denote  the  three  roots. 

14.  «=8,  «- 8  =  0,  and  «*— 4g»4-a-Hg^^,  - «  -  2,  the  quotient  with  a  remainder 

X—  8 

tf-6. 

16.  See  note  pp.  1,  2,  Section  X.  on  polygonal  numbers. 

XVI. 

t 

1.  Let  6,  e  be  the  other  two  roots ;  then  since  a,  i,  6,  c  are  the  four  roots. 

a 

Let  X*  +1KC+ 1—0,  the  quadratic  which  contains  the  roots  a,  ~, 

a 

and  («— 6)(a;— e)=0  or  x'  —  (6+6)se+ 6e»0  is  the  quadratic  containing  the  toots  6,  e  ; 
.*.  {x*'^px+l)\x'*  -  (6+e)a;-|-6cl»Ois  an  equation  identical  with  the  proposed  equa- 
tion. 
By  equating  coefficients  of  corresponding  powers  of  x,  it  will  be  found  that  j}=  -  4; 

.-.  a;«-4a;+l=0  contains  two  of  the  roots,  and  a^^ -^a?'H-5g« -16x4-4^ q^ 

X*  -  4x+l 
or  as*  +  4—0  eoutaina  the  other  two  roots. 

4.  Since  8  is  the  product  of  two  of  the  roots,  -  4  is  the  product  of  the  other  twot 

Let  x^+mx-S— 0,  x*+nx+4»0  be  the  two  quadratics  which  contain  the  same 
fourroots^  then 

(«»+»iir— 8X«*+iM5+4)«0,  or  x*+(in+ti)a:»+(mn+l)a;«H-(4m-8»)a;-12=:0 
IS  an  equation  identical  with  x*  —  7x' + llx*  +  7x  - 12 «-  0. 

7.  Since  the  four  roots  aro  of  the  forms  a±l,  6±1.  The  equation  formed  with 
these  roots  is 

a*-(a+6)aj«  +  {(a+6)«  +  2{a6-l)}x«-2(a  +  6)(a6-l)a:+(a«-l)(6«-l)=0, 

which  is  identical  with  x«  -lOx*  +  8&c*-50x  +  2l«-0. 


51 

8.  Since  the  roots  are  of  the  forms  a,  &,  ^ ,  _ ;  if  the  equation  be  transformed 

b    a 

into  another  whose  roots  shall  be  the  reciprocals  of  the  roots  of  the  given  equation, 

the  roots  of  the  transformed  equation  will  be  -,  - ,  - ,  ^.    Hence  the  two  equations 

a  0    a    0 

will  each  contain  two  roots  in  common. 

9.  Since  a+b^  -1  and  a+2b^-l  are  roots  of  the  equation,  a-b^-l  and 

a-  26 V^  —1  are  also  the  corresponding  conjugate  roots,  and 

z*  -  4aj;«  +(6a«  +  6ft«)a;«  -4(a«  +  10a&»)j;+(a«  +6a*6»  +4ft*)  -0 

is  an  equation  identical  with  x*  -  4a;"  +  11a;'  -  14a; + 10  =0. 

10.  a;■■a  +  6^/-l,    a;=a-6|/-l;   .*.  (a; -a) -6^ -1=0,   (x-a)+b}/  -1  =  0; 

•  •.  (x-a-6v' -!)(«-«+&• -1)=0,  ora:«-2aaj+(a«  +  ft«)=0, 

a;*-2aa;+(a»-+d*)  ^  ' 

is  the  equation  which  contains  the  other  two  roots. 

11.  Since  a  is  the  sum  of  two  of  the  roots,  from  the  coefficient  of  the  second 
term  it  may  be  inferred  that  a  is  also  the  sum  of  the  other  two  roots. 

12.  If  the  equation  a;*  -  3a;«  -  7a;»  +  27a;  - 18  «0  have  two  roots  of  the  form  ±a, 
then  the  equation  x^  +  3a;>  —  7a;^ — 27a;  - 18  -i  0  has  two  roots  of  the  form  7 a. 


XVII. 

These  transformations  offer  some  good  practice  for  acquiring  skill  in  the  process 
of  elimination. 

In  some  cases,  instead  of  the  method  of  elimination,  it  may  be  found  more  con- 
Tenient  to  determine  the  successive  coefficients  in  terms  of  the  roots  of  the  equation. 

1.  Since  a+b-\-e=p,    then  a+6— c=ii— 2c,   a+c-6=|>-2ft,   b-k-c-a=p-2a. 

Assume  y=p  -  2a;,  then  x  t»EZ^ .    Substitute  this  valae  of  a;  in  the  given  eqaation, 

and  ^^^y> — PyP^y)  ^9\P^y)  ^^^q  which  when  reduced  becomes 
8  4  2 

y*— |)y*  +  (42'-|)')y+(p*  +4pg+r)=0,  the  equation  whose  roots  are 

a+ft-c,  a+e-b,  b+c-a. 

2.  Here  a-^-b-^-cp,  b-k-c^p-a,  and  a{b+e)==ap-a*.  Assume  ypx-x'^  and' 
eliminate  x  between  this  and  the  given  equation. 

3.  Let   y=x^+x.      Eliminate   x*    and   x*  between   a;»-jw;*H-^— r=0  and 

and  tf=a*'  +  a;:  then  x^^      jy***^  ^    Substitute  this  value  of  x  in  the  given  enua- 

y+p+q+l 
tion,  and  reduce  it  to  the  ordinary  form. 

4.  a^  +  5(;«a*  +  ^=a^  +  -,  assume  ^=a;^  +  - and  eliminate  a;  between  this  and 

ax  X 

the  given  eqaation. 

5.  First  transform  the  given  equation  into  one  whose  roots  shall  be  a^,  6^,  c*, 
next  into  an  equation  whose  roots  shall  be^  first  the  sums,  secondly  the  difference  of 
the  roots  of  the  transforthed  equation. 

6.  Here  a-^b-\-e—p^  6+(;=p— a,  and  a'(6+(;)=a»(|7  -  a).  Assume  y—px^  - a;% 
and  eliminate  x  between  this  equation  and  the  given  equation. 

7.  Herea+ft+c=^,  abc=^r,  a+ft=p— c,  a6=-,  .-.  a6(a+ 6)= i£ll£il. 

c  c 

Assame  y^iZZ^,  then  «•  J^. 
x  y+r 
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dbe 


S,  Herca  +  6+a6=a+6  +  c+ai-c=a+ft+c+  — -c=p+-+CL 

c  c 

mm 

Assume  y=p + -  -  se,  and  eliminate. 

X 

t>.  Herea+&+c=sp,  .*.  a+&=ji-c,  a+c=|>— ft, 

a  a  a; 

and  eliminate  x  between  this  and  the  given  equation. 
10.  Here  a»-|-6«»(a+d)(a«+6« -oft) 


=(i.-«)(;.«-2j-c'-r). 

Assume  y=  fp— «)  (i»*  -  2^  -a*  -  ~\  and  eliminate  as. 


11.  Assume  y=z>+a;*+a;,  and  eliminate  a;>  and  x*  between  the  equations 
<R*  —pz'* '\-qx—r'mO  and  y^s^x^-^x'*  -{-x  ;  then  find  the  value  of  a;  in  terms  of  y,  and 
substitute  this  value  of  2;  in  the  given  equation^  and  the  resulting  equation  in  y 
will  be  the  equation  required. 

12.  First  transform  the  given  equation  into  one  whose  roots  shall  be  the  sums  of 
«vei7  two  roots ;  next  transform  this  equation  into  one  whose  roots  shall  be  recipro- 
cals of  the  roots  of  this  equation. 

13.  Since  — -= — *— ,  assume  y—  and  eliminate  z  between  this  and  the  given 

e      c*     «*  «" 

-equation. 

li.  Here  <*    ft_g'+ft*__(a'  +  ^*+c*)-c»_(p«-2g)e~c» 
ha       ab  abe  r 


c 
2q\x—x*        <■,... 


AMume  y=^*"^^"^*,  and  eliminate 

r 

15.  Transform  the  equation  into  one  whose  roots  an  a*,  ft',  e*  ;  next  tiansfaim 
{his  equation  into  one  whose  roots  shall  be  the  reciprocals  of  the  roots ;  thirdly, 
transform  the  last  equation  into  one  whose  roots  shall  be  the  anrns  of  every  two 
roots. 

a*    b*      a*b*  a'b*e*  r* 

Let y^'-8?-«'_(P'-2?)^'-«'»«  „d ^trtltate. 

aj« 
t  

16.  Since  a +i.aa+-^  ;  assume  y-i»+-,  then 2; e»-OL.    Substitute  this  valne 

DC         abc  r  r+1 

of  x  in  the  given  equation. 

17.  Herea«+ft«+i-a»+ft«+c«  +  4--c*=l>"-2j+--c*. 

aft  abc  r 

Aasamey^p^''2q+-—x\  and  eliminate. 

r 

18.  Here  a+ft+c=p,  .•.  a+ft— c-i|i-2c,  and 


a  +  ft— c    |>-2c 

AsBumey-— ^-^  thenss  J^  ;  next  substitute  this  value  of  x  in  the  ffiven 
p-2»  2y+l  * 

equation. 
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19.  Smcea+h  +  cmp^  a+e^p-b,  and ac=?*?;  then     ^^ 


20 


b  ab+bc    pb^b* 

Assume  ^= ,  and  eliminate  x. 

px-x^ 

\  a  }  a«  a*  "a* 

<£!z^2r-«|;^    Assume  y-(E!::28^±2rr£l.audelimii«te  a. 
a*  as* 


XVIII. 

I.  The  aecond  and  third  tenos  yaniah  when  Zp^  -  89=0,  and  the  second  and 
fourth  when  8r=p(4g-j9«). 

4.  »«-8aa5'  +  3a«aj-(a»  +  6)=0. 

7.  y»+2py  +  (p*+j)y+pg'— r=0:  and  y»-16a;«  + 87* -162=0. 

8.  Theequationisy»  +  53y«  +  7g*y+3^*+8r«=0. 

9.  Let  y » -  Py^  +  Qy  -  i2=0  denote  the  required  equation.  Find  the  values  of 
P,  Qj  R  in  terms  of  j9,  g^,  r,  « ; 

P=ah-\-cd-\'ac-\-bd-{-ad'\-bc—q. 

Q = (aft +«i)(a<:4- W) + (aft+ccO  (flK«+6c)+(oc+6(i)(a(i+6c) 

=(a+ft+c+rf)(adc+aW+atfrf+ftaf)  -  4aftai=pr-  4*. 
J2=(ad+cd)(ac+6a)(eKi+6c)=0>"  -  4g)»+r9. 
The  equation  required  is  y*  -  3y*+0w-  45)y  -  (p*  -  4^)s— r«=0. 

II.  aj+y+«=6,  aj«+y«+««=14,  a;' +2y' +323=  20,  from  the  second  and  tfaivd 
equations  a?=^/(8+«*),  y=-\/(6  -  2s'),  substitute  in  the  first  equation,  and 
>/(8-|-2')+n/(6-2z')+2=^0»  which  seduced  becomes  the  biquadratic  equation 
3s*  -  12s»+682«  -182«+78=0. 

And  since  the  sums  of  the  positive  and  negative  coefficients  are  equal,  unity  i» 
one  of  the  roots  of  this  equation.     (See  Exercises  under  IX.,  p.  29.) 

12.  Let  the  given  equation  as*  —p^x'^+p^x  -j9,=0  be  transformed  into  the  equa- 
tion 2^+jXB+9=0,  which  wants  the  second  term, 

then  if  a,  5,  e  be  the  roots  of  the  given  equation, 
^"iPt  ^ "~  i/'*  e  -  ip  are  the  roots  of  the  transformed  equation, 
and  a— 6,  b-e^  e-aan  respectively  equal  to  (a— Jp) — (ft - ^p),  (6 - ^p) - (c - ^), 

(c-lp)-(o-ip), 
or  the  differences  of  the  roots  of  the  tranirfbrmed  equation  are  equal  to  the  differences- 
of  the  roots  of  the  given  equation,  and  if  the  equation  0*  +jmb+9=30  be  transformed 
into  an  equation  whose  roots  are  o-*  ft^  ft— e,  c— a,  it  will  be  tho  equation  required. 

Here  (a-ft)»=o«+ft«-2aft=o«+ft«+c»-????-c«  =  -2fl'+--c«. 

e  e 

Similarly  (ft— c)«=-2y+— —ft*  and  (<;-«)•  =  -2jH-—-a«  are  the  other  roots. 

ft  a 


.2r 

X 

8r    ._j  „      8r 


Let  y=— 2jr+?!!l— «».    Since  a'+^aj+^^O,  — aj«=a'+-, 

X  X 


ys— 0+^    and  x=-fl..    Substitute  this  value  of  x  in  the  given  equation,. 
X  y+g 

and   { -^L^  I   +q  \  -^^  {  +vs=0,  which  when  reduced  becomes 

y»+dgy«+97*y+27r*+47*=0,  the  equation  required. 
The  equation  x*'\-qx*-^rx+s==0,  when  transformed  into  an  equation  whose 
roots  shall  be  the  squares  of  the  diflferenees  of  the  roots  of  the  pitoposed  equation. 
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will  be  of  the  sizth  degree,  consisting  of  seven  terms,  and  whose  coefficients  involve 
no  less  than  twenty-three  distinct  quantities.  And  it  may  be  noted  that  Waring, 
in  page  85  of  his  "  Mtditationes  AlgebraicsB,*'  has  given  the  equation  which  resalts 
from  trsnsforming  an  eqoation  of  the  fifth  degree  into  one  whose  roots  are  the 
squares  of  the  differences  of  the  roots  of  the  proposed  equation.     The  resoltiDg 

equation  is  of  the  —  or  the  tenth  degree,  and  consists  of  eleven  terms.     Hu 

1.2 

coefficients  of  x*  and  succeeding  powers  of  the  unknown  quantity  consist  of  1,  2, 

3,  5,  7,  10,  13, 16,  18,  19  terms  respectively,  making  a  total  of  only  94. 


XIX. 

1.  See  Art.  6,  pp.  7-9. 

2.  a:»-a5«+a=0,  or  a5(x*-a5+l)=0,  .*.  «=0,  and  a5«-aj+l=0,  from  which 
^^1±£-S  ^^  ^^^  ^jjj^  y^^  ^^  ^^  equation  are  0,  i±^!^,  Ll^Lzl.    The 

expression  *'  fractionsl  root"  is  restricted  to  mean  a  rational  fraction^  not  a  fraction 
involving  an  impossible  quantity. 

8.  If  ia+y/b  be  substituted  for  x  in  the  equation,  the  resulting  equation  will 
consist  partly  of  rational  and  partly  of  irrational  quantities.  The  sum  of  the 
rational  parts  and  the  sum  of  the  irrational  parts  are  respectively  equal  to  zero. 
Eliminate  &  between  these  two  equations,  and  the  resulting  equation  is  reduced  to 

4.  Since  i{a+^b)  is  a  root  of  the  equation,  this  value  of  x  satisfies  the  equation, 

which  becomes  on  substitution  Ma*  +  3a*M  +  3a6 + M*) + ^  + 1.? +r=0.      The   ra- 

2      2 

tional  and   irrational   parts   are   respectively  equal,   .*.  (3a'  +  d+4g)^^>-0,   and 

a»+8ad+4ga+8r=0,  whence  a* +09- r=0,  or  since  xsa,  .".  a;»+fla-r=0. 

6.  To  shew  that  8a*  -b^^-q^  substitute  a+&%/  - 1  for  x  in  the  equation,  and 
equate  the  rational  and  impossible  parts  each  to  zero. 

6.  The  limiting  equation  of  x* +2qx*+irx^s=0  is  4x*  +  4gx+4r3s0,  or 
x*+qx-i^r^O,  If  thb  limiting  equation  have  two  impossible  roots,  the  given 
equation  has  also  two  impossible  roots.    See  Art.  15,  p.  19. 


XX. 

See  note.  Section  IV.,  p.  6,  on  the  meaning  of  the  words  greater  tiUm,  and  less 
^^,  when  applied  to  negative  numbers. 

1.  For  X,  substitute  successively  1.  2,  8,  &c.,  in  the  given  expression. 

2.  The  limiting  equation  of  sb* -9a:«+ 23a: -16=0,  is  3a« -18x+23=0,  whose 
loots  are  i(9±2\/3)  or  4158  and  1*846. 

Hence  1*846  lies  between  the  second  and  third  roots  of  the  given  equation  when 
arranged  in  decreasing  order  of  magnitude. 

8.  Transform  as*  -62+23=0  into  an  equation  whose  roots  shall  be  dimimshed 
by  «•    Assume  y=^x  -  e,  then  x^y + e, 

and(y+«)»-6(y+e)  +  23=0,  or  y»  +  8fy«  +  (3««-6)y+(«»-6«+23)=0, 
is  the  transformed  equation,  and  every  value  of  e,  found  by  trial,  which  makes  all 
the  coefficients  of  this  equation  positive,  wiU  be  greater  than  the  greatest  value  ofz 
in  the  proposed  equation. 

If  «=2,  then  y*  +  6y>  +  6y  +  19~0,  every  coefficient  of  which  is  positive,  and  2 
is  greater  tiian  the  greatest  root  of  »'  -  6a;'  +  28=0. 

4.  If  the  alternate  signs  of  the  equation  beginning  witii  the  second  be  changed. 
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the  aigns  of  all  the  roots  are  changedi  and  the  greatest  negaiive  ro<4  becomes  the 
leasi  positive  root,  and  if  this  equation  be  transformed  into  one  whose  roots  are  the 
reciprocals  of  its  roots,  the  least  positive  root  becomes  the  greatest  positive  root  of 
this  last  equation. 

5.  If  the  equation  be  transformed  into  another  whose  roots  shall  be  the  re- 
ciprocals of  the  roots  of  the  proposed  equation,  the  least  positive  root  of  the  proposed 
equation  becomes  the  greatest  positive  root  of  the  transformed  equation. 

6.  If  the  signs  of  the  alternate  terms  of  this  equation  be  changed,  beginning  with 
the  second,  the  signs  of  the  roots  are  changed,  and  the  least  negaiive  root  in  the 
given  equation  becomes  the  greatest  positive  root  in  the  transformed  equation. 

12.  Ifa;=l,  a;*-4aj»  +  ll=8 
«=2,      „      „       =-5 
*=*8,      „      ,,       =-6 

«=*»      ,t      u       =  +  11. 
One  root  lies  between  1  and  2 ;  and  another  between  8  and  4. 
18.  Whenaj-lO,  then  10»- 17. 10* +  64. 10 -860- +1540 -2060- -510. 
ic-20,  20»-17.20«  +  64.20-860= +  9080-7160- +1980. 

One  root  lies  between  10  and  20,  and  the  first  figure  of  that  root  is  + 1. 
14.  When  aj-2,  then  2*  +  S.2»  +  2.2»+6.2-148-60-148=» -88, 
a;-8,  8*  +  3.8»  +  2.8'-i-6.3-148-198-148-+60. 

.'.  One  root  lies  between  2  and  3,  and  its  first  figure  is  2. 

XXL 

2.  The  equation  42*- 12ax'-4a^2;+ 12a* =0  contains  two  of  the  three  equal 
roots,  and  ftz^  -  12aa;- 2a'  ^0  contains  one  of  them. 

3.  The  roots  of  the  biquadratic  found  by  the  method  of  divisors  are  1,  2,  8,  4. 
The  limiting  equation  is  2x*  —  16a;*  +  35a; — 25 — 0. 

4.  The  limiting  equation  of  aj»  -PiX'^  +p^x—p^^O  is  3a;*  — 2^,a;+pa=0,  which 
gives  the  roots  a;"i{i»j±(Pi*  — 3pa)*}  ;  if  i>9  be  positive  and  pf  be  less  than  3/?9, 
the  roots  are  both  impossible. 

Hence  the  cubic  equation  x*  -p^x*  -k-p^x—p^^O  will  have  a  conjugate  pair  of 
impossible  roots,  when  that  relation  ezistSL 

5.  The  derived  functions  of  the  equation 

35* -2aj» +  1005-8-0;  if  aj=2,  then  a;*-2j:»  +  10a!-8-+17, 
are2a:*-8a;»4-6,  2a;»-8««  +  6- -rd, 

8a;«-8aj,  8aj«-3aj»+6, 

2a;-l,  2a:-l-+3. 

Since  a;— 2  renders  the  three  derived  functions  and  the  given  equation  positive, 
2  is  greater  than  the  greatest  root 

XXII. 

See  the  examples  by  the  method  of  Cardan  in  the  Note  p.  19.  In  the  examples 
which  contain  the  second  power  of  the  unknown  quantity,  the  term  involving  this 
power  must  first  be  removed. 

XXIII. 
See  the  examples  worked  out  by  those  methods  in  the  Notes  pp.  21,  22,  28. 

XXIV. 

See  the  example  worked  out  in  the  Note  p.  25. 

1.  One  root  between  2  and  3.        2.  One  root  between  10  and  11. 
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5.  One  root  between  2  and  8.        6.  One  root  between  2  and  3. 
7.  One  root  between  0  and  1.        9.  Two  real  roots,  find  the  greater. 
10.  One  root  lies  between  4  and  5. 

XXV. 

1.  8*'  -  2px+q^0  is  the  limiting  equation  of  x*  -px*  +ga;-  r«0. 

The  thiid  root  is  ^Pq-P^j^^ 

pr-dq 

2.  Subtract  the  second  from  the  first  equation  and  there  results 

(p— j/)a;«  +  (s'  -  q')x + (r  -  r') «  0,  a  quadratic  equation.     See  Art.  1,  Section  VIII. 

4.  Let  0,  -,  m  denote  the  three  roots  of  the  equation, 

a 

thena+-  +  mB-,  l+m(a+l)--,    o.lm.--. 
a  a  \      tLf     a         a         a 

Eliminate  a+-,  and  m»^^, 
a  o  —  d 

10.  The  equation  whose  roots  are  a,  ft,  e 

is  X*  —(a  +  6  +  c)aj'  +  (o6  +  ac  +  bc)x  -  oJc  «  0. 
From  the  equation 2* -p^x+g^-iO,  pj— ft+c,  9i^^, 

a:«-/i,a;  +  g, —O,  p.—a  +  J,  q^m^ab. 
Hence  2(a+ft+c)-p,+p,+ii„  .*.  a+6+C"l(pi+Pa+p,), 

ad  +  ac+6c-g,4-g,+g'„ 
a«ft«c«-ig,g,7„  .«.  fl^-te,g,g,)*. 
.'.  ICaking  the  substitutions 

11.  Eliminating  x^  between  the  second  and  third  equations,  {q  -  r)a;*  +  (r — 9)xsOy 
from  which  q^r. 

Eliminating  s*  between  the  first  and  second  equation, 

(p-gr)r«  +  (g-r)a;+(r-p)=0,  butg=r,  .'.  0>-g)x«+(?-p)«0,  andp^g, 
•'•  1*1  9»  **  Are  equal  to  one  another,  and  p* +r*=:2p7.     If  a  be  the  given  root,  the 
equation  x'  +pcB*  +pa;+p=fO  can  be  depresved,  and  the  other  two  roots  determined. 

12.  ax*  +  &r  +  esO,  te'+ex+a^^^O,  ex*  +  ax +(^0,  adding  the  equations 
(a+6+c)a;*  +  (a+6+c)x+(a+ft+c)=0,  .'.  (a+J+c)(«*+«+l)=0, 

and  .*.  a+i+c=0,  alsoa+6=-Cy 
.'.  -c»  =  (a+6)«=a«  +  ft»+8a6{a+6)=a»  +  6»-8aic,  .*.  a«+5*+c»=3aic. 

From  the  first  and  second  equation,  x— — Il£- ; 

Irom  the  second  and  third,  a;="f  "^  -^ ;  and  from  the  first  and  third,  y—  ; 

o6— c*  6c~o* 

Also  a,  6,  care  so  related  that  a  +  6+c»0,  whence  it  may  be  shown  that  the 
three  values  of  x  are  equal  to  each  other. 

18,  The  limiting  equation  of  x»  +  8px«  +  3fl«+r=0  is  8x«+6px+3g=0,  or 
x*  +  2px+9»0,  and  xs— p±(p*— g)*,  Uie  values  of  x  in  the  limiting  equation, 
which  will  be  impossible  if  g  be  greater  than  p*.  Hence  in  this  case  the  proposed 
equation  has  a  pair  of  impossible  roots. 

14.  Since  a,  a,  c  are  roots  of  x*+8px*+9X+r«0,  2a+e=3p,  a*  +  2a«s9,. 
«*esr,  and  a,  «^  care  roots  of  x*-f  SlPiX'+^iX+r^ssO,  2e+a=8p„  e'  +  2ae3B9,» 

Ilien  a*6*»iT„  and  iie»(rr,)i,  9s«a(a+ 2c) «=  Spa,  9i«o(6+2a)=8pe^ 
.'.  Jtep,ac=5g„  anda«-^,  .-.  ^-(tTj)*. 
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Subtracting  the  second  equation  ftrom  the  first,  S(p''Pi)x^  +  te  -  ^i)«+ fr  -»'i)*0, 
a  quadratic  equation. 

1.  Each  equation  is  reducible  to  «•  -  18a;«  -  226a;— 666=0. 

8.  a- -9,  bm,Z6,  c»-60. 

4.  Sincea:-3  +  ^/8,  .'.  also  x-S- V^i  and  «• -6«+l««0, 

bata;»+i«»+5aj+r-0,  ...  «'+/>^'+g^+^,o, 
^^      *  aj«-6a(j  +  l 

.-.  a;+(l>+6)*0,  (eSp  +  86+gr-l)a;+(r-p-6)c.O,  from  which  aj»-r. 

!».  The  third  root  ia -,  if  6»+c»-a«c+o6«-0. 

a 

XXVIL 
8.  HeTej)q=r,  this  equation  becomes  x*  -px^  -hqx-pq^O, 

or  x*{x  "p) + g(aj— iJ) = 0,  or  (aj— ^)(sb»  +  g). 
U  a,bfe  denote  the  roots  of  »*  —px^  -i-  gas— r  mO,  it  may  be  noted  that 
aince  pq^^r,  (a  +  h  +  c){db+a€  +  b)  «a6c,  from  which  may  be  deduced 
<a+6)(6  +  c)(c  +  a)»0. 

i.  One  of  the  roots  of  a;*  -4a;'  +  6x-  S^O  ia  + 1.    See  Ezeroises  IX.  p.  20.    The 
«ther  two  roots  aro  i(3±/>/  -  3). 

6.  Let  -»Zf  then  the  equation  beoomea  2*  +i»'  -i-qz+r^Op  if  p,  g,  r  be  pnt  for 

y 

if    e    d 


—f  "f  — • 
a    a    a 


9.  Here  {x^  ■\-ax-\-m){x^+bx+ m){x*  +cx+m) 

«  a;«  +  (a + 6 + c)x«  +  (3m  +  o6  +  ac + ic)a;*  +  1 2(a + & + c)w  +  (rf><;  [  a;» 

+  {oft + oc + k + Swjflia;' +  (o + 6 + c)m*a; + m». 

a+6+c«0y  ••.  o«+ft*+c«  —  -2(a&+ac+ftc)— 6»n,  .*.  «J+ac+&c  +  3m— 0. 
Hence  x*  +  o^ea;*  -rtn*.    To  solve  thia  equation,  a;*  -  SOa;*  +  343  » 0. 
Let  x^  »ff,  dien  the  equation  is  reduced  to  a  cubic  y*  ^202^'t-  343  *0. 

10.  By  reducing  the  equation  and  arranging  the  terms  aocoiding  to  the 
descending  powers  of  a?,  a, -I* a, + a, +04  is  the  coefficient  of  x^,  and  since 
a,+a,+a, +a4*0»  a,+a«» -(a,+a4),  and  by  means  of  this  relation  the  co- 
efficient of  X*  can  be  reduced  to  a^b^-\-a^b^-ha^b^  +  a^b^=0,  and  the  equation  is 
thereby  reduced  to  one  of  the  first  degree,  which  admits  of  only  one  value  of  x. 

n.  Sincexy(x+y)+a»(x+2)  +  ys(|f+«)-(x+y+s)(xy+a3+y2)-8ajy2, 
«nda;y(x«+y«)+aK(x«+2«)+y2(y»+a«)-(x*+y"+«")(«y+a2J  +  y2)-xyr(xf  y+5). 

The  second  and  third  equations  by  substitution  become 

(x + y  +  2)(xy  +  as  +  yr)  —  Sayx  — 168, 
and  (x»  +  y'  +z^){xy + as  +  ys)  -  xys(x + y + s)  -  638. 

Then  by  substitution  and  reduction  K^ + ^ + 2) '  +  Hi^  +  y + 2)  ■■  62 + W»  whence 
x-\-y+2  is  known,  also  xyz  and  xy-^xz  +  yz.  Hence  Uie  solution  is  reduced 
to  a  well-known  form  by  putting  x  +  y+z*/?,  xy-^xz+yz^q,  xyz^r,  and  then 
eliminating  two  of  the  unknown  quantities  y,  z,  the  resulting,  equation  is  a  cubic, 
X*  — i>x»  +  fx  -  r  «  0. 

12.  Iietx,  y,  3  denote  the  edges,  then  2(a:y+xz+y3)»22,  (a'^+y*+s*)*»^/14, 
xyz^S,  Eliminating  y  and  z,  z*  -6z*  +11x-6b0,  from  which  z  will  be  found  to 
be  1,  2,  3  lineal  inches  respectively.  Also  x  and  y  can  be  found  when  the  value  of 
2  is  known. 

18.  The  criterion  required  for  Cardan's  rule  to  be  applicable  ia,  that  tL  be  greater 
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than?!;   in  this  case,  that  ^gg^  be  greater  than  (^'+fr'+^')' ;  but  ^^^lis 

less  than  V^  "^0  -^c  )    QJ^y^QQ^^y^  {^^  consequently,  the  thiee  roots  of  the  equation 

«7 
2*-(a*  +  &^+c')a;-2a&(;«B0  are  possible,  two  of  which  are  negative  and  one  posi- 
tive. If  a,  d,  e  be  supposed  to  be  1,  2,  8  respectively,  the  equation  becomes 
a;'— 14a; -12 »0,  which  has  all  its  roots  real,  and  they  lie  between  0  and  — 1« 
—  3  and  —4,  4  and  5 ;  and  wiU  be  found  to  be  -  '911,  -3*201,  4*113  respectively. 
This  problem  occurs  in  Kewton*s  Universal  Arithmetic,  Cap.  1,  Sect  4,  of 
which  he  has  given  several  solutions.  The  following  one  is  taken  as  an  illustration. 
Let  AB,  SC,  CD  denote  three  consecutive  arcs  of  a  semicircle,  of  which  AD  is  the 
diameter.  Join  AC,  BD,  Then  A  BCD  is  a  quadrilateral  inscribed  in  a  circle,  and 
AC,  BD  are  the  diagonals. 

Then  by  Euc.  VI.  D.  ACxBD'mABxCD  +  ADxBC,  Let  AB^a,  BC^h^ 
CD'^c,  AD^x, 

.*.  ^/(a;•— c«)Xs/{aj*— o«)-ac+te, 

and  «♦— a«a;«— c«x«  +a«c«— a*c«  +2aieaj+6«a;«, 

alsoas«-(a«+6«+c«)««— 2a6ca?»0,  .•.  a:»-(o«+&«+c«)aj— 2a*c«0. 

XXVIII. 

2.  Since  the  equations  have  two  roots  in  common,  each  involves  the  same 
quadratic  factor. 

8.  The  limiting   equation   of  a:^+nB+s=0   is   4a!'  +  r=30.     The   ezpressionB 
a;^+rsB+s  and  4x'  +r  have  a  common  factor,  and  the  remainder  is  equal  to  zero. 

4.  Let  0,  h  denote  the  equal  roots,  then  (2— a)*(a;— &)'=0,  or 
a5*-2(a+6)a;«  +  (a«  +  4a6  +  6*)aj*— 2a6(a+&)aj+a«6*=:0,  is   an   equation  identical 
with  x^^px^+qz—rx+a^a.    The  values  of  a  and  h  may  be  found  in  terms  of  any 
two  of  the  four  coefficients  p,  q,  r,  t. 

6.  If  there  be  equal  roots  in  the  equation,  its  limiting  equation  will  contain  one 
or  more  of  them,  and  it  will  be  found  that  a;*  +  lSa;«  +  d3x'  +  31ii;  +  10  and 
4£B*+89a;*+66»+81  have  a  common  quadratic  factor  a;*  +  2a;+l,  which  indicates 
that  the  given  equation  contains  three  equal  roots,  each  equal  to  -1,  the  fourth 
root  being  — 10. 

It  may  be  remarked  that  since  the  sum  of  the  coefficients  of  the  odd  terms  is  equal 
to  the  sum  of  the  coefficients  of  the  even  terms,  the  equation  may  be  otherwise 
solved. 

XXIX. 

2.  Obviously,  x  is  one  of  the  factors.  Removing  this  factor,  and  let 
a;^  — &B*  +  4»0.  Thii  is  a  quadratic  equation  of  which  the  roots  are  ±1  and  ±2» 
then  «=0,  as— 1=0,  a; +1=0,  a; -2=0,  a; +2=0, 

.*.  aj(»- l)(aj+l)(«--2)(aj+2)=aj» -6a;*  +  4a; 
,'.x,  aj— 1,  a;  +  l,  aj— 2,  a5+2  are  the  factors  of  a;»—6aj'  +  lx. 
8.  If  s^=r+l,  g-  l=r,  and  the  equation  can  be  put  into  the  form 

a;*  +  2aj*+a!»  +  (3'— l)a;«+ra!+s=0,  or 
(as*  +«)•  +  r(a5*  +  a;) + »=0,  a  quadratic  equation. 

4.  Add  1  to  each  side,  then 

(a;+l)(a5+2)(a:+8)(a;  +  4)  +  l=(a;+l)«  +  (a;+2)»  +  (a;+3)«+(«+4)«  +  l, 

or  (a;«  +  6a5 + 6)« = 4(a;«  +  5aj + 6)  + 11. 

5.  First  find  the  roots  common  to  the  first  and  second  equation,  next  those 
which  are  common  to  the  first  and  third ;  and  it  will  be  found  that  1,  2,  8,  4  are 
the  roots  of  the  biquadratla 
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XXX. 

1.  When  the  sum  of  two  of  the  roots  u  equal  to  the  som  of  the  other  two,  then 
p^  -  4tpq  +  8r=0,  and  when  the  product  of  two  roots  is  equal  to  the  product  of  the  other 
two,  p^8=r*.     In  both  cases  the  biquadratic  can  be  solved  by  a  quadratic. 

2.  The  first  equation  can  be  reduced  to  {x^  -  ox)'  -2d«(a;*  -aar)=a*6*,  and  the 
second  equation  to  2aj*  +  8x*  -  14aj"  -  44aj'  +  6z=0. 

7.  When  x*  —  gsc*  - ra: -  » is  divided  hy  x*  +ax+b,  the  quotient  is 
x^—ax  +  a^-h~'q,  and  the  remainder  is  —  (a*  -  2ab  -  qa + r)x  -  6(a*  -  &  -  ^)  -  ». 

Ux^-\-ax+b  be  one  quadratic  factor  of  a^  -  qx^  -rx-s,  then  must 
x^  -ax-ha^-b—q  be  the  other;  and  the  two  terms  of  which  the  remainder  is 
composed  must  be  respectively  equal  to  zero. 

And  then  a» — (26  4-  g)a  +  r = 0,  and  6(a"  -  6  -  g^)  -  *= 0.  When  a  is  eliminated, 
the  resulting  equation  becomes  a  cubic  involving  b  with  q,  r,  9, 


XXXI. 

1.  When  a  reciprocal  equation  is  of  an  odd  number  of  dimensions,  it  has  at  least 
one  root,  +1  or  —1. 

2.  (1)  Let  a;*  -px*  +ga*  -  qx'^  +jwj— 1=0  be  a  recurring  equation  of  five  dimen- 
sions. 

It  may  be  put  into  the  form  (a;»-l)-;;a:{aj' -l)+g«;*(a;-l)=0,  .'.  sb— 1=0, 
and  a;=l,  one  of  the  roots,  and  the  equation  when  depressed  becomes 

jc* — (j9— l)x»  +  (^-11  +  l)x^  -  (p— l)x +1=0;  divide  each  term  by  x\ 

X      X 

and  (iB^+2+i)-(;)-l)(a;+l\=2-g+i}-l=i>-g+l. 
Let  a;  +  -=r,  then  »• -(p-l)2=/>-<?+l,  a  quadratic  by  means  of  which  the 

X 

other  roots  can  be  determined. 

(2)  Let  x«  -  px^  +  qx*—rx*  +  g»«  —px  +  1—0,  a  recurring  equation  of  six  dimen- 
sions. 


Divide  each  term  by  x*,  then  «•  -px"^  +<7x— r  +  a.--i>, — -|.  — =0, 

or(«.+^)-;,(a=.+^)+j(a,+l)-r=0. 

Let  x  +  -=r,  then  aj* + — =s*  -2,  a;»  +—  =a'  -  S:; ;  make  the  substitutions, 
X  a;'  x^ 

.  •.  c»  -  jas*  +  (g  -  SVs  -  (2/?  +  r)=0,  an  equation  of  three  dimensions. 

5.  Herea;*+a;«  +  l=  — (a:*+a;),  and  (a* +a;*  +  l)*=(aj*+aj)',  whence 

aj"  +.c<»+a;*+a;*  +  l=0,  let  a;'=y,  then  y*+y'+y*  +  y  +  l=0  is  the  equation  whose 
roots  are  the  squares  of  the  roots  of  the  given  equation.  It  is  obvious  that  the  two 
equations  are  identical,  and  that  the  four  roots  of  the  transformed  equation  may  be 
fihewn  to  be  equal  to  the  squares  of  the  four  roots  respectively  of  the  given  equation. 

6.  Form  the  equation  whose  roots  shall  be  a,  -,&,_,    and    shew    that    it   is 

a       b 

identical  with  the  given  equation  when  the  latter  is  reduced  to  the  form 

«4.^<i±ll.x--(i!±>il±l).:r^-^Ji±l).a.  +  l  =  ^ 
fl  i  t 

7.  Let  the  roots  be  increased  by  e ;  assume  2^= j;+e,  x=y—e, 

then  y* -4((;-l)y»  +  6<5(e-2)y« -8(««-l)y+(«*  -  4<5*  +8«- 4)=0  is  the  transformcil 
equation.    And  in  order  that  this  equation  may  become  a  reciprocal  equatiuo,  tbi 
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eoefficients  of  the  first  and  last  teims,  as  also  the  coefficients  of  the  second  and  last 
term  but  one,  must  be  eqnal ;  that  is  4(«  -  l)=S(e^  - 1),  and  e*  -  4e*  +  8«- 4=1. 

Prom  4(e-l)=8(«*-l),  2c«-«— 1=0,  and  «=1,  e=-i,  the  former  yalue 
satisfies  the  equation  «^— 4«'  +  8«— 4=0.  Lastly,  substitating  e=l  in  the  trans- 
formed equation,  then  y*  -  Gy*  + 1 =0  is  the  required  reciprocal  equation,  whose  roots 
can  be  found  by  a  quadratic,  also  the  roots  of  the  glTon  equation. 

8.  The  equation  can  be  reduced  to  the  form  as*  -  4mx*  +6m'2*  -  4in*a;+«i^=0. 

0.  The  sum  of  the  squares  of  the  roots  of  the  equation  x*  -k-px^  +  qx*  +px +1=0 
iip^^2q.    Next  divide  the  equation  by  a;*, 

thenaj«+i»5+fl'+^.l  +  2-=0,  and  aj«+2+JL+p(a;+l^+g— 2=0. 

X     SB*  X*         \        Xf 

If  x+ -  =z,  then  z^  ■hps^2  -  g  is  the  reducing  quadratic. 

X 

Let  s„  s,  denote  the  roots  of  this  equation. 

Then *,•+«,»=  j  -l+VCip'+a-g^)  | '+  j  -l-VUi^'+a-?)  j ' 

4  4  4  4 

=p«-2j  +  4 
.•.  (jl«-2g+ 4) -(;)«- 2g)=4. 

XXXII. 

1.  (1)  When  the  roots  of  x*  —px*  +^— r=0  are  in  arithmetical  progroasion. 
Let  the  three  roots  be  denoted  by  a- <(  a,  a+d. 

Then  a-cf+a+a+(fs=j),  a(a— rf)  +  (i*-(l){a+rf)  +  a(a+rf)=y,  a{a+d)(a-(i)^r, 
OT  Za^p,  8a»-d«=g,  a{a^~d*)=r. 

a-?,  ^-rf«=y,  and  rf«=l!!-y;  also ^ }£!-(«•  |  =r,  and d« =?!-?:. 
88  ^'  8  3(9  )  9     p 

Hence  equating  the  values  of  (i»,  ^  -  g=^  _  -, 
^         *  '  3     *     9     ;> 

and  2/7*  -  929i7  +  27r=0,  the  relation  required. 

(2)  When  the  roots  of  x*  -^w*  +gw— r=0  are  in  harmonical  progression. 

For  X  write  i,  then  the  given  equation  becomes  y^^?Ml  4.^^  _^0,  whieh  is  an 
y  r       r     r 

equation  whose  roots  are  in  arithmetical  progression,  and  the  relation  between  the 

roots  will  be  found  to  be  2q*-9pqr-\-27r*==0, 

(3)  When  the  roots  of  x*  -px*  +92;  ~  r=0  are  in  geometrical  progressiop. 
Let  a,  ab,  ab^  denote  the  roots  of  the  equation, 

then  a +ab-bab*=p,  a«6  +  a«6«+a«6»=g,  a*b*=^rf 


.  a-b{l  +  h  +  h-)    q    ora6=?,anda>ft»=?!,  but  a»6»=r, 
+6  +  6*)     p'  p*  p»*  ' 


•  • 


a(l 

.'.  ?-  =r,  or  q^  -j9*r=0  is  the  required  relation. 
p^ 

It  is  also  obvious  that  f^=ab,  the  middle  root 

Also  the  relations  which  subsist  between  p,  q,  r,  s,mx*  —px^  +ga:'  -ra5+s=0, 

an  equation  of  the  fourth  degree,  may  be  found  by  the  same  process  when  the  roots 

are  in  arithmetical,  harmonical,  and  geometrical  progression. 

The  solution  of  cubic  equations  whose  roots  are  in  harmonical  progression  may  be 

effected  in  two  ways,  (1)  by  transforming  the  given  equation  into  one  whose  roots 

shall  be  in  arithmetical  progression,  or  by  assuming  throe  quantities  a,  ,  e,  in 

o+c 

hAtmonieal  progression  to  denote  the  roots. 
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4.  If  <ii=a»  a^=a+b,  a^—a  +  2b,  a^^^a-i-Zb,  the  given  equation  assumes  by 
substitution  tbe  fonn 

«♦  +  (4a + 6*)x»  +  (6a«  +  18a6  +  116»)aja  +  (4a»  +  18a«6  +  22a6«  +  66»)x 

+  (a*  +  6a«ft  +  lla«i«  +  6ah*)=d, 
The  left  side  of  this  equation  will  become  a  complete  square  by  the  addition  of 
b^.     Let  M  be  added  to  each  side,  and  let  the  sqaare  root  of  each  side  be  extracted. 

then  a;»  +  (2a  +  36)a;  +  (a»  +  3a6 + 6«)=  ±  V(«^ + ft*)f 
from  these  quadratics  the  four  roots  can  be  found. 

This  method  may  be  illustrated  by  the  solution  of  the  equations 

(a;+4)(a;  +  6)(a;  +  8)(a:  +  10)=48,  and  {x  +  Z){x  +  7)(x  +  U){x  +  16)=Ui, 

See  example  2,  under  Exercise  Vll.,  p.  22  of  Section  YI. 

5.  Since  the  roots  of  x*  —px^  +qx-  r=0  are  in  harmonical  progression. 

Let ,  -, denote  the  three  roots^ 

a—b    a    a+b 

then  ?=sthe  sum  of  the  reciprocals  of  the  roots  =: a  -b  +  a+a+bs^ScL 
r 

.'.  -  the  middle  root  =— .     Letx  =— ,  or^-8r=0 

a  q  q 

then^li:^!±?^zr=0. 
qx-dr 

or  9'aj'  -  {pq -  Zr)qx-^{q*—Spqi'+9r^)—0  is  the  equation  which  contains  the  roots 

1  1 

a-b    a+b 

9.  Since  the  roots  of  the  given  equation  are  in  harmonical  progression, 

for  X  substitute  -,  then  the  equation  becomes 

y 

y^  -f  ^  4.  J^  +-=0,  whose  roots  are  in  arithmetical  progression. 
d       d      d 

Let  x+Zy,  x  +  y,  x-y,  x-Zy  denote  the  roots  of  this  equation, 

then4a;=f,  ftc' -10y«=.^.  ix*-20xy^=0,  a;*-10a;V  +  »y*=-. 
d  d  d 

from  which  by  elimination  may  be  found  c^=ibd  and  c*  +  400ac{=0. 

XXXIIL 

7.  Let  a  denote  the  possible  root  of  the  equation  x^-qx+r^Of  then  x^ct,  and 

x-a—O;  .'.  ^  ^y;'fr_Q^  ^^  a;«+aaj+a' -g=0,  the  quadratic  equation  which 

x-a 

contains  the  two  impossible  roots,  and  taking  a^^y+z^  the  reqoized  expression  will 

be  found. 

8.  The  donation  {x*  -  2r)*  -27q*x*=0  is  an  equation  of  nine  dimensions,  and 
includes  the  three  equations 

«»  -  8^+2rs=0,  «»  -  Zqmx+2r^Qt  and  x*  -  8^«i««+2r=0, 
in  which  !,«,«*  denote  the  three  cube  roots  of  unity. 
The  first  of  these  equations,  x*  -  9qx + 2rs»0,  is  only  another  form  of  a?*  -  92  -f  r=0» 

obtained  by  writing  89  for  g  and  2r  for  r,  when  y=?  and  z^^,  the  two  equa- 

tions  will  give  valnes  of  y  and  2,  from  which 

aj=y+a=(r+(r»-g»)»}»  +  {r-(r«-g«)»}*. 

XXXIV. 

1.  See  Art  16,  p.  20. 

2.  Leta«,a*,7*denotethethi«eTtlae8ofe*oryiny*+2gy*H-(<2*-ii)y-r*i«0, 
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tlie  reducing  cubic  of  Descartes'  solution  of  the  biquadratic  x*  +  qx*-i-rx+8=0, 
thena«i8«7'=r»,  a0y=r,  and  -22'=o'+/i«+7«. 

«'  +  «c  +/=  x*+ex+-lq+e*--\     Let  e=a  one  of  the  three  values  of  e, 
=x«  +  ca;+i(o»-/5» -7»  -  2/5'y)=0, 

.-.  a;»  +  «:+^=J(/3  +  7)«,  /.  «  +  ^-±i(3  +  7). 

anda:=i(-a  +  /i  +  7)  and  J( -0-/3—7),  t'^*^  of  the  required  roots. 
In  the  same  manner 

=a;« -oa;+ i(o»  -  i8«  -  7» +2/37)=0, 
and  ««-ci«+l'=K^-7)',  .".  aj-;=±i(/5-7), 

.'.  x=i(a+i9— 7)  and  i(a-i3+7)  are  the  other  two  roots  of  the  biquadratic  in  terms 
of  the  roots  of  the  reducing  cubic 

8.  See  Art  16,  p.  20.  7.  See  Art.  17,  p.  22.  8.  See  Art  17,  p.  22. 

12.  See  Art.  16,  p.  20,  and  Art  18,  p.  23. 

XXXV. 

2.  Since  a,  i9  are  two  roots  of  the  equation,  a;*  -(a+/3)a:  +  aj3=0,  which  is  one 
of  the  quadratic  equations  of  which  the  biquadratic  is  composed. 

Let  7,  8  denote  the  roots  of  the  other  quadratic 

Since  a+i8+7  +  8=0,  a+/5=-(7  +  8), 
and  «*  +  (7 + 8)0; + 78= 0,  or  a;'  +  (a + /3) + 78= 0  is  the  quadratic  containing  the  other 
two  roots. 

But  g=  +0^7  +  0/38-078-878=  +  (7+8)o8-(o  +  /3)78=(o+  8)(oi8-78), 

...^=^.^.....=--£i|{i-)%-|,['. 

8.  The  equations  are  p^q  -  p[r  -  s)  -  q^ =0,  and  p^s+q{r—8)—0 ;  and  if  r— »  be 
eliminated,  tiie  resulting  equation  Up'a+p*q^-q*=0. 

4.  First  suppose  the  four  roots  real ;  since  the  last  term  of  the  equation  is 
negative  and  equal  to  unity,  the  roots  are  of  the  form  a»  ar\  &,  —b"^;  and  it  may 
be  shewn  that  a+a~*=Kp+g),  and  ft— 5-'=J(p-g). 

5.  First  x*=-4a*x+a*,  add  2z^a*  to  each  side  of  this  equation,  and 
X*  +2x*a'=s2x*a*  -  4a*as+a«,  complete  the  square  of  the  left  side, 

.'.  x*  +  2a;»a«+a*=2aj*a«-4a«x  +  2a*=2a*(a;'-2rta;+a«). 
Extract  the  square  root  of  each  side,  .*.  x^+a*sa±a{x-a)y/2,  then 
a5'+a»=+a(a;-a)v'2anda5«+a«=-a(aj— a)\/2  are  the  two  quadratic  eqaationi 
from  which  two  values  of  x  will  be  found  to  be  possible  and  two  impossible. 

6.  It  is  obvious  from  inspection  that  a,  ft,  c  re^ctively,  satisfies  the  equation ; 
and,  therefore,  three  of  the  roots  are  known,  that  is  sbsso,  x=^b,  x^e,  and  »-a«0» 
a:-ft=0,«-c=O,  ••,  {x-a){x-h)ix-c)=^0. 

Next  the  given  equation  can  be  put  into  the  following  form  : 
^    g^{g*~(ft+c)g+ftc}     ft*{aj»-(a+c)a:+«j}     (?*{g»-(a+ft)g+<ift} 
*  "        {a-^bKa-e)        "*■        (ft-c)(ft-a)         **"         (c-o)(c-ft) 

""  ((a-ft)(a-c)'**(ft-c)(ft-o)'^(c-a)(c-ft))* 

_  }      a^{b  +  e)  b*{a  +  c)         e*{a  +  b)     )  * 

\  lo-ftXa-c)  ■*"(ft-cHft-a)    (c-aXc-ft))  "^ 
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+  ^        ^^^  ^*ae  r.*ab 

l{a-b){a-e)'^{b-e){b-a)'^{c-a){c-'0) 
={(c+aXe+b)  +  a^  +  b*]x^-(a+b){b+c)(e+a)x+abe{a  +  b+e), 
r.  «*-{(c+a)(c+6)+a«+6«}a:»  +  (a+J)(ft+c)(c  +  a)aj-a6c{a+6+c)=0  (1), 
lmt(aj-a)(aj-6)(aj-c),  OTx*^(a+b+c)x^  +  {ab+ac+bc)x-dbc:^0  (2>. 
By  dividiDg  the  equation  (1)  by  the  equation  (2) 

there  results  the  equation  a!-|-a+5+c=0, 
and  consequenUy  «=  -  (a+b^c)  is  the  fourth  root  of  the  equation. 

7.  Divide  each  term  of  the  equation  by  «»,  and  airange  the  terms  in  pairs. 

Assume  »+-=«i  and  by  the  necessary  substitutiona,  ««-iw«+(g-8s)2-f2p»-r=0 

is  the  cubic  equation. 

8.  The  equation  can  be  put  into  the  form 

(«*-l)-jpaj(a:'-l)+^«(aj»-l)-raj»(a.>-l)4«j4(a._i)=o,    which    is    obviously 
divisible  by  aj- 1,  .-.  «=1,  one  of  the  roots ;  depressing  the  equation  it  becomes 

+(? -1>+I)a:«  -  (|»  - 1)«+1=0. 
Dividing  by  x*  and  arranging  the  terms, 

Ms-r+q-p+D^O. 

Leta:+1=2,  thenx'+-\=s«-2,  a;»+i=s»-3s,  aj*+i-=2« -45«+2. 
X  x^  a;'  35* 

Making  these  substitutions  and  reducing  the  terms 

2*-(l>-l)2»+(g-l»-3)2«--(r+g+2;?-2)2+(«-r-g+p+l)=0 

is  an  equation  of  four  dimensions. 

9.  The  equation  is  (a:»  +  l)+a:(a;'  +  l)-9aj«(a;»  +  l)  +  8a;»(a:»  +  l)-8a;«(.c  +  l)«0. 
Obviously  -1  is  a  root  of  this  equation,  and  aj+ 1  =0.    Depressing  the  eriuation 
it  becomes  sc*  -  9x*  +  12a5»  -  20a:*  + 12»» — 9a:*  + 1 =0. 

Divide  by  a:^,  arrsnge  the  terms,  and  let  x+z=:Zf 

X 

then2*-18s«  +  122!+22-22-0,  or£(3«-18«+12)-0, 
.•.  2=0,  oraj+i-O,  anda;»±t/  — 1. 

X 

aDdz*-lSs+12-0, 

ors(««-l)-12(«-l)=0,  or  («-!)(«« +2-12)-0; 

.-.  «^1  =  0,  oraj+i  +  l  =  0;.-.aj-l±>^i:?, 

X  2 

and2«+z-12=0,  2«+5+!-i?,  2+l«i? ;  .-.  ««8and  -4; 

.-.  a:+l=3,  anda:-?*v^, 
ai      •  2      ' 

a;-|.l=»~4,  anda:a-2±\/8« 

X 

The  nine  roote  are  -2±V8,  i(3±V5),  i(l±\/-8),  ±V-i.  -1. 
10.  Since  /• +«•  +n*«l,  the  given  equation  may  be  put  under  the  form 
(Z«+»n«+»«)v*-{(6«+c«)/«  +  (c«+a»)m»+(a»+6»}n«}r« 

+  b^cH*  +c»a*m«  +a»i«n«^0, 
and  resolved  into 

(t;«  -6«)(r«  -  c')/«  +  («•  -  a«)(««  -  c«)m«  +  («•  -  o«)(-?«  -6«)«0, 

and  then  dividing  by  («•  -  6«)(r'  -  6«)(i;«  -  c«),  the  form  required  is  obtained. 
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